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ABSTRACT

We compute explicitly the inverse Laplace transform for rational functions vanishing
at infinity in the general case. We also compute explicitly convolution product for con-
tinuous elementary functions involved in the general case. We then consider algebraic
structure about the Laplace transform via convolution product.

RESUMEN

Calculamos explicitamente la transformada de Laplace inversa para funciones racionales
que se anulan en infinito en el caso general. Ademds calculamos explicitamente el
producto de convolucién para funciones elementales continuas que participan en el caso
general. Luego, consideramos estructuras algebraicas de la transformada de Laplace
por medio del producto de convolucion.
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1 Introduction

The Laplace transform L(f) of a real-valued, function f on the interval [0, o) is defined by

L(f)(s) = L e SHf(t)dt

for s € C in the domain of convergence (cf. [2] or [3]).

The Laplace transform L for continuous functions f on [0, 00) is injective. This fact is known
as Lerch’s theorem as a fundamental theorem in the Laplace transform theory (or deduced from
switching the Laplace transform as to be the Fourier transform), so that the inverse Laplace
transform is well defined as the inverse image of L(f):

In this paper we consider real-valued, elementary functions f that are defined on the real line R
and are continuous on R, as well as the injectivity of the Laplace transform for these continuous
functions is preserved. The reason for this assumption of R just comes from that we do make most
of the statements simplified and also that this additional symmetry induces several symmetric
results and it makes it to be possible to consider the usual algebraic structure about continuous
elementary functions, and is perhaps more natural than cutting down functions to be zero on the
negative part of R. But this assumption is not the same as the usual convention that f is assumed
to be zero on the interval (—oo,0). Indeed, the inverse Laplace trasform defined as

(1) 1 J“HOO eStL(f)(s)ds

27t ax—ioco

known as Bromwich integral requires that convention, where the complex line integral is taken for
some real o and is computed by residue theorem as sums of residue functions. This says that even
real-valued functions of one variable as well as the complex case are determined by singularities of
their images under the Laplace transform. However, we do not use the complex integral in what
follows.

In this paper, by elementary calculation we compute explicitly the inverse Laplace transform
for rational functions vanishing at infinity in the general case and determine the inverse image.
We also compute explicitly convolution product for continuous elementary functions involved in
the general case. We then consider algebraic structure about the Laplace transform from our view
point, which may not be written in the literature.

As a reference, there is another inductive computation known as a recursive formula for mul-
tiples of convolution in general (see [I]), but without using it we compute more explictly multiples
of convolution for certain concrete continuous elementary functions.

There are 4 sections after this introduction as follows: 2. Inverse Laplace transform for rational
functions in a special case; 3. Inverse Laplace transform for rational functions in another special
case; 4. Inverse Laplace transform for rational functions; 5. Algebraic structure.
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Our elemetary but explicit computation results obtained in the several general cases of those
sections and our consideration and determination on the algebraic structure about the Laplace
transform via convolution product would be new as well as useful and helpful as a reference.

Notation. We denote by e* the exponential function to the base e for x € R and by sinx and
cosx the trigonometric functions for x € R. We denote by ( ) the combination of k items from n
items mutually different.

2 Inverse Laplace transform for rational functions in a spe-
cial case

As a well known fact, we have

Lemma 2.1. Let s € C with the real part Re(s) > 0 and A € R a constant with A # 0. Then

1 1
1 .
L (m) = ﬁsnl?\t mCOS)\t (tER)

Proof. By using a fact that the Laplace transform of the convolution product of two functions f(t)
and ¢g(t) is the pointwise multiplication of their Laplace transforms:
t
L(fxg)(s) =L(f)(s) - L(g)(s) with fxg(t)= J f(t —T)g(T)dr,
0

we compute

1 1 1 1
-1 =1 ) _ . .
L ((32—1—7\2) ) =L (sz+7\2 32—1—7\2) 2 sin At * sin At

1 (", ) 1
= = | sinA(t—1)sinAtdt = N J {cosA(t — 21) — cos At}dT

>

0 0
—L Lsith—ZT)—’tcos)\t ' —Lsin?\t—icoskt
CO2N2 | -2A o 2N 272 )
Note that L(sinAt) = ﬁ well known. O

As the second step in induction, we have

Lemma 2.2. Let s € C with Re(s) > 0 and A € R a constant with A #0. Then

1 3—A%t2? 3t
1 o . N
L ((sz i }\2)3) = ( T ) sin At NG cos At.
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Proof. We compute

