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ABSTRACT

In this paper, we investigate a general formulation for inextensible flows of curves on
an oriented surface in R3. We obtain necessary and sufficient conditions as partial
differential equations involving the geodesic curvature and the geodesic torsion for
inextensible curve flow lying on an oriented surface. Moreover, some special cases

of inextensible curves on oriented surface are given.

RESUMEN

En este articulo investigamos una formulacién general para flujos inextensibles de curvas
sobre una superficie orientable en R3. Obtenemos condiciones necesarias y suficientes
para las ecuaciones diferenciales parciales que involucran la curva geodésica y la torsién
geodésica para curvas inextensibles fluyendo sobre superficies orientadas. Més atn, se
entregan algunos casos especiales de curvas inextensibles sobre superficies orientadas.
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1 Introduction

The flow of the curve is said to be inextensible if its arclength preserved. Curve design using
splines is one of the most fundamental topic in CAGD. Inextensible flows of the curves have
beautiful shapes preserving connection to their control polygon. On the other hand, physically
inextensible curve and surface flows give rise to motion which no strain energy is induced. For
example, the swinging motion of a cord of fixed length can be described by inextensible curve and
surface flows. Many authors have studied geometric flow problems and applications of inextensible
curve flows, [I]-[10]. An evolution equation for inelastic planar curves was derived by [9] and also,
the general formulation of inextensible flows of curves and developable surfaces in R® was exposed
by [10].

In this paper, we derive a general formulation for inextensible flows of curves according to Darboux
frame in R3. We give the necessary and sufficient conditions for an inextensible curve flow are
expressed as a partial differential equations involving the geodesic curvature and geodesic torsion.

2 Preliminaries

Let S be an oriented surface in three-dimensional Euclidean space E3 and o (s) be a curve 1ying_())n
the surface S. Suppose that the curve o (s) is spatial then there exists the Frenet frame {?, W, B }

at each points of the curve where ? is unit tangent vector, ﬁ is principal normal vector and B is
binormal vector, respectively. The Frenet equation of the curve « (s) is given by

— N
= —K?—F’tg}

- N

where k and T are curvature and torsion of the curve « (s), respectively.

®| Z| 4l

Since the curve o (s) lies on the surface S there exists another frame of the curve « (s) which is

called Darboux frame and denoted by {?, ?, ﬁ}} In this frame ? is the unit tangent of the

curve, T is the unit normal of the surface S and ? is a unit vector given by ? =7 x ? Sinc_e) the
unit tangent ? is common element of both Frenet frame and Darboux frame, the vectors ﬁ, B, ?
and T lie on the same plane. So that the relations between these frames can be given as follows

T 1 0 0 T

? =10 cos@  sin@ W
H
n 0 —sine coso B

where @ is the angle between the vectors ? and W The derivative formulae of the Darboux frame
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is
T 0 k¢ kn |[ T
_é’ =] — kg 0 Ty

Y —kn —T4 0

3l el

where kg, kn and T4 are called the geodesic curvature, the normal curvature and the geodesic
torsions, respectively. Here and in the following, we use ”dot” to denote the derivative with respect
to the arc length parameter of a curve.

The relations between the geodesic curvature, normal curvature, geodesic torsion and k, T are given
as follows, [11]

— _ o _ d
kg =Kkcos@, kn =—ksing, T4=1+ G2.

Furthermore, the geodesic curvature kg and geodesic torsion T4 of the curve « (s) can be calculated
as follows, [11]

_/dd a*x . =
kg = (‘G @z X
— (d& 7 47
Tg_ ds’nxds>'

In the differential geometry of surfaces, for any curve «(s) lying on a surface S the following
relationships are well-known, [11]

i- o (s) is a geodesic curve if and only if kg =0,
ii- o (s) is an asymptotic line if and only if k, =0,
iii- « (s) is a principal line if and only if T4 = 0.

Through each point on a surface there passes, in general, a geodesic in every direction. A geodesic
is uniquely determined by an initial point and tangent at that point. All straight lines on a surface
are geodesics.

Along all curved geodesics the principal normal coincides with the surface normal. Along asymp-
totic lines osculating planes and tangent planes coincide, along geodesics they are normal. Through
a point of a non-developable surface there are two asymptotic lines which can be real or imaginary.

