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ABSTRACT

Here are studied in terms of multivariate fuzzy high approximation to the multivariate
unit basic sequences of multivariate fuzzy neural network operators. These operators
are multivariate fuzzy analogs of earlier studied multivariate real ones. The produced
results generalize earlier real ones into the fuzzy setting. Here the high order multi-
variate fuzzy pointwise convergence with rates to the multivariate fuzzy unit operator
is established through multivariate fuzzy inequalities involving the multivariate fuzzy
moduli of continuity of the Nth order (N > 1) H-fuzzy partial derivatives, of the
engaged multivariate fuzzy number valued function.

RESUMEN

Utilizando aproximaciones multivariadas difusas superiores, estudiamos la aplicaciéon a
secuencias basicas unitarias multivariadas de operadores de redes neuronales disfusas
multivariadas. Estos operadores son anédlogos difusos multivariados de los reales multi-
variados estudiados anteriormente. Los resultados obtenidos generalizan los resultados
reales anteriores en el marco difuso. La convergencia puntual difusa multivariada de
orden superior con velocidades para los operadores unitarios difusos multivariados se
establece a través de desigualdades difusas multivariadas que involucran los moédulos
de continuidad difusos multivariados de las derivadas parciales H-difusas de N-ésimo
orden (N > 1) de las funciones con valores numéricos difusos multivariados.
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1 Fuzzy real Analysis Background

We need the following background

Definition 1. (see [T7)) Let n: R — [0, 1] with the following properties
(i) is normal, i.e., 3 x0 € R; nu(xo) = 1.

(i) w(Ax+ (1—=A)y) > min{p (x),n(y)}, Vx,y e R, VA€ [0,1] (uis called a convex fuzzy
subset).

(i4i) w is upper semicontinuous on R, i.e. ¥ xo € R and V ¢ > 0, 3 neighborhood V (xo) :
n(x) <p(xo)+e ¥VxeVixo).

(iv) The set supp (1) is compact in R, (where supp (1) :={x € R: pn(x) > 0}).
We call 1w a fuzzy real number. Denote the set of all w with Rx.

E.9. Xixo} € RF, for any xo € R, where X(x,} 5 the characteristic function at Xo.

For 0 <r<1and pu € Rr define
W' ={xeR:ukx)>r1} (1)

and

W :=KeR:u(x) > 0.
Then it is well known that for each v € [0,1], [u]" is a closed and bounded interval on R ([I1]).
For u,v € Ry and A € R, we define uniquely the sum u & v and the product A ® u by

uov =" +0", Douw" =A™, Vrelo1],
where [u]” + [v]" means the usual addition of two intervals (as subsets of R) and A [u]" means the
usual product between a scalar and a subset of R (see, e.g. [14]).

Notice T ®u =u and it holds
UBV=VPUAOU=UOA.

If0<r; <7, <1 then
(W™ C ™.

Actually [W]" = {u(j),u(j)}, where ™ < u(fj, ul™ u(j) ER,Vrelo1].

For A > 0 one has Au(ir) =A0© u)g), respectively.
Define D : Rr x R — Rz by

D (u,v):= sup max{‘u(_r)—v(_ﬂ ,uE:)—VE:)

rel0,1]

b @)
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where

V' = [v(_r),vf)} i u,v € Rz,

We have that D is a metric on Rz.

Then (Rx, D) is a complete metric space, see [14], [15].
Let f,g: R™ — Rz. We define the distance

D* (f,g) = sup D (f (x),g(x)).

xeR™

Here X* stands for fuzzy summation and 0:= X{0} € RF is the neutral element with respect to @,
ie.,

u@6:6®u:u, VueREg.
We need

Remark 2. ([j]). Herer € [0,1], xm,ygr) eR,i=1,..,m € N. Suppose that

1

sup max (XET),ygrj) ER, fori=1,...,m.
relo,1]

Then one sees easily that

m m m
sup ] max (Z xE”,ZyE”) < Z sup}max (xgr),ygr)) . (3)
i1 i1

relo,1 i—1 TE€l0,1

Definition 3. Let f € C(R™), m € N, which is bounded or uniformly continuous, we define

(h>0)

w1 (f,h) == sup I (X1 ey Xm ) — T (X]y eeey X )] - (4)
all x;,x}€R,|xi—x!|<h, for i=1,...,m

Definition 4. Let f: R™ — Rr , we define the fuzzy modulus of continuity of f by

Wi (£,8) = sup D (f(x),f(y)), § >0, (5)
X,Y€R,|xi—y1|<8, for i=1,...,m

where X = (X1, vy Xm); Y = (Y1y ey Yim) -

For f: R™ — Rz, we use

where fg) R™ - R,Vrelo,1].
We need



CUBO

24 George A. Anastassiou

16, 3 (2014)

Proposition 5. Let f: R™ — Rx. Assume that w7 (f,8), wq (f(_”,é),

w (fi:),é) are finite for any & >0, r € [0,1].