- 1 AR B
(s2 +A2)3 s2+A2 (s2+A2)2

1 B 1

Inserting the result of Lemma 2.1 above for L~ ( i ) and computing the convolution product

1
(sZ+A2)2
by using integration by parts and addition theorem of trigonometric functions we obtain the formula
in the statement. O

As the third step in induction, we have

Lemma 2.3. Let s € C with Re(s) > 0 and A € R a constant with A # 0. Then

L ] _ (et sin At + 73_])\2t3 ot cos At
(s2+A2)4 ) 16N7 16A8 '

Proof. We compute

- 1 (1
(s2 +A2)4 s2+A2 (s2+A2)3
1 B 1
= Xsm%t*L (7(52—}—7\2)3) (t).

Inserting the result of Lemma 2.2 above for L™ (m

by using integration by parts and addition theorem of trigonometric functions we obtain the formula

) and computing the convolution product

in the statement. O

Theorem 2.4. Let s € C with Re(s) > 0 and A € R a constant with A # 0. Then, for an integer
n>1,

) 1 -
- (m) — ean_ 2 (t) SinAL + 02n_1(t) cosAt

where exn_2(t) is an even polynomial of t with degree 2n — 2 and with real coefficients involving

A, and 02n1(t) is an odd polynomial of t with degree 2n — 1 and with real coefficients involving
A. Similarly, for an integer n > 2,

B 1 .
L 1 (W) =€eyn-2 (t) Sin }\t + O2n—3 (t) COS )\t-

Proof. By induction, suppose that the formula for 2n in the statement holds. We then compute

- 1 o 1 1
(s2 + AZ)2n+] 21 A2 (sZA)In

1. » 1



CUBO

201 Computing the inverse Laplace transform for rational functions ... 101
16, 3 (2014

(and inserting the formula assumed for L~ ( ( we have:)

(Gamearad
sZIAZ)Zn

1
=3 sin At * {exn_2(t) sin At + 02 1(t) cos At}

t

1
=3 J sinA(t — t){ean_2(T) sin AT+ 02n_1(T) cos At}dT
0

(and by addition theorem of trigonometric functions, we have:)

] t
= — J ern_2(T){cosA(t — 21) — cosAt}dT
2N Jo

] t
+ — J 02n_1(T){sin At + sinA(t — 21)}dT
2 ),

t t
= 1 J ean_2(1)cosA(t—2T)dt — J exn—2(T)dT- cosAt
2 1o 0
] t t
+ == J Ozn_1(T)dT-Sin7\t+J 02n_1(T)sinA(t — 2t)dT| .
22 1o o

By using integration by parts repeatedly, we compute the first integral term among four terms
as: fé ezn_2(T) cosA(t — 2T)dT

sin)\(t—zT)T 1 Jt , ,
= |ean 2(T)——57—" + — | e3,, -(T)sinA(t —21)dT
[ " —2A 7 P
_ t
_ {eznz(t) 2}\e2n72(0) } Sin At + ;_)\J eén_z(’f) sinA(t — 27)dt
0

and note that the first coefficient {-} is an even polynomial of t of degree 2n — 2, and the integral
in the second term is computed as: f:) e} 5(T)sinA(t —2t)dT

_ —20" ‘
M] : J' eéln—z(T)COS)‘(t_ZT)dT

— / o
- |:62n2(T) DY o P3N

_ eén—Z(t)_eén—Z(O) _l ¢ " ) -
_{ g\ cos At g\ Oezn—z(T)CObMt 2t)dt

= 0

with the differential e, ,(0) = 0 and the coefficient {-} an odd polynomial of t of degree 2n — 1,
and moreover, the last integral f:) ey 5(t)cosA(t—2t)dt is computed inductively and finitely by
integration by parts to obtain the similar coefficients of sin At and cos At summed as even and odd
polynomials of t with degrees less than 2n — 2 and 2n — 1, respectively.

The same consideration as for the first integral is applied for the fourth integral: f; 02n—1(T) sinA(t—
27)dT to be computed as the sum of cosAt and sin At with coefficients odd and even polynomials
of t of degree 2n — 1 and 2n, respectively.

As for f; ern_2(T)dT- cosAt and f(t) 02n—1(T)dT - sin At, the second and third integrals among
four terms are computed to be odd and even polynomials of t with degrees 2n — 1 and 2n — 2,

respectively.
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Summing up the computations above, we obtain

. 1 .
L ! ((52 n )\2)2(n+1)—1 ) = ez(nJr]),z(t) sin At + 02(n+1)-3 (t) cos At

for some even ezn (t) and odd 02n_1(t). This is the case where n is replaced with n 4+ 1 in the
second formula in the statement.

