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ABSTRACT

Here we study further the multivariate quasi-interpolation of sigmoidal and hyperbolic
tangent types neural network operators of one hidden layer. We derive multivariate
Voronovskaya type asymptotic expansions for the error of approximation of these op-
erators to the unit operator.

RESUMEN

Aqui estudiamos extensiones de la cuasi-interpolacién multivariada de operadores de
redes neuronales de tipo sigmoidal y tangente hiperbdlica de una capa oculta. Obten-
emos expansiones asintéticas del tipo Voronovskaya para el error de aproximacién de
estos operadores para el operador unidad.
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1 Background

Here we follow [5], [6].

We consider here the sigmoidal function of logarithmic type

1

m, XieR,i:1,...,N;X:: (X],...,XN)GRN,

si(xi) =
each has the properties lim s;(xi) =1and lim s;(x;) =0,1=1,...,N.
Xi—+00 X{——00

These functions play the role of activation functions in the hidden layer of neural networks.
As in [7], we consider
1 .
D; (xi) == 7 (si(xi+1)—si(xi—1), xieR, i=1,...,N.

We notice the following properties:

i) ©i(x1) >0, Vxi €R,
ii) Zz’:foo D; (xi—ki)=1, Vx; €R,
iii) Zz’:foo O; (nxi—ki)=1, Vx{ eR;neEN,
iv) [ @i (xq) dxi =1,
v) @; is a density function,

vi) @ is even: @; (—xi) = @y (x1), xi >0, fori=1,..,N.

We see that ([7])

D; (xi) = e’ —1 1 RPN
iXi) = 2e? (]+€Xi_1)(]+e—xi—1)’ =1,..,N.

vii) ®@; is decreasing on R, and increasing on R_, i =1,...;N.
Let 0 < 3 <1, n € N. Then as in [6] we get

viii)

(1—8)

> O; (nxi — ki) < 3.1992e ™ , i=1,..,N.

ki = —o0
: ‘TLXi — kil > n'—8
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Denote by [-] the ceiling of a number, and by |-| the integral part of a number. Consider
here x € ([T, [ai,bi]) C RN, N € N such that [nai] < [nbi], i=1,...,N; a:= (a1, ..., an),
b:= (b],...,bN) .

As in [6] we obtain

ix)
] L 5.250312578,

0< :
o Py @ (0 —

Y xi € [ai,bi], i= ],...,N.

x) As in [6], we see that

I_leiJ
nlglgo Z O; (nxy — ki) #1,
ki:[naﬂ

for at least some x; € [ai,bi], i=1,...,N.

We will use here

It has the properties:

(i) @(x) >0, VxRN,
We see that

k=—oc0
Z Z Z (D(TLX1—k1,...,TLXN—kN)=],
ki=—oco ky=—00 kn=—00

vVxeRY:neN.
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JRN @ (x)dx =1,

that is @ is a multivariate density function.

Here ||x||, == max{jx1], ..., [xn[}, x € RN, also set co := (00, ...,00), —00 := (—00, ..., —00)
upon the multivariate context, and

mal ¢ =(Mnail, .. Manl),
nb] = ((nbi], . [nb]).

For 0 < B < 1and n € N, fixed x € RN, have that

[nb]
> Omx—k) =
k=[na]
[nb] [nb]
Z O (nx—k)+ Z ® (nx—k).

a1
npk

{ k = [na] { k = [na]
I

= >

In the last two sums the counting is over disjoint vector of k’s, because the condition H% — XHOO >

111—[3 implies that there exists at least one % — xr’ > n]—[37 re{l,..,N}L
It holds
(v)’
[nb]
71—
S ® (nx — k) < 3.1992¢ ™" "
{ k = [na]
I = xlloe > =7
0<B<l,neN, xe (Hli\]:1 [ai,bi]) .
Furthermore it holds
(vi)’
1
0 < —rmg] < (5.250312578)™ |
k=na D (nx — k)

Vxe (HiN:1 [ai,bi]), n € N.