Then

wgf) (f,6) = sup max{cm (f(_r),é) , W1 (ff),é)}. (7)
rel0,1]

Proof. By Proposition 1 of [§]. I

We define by C}J_— (R™) the space of fuzzy uniformly continuous functions from R™ — Rz,
also Cx (R™) is the space of fuzzy continuous functions on R™, and Cy, (R™,Rz) is the fuzzy
continuous and bounded functions.

We mention
Proposition 6. ([7]) Let f € C% (R™). Then w%}-) (f,8) < oo, for any & > 0.
Proposition 7. ([7]) It holds

%E%wgfj (f,é) = w%]:) (f,O) =Y (8)

iff f € CY(R™).

Proposition 8. ([7]) Let f € Cx (R™). Then fg) are equicontinuous with respect to v € [0,1]
over R™, respectively in =+.

Note: It is clear by Propositions[3, [7, that if f € C}J_— (R™), then f(i” € Cu (R™) (uniformly
continuous on R™ ).

We need

Definition 9. Let x,y € Rx. If there exists z € Ry : x =y @ z, then we call z the H-difference
on x and Yy, denoted x —y.

Definition 10. ([T]]]) Let T := [xo,x0 + B] C R, with f > 0. A function f: T — Rz is H-difference
at x € T if there exists an ' (x) € Rx such that the limits (with respect to D)

. f(x+h)—"f(x) . f(x)—f(x—nh) )
hgg+ h ’ hgg+ h
exist and are equal to ' (x).
We call ' the H-derivative or fuzzy derivative of T at x.

Above is assumed that the H-differences f (x +h) — f(x), f(x) — f(x —h) exists in R in a
neighborhood of x.

Definition 11. We denote by Cqu_- (R™), N € N, the space of all N-times fuzzy continuously
differentiable functions from R™ into Rx.
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Here fuzzy partial derivatives are defined via Definition[[din the obvious way as in the ordinary

real case.

‘We mention

Theorem 12. ([I2]) Let f: [a,b] C R — Rx be H-fuzzy differentiable. Let t € [a,b], 0 < v < 1.
Clearly

Then (f (t))g) are differentiable and

[ ()] = [(f O ING (tJi”)/] :

8 = (1), vreb. (10)

Remark 13. (se also [6]) Let f € CN (R,Rz), N > 1. Then by Theorem [I2 we obtain fir) €

CN(R) and ) .
] = [(ra)" (r0) ).

fori=0,1,2,..., N, and in particular we have

0 (1) (1)
(), = (), (1)

for any r € [0,1].

Let f € CY (R™), denote fg = gi;, where & = (X7, ...,00m), 6t €ZT,i=1,...,m and
m
O<[&:=) & <N, N>T
i=1
Then by Theorem [12] we get that
(1) =t vreo, (12)
X

and any o : || < N. Here f;:) e CN(R™).

For the definition of general fuzzy integral we follow [I3] next.

Definition 14. Let (Q, X, 1) be a complete o-finite measure space. We call F: Q — Ry measurable
iff V closed B C R the function F~1 (B): Q — [0,1] defined by

F' (B) (W) :=supF (w) (x), allweQ
x€EB

is measurable, see [13].
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Theorem 15. ([I3]) For F: Q — Ry,
F(w) = {(F" (w),F (w))lo < v < 13,

the following are equivalent
(1) F is measurable,

(2)¥ relo1], F, F(j) are measurable.

Following [13], given that for each r € [0,1], F(:), FE:) are integrable we have that the

{<J F&”dp,J Fif)du> nD<r< 1}
A A

is a fuzzy real number for each A € L.

parametrized representation

The last fact leads to

Definition 16. ([13/) A measurable function F: Q — Ry,
Fw) = {(F7 (w), F (w0 <7 < 1)

is integrable if for each v € [0,1], F(i” are integrable, or equivalently, if Ff) are integrable.

