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ABSTRACT

In this paper we investigate the existence of coupled coincidence points for some con-
tractions in partially ordered separated uniform spaces under the mixed g-monotone
property. We generalize a known result in partially ordered metric spaces to uniform
spaces and give new types of contractions and results in partially ordered uniform
spaces.

RESUMEN

En este articulo investigamos la existencia de puntos de coincidencia acoplados de
algunas contracciones en espacios uniformes separados ordenados parcialmente bajo la
propiedad g-monétona de mezcla. Generalizamos un resultado conocido en espacios
métricos ordenados parcialmente a espacios uniformes y entregamos tipos nuevos de

contracciones y resultados para espacios uniformes ordenados parcialmente.
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1 Introduction and Preliminaries

In [3], Gnana Bhaskar and Lakshmikantham investigated coupled fixed points for mappings having
the mixed monotone property in metric spaces endowed with a partial order and they applied
their coupled fixed point results to periodic boundary value problems. Lakshmikantham and Ciri¢
[4] generalized the results in [3] by considering coupled coincidence points and mappings having
the mixed g-monotone property. Using compatible mappings in partially ordered metric spaces,
Choudhury and Kundu [2] extended the coupled fixed point results in [3].

In this paper, we aim to give a new generalization of a fixed point result in [3] to partially
ordered uniform spaces. Also, some new results on coupled coincidence points are presented.

We first start by recalling some notions in uniform spaces. An in-depth discussion of uniformity

can be found in [6].

A sequence {x,,} in a uniform space (X,U) (briefly, X) is said to be convergent to a point x € X,
denoted by x — x, if for each entourage U € U, there exists an N > 0 such that (xn,x) € U for
all n > N and Cauchy if for each entourage U € U, there exists an N > 0 such that (xm,xn) € U
for all m,n > N. The uniform space X is called sequentially complete if each Cauchy sequence in
X is convergent to some point of X.

A uniformity U on a set X is separating if the intersection of all entourages in U is equal to
the diagonal {(x,x) : x € X}. In this case, X is is called a separated uniform space.

For any pseudometric p on X and any r > 0, we set
Vip,1) = {(x,y) € X x X:p(x,y) <T}.

Let F be a family of (uniformly continuous) pseudometrics on X that generates the uniformity
U (see [1], Theorem 2.1). Denote by V, the family of all sets of the form

n

() View, o),

i=1
where, n > 1 and p; € F, ry > 0 for each i. Then V is a base for the uniformity U, and the
elements of V are called the basic entourages of X. If

n

V= Vipi,m) €V,

i=1
then

n

aV = ﬂ V(pi) “Ti) S

i=1

for each positive number «.
Recall that for any two subsets U and V of X x X, we denote by U oV the set of all pairs

(x,2) € X x X for which (x,y) € V and (y,z) € U for some y € X. We shall need the following
lemma. For more details, the reader is referred to [1].
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Lemma 1.1. [1] Let X be a uniform space.

i) If V is a basic entourage of X and 0 < o« < B3, then oV C BV.

ii) If p is a pseudometric on X and o, 3 > 0, then

(x,y) € aV(p, 1) 0 BV(p,12) implies p(x,y) < ary + Pra.

iii) For each x,y € X and each basic entourage V of X, there exists a positive number A such that
(x,y) € AV.

iv) Each basic entourage V of X is of the form V(p,1) for some pseudometric p (the Minkowski’s
pseudometric of V) on X.

Definition 1. [4] Let (X, <) be a partially ordered set and let F: X x X = X and g : X — X be
two mappings.

i) The mapping F is said to have the mixed g-monotone property if F is g-nondecreasing and
g-nonincreasing in its first and second arguments, respectively, that is,

g(x1) 2 glx2) = F(x1,y) < F(x2,y) (x1,%2 € X),

and
g(y1) 2 gly2) = F(x,y2) 2 F(x,y1) (y1,y2 € X),

for all x,y € X.

ii) An element (x,y) € X x X is called a coupled coincidence point for F and g if
F(x,y) =g(x) and F(y,x) = g(y).
iii) The mappings F and g are called commutative if

F(g(x),9(y)) =g(F(x,y))  (xy € X).

Setting g = Ix (the identity mapping of X) in Definition 1, we get the concepts of the mixed
monotone property and coupled fixed point defined in [3].