It is clear also that
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(vii)’

o (1-8)

Z @ (nx —k) < 3.1992¢ ™ ,

{ k=—c0
1% =Xl > 77

0<pB<l,neN, xeRN,

By (x) we obviously see that

(viii)’

Lnb)
lim_ > O(mx—k) #]
k=[na]

for at least some x € (Hll [ai)bi]) .

Let f € C (Hl : [ai,bi]) and n € N such that [na;] < [nbi],i=1,..,N.

We define the multivariate positive linear neural network operator

(x = (X1y ey XN) € (HL [ai)bi]))

Lnb(Jna] £ (%) ® (nx — k)
Gn (fyx1y ey XN) = Gn (f, %) := [nb] @)
Zk [nal TlX - k)

[nb1] [nb2] [nbn] K1 N
7 2 e Lo o nan) = Liewenan T (e 5) (Hi:1 D; (nxq —ki))
o N b; :

For large enough n we always obtain [na;] < [nbi], 1 = 1,..,N. Also a; < % < by, iff
[nai] < ki < LnbiJ, i= ],...,N.

Notice here that for large enough n € N we get that

T B =1 meN, 0< B <.

Thus be given fixed A, B > 0, for the linear combination (An*ﬁj +Be ™'’ )) the (dominant)

rate of convergence to zero is nPJ. The closer B is to 1 we get faster and better rate of convergence
to zero.

By AC™ (HN

ioq [ai,bi]), m,N € N, we denote the space of functions such that all par-

tial derivatives of order (m — 1) are coordinatewise alsolutely continuous functions, also f €

et (T fas, bad)
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i=1

Let f € AC™ (HN [ai,bi]), m,N € N. Here f, denotes a partial derivative of f, & =

(o1 ey an), @ € ZT, i =1,..,N, and |of := ZL oy =1, where 1 = 0,1,...,m. We write also
fo:

= g:I and we say it is order L.
We denote
Ifallom = max {Ifxlloo}, (3)
where |[|-||, is the supremum norm.
We assume here that [|f«[|2)7, < oo.

Next we follow [3], [4].

We consider here the hyperbolic tangent function tanhx, x € R :

e —e ™™
tanhx :== ——.
ex+e ™

It has the properties tanh 0 = 0, —1 < tanhx < 1, V x € R, and tanh (—x) = — tanh x. Furthermore
tanhx — 1 as x — oo, and tanhx — —1, as x — —oo, and it is strictly increasing on R.

This function plays the role of an activation function in the hidden layer of neural networks.

We further consider
Y(x):= 411 (tanh (x + 1) —tanh (x — 1)) >0, VxeR.

We easily see that W (—x) = ¥ (x), that is ¥ is even on R. Obviously V¥ is differentiable, thus

continuous.

Proposition 1. ([3]) ¥ (x) for x > 0 is strictly decreasing.

Obviously ¥ (x) is strictly increasing for x < 0. Also it holds lim ¥ (x) =0 = lim ¥ (x).

X——00 X—00
Infact W has the bell shape with horizontal asymptote the x-axis. So the maximum of ¥ is
zero, ¥ (0) = 0.3809297.

Theorem 2. (/3]) We have that } 2 Y(x—1i)=1, VxeR.

Thus -
Y Ymx—i)=1, VneN VxeR.

i=—o0
Also it holds -
Y Wix+i)=1, wxeR

1=—00

Theorem 3. ([3]) It holds [, W (x)dx =1.

So ¥ (x) is a density function on R.
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Theorem 4. (/3]) Let 0 < & < 1 and n € N. It holds
Z Ynx—k) <et.e2n' Y,
k=—o0
tnx — k| >nlx
Theorem 5. ([3/) Let x € [a,b] C R and n € N so that [na] < [nb]. It holds
1 < 1 _ 4.1488766
- =4. .
Z]En erﬂ (mx—%k) Y(T)
Also by [3] we get that
[nb]
lim_ Y Wnx—k) #1,
k=[na]
for at least some x € [a, b].
In this article we will use
N
O X1y XN) = 0O (x) = H‘P(xi), x = (x1,..,xn) € RN, N eN. (4)

It has the properties:

(i)* ®(x) >0, VxRN,

(i)

o0

Z @(X— Z Z Z @X] k],...,XN—kN)Z

k=—o0 1=—o0 ka=—00 kn=—00
where k := (ki,...,kn), V x € RN,
(iii)*

o0

Z O(nx—k):=

k=—o00

(oo}

Z @(mq —k1,...,an —kN) = 1,

k1= =
vVxeRY:neN.
(iv)*
J O(x)dx =1,
RN

that is © is a multivariate density function.