In this case, the fuzzy integral of F over A € L is defined by

J qu:z{(J F(_”du,J F(j)du> |0§r§1}. (13)
A A A

By [13] F is integrable iff w — ||F (W)]| z is real-valeud integrable. Here
[P (u,6) , Vu € Rz
We need also

Theorem 17. ([13]) Let F;G: Q — Rx be integrable. Then
(1) Let a,b € R, then aF + bG is integrable and for each A € X,

J (aF—l—bG)du:aJ qu+bJ Gdy;
A A A
(2) D (F, G) is a real-valued integrable function and for each A € X,

D <JA Fdu, L de) < L D (F, G) dy. (14)

In particular,

HJ quH SJ [[Fl| 7 dp.
A F A
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Above p could be the Lebesgue measure, with all the basic properties valid here too.

Jol = o] 0]

Basically here we have

ie.

Y r € [0, 1], respectively.
We use

Notation 18. We denote 5

(:1 v (621’6» f (?) = (17)

2 » 2 » 2 »
D <a f(XhXZ),O) —I—D (a f(XhXZ),O) +2D <a f(XhXZ),O) .

ax% ax% aX] aXZ

In general we denote (j =1,..,N)

j! It (x1, ... ~
Z jl')'zz j D (a il(g]j)z );n;jl ’0> :
Gryernim)€ZI:T M jy=j 70 72 X7 0%5 ...0Xqy

2 Convergence with rates of real multivariate neural net-
work operators

Here we follow [9].

We need the following (see [10]) definitions.

Definition 19. A function b : R — R is said to be bell-shaped if b belongs to L' and its integral is
nonzero, if it is nondecreasing on (—oo,a) and nonincreasing on [a,+00), where a belongs to R.
In particular b (x) is a nonnegative number and at a, b takes a global maximum; it is the center

of the bell-shaped function. A bell-shaped function is said to be centered if its center is zero.

Definition 20. (see [10]) A function b: R — R (d > 1) is said to be a d-dimensional bell-shaped
function if it is integrable and its integral is mot zero, and for alli=1,...,d,

t— b (X1, by ey Xa)

is a centered bell-shaped function, where X = (X1y .oy xa) € RY arbitrary.
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Example 21. (from [10]) Let b be a centered bell-shaped function over R, then (xi1,...,xq) —
b (x1)...b(xq) is a d-dimensional bell-shaped function.

Assumption 22. Here b (7) is of compact support B := H?:] [—Ti, Til, Ty > 0 and it may have
jump discontinuities there. Let f : RY — R be a continuous and bounded function or a uniformly
continuous function.

Here we mention the study ([9]) of poitwise convergence with rates over R, to the unit
operator I, of the "normalized bell” real multivariate neural network operators

M, (f) (7’) - (19)

SR e T e (S5 b (1% — 5 ! (0 — )

S e ab(ntex(xg = KLy ntee(xg — Ka))

where 0 < a« < 1 and X = (x1,...,xq) € R%, n € N. Clearly, My, is a positive linear operator.

b

The terms in the ratio of multiple sums (I9) can be nonzero iff simultaneously

k.
‘n‘—“ (xi — ;)‘ <T, alli=1,...,d,

< Lialli=1,..,d, iff

nl—«x»

nxi — Tin® <k <nx; + Tin%, alli=1,.,d. (20)

To have the order
—n? <nx; — Tin® < ki < nxg 4+ Tin® < n?, (21)

we need n > Ty + [xi], all i =1,..,d. So ([Z])) is true when we take

n> max (Ti+xl). (22)
ie{1,...,d}

When X' € B in order to have (1)) it is enough to assume that n > 2T*, where T* := max{Ty, ..., Ta} >
0. Consider

L == [nx; — Tin%,nxy + Tin%], i=1,...,d, n € N.
The length of I; is 2Tin*. By Proposition 1 of [I], we get that the cardinality of ki € Z that belong
to Ij := card (ki) > max 2Tin® — 1,0), any i € {1,...,d}. In order to have card (ki) > 1, we need
Y
2Tm*—=1>1iffn>T, =, any i € {1,...,d}.