2 Main Results

Throughout this section, we suppose that the nonempty set X is equipped with a separating
uniformity ¢ and a partial order < unless otherwise stated. Also, we consider a partial order C
on X x X defined by

(x1,y1) C (x2,Y2) & x1 =x2 and yz X yi.
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By two comparable elements (x,y) and (u,v) of Xx X, we mean either (x,y) C (u,v) or (u,v) C
(x,y). Furthermore, we assume that F is a family of (uniformly continuous) pseudometrics on X
that generates the uniformity 2. We denote by V, the family of all sets of the form ({"_; V(pi, i)
in which for each i, py € F, 1y >0 and n > 1.

We have the following lemma:
Lemma 2.1. The Minkowski’s pseudometric p of a basic entourage V is jointly continuous, i.e.,
Xn — X and Yn — Y imply p(xn,Yn) — p(x,y).
Proof. Let ¢ > 0 be given. Then there exists an N > 0 such that
(xnX) €SV and (yny) €5V (M2 N),

On the other hand, for each n > 1,

p(%,Yy) < p(x,xn) + P(xn, Yn) + p(Yn, y). (2.1)
Substituting x and y with x, and yn in (2.1), respectively, and combining the obtained inequalities
yield
[p(xny yn) — (%, )| < pxn,X) + p(Yn, y).
Hence, for n > N,
€ €
lp(xn,yn) — p(x,y)| < s+5=¢

Thus, p(xn,Yyn) — p(x,y). O

To present our results, we need the following concept:

Definition 2. A mapping g : X — X is called sequentially continuous on X if for each x € X and
each sequence {x, } in X converging to x, we have g(x,,) — g(x). Similarly, a mapping F: Xx X — X
is called sequentially continuous on X if x,;, — x and y,, — y imply F(xn,yn) — F(x,y).

Definition 3. A partially ordered uniform space X is called upper (lower) regular if for each
nondecreasing (nonincreasing) sequence {x,,} in X converging to x, one has x,, < x (x = xy,) for all
n>1.

Hereafter, by a pair (F,g) we mean mappings F: X x X = X and ¢ : X — X such that F has
the mixed g-monotone property, the range of g contains the range of F and F(X x X) or g(X) is a
sequentially complete uniform subspace of X unless otherwise stated.

We present some examples of such pairs.

Example 1. Consider X = [0, +00) with the uniformity induced from the usual metric and define
a partial order =< by

XY (x:y or x,ye[O,]]withxgy).
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Define F: X x X = X and g: X — X by

X2 —y?
<
3 y=x

F(x,y) = and g(x) =x

0 otherwise

for all x,y € X. Then it is seen that the range of g contains the range of F since g is surjective
on X, and because g(x1) =< g(x2) implies x; < x2, it follows that F has the mixed g-monotone
property.

Example 2. Let X = {1,2,3} and U be the discrete uniformity on X, that is, i = P(X x X) and
note that each uniform subspace of X is sequentially complete. Consider the partial order

== {(])”)(2)2))(3)3))(])2)}
on X and define F and g by

o {((1,1),1),((1,2) )( ) 1),

(2,
(3,1),2),((3,2),3 }

and g = {(1,1),(2,3),(3,2)}. Observe that F(X x X)
either x1 =x2 or x; = 1 and x, = 3, and since

1,2),((2,2),3), ((2,3),1),

g(X); furthermore, g(x1) < g(x2) implies

F(1,y) 2 F(3,y) and F(x,3) 2 F(x,1)

for all x,y € X, it follows that F has the mixed g-monotone property. Here, (1,1), (1,3), (3,1) and
(3,3) are the coupled coincidence points for F and g.

Example 3. Let X be a sequentially complete real topological vector space and C a pointed cone
in X, that is, C N (—C) = {0}. It is well-known that the topology of a topological vector space
can be derived by a unique uniformity, i.e., every topological vector space is “uniformizable” in a
unique way (for the details, see [5]). Consider X with this uniformity and partial order < on X
induced by C as

x <y & y—xeCl.

Define mappings F: X x X = X and g: X — X by

x xecC

F(x,y) =x—y, and 9(X)—{ 3 xéC

for all x,y € X. Then using the properties of a cone, it is easy to check that g is surjective on
X. To see that F has the mixed g-monotone property, note that g(x1) < g(xz) implies x; < x;.
Therefore, if g(x1) < g(x2), then

F(x1,y) =x1 —y 2 x2 —y = F(x2,y) (y € X).