Similarly, the case of 2n + 2 is deduced from the case of 2n 4+ 1 that now we have proved
above. O

Remark. Perhaps, the real coefficients involving A of even and odd polynomials in general 2n or
2n — 1 could be determined explicitly as given in Lemmas 2.1 to 2.3.

Corollary 2.5. For any integer n > 1,

1
! (m) (t) is an odd function as for t € R.

3 Inverse Laplace transform for rational functions in an-
other special case

As a well known fact, we have

Lemma 3.1. Let s € C with Re(s) > 0 and A € R a constant with A #0. Then

-1 S - 1 .
L <m> = ﬁtsul?\t (tER).

Proof. We compute as in the previous section,

RY T Y I N T U RO
L <(Sz+)\2)2>—]_ (sz+7\2 SZ+)\2>—)\51D7\t*0057\t

t t
= ! J' sinA(t — T) cos Atdt = 2]—}\ J {sinA(t — 271) + sin At}dt

Ao 0
_ 1 At 2T)+T'7\tt ~ L isinat
7 |33 cos sin T sin At.
Note that L(cosAt) = 7357 well known. O

As the second step in induction, we have

Lemma 3.2. Let s € C with Re(s) > 0 and A € R a constant with A #0. Then

1 s (TN Lt
L ((sz+7\2)3)_< e sin At 2}\0057\’(.
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Proof. We compute

L7 s — 1! 1 . §
(s2 +A2)3 s2+ A2 (s2+A2)2

1. 1 s
= XSlnAt*L (m) (t).

Inserting the result of Lemma 3.1 above for L~ (W)

by using integration by parts and addition theorem of trigonometric functions we obtain the formula

and computing the convolution product

in the statement.

One can use the following decomposition and Lemma 2.1 in the previous section:

1 S 1 o 1 1
L <52+)\2 . (sz+)\2)2> =cosAtxL (7(52—#)\2)2) (1).

As the third step in induction, we have

Lemma 3.3. Let s € C with Re(s) > 0 and A € R a constant with A #0. Then

24 A=A3¢2 —3At—3712A3¢3
L S - in At SAL.
((sz n )\2)4> ( 1600 ) SmALT < 60 ) cos

Proof. We compute

- S - 1 . S
(s2 +A2)4 s2+A2 (s2+A2)3

1 1 s
= Xsm?ﬁt*L (m) (t).

S
GIAn?
by using integration by parts and addition theorem of trigonometric functions we obtain the formula

Inserting the result of Lemma 3.2 above for L~ ( i 3 ) and computing the convolution product

in the statement. O

Theorem 3.4. Let s € C with Re(s) > 0 and A € R a constant with A # 0. Then, for an integer
n>2,

— S 1
1 <m) =exn_2(t)sinAt + 0pn—1(t) cosAt

where exn_2(t) is an even polynomial of t with degree 2n — 2 and with real coefficients involving

A, and 02n1(t) is an odd polynomial of t with degree 2n — 1 and with real coefficients involving
A. Similarly, for an integer n > 2,

_ S .
- (m) = ern_2(t)sinAt + 02n_3(t) cosAt.
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Proof. By induction, suppose that two formula in the statement hold for 2n. We then compute

- s _ 1 . s
(s2 + AZ)2Znt1 sZ+ A2 (s2 £ AZ)2n

1 . 1 s

and inserting the formula assumed for L' (W) we have
1
=3 sin At * {exn_2(t) sin At + 025,17 (t) cos At}

t
= % J sinA(t — T){ean—2(T) sin AT + 02 1(T) cos AT}dT.
0

Note that this integral is exactly the same as the integral in the case of L™ ((TZW;TZWF) in the

proof of Theorem 2.4. Thus, we omit the rest of the proof.

Similarly, the case of 2n 4 2 is deduced from the case of 2n + 1 that now we have proved. [

Corollary 3.5. For any integer n > 2,

! (m) (t) is an odd function as for t € R.

Remark. Note that the polynomials obtained in Theorem 3.4 are not the same as those in Theorem
2.4, but we use the same symbols for both of the polynomials.
Anyhow, combining both of Theorem 2.4 and Theorem 3.4 we get

Corollary 3.6. Both L' (*) forn>1and L71( ) for v > 2 are written as the

STIAT)In m
same form:

ern_2(t)sin At + ozn_1(t) cosAt;
and both 17! (W) forn > 1 and L”(W) for v > 2 are written as the same
form:

exn—2(t) sin At + 02 —3(t) cos At.