3 Inextensible Flows of Curve Lying on Oriented Surface

Throughout this paper, we suppose that
o 1[0, x [0,w) = M C E?

is a one parameter family of differentiable curves on orientable surface M in E3, where 1 is the
arclength of the initial curve. Let u be the curve parameterization variable, 0 < u < 1. If the speed
of curve « is denoted by v = H% H then the arclength of « is



14 Onder Gokmen Yildiz, Soley Ersoy & Melek Masal S?@Bog

du:Jv du. (3.1)
0

The operator a% is given in terms of u by

10 (3.2)

<=

9
Os
Thus, the arclength is ds = v du.
Definition 3.1. Let M be an orientable surface and o be a differentiable curve on M in E3. Any

ow of the curve o can be expressed with respect to Darbouz frame | y ,y L in the OHO’UJZ?’lg
g
form:

9 _ T 4+ £, +f37. (3.3)

X =
Here, f1, f2 and f3 are scalar speeds of the curve . Let the arclength variation be
uw
S(u,t) = [vdu. (3.4)
0

In the Euclidean space the requirement that a curve not to be subject to any elongation or com-
pression can be expressed by the condition

uw
2S(ut)=[Ldu=0, ueloll. (3.5)
0
Definition 3.2. A curve evolution « (u,t) and its flow % on the oriented surface M in E3 are
said to be inextensible if
o o) _,
ot [ ou|

Now, we research the necessary and sufficient condition of a flow to be inextensible. For this reason,
we need to the following Lemma.

Lemma 3.1. In E3, let M be an orientable surface and {?,?,ﬁ}} be a Darbouzx frame of
on M. There exists following relation between the scalar speed functions 1, f2, f3 and the normal
curvature kn, geodesic curvature kg of o« the curve

Qv = 90t f)vkg — f3vkn. (3.6)
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Proof. Since % and % commute and v = <ﬁ ﬁ> , we have

This completes the proof. O

If we consider the conditions of being geodesic and asymptotic of a curve and Lemma 3.1, we
can give the following corollary.

Corollary 3.1. If a curve is a geodesic curve or an asymptotic curve, then there are the following

equations

ov — af1 _

3t — ou f3vkn
or

ov _ ofy

ot = ou — f2vkg,
respectively.

Theorem 3.1. Let {?, ?, ﬁ}} be the Darboux frame of a curve x on M and aa—? = f1?+f2§>—|—

f3ﬁ> be a differentiable flow of « in R3. Then the flow is inextensible if and only if

9 = fokg + f3kn. (3.7)

Proof. Suppose that the curve flow is inextensible. From the equations (8:4) and ([B.6]) for u € [0,1]
we see that

uw u
0 ov of;
aS(u,t) —Jadu—J (a —favkg —f3\)kn) du=0. (3.8)
0
Thus, it can be seen that
of
E == fzvkg + f3vkn. (39)

Considering the last equation and ([B.2]), we reach
91 = frkg + f3kn.

Conversely, by following a similar way as above, the proof is completed. O

From Theorem 3.1, we have following corollary.
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Corollary 3.2. i- Let the curve o is a geodesic curve on M. Then the curve flow is inextensible
if and only if 5 af‘ = fikn.

ii- Let the curve « is an asymptotic line on M. Then the curve flow is inextensible if and only
if At = £,k
s 2Rg-

Now, we restrict ourselves to the arclength parameterized curves. That is, v = 1 and the local
coordinate u corresponds to the curve arclength s. We require the following Lemma.

Lemma 3.2. Let M be an orientable surface in E3 and {?,?,F}} be a Darboux frame of the
curve « on M. Then, the differentiations of {?, E), ﬁ)} with respect to t is

0T _ (f1kg + 22 — £37,) G + (Frkn + 42 + F27,) T
:—(flkg+g—fﬂg)?+¢n
— (fikn + 22 + 1) T — g

[« [«
SRR

where P = <a_§’ ﬁ}> .

ot

a T and aas are commutative, it seen that

% =3t (aag) =35 (aa?) =2 (f‘?+f29 +f3n)

-
AT 0T 420Gy (00 L Oy p O

s

Proof. Since

Substituting the equation (3.7) into the last equation and using Theorem B.Il we have

oT of of3
S <f1k + 55 f319)§>+ (ﬁk + 50 +fz’fg) .