Therefore, a sufficient condition in order to obtain the order (ZI)) along with the interval I; to
contain at least one integer for all i =1,...,d is that

_ 1
n> max {Tﬁ—lxil,Ti“}. (23)

iefl,...,d}
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Clearly as n — 400 we get that card (ki) — +o0o, all i =1,..., d. Also notice that card (ki) equals
to the cardinality of integers in [[nx; — Tin®], [nx; + Tin®]] for all i = 1,..., d. Here, [] denotes
the integral part of the number, while [-] denotes its ceiling.

From now on, in this article we will assume (23). Furthermore it holds

nx1+Tim%] Mxq+Tan®] k1 ka
Z =[nx;—Tinx]* de—(nxd Tane] f(?’?)

(Mo, () (7’) -

k k
‘b <n]°‘ <x1 — —1) U Lt (xd — —d)>
n n

all X' = (X1, ...,xa) € RY, where

[nx;+Tin%] [Mxg+Tgn*] K K
Z Z b (Tﬂ“ (m — —]> yey T (xd — —d>) . (25)
n n
k1:|'nx|7T|n°"| kd:’—nxddena.l

From [9], we need and mention

Theorem 23. Let X € RY; then

‘(Mn (f))(?) —f(?)] < w; <f, %) (26)

Inequality (28) is attained by constant functions.

Inequalities (28) gives My, (f) (7) — f(?), pointwise with rates, as n — +oo, where

x e R4, d > 1, provided that f is uniformly continuous on RE. In the last case it is clear that
Mn — L, uniformly.

From [9], we also need and mention

Theorem 24. Let X € R4, f e CN (Rd), N € N, such that all of its partial derivatives fz of

order N, o : |&| = N, are uniformly continuous or continuous are bounded. Then

(M (1) (%) = (%) | < (27)
N *\J d j N .
5 T (S ) v b s s o0 (1)

Inequality (Z7) is attained by constant functions. Also, (27) gives us with rates the pointwise
convergences of My, (f) = f over R4, as n — 4o0.
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3 Main Results - Convergence with rates of fuzzy multivari-

ate neural networks

Here b is as in Definition

Assumption 25. We suppose that b (7}) s of compact support B := Hf:1 [T, Ti]l, s > 0, and
it may have jump discontinuities there. We consider f: RY — Rz to be fuzzy continuous and fuzzy

bounded function or fuzzy uniformly continuous function.

In this section we study the D-metric pointwise convergence with rates over R4, to the fuzzy
unit operator Iz, of the fuzzy multivariate neural network operators (0 < a < 1, X = (X1, .0y Xd) €
R4 n €N)

M7 (f) (?) - (28)

SR e X (R LB b (' (g — ) LnT e (xg — Ka))
Zh?nz Y bl (xy =) e (Xd ‘%))

[nx+Tin%]* Mxg+Tan*]*
k k
= > > f (—‘, —d) (29)
n n
kI:]'nme]n“‘\ kd:[nxdden“‘\
®b(n1 * (x1 — k‘),...,nl_“ (xd—%))
v(®) |
where V (7}) as in ([28) and under the assumption (23).
We notice for r € [0, 1] that
[nx1+Tin%] [Mxgq+Tgagn®] r
T k k
MaE)] = Y . X (A
k1:]'nx1fT1n"“\ kd:[nxdden"“\
b (' (= 5, o' ra — ) -

B mx;+Tin%] [nxg+Tan*] N K Ka - K Ka
= > > TRARIN (PALRA ) BN SRR (Rl N
n n n n

k1

=[nx;—Tin%] kg=[nxq—Tanx]
b (TL] (X] ki ) ,...,Tﬂ*o‘ (Xd — de))
v(®)

Tin® Tan™
nx1+Tin%] [nxq+Tan®] f(r) (ﬁ kd)

| ¥ . ¥ K

n n
ki=[nx;—Tin%] ka=[nxq—Tgn%]
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.b (T1.17°c (X] — %) ,...,Tllfo‘ (Xd — k—d))

b
v(®)
[nx1+Tyn®] Mxg+Tan®]

@ (k1 kq
) R SR, (?--?)

ki=[nx;—Tin«] ka=[nxq—Tgn«]

.b (Tﬂfoc (X] — ki ) ,...,Tllfo‘ (Xd — de))

V() o
= [ (7)) (%), (mn (7)) (%)
We have proved that
(M% (1) =My (f;”), vrelol, (32)
respectively.
We present
Theorem 26. Let X € RY; then
D (MZ (1) (%),1(¥)) < of” (55 ) (33)

Notice that (33) gives M7 D, Ir pointwise and uniformly, as n — oo, when f € C% (Rd) .