4 Inverse Laplace transform for rational functions

It is well known that a rational function f of s € C such that f(s) =

(s), q(s) polynomials
of s € C with real coefficients and with degp(s) < deg q(s) is decomposed into partial fractions as:

ZC‘” ZZ a

k]]]

d
23 et S e
)

k])]

k

k=
where q(s):qosmorr}g:](s—ak)mknk;((s—bk) + cZ)ne
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the factorization of q(s) in real R with ay real roots of multiplicity my and with by £icy imaginary
roots of multiplicity ny, for some qo # 0 in R, mp > 0,my > 1,n, > 1, and ax # 0,bx # 0 or
0, cx #0in R, and 11,1, € N, and coj,cxj € R but com, 7 0 or cxm, 7 O corresponding to the
highest terms if nonzero; and dyj, exj € R but either dxn, # 0 or exn, 7# 0 in R corresponding to
the highest terms if nonzero.

Therefore, using the basic facts of Laplace transform for polynomials and translation and our
results in the previous sections we obtain

Theorem 4.1. Let f(s) be a rational function of s € C vanishing at infinity with the factorization

as above. Assume that the real part of s satisfies the following inequality:
Re(s) > max{O, Clk,bj‘] <k< 1],] < ) < 12}
ifmo>1,11 >1, and 1, > 1, and otherwise, some elements of the set may be dropped. Then, in

general,

mo L my

1 © coti ! cije !
N0 =Y oyt XY T

i=1 k=1j=1

Loy Loy

K1 . K2 .
+ E —ePrtgincyt + E —ZePrtigincyt
o1 Ck = 2o

L ]

+ Z Z dic(2n—1)€"*" [ex(2n—2)(t) sincit + ok (2n_3)(t) cos cxt]
k=1 n=2
1L, L&)

+ Z Z dk(zn)ebkt [ek(zn_zj (t) sinckt + Ok(2n—1) (t) cos th}
k=1 n=2

1%
+ E ex1e? <t cos it
k=1

L[]
+ Z Z ek(Zn,”ebkt [ei(znfz)(t) sinckt + 0y (2, _3)(t) cos ckt}
k=1 n=2
1L, L5E)
+ Z Z ex(zn)e’ " {eE(anz)(t) sinckt + 0y 25, 1) (t) cos ckt} ,
k=1 n=1
where [x] means the minimum integer y such that y > x, and |x] means the maximum integer y
such that y < x, and ex;(t), ox;(t), he (t), and 0y; (t) are polynomials of t with degree j and with
real coefficients involving cy.

Remark. The restriction on s € C comes from the existence of the Laplace transform L(g(t))(s) =
f(s) for some g(t). Namely, s € C should belong to a domain of convergence of L(g(t))(s). Note
that the maximum in the statement is just that of real parts of poles of the rational function f(s)

given.
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Remark. Note that L(5(t)) 1 for 8(t) the Dirac function, viewed as a distribution, i.e. a
functional, so that L~1(1) =

distribution.

5(t), where the constant unit function 1 on C is also viewed as a

5 Algebraic structure

In this section we consider algebraic structure about the Laplace transform via convolution product.

We denote by Ro(C) the set of rational functions on C with real coefficients, vanishing at
infinity. Under pointwise addition and multiplication, Ro(C) becomes a non-unital algebra over R.
Indeed,

Lemma 5.1. The set Ro(C) is an algebra over R under point-wise operations.

Proof. Let f, g € Ro(C) such that f(s) = z:—g and g(s) = Ei—éz% for some polynomials pj(s), q;(s)
with degp; < degq; (j =1,2). Then

P1(s)qa(s) + pa(s)qi(s)

f(s) +g(s) = € Ro(C
ol 41(5142(5) ol
pi(s)pa(s)
and f(s)g(s) = ——————= € Ro(C
S = G Saats) )
and other axioms can be also easily checked. O

We denote by A(R) the algebra over R generated by the sets of elementary continuous functions
on R: {t"|n € N={0,1,2,---}} of monomials and {e"t|u € R} and {sinAt,cosAt|A € R} under
point-wise addition and point-wise multiplication. Under (extended) convolution product defined

as:
t

(f*g)(t):Lf(t—T)g(T)dT, (teR)

for f, g € A(R), which is a commutative and associative operation as well known as the usual case
on [0,00), A(R) becomes an algebra over R. Indeed, check it in details as follows:

Proposition 5.2. The real algebra A(R) under point-wise operations is viewed as an algebra over
R under convolution product, as given in the following:

n 1k
) (t“*tm)m—[z () |

k=0

n+m+1

formym e N; and for u,A € R with p# A,

t . pAt _ eA;:ePt if WF A,
(2) (e xe )(t)_{te”tkL if u=A;
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107

and form >0 in N and p € R with u+# 0,
n t
(3)  (t" = eMt)( Z< )t“ k(= )J ™erTdr
k=0 0

with the integral f;; t*erTdT equal to

k+1 _
1:1”(k+1_1)! pk+

and for A,p € R,

D A .
t— At ifA£E
(4) (sinAt*cosput)(t) = {Azuz COSHL = o7 €o8 if N # £u,

%tsin%t if A= =+u,
and
(cos At x cos ut)(t )—{)‘2 szpt— ZAuZ sinAt if A # £p,
tcosAt + 5 53 Sin At if A =4p,
and

)\ .
t— At A#£+
(sin At * sin pt)(t) = )\21 = 2 sin w 2 e sin Zf f }/L?
cosAt + 2)\ sin )\t if A=+,

and moreover, for u,A € R with u# 0,

(5) (e"' xsinAt)(t) = >{Ae™Ht — usin At — A cos At}

1
A2+
and

(e x cosAt)(t) = 5——{ne M — pcos At 4+ Asin At);

A2+
and furthermore,

n t
(6) (t"=*sinAt)(t) = Z (E) t"*k(—nkj ™ sin AtdT
k=0 0
with Ty, = f;; ®sin Atdt given by, for m € N with m >0, if k = 2m,

p 1)'k! k—2142
t T2 cos At

Z A2 1 (k—21+2)!

(D% iy (—=1)™k!
+Z—}\21 PR S At + S

and ifk =2m+1,

m+1 lk'

k—2142
Lmy1 = Z v ] k_2152) t cos At

m+1 (_U(l_])k!

kK—214+1 _:
+ ; mt blIlAt
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so that

L%J m+1 2m-+1

N B n (=T1) kKD o2
(t" *sin At)(t) = (2m>{z >\21—1(k—21+2)!t cos At
m=0 1=1
m
(_])(2m+171)k! o1t (_])3mk! .
T eyt A S

n m+1 (_])2m+1+lk| 242
—__t" s At
pa <zm+1>{; AT (k— 21+ 2)] o8

+1
(=DM o
Nzt sinAt

1=

—_

and also,

n t
(t™ * cos At)(t) = Z (n> t“’k(—UkJ ™ cos AtdT
o \K 0

with Jx = 5T cos \tdt given by, for m € N with m > 0, if k = 2m,

m+1 (_])(1_1)k!

_ k—21+2 _:
Jam =D AU T(k— 21420 sinAt
1=1

m
(DR oy
—_— 1t s At
+;7\21(k—21+1)! €08

and ifk=2m+1,

m+1 (—])(L_l)k!

_ k—21+42 _;
Jom+1 = Z 7\2171“{_21_’_2)!’( T2 sin At
1=1

m+1
(G DALl TR (—1)™+Tk!
+ Z —7\21(k—21+1)!t cos?\t+7}\2m+2
1=1
so that
L%J m+1 2 1
n (—1)@m+bk 2142
(t™ x cosAt)(t) = <2m){z pviE (k_21+2)'tn sin At
m=0 1=1 :
m
(D™ o
—_ At
+; AMk—2111)! cos At}
f%1*1 m+1 2 1
n (D™
t sin At
+ = (zm+1>{; AT (k— 21+ 2)] i
+1
(—1)(2m+l)k! e ] (_])3m+2k! i
+ mtn COS }\t -+ th m }
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Finally, the convolution of general monomials is given by, as an example,

(7)  (t™eM'tsinArt) * (t™eH2t cosAyt)(t)

n t
— it Z <le> k(1 )kJ TFmet2= )T gin A (t — 1) cos Ay TdT
k=0 °

with sin A (t —T) cos A>T = %{sin(?n t— (A1 —=A2)1) +sin(At— (A1 + A2)1)}, and then the following
integral is computed inductively as

t

It mosin = J Tetmelbz =T gin (A1t — (A £ A;)T)dT
0
_ W2 — k+m (p2—pi)t o
= t e sin(FAzt)
(u2 — )2 4+ (A £A2)?

n A A
(M2 — )2+ (A £A2)?