Now, let us differentiate the Darboux frame with respect to t as follows;

0= 2(7.7) = (307 ) +(7.59)

(ﬁk + aaf f3T9) + <?,§> (3.10)
0 :%<?,w>:<§,w>+<?,%

(ﬁk PCLE] +f2Tg> <T> E> (3.11)

0s ot
From (B.I0) and (BII)), we have obtain

69 of2
= - (ﬁk + 52 f3Tg>?+¢n
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o of3 N
— =—|fi1k — +fat ? —
ot (1n+as+29) lbg
respectively, where { = <%§—), ﬁ)> . O
If we take into consideration last Lemma, we have following corollary.
Corollary 3.3. Let M be an orientable surface in E3.
i- If the curve « is a geodesic curve, then
H
% = (Y2 —f314) G + (frkn + 32 + fo1g) W,
%i_ =— (%2 - f379) T +T,
St = (fikn + 52 ‘Hﬂg)? Vg,
g =
where \p = <3§3—, n>.
it~ If the curve « is an asymptotic line, then
az (fikg + 32 — f314) G + (&2 + fo14) T,
%% (f]k + afz —f3T9)?+lbﬁ>,
L
B _(any o) T g,
where P = <3%,_>> .
iti- If the curve is a curvature line, then
2T o, = of3) =
o= = (fikg + 2) g+ f1k1>+a—s3)n,
%%: (fikg +22) T + T,
5T — (fiky+ 92) T 05,
where P = <3%,_>> .
Theorem 3.2. Suppose that the curve ﬂow =1y ?—l—fz g —|—f3 N is inextensible on the orientable
surface on M. In this case, the following partwl differential equations are held:
o =,k2 O 1 82 20qy 395 fik, Ty — 212 + Py,

e — frkgkn +f3k2 +fy 2 4 O +Zaf2’fg—|—fz % 4 f1kgTg —

aTg _ of, af3
Be = FakgTg — G2kn + kg + f3knTg + 37 -

20T _ 20T

Proof. Since 3: 5t = 315 We get

5T = 3 [Ny + 52 —£57) T o+ (Frkn + 52+ F27) W)
f

s

)
2
- (a—1kg I L R L T "’Tg) G + (fikg + 22 — f37,) 2
+

Tg _ll’kg)

3]
(Skn +F1 2 + L5+ 207y + 1,52 ) W+ (Fikn + 32 + F27,

og

Os
) 55
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ie.,
ak oT
%gz ( o 4 O g 30 )E’Jr(f]k +aﬁ—f3Tg) (—kg?ngﬁ})
(af‘k +f1 ak“+a 4 Qg + 2 52 ) W (Frkn + 42 + Fag) (—kg?—rgﬁ)

while ?

00 0, kg, 09g Ak oT

= (k knT) = =279 +k + Kn

3t 0s ~ ot (a9 +kaT) = FEG ke 4+ I

Thus, from the both of above two equations, we reach

akg—fk + fikgkn + akg+82f ZB]C3 f 0tq fi1k f + Pk
—_— —_— —2—T19 — f3—— — Tg — T
ot 2 3 n 1 ds 852 Js g 3 ds TknTg 2 n

and )
dkn dkn  0%f3  _0f,
ST fokgkn o+ f3k2 4 f— 4
2hefn T 13 ' os ds2 s s

ot
. d 8_?_ .
Noting that ;%3 at as , it is seen that
2
s

— (f1kg + 32 ngg)?—Hpﬁ)}
ST
(ﬁk + 230 ngg) (kg g +knT)

+%n +v ( —kn? — Tg?)

e
Q

while

20g 0 ok 0T 9 o
207 _ 0 (7 gy) = Far 0T | Ty, OW
ot 0s ot ot ot ot ot
Thus, we obtain
0T afz af3 alb
a—tg = fzkg’fg — gkn —+ Kkg + f3knTg + a.
No other new formulas are obtained from the relation %% = %%
Thus, we give the following corollary from last theorem.
Corollary 3.4. Let M be an orientable surface in E3.
i- If the curve « is a geodesic curve on M, then we have
okn Ok,  0%f3 of; ot
= f3kZ + f1 = p fo—2 —f312
Bt e T T T Ty T T
and d of o
Tg 2
—2 = ——=ky + f3k —
ot 0s o TBeTe TG
it- If the curve o is an asymptotic line, we have
kg dkg = 0%f2 ofs o7y

9 = ok +f =2ty —f3 L —f
0 = kgthgd 5T — 25 35 2T

014 2
+27Tg +fr— +fi1kgtg — f3Tg —ll)kg.

(3.12)

(3.13)

(3.14)
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and d of o
Tg 3
—2 =1k —k —_—.
TR PRI P

it~ If the curve o is a curvature line, then we have

2

2
n = frkgkn + f3k2 + f1 2 + &0 —pkg.
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