Proof. We observe that

0 T T* () T
sup Inax{an <f_),ﬂ) , W1 <f£:), ]_o()} = wgf) (f» ]—o¢>a
relo,1] n n n

proving the claim. i

We continue with

Theorem 27. Let X € R4, f € cy (Rd), N € N,such that all of its fuzzy partial derivatives fg of
order N, & : || = N, are fuzzy uniformly continuous or fuzzy continuous and fuzzy bounded. Then

D (M%) (%),f(¥)) < (34)
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N j d j
Ty > N\ ¢(x
{ZW ZD 0 f(x)

(TN aN (F) T
+N!nN“—°‘) &%?wa] f nl—« )’

Asn — oo, we get D ((Mf (f)) (7}) ,f (7))) — 0 pointwise with rates.

Proof. As before we have

sup max{ (l\/ln (f(r)

rel0,1]
N .
(T*)
sup max FTITE
rel0,1] {{]Z] )!nJ(l o) ;

)N N *
L0 ((f(ﬂ) T_)

NInNO—a) 5 5=N

N j d
(T*)]
(S e | (£l

j=1 i=1

|
~
~—
—
=
~
|
_h,—\
2
—
=
~—

&:|&|=N

d
sup max
re(0,1] { ((;
(1) a™ Yy T AL
N!nN(l—a)&ﬁ%?er:%]?”max w1 — )i @ ) i«

(b @)7@)’(@)7(@) N *) d ~j
ORI s (Ee ) @)} e

N .
(T*)N anN r) T* 3l (T*)J
g on (1) e ) = Zj!nm—o«_)' (36)

proving the claim. i
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4 Main Results - The fuzzy multivariate ”normalized squash-

ing type operators” and their fuzzy convergence to the
fuzzy unit with rates

We give the following definition

Definition 28. Let the nonnegative function S : RY — R, d > 1, S has compact support B :=
d

H [—Ti, Til, Ty > 0 and is nondecreasing there for each coordinate. S can be continuous only on

i=1
d

either H(—oo,Ti] or B and can have jump discontinuities. We call S the multivariate ”squashing

i=1

function” (see also [10]).

Let f: RY — R7 be either fuzzy uniformly continuous or fuzzy continuous and fuzzy bounded
function.

)

For X € R4, we define the fuzzy multivariate ” normalized squashing type operator”,

L7 (f) (7) - (38)
2, 2, _ _
Yol e Xl e LB oS (T (a = K)o (xa — B2))
w (%) |
where 0 < <1 andn € N: 1
n> max {Ti n |xi|,T;?}, (39)
iefl,...,
and , ,
nex nex*
K K
w (7) = S <n]_°‘ <x - —‘) s (xd - —d)> (40)
ki=—m2 kg=—mn?2 n

(L2 () (%) = ?_(ﬁz_?n“] o (%) , (41)
where [ ]
n¥+Tn®
@(7’);:_) (Z_) 1s nl—« 7—% . (42)
K=nX—-Tnx

Here, we study the D-metric pointwise convergence with rates of (LT];- (f)) (7}) — f (7}), as
n — +oo0, x € R4,

This is given first by the next result.
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Theorem 29. Under the above terms and asumptions, we find that

D ((Lf (1) (7) f (7)) < w!?) (f T—> . (43)

"nl-a
Notice that {Z3) gives LY D Lr pointwise and uniformly, as n — oo, when f € C% (Rd) .

Proof. Similar to (33).

We also give

Theorem 30. Let X € RY, f € C]]\_l (Rd), N € N, such that all of its fuzzy partial derivatives fg
of order N, & : |&| = N, are fuzzy uniformly continuous or fuzzy continuous and fuzzy bounded.

Then
D (L7 (1) (¥),£(¥)) < (44)

(T)™ a™ ) (¢ T°
NN Zla N fo s ) -

Inequality ([74) gives us with rates the poitwise convergence ofD((LT}l— (f)) (7) , T (7)) — 0 over

R4, as n — oo.

Proof. Similar to (34).

Received: November 2012. Accepted: May 2014.
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