X _ t
- 0

k A A ¢
- 0

gtmelkz =it cog( A, t)

where the last two integrals are denoted by Ixim—1,sin and Ixpm—1,cos TesSPectively, and the integrals
can be inductively reduced to the cases of I sin and Ij cos for 1 <j <k +m —2 and finally to the
case of Iosin and lo cos that are given by

t
Lo sin = J elt2—m )Tsin(?nt — (A £A2)T)dT

0
" (w2 usi jr }(;1 + Az)z{e(”z_”‘ Mt sin(FA2t) —sin(Art)}
INEPY

* (L2 —w1)2+ (A £ Az)z{e(uz_m It cos(FA2t) — cos(At)}

and

t
IQYCOS = J e(HZ*M )TCOSU“t - (}\1 +Ay)T)dT
0
T - HSZZ :L t;] + ?\2)2{6(”27”‘ 1t cos(FA2t) — cos(At)}
A A . .
T )12 + (i oppte T sin(FAat) —sin(Art)}

Other cases of convolution products of general monomials with sin and cos changed are also

computed similarly, but omitted.
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Proof. For (1), check first that for n,m > 0 in N,

t

("« t™)(t) = L (t—T)"t™dt

t n n « K K n « . tk+m+]
thR (=1 mar = L R (S 1 —
Jo];)(k> (=1 dr ];)<k) (=1) k+m+1

L o/m\ (=K
L; (k)k+m+1

Also, for (2), for u,A € R with p # A,

tn+m+1 c A(R)

t t

(e*t s eM)(t) = J et(t-TeATqr = e”tJ e WTae
0 0
" |:e(?\—u)"c:|t M nt
=e
=0

pp— :7}\_PL € A(R).

If u = A, then
t

(eMt x e M) (t) = J ettdr = te*' € A(R).
0

Moreover, for (3), forn > 0in N and p € R with p # 0,
t

(thxett)(t) = J (t—T)"e""dr
0

= Jt i <E) R (—k)TeH Tdr = i (E) R (—k) Jt ™etTdrT.

0x—o k=0 0

We then compute the following integral by integration by parts:

t
1 k
Iy = J ket Tdr = —tFeMt — ST

0
1 k k(k—1
_ _tkep.t _ _z.tk—l ept + %Ik—z
n b n
1 k —DTk(k—=1)---2 [/t 1
= }—Ltke“t—Ptk_1e“t+-"+ =D }i](‘_l : <}:eut—}:10>
k+1 _
ety (-1 k! (Rl (—1)F Tk
— ulk+1-1)! pkt1

with Ip = f(t) ettdt = lﬂ(e*Lt —1).
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Next, for (4), for A, u € R with A # £,

t
(sin At x cos ut)(t) = J sinA(t — 1) cos ptdt

[}

= ] J {sin(At — (A — W)t) +sin(At — (A + w)1)}dt

2o
B 1 [cos(%t —(A=—w1) cos(At—A+w1)]"
2 A—p Atp —0
= Lcos t— _A cosAt € A(R)
BE Y EERTE R PR :

If A = £, then (sin At * cos ut)(t) = %t sinAt € A(R).
Moreover, for A, u € R with A # +u,

t

(cos At x cos ut)(t) = J cosA(t — 1) cos wrdr
0

_! Jt {cos(At — (A — p)1) 4 cos(At — (A + p)1)} dt
2 Jo

t

1 [sin(%t —A=—pwT)  sin(At— (A +p)7)
S 2 —(A =) —(A+p) =0

A
5 sinAt € A(R).
o

N L
= szm“ A2

A2 —

If A = £, then (cosAt * cos ut)(t) = %t cosAt + 21—)\ sinAt € A(R).