Similarly, from g(y1) < g(yz2) we get F(x,y2) < F(x,y1) for all x € X. In this example, the coupled
coincidence points for F and g are (0,0) and all the pairs (x, —x) with x,—x ¢ C.
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Theorem 2.1. Suppose that the pair (F,g) satisfies the following conditions:

i) there exist o, B > 0 with o+ B < 1 such that
(Fx,y), Flw,v)) € aVy 0 BV, (2.2)

ifV1,V2 €V, (g(x), g(u)) € V1, (g(y), g(v)) € V2, and the pairs (g(x), g(y)) and (g(u), g(v))
are comparable, where x,y,u,v € X;

ii) there ezist xo,yo € X such that g(xo) < F(x0,Yo) and F(yo,xo0) = g(yo).
Then F and g have a coupled coincidence point if one of the following statements holds:

(%) F and g are commutative and sequentially continuous on X;
(xx) g(X) is upper and lower regular.
Proof. Since F(X x X) C g(X), there exist x1,y; € X such that g(x1) = F(x0,yo) and g(y1) =

F(yo,x0). We can also choose x2,y2 € X such that g(x2) = F(x1,y1) and g(y2) = Fly1,x1).
Continuing this process, we get sequences {xn} and {yn} in X such that

g(xns1) =F(xn,yn) and  g(yni1) = F(yn,xn) (n>0).

By induction, we now see that {g(xn)} and {g(yn)} are nondecreasing and nonincreasing
sequences in g(X), respectively. In fact, g(xo) =< F(xo,Yyo) = g(x1) and g(y1) =< gl(yo). If
g(xn—1) = g(xn) and g(yn) =< g(yn—1) for n > 1, since F has the mixed g-monotone property,
then

g(xn) = F(xn—1,Yn-1) 2 F(xn,Yn-1) 2 Fxn,Yyn) = g(xni1).

Similarly, g(yn+1) = glyn).

Now, let V € V and suppose that p is the Minkowski’s pseudometric of V. For given comparable
elements (g(x), g(y)) and (g(u), g(v)) of X x X, where x,y,u,v € X, write 11 = p(g(x), g(u)) and
T2 = p(g(y), g(v)) and take ¢ > 0. Then

(9(x)yg(w)) € (11 +e)V and  (g(y),g(v)) € (r2 + &)V,
and, therefore, by (2.2), we have
(F(x,u), F(u,v)) € a1 4+ €)Vo B(r2 + ¢)V.
From Lemma 1.1 we have
p(F(x,y), F(u,v)) < a(ry + €) + B(r2 + €) = ary + Pra + (a + Be.
Since € > 0 was arbitrary, it follows that

p(F(x,u), Flu,v)) < ap(g(x), g(w)) + Bp(g(y), g(v)). (2.3)
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Next, by Lemma 1.1, let A > 0 be such that

(9(x1),9(x0)), (9(y1), g(yo)) € AV,

Because (g(xn), g(yn)) and (g(xn—1),g(yn—1)) are comparable, by (2.3), we have

p(g(xnt1),9(xn)) = p(F(xn,yn), F(xn-1,Yn-1))
< ap(g(xn)y g(xn—1)) + BP(9(yn), 9(yn—1)), (2.4)

and similarly,

P(F(Um Xn), F(Yn—1,%Xn—1 ))
‘Xp(g(yn))g(yn—l)) + Bp(g(xn))g(xn—1))- (2.5)

p(g(yns1),9(yn))

IN

Therefore, setting

Pn = p(g(xn+1 )y Q(Xn)) + 9(9(yn+1 )y Q(Un)) n=0,1,...,

from (2.4) and (2.5) we obtain

p(g(xn+1),9(xn)) + p(g(yn+1), 9(yn))
(o B) (p(90xn), g0xn1)) + P (9(yn), 9lyn1)))
= 5pn—1)

Pn

IN

where § = «+ 3 < 1. Thus, by induction, the inequality p,, < 8™po holds for all n > 0. Hence,
for sufficiently large m and n with m > n, we have

p(9(xm)y g(xn)) + 0(g(ym)yglyn)) < > [p(g(xk),g(XH))+p(9(ykJ,9(ykf1))}
k=n-+1
pm—1+"'+pn

IN

(6™ + -+ 8M)po

61’1
2
1_6)\<1,

A

that is,

(90xm), g(xn)), (9(ym), g(yn)) € V.
Consequently, {g(xn )} and {g(yn)} are Cauchy sequences in g(X), and so there exist x,y € X such
that g(xn) — g(x) and g(yn) — g(y).