1,
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We obviously see that

[nb] [nb] N
Z OMnmx—Xk) = Z H‘P(ﬂxi—ki) =
k=[na] k=[na]i=1
[nby | [nbn] N N [nb:]
Z Z HW(TIXi—ki) :H Z ‘{’(nxi—ki)
ki=[na;] kn=[nan]i=1 i=1 \ki=[nai]
For 0 < B <1 and n €N, fixed x € RN, we have that
[nb]
Z O(nx—Xk)=
k=[na]
[nb] [nb]
Z O (nx—k)+ Z O(nx—Xk).
{ k = [na] { k= [na]
I —xlloe < =% I = *lloe > =%
In the last two sums the counting is over disjoint vector of k’s because the condition
||% — XHOO n]ﬁ implies that there exists at least one % — xr‘ > nﬁ ,Te{l,...,NL
11 holds
(v)*
[nb]
4 —2n(1—#)
Z O(nx—k)<e"-e ,
{ k = [na]
I —*lloe > 5%
0<B<l,neN xe (HL [ai,bi]) .
Also it holds
(vi)*
1 1
0 < —mp] < < = (4.1488766)™
k:ﬁw]@(nx—k) W (1)
Vx € (Hli\]:1 [ai,bi]), neN.
It is clear that
(vii)*
Z O (nx — k) §e4~e’2““7m,

{ k=—
% =/l > 57

0<p<l,neN, xeRN,



CUBO

201 Voronovskaya type asymptotic expansions for multivariate ... 41
16, 2 (2014
Also we get
[nb]
li —
Jim Z O (nx—k) #£1,
k=[na]

for at least some x € (H]iil [ai)bi]) .

Let f e C (I_L 1 [ai,bi]) and n € N such that [nai| < [nbi|,i=1,..,N.
We define the multivariate positive linear neural network operator (x:= (x1,...,xN) €

(I fas, bi]))

[nb] o Lk
Fu (f,X1, ey XN ) i= Fpy (f,x) = 2k rf:;] ( ) (nx ) 5
k=ma] © (X —k)

[nb] [nb2] [nbn ] k k N
Z " ][nal] ijzzfnaﬂ Zkr; —N[naN] (?1’ ot TN) (Hi:] b4 (TlXi - kl))
o, .
T (e ¥ v — ko))

Our considered neural networks here are of one hidden layer.

In this article we find Voronovskaya type asymptotic expansions for the above described neural
networks quasi-interpolation normalized operators Gy, (f,x), Fn (f,x), where x € (1—[11\1:] [ai,bi])
is fixed but arbitrary. For other neural networks related work, see [2], [3], [4], [5], [6] and [7]. For
neural networks in general, see [8], [9] and [10].

Next we follow [1], pp. 284-286.
About Taylor formula -Multivariate Case and Estimates
Let Q be a compact convex subset of RN; N > 2; z := (21, ..., zN) , X0 := (X017, -y XoN) € Q.