Furthermore, for A, u € R with A # +u,

t

(sin At * sin pt)(t) = J sinA(t — ) sin ptdt
0

_ ! Jt {cos(At — (A = w)7) — cos(At — (A + p)r)} d
2 Jo

t

_ 1 [sin(%t —A—pt)  sinAt— A+ 7
S 2 —(A =) —(A+p) =0

— A :
—ﬁsmp‘[—

neoo
— P _sinAt e A(R).
A2 2

A2

If A = £y, then (sin At * sin pt)(t) = _71t cos At + 21—)\ sinAt € A(R).
Next, for (5), for uy,A € R with p# 0,

t

(e"" % sinAt)(t) = e“tJ e "TsinAtdt
0



112 Takahiro Sudo

with the integral Iy = J'g e T sin Atdt computed as

e Mt t At
I, = [ sin 7\1] + —J e M cosAtdr
—u

=0 HJo
—pt A )\2
= sinAt + — (1 — e cosAt) — — 1
—u p 8
so that 1
I, = m{A — e M (pusin At + AcosAt)).
Similarly,

t

(eM! % cosAt)(t) = eMt J e MTcosAtdT
0

with the integral I. = f; e T cos Atdt computed as

—uT t A t
I. = [e cos )\T] — —J' e M sinAtdrt
- =0 HJo
1 A A2
= E“ —e McosAt) + pe*”t sinAt — —1c

so that :

A+ u?

c

{u—e " (ncosAt — Asin At)).

On the other hand, for (6), forn > 0 in N and A € R with A # 0,

t

(t™ * sin At)(t) = J (t—1)"sinAtdt =
0

t o "o t
-k kok o _ —k(_1\k k :
J E (k>t“ (=)t sinAtdt = E (k>t“ (-1 J T sin AtdT.

0 k=0 S 0

We then compute the following integral by integration by parts:

t —1 k [t

Iy = J *sin Atdt = —t* cos At + —J 1 cosAtdt
0 A Ao

k(k—1)

—1 k
= Ttk Ccos At + )\—Ztk*] sin At — N

T _o.

Inductively, if k = 2m with m € N and m > 0, then

m = i (1) 22 cos At
2T AT (k= 21+ 2)!

m
(D% (—1)™k!
— ¥t sin At + ————1
+;7\21( 20+ 1)! At am o

CUBO
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with Ip = J'; sinAtdt = 1 — 1 cosAt, and hence,

p 1)'k! k—2142
t T2 cos At

Z A2 1 (k—21+2)!

(=Dl o (—1)™k!
+th SlIl)\t‘F W

If k=2m+ 1 with m € N and m > 0, then

Iky

k—21+42 .
Ihmetr = Z Vi ](k N1 2) t cos At

DR g (=1)™mk!
+th AL+

with I1 = f; TsinAtdt = %t cos At + )\]—2 sin At, and hence,

m+1 lk'

lam41 = Z A21- 1 (k—21+2)!

k=212 o5 At

m+1 ( ])(1 ])k!

.tk 21+1 At.
+Z7\21k 2L+ 1) sin

Similarly, for n > 0 in N and A € R with A # 0,

t

(t™ * cosAt)(t) = J (t—1)" cosAtdT =
0

n

‘v (n Kk k. k n Kk k ' Kk
n— 1 — n— —_ 1
J E <k)t (—1)*t* cos Atdt = E (k)t (-1 J T cos AtdT.

0 k=0 - 0

We then compute the following integral by integration by parts:

t 1 —k rt

Jx = J ™ cos AtdT = th sin At + TJ T sin Atdt
0 0

K(k —1)

k
K o k—1 . _
—t“sin At + _)\zt cos At N

Jx—2-

Inductively, if k = 2m with m € N and m > 0, then

1) =1kl
Z 7\21(1(13 20+ 2)! T s

(o DLl P (—1)™k!
+th HeosAt+ o
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with Jo = .fo cos ATdT = % sinAt, and hence,

m+1 .I)(L ])k'

( k—21+2 _:
Z e T T TR

( ])(L 1)k' k—21+1
—‘t At.
+Z7\21(k 204 1) cos

Ifk=2m+1 with m € N and m > 0, then

1=kt B .
Jom+s1 = Z?\ﬂ(‘ ) th 22 6in At

(k—21+2)!
[ DALl TR (—1)™k!
+th oSN+ g
with J; = fé TcosAtdT = %t sin At 4+ )J—z(cos At — 1), and hence,
m+1
NSk
Jomsr = Z Tk 215 2] t sin At
m+1
(DR g (=)™
+ Z Ak =205 1)1 t cos At + amiz

Finally, for (7), the convolution of general monomials is given by, as an example,

(theM tsinArt) * (t™eM2t cosAst)(t)

t

= J (t—1)"e* D ginA; (t — 1)t™e*2 T cos Ay tdT

0
n

t
— et Z (E) R (=1)k J ghtmella =)t gin ), (t —t)cosAytdt
k=0 0

with sin A7 (t — 1) cos AT = %{sin(?n t— (A1 —A2)T) +sin(A 1t — (A1 +A2)71)}, and then the following
integral is computed inductively as

t

Ikt m,sin = J Fmelhz =T gin (At — (A} £ A2)T)dT
0

t

= [THmJe(“z—WTsm()\]t— (A1 j:)\z)'t)d’t}
=0
t

— (k—l—m)J htm-l (Jemzm“sin(mt— (A1 :I:?\z)’t)d’t) dt

0
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where the indefinite integral is computed by using integration by parts twice as:

Je(uz*m )T sin(A1t — (A7 £ A2)T)dT

G e 2
A A

+
(u2 — )2 + (A1 £A2)

. elh2—i)T cos(At — (A1 £ A2)7T)

and hence, we obtain

_ H2 — ktm o (h2 =k )t g
I €in = t H2—H1 At
e, (M2 — 1) + (A £2A2)2 ¢ sin(FAzt)
A A

ghtme(h2=m)t (o5(FA,1)

+
(H2 — )2 + (A1 £A2)2

k _ t
a (Hz( t:ytl??\] 117)\2)2 J Ml ek Tgin (A1t — (A7 £ A2)T)dT
— 0

k A EA t
a (Hz( :11;)1 1(7\1 iZ;\z)z J Tk+m*’e(m*mﬁcos(}\1t_ (M1 £ Az)T)dr,
- 0

where the last two integrals are denoted by I m—1,sin and Iy m—1,cos Tespectively, and the integrals
can be inductively reduced to the case of Iy sin and Ig cos that are given by

t
IO,sin = J e(”Z*”‘ )Tsin(7\1t — (A7 £A2)T)dT

0
ST s — s )
A A

B (TEpTRy G v )\z)z{emﬁm 1 cos(FAat) —cos(ht))

and

t
10,cos = J eH2 T og(Art — (A1 £ Az)T)dT
0
— M2 — 1 (H2—m)t
= e cos(FAxt) — cos(Aqt
(HZ—H1)2+(7\1 17\2)2{ ( 2 ) ( 1 )}
MEA (H2—H1)t o ;
— e sin(FA2t) —sin(Aq1t)}.
(Hz—ul)2+(7\1i7\z)2{ (FAzt) (el

Other cases of convolution products of general monomials with sin and cos changed are also
computed similarly. O

Theorem 5.3. The Laplace transform L is an algebra homomorphism from A(R) with convolution

product to Ro(C) with point-wise multiplication.
Also, the inverse Laplace transform L= is an algebra homomorphism from Ro(C) to A(R).

Then L' oL = idar) and Lo L' = idg, () the identity maps on A(R) and Ro(C).
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Remark. Note that we identify a rational function g in Ro(C) with the image of f € A(R) under L
with domain of convergence such that L(f) = g. Indeed, the infimum of the real part of the domain

of convergence for L(f) = g is defined to be the maximum of the real parts of poles of g, so that
the domain of convergence for L(f) is determined by g uniquely.

Proof. Tt is well known that L(f x g)(s) = L(f)(s) - L(g)(s) for f,g € A(R). It follows by the
convolution products checked explicitly in Proposition 5.2, in particular, that any element of A(R),
which is a linear combination of multiples of elementary continuous functions, is a continuous
function on R, so that, as also a well known fact, the Laplace transform is injective on A(R) but
restricted to [0, 00), and hence the inverse Laplace transform L~ is also injective on L(A(R)). Note
that real coeflicients in such linear combinations are determined uniquely by the injectivity, so that
we may extend the definition domains from [0, c0) to R preserving the injectivity. It is clear that
L(A(R)) is contained in Ro(C) by using basic formulae in Laplace transform and by Proposition
5.2. For instance, check that

L(e*'t™sinAt)(s) = L(t"™sinAt)(s — n) =
d'n,
n

(L s s ) = (0 (S

> S RQ(C).

The last belonging is proved by induction. Indeed, if Egz; € Ro(C), then %(p(s) ) = p(s)a(s)—pls)a’ls) o
Ro(C).

It is also checked explicitly in Theorem 4.1 that any element of Ro(C) is mapped to an element
of A(R) under L. O

Corollary 5.4. It follows that the algebra A(R) with convolution product is isomorphic to Ro(C),

as an algebra.

It also follows that the algebra A(R) with point-wise multiplication is isomorphic to Ro(C), as

a real vector space.

Remark. The Laplace transform L (as well as the inverse L~') is linear but dose not preserve

point-wise multiplication. For instance,

2
2 —
L(t)—s—35£L(t)~L(t)——~— —
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