Let f: Q — R be such that all partial derivatives of order (m — 1) are coordinatewise abso-
lutely continuous functions, m € N. Also f € C™~ ' (Q). That is f € AC™ (Q). Each m'" order
partial derivative is denoted by fy := a:“’ where « = (x1y...,an), & € ZT, 1 = 1,...,N and
|| == ZL oy = m. Consider g, (t) :=f(xo+t(z—xp)), t > 0. Then

N j
gl (t) = <Z (zi —%o1) 0 ) fl (xo1 +t(z1 —x01) .oy Xon +t (28 —X0N)) s (6)

X
i=1 t

forall j=0,1,2,....m
Example 6. Let m =N =2. Then
gz (t) = f(xo1 +t(z1 —x01),%02 + t(z2 —%02)), tER,

and

(xo +t(z—x0)) + (22 —x02) of

g, (t) = (z1 —xo1) A

o (xo +t(z—x0)). (7)
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Setting
() = (x01 +t(z1 —x01), %02 + t (22 —X02)) = (x0 + t (z—x0)),
we get
of2 of2
7 t) = . 2 90 . -
gz (t) = (z1 —xo1) o2 () + (z1 —x01) (22 — %02) 200,
of2 5 0f2
(z1 —x01) (22 — x02) 00 (*) + (22 — %02) prel (%) .
Similarly, we have the general case of myN € N for g;m) (t).
We mention the following multivariate Taylor theorem.
Theorem 7. Under the above assumptions we have
m—1_(j) (0)
Flanymzn) =0 (1= §_ F5 4 R (2,0),
j=0
where
1 ty tm—1
R (z,0) ::J (J (J g™ (tm) dtm> > dty,
o \Jo 0
or :
1 _
Rin (2,0) = | =gl (@) a0
(m—1)1Jo
Notice that g, (0) =T (x0) -
We make
Remark 8. Assume here that
”fctza,u((g,m = Iodi)él chxHoo,Q < 0.
Then
N 3 m
ot =Hl( (m—m)—) [ (xo + t{z—xo))
00,[0,1] £ 0x;
i=1 00,[0,1]
N m
( |zi —X01|> [follo.,m
i=1
that is
Joem o < (= xoll) ™ a2, m < oo
Hence we get by (11) that
(m)
‘ 9z Hoo [0,1]
‘Rm (Z,O)‘ < ——— < 0

m!

<

CUBO
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(12)
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And it holds .
R (2,001 < LEZX0M) g e (15)
m Y —_ m' x oo,Q,m’
YV z,x0 € Q.
Inequality (15) will be an important tool in proving our main results.
2 Main Results
We present our first main result
Theorem 9. Let 0 < <1, x € ]_[]1\l 1 lai, bil, n € N large enough, f € AC™ (HiN:] [ai,bi]),
m,N € N. Assume further that ||fa||5), < oo. Then
Gn (f) X) —f (X) =
m—1 N
fo (%) ) ( N ) ( 1 )
Z —— |G (-—xi)")x +o|——— (16)
N n 1 bl _ )
=1 \lol=j <Hi_] ! i npm=e)
where 0 < ¢ < m.
If m =1, the sum in (16) collapses.
The last (16) implies that
m—1 f N
nfm=el 1 G (f,x) — f (x > (137) (H —xi)*, ) (17)
i=1 \lal=j [Tiog ! i=1
—0, asn— oo, 0<e<m.
When m =1, or fy (x) =0, for|al =3, j=1,....,m—1, then we derive that
nPMm=e (G, (f,x) — f (x)] =0,
asn — o0, 0<e<m.
Proof. Consider g, (t) :=f(xo +t(z—x0)), t > 0; x0,z € H?; [ai, bi]. Then
N 3 )
(Z (zi —xo01) 3 ) fl (xo1 +t(z1 —x01), oy Xon + t(zn —x0n)),  (18)
i=1 t
forall j=0,1,....m
By (9) we have the multivariate Taylor’s formula
m—1 gJ 1 1 :
e
F(21y o 2n) = 0 ( — L G—e™'gm (@)de.  (19)

j=0
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Notice g, (0) = f (xp). Also for j =0,1,...,m — 1, we have

: N
gV (0) = > <H+> (H (zi —Xm)o“> fo (x0) - (20)
), i €ZF

. ;| -
o=(0t1 .00y tN ), i=1 &i- i=1
i=1,...,N, \ocl::ZiN:1 i =j

Furthermore

™ (0) =

N
i — X01i) * f(x(X +9(2_X ))) (21)
Z o€z, <Hl 10(1) <H ’ ) ’ ’

oc=(0otr ;.0 0N ), i=1
. N
i=1,..,N, Jal:=3" " ;| ay=m

0<o<.
So we treat f € AC™ (HiN:1 [aiabi]) with [[fo |55, < oo

Thus, by (19) we have for £ x € (HiN:] lai, 1]) that

f <k—1,..., k—N> —f(x) =
n n

Lo () G e e

=1 a=(aq,...,an), E€ZT, i=
=100 N, o= 1 ai=j

1
. m—1 1
R.:mJ' (1—90) E <m .
° =(0tg,.00n ), ocleZ+ i=1 Wi

oo Ny o= N o=

(1T ) P

where

i=

By (15) we obtain

(Ix=%l,,)
X
I’ max
RI< S = Il (24)
Notice here that 5 | 5 :
HH_X SF<:> L gﬁ,izl,...,N. (25)
So, if HE —x|| < n—ﬁ we get that ||x— —HL S and
Nm max
Rl < gy fellec, (26)
Also we see that
N N
x— s Z S8y (bema) = ol
Ly =1

i=1
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therefore in general it holds

(” Hh) max
Rl < — [[folloo, (27)
Call
[nb]
= Z O (nx —
k=[na]

Hence we have

. k=[na] _
U, (X) = Vi (x) (28)

[nb) ® (nx — k)R Lnb] ® (nx —k)R

Z{ k= nal Z{ k= na]
I —*lloo < =% Pkl N
Vi(x V (x)
Consequently we obtain
Ll ® (nx —k)
Z{ k = [na]
I = xlloe < 57 N
u < n © T mn max
U () > (e Il ) +
[nb] o

! (Ib— ||l " < by (v)', (vi)')
_— Q) _ 1 max <
Vx) (nx —%) | ——— IIfallc <

k = [na]
I = x> 77
max _n(1—8) Hb || ) max

nmﬁm' If a|| + (5. 250312578) (3.1992) e ™ 7( — L ||foc|\ (29)

Therefore we have found

[folloom {N‘“

Un (x)] < — 4 (5.250312578) (3.1992)e““m(|b—a||h)m}. (30)

m!

For large enough n € N we get

Un ()] < (2“ oo m) <nlﬁ>. (31)

That is
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and
Un (x)=0(1). (33)
And, letting 0 < ¢ < m, we derive
2 IF |ax ™
‘uTL](X)' S H OCH L N 0, (34)
(m) m! npe
as n — oo.
Le. :

By (22) we observe that
Inb] ¢ ()@ (nx—k)

L Vv (X) —f (X) =
b2 2 fo ) (Z‘L‘nbfj““] (k) (HiN:‘ (% —x) m)) n (36)
j=1 \lol=j H?:] o0& V (x)

m—1
Gulf)—fx)— Y [ ¥ (K;m) Gn (H(-—xi)“‘,X> —Un(x).  (37)

The proof of the theorem is complete. O

We present our second main result
Theorem 10. Let 0 < 3 < 1, x € HN [ai, bi], n € N large enough, f € AC™ (HiN:] [ai,bi]),

m, N € N. Assume further that ||fa||5), < co. Then

Fn (fyx) = f(x) =

m—1 N N 1
. Z (1‘;‘.\‘_ixii!> Fn (H (=)™ ’X> o (nrs(mz)) ’ (38)

j=1 \l«l=j

where 0 < ¢ < m.
If m =1, the sum in (38) collapses.
The last (38) implies that

m—1
nﬁ(mfs) Fn (f X _f Z <f§(7(x)'> Fn (H (-—Xi)‘xi,X> (39)
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—0, asn— oo, 0<e<m.

When m =1, or fs (x) =0, for|a| =73, j=1,...,m—1, then we derive that
nf(m=e) [Fn (f,x) —f (x)] — 0,

asn — o0, 0<e<m.

Proof. Similar to Theorem 9, using the properties of © (x), see (4), (i)*-(vii)* and (5). O

Received: December 2011. Revised: May 2012.
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