To see the existence of a coupled coincidence point for F and g, suppose first that () holds.
Since X is separated,

g% (xn11) = g2 (%),
with
g% (xn+1) = g(F(xn,yn)) = F(g(xn), g(yn)) — F(g(x),g(y)),
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2(y) = F(g(y),g(x)), that is, (g(x),g(y)) is a

coupled coincidence point for F and g. On the other hand, if (x*) holds, then

implies that g?(x) = F(g(x),g(y)). Similarly, g

g(xn) 2 g(x) and g(y) = g(yn),

for all n > 0. Thus, (g(x),g(y)) is comparable to each (g(xn),g(yn)). If V € V and p is the
Minkowski’s pseudometric of V, then by (2.3) and Lemma 2.1, for sufficiently large n we have

p(Fx,u),9(x)) < p(F(x,y), g(xns1)) + p(9(xn+1),9(x))
= p(F(x,y), F(xn,yn)) + p(g(xn+1),g(x))
< ap(g(x), g(xn)) + Bp(g(y), g(yn)) + p(g(xns1),9(x)) <1,

that is, (F(x,y), g(x)) € V. Since V is arbitrary and X is separated, we get F(x,y) = g(x). Similarly,
(

F(y,x) = g(y) and so, in this case, (x,y) is a coupled coincidence point for F and g. O

Example 4. Let X be a nonzero real vector space and C be a pointed cone in X. Consider two
arbitrary complete norms || - || and || - ||2 on X and define

p1((x1,x2), (Y1,92)) = Ix1 —yalls,
and
p2((x1,%2), (Y1,Y2)) = X2 —y2ll2

for all (x1,%2), (Y1,Y2) € X2 = Xx X. It is easy to verify that the uniformity 2/ on X? generated by
the two pseudometrics py and p; is separating and sequentially complete. Define a partial order
=< on X? by

(x1,%2) 2 (Y1,y2) &= yr—x1,x2—-y2€C ((x1,%2), (y1,y2) € X?).

Since the family F = {p1, p2}, which generates the uniformity U has finitely many elements, it
follows that two mappings F: X% x X2 — X? and g : X?> — X? defined by

F((x1,%2), (Y1,Y2)) = (%(Xl —y1), %(Xz _yZ))a
and
g((x1,%x2)) = (3x1,2x2)
for all (x1,%2), (y1,Y2) € X? satisfy (2.2) since they satisfy the contractive condition

Pi (F((thz)) (Y1,92)), F((ur,u2), (thz))) < 191(9((X1)X2))» 9((u1,u2)))

1
+ Zpi(g((yl)yz))) 9((\’1,\’2)))

o

for all (x1,%2), (y1,y2), (Wi, uz), (vi,v2) € X* such that the pairs (g((x1,x2)),9((y1,Y2))) and
(g((w1,u2)),g((vi,v2))) are comparable, and i = 1,2. Moreover, F and g commute and are
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sequentially continuous on X?, the mapping F has the mixed g-monotone property and F(X? x X2) C
g(X?) = X?. Therefore, setting xo = (—2x*,x*) and yo = (x*, —2x*) where x* € C, we see that
the hypotheses of Theorem 2.1 are fulfilled and hence F and g have a coupled coincidence point,
namely (0,0).

Setting g = Ix in Theorem 2.1, the following generalization of the Gnana Bhaskar and Lak-
shmikantham’s result [3] to partially ordered uniform spaces is obtained.

Corolary 1. Suppose that X is sequentially complete and a mapping F : X x X — X satisfies the
following conditions:

i) F has the mized monotone property;

ii) there exist oo, 3 > 0 with oo+ B < 1 such that
(F(x,y), F(u,v)) € aVq 0 BV,

if Vi, V2 €V, (x,u) € Vi, (y,Vv) € Vo, and the pairs (x,y) and (u,v) are comparable, where
XY, w,v E X;

iil) there exist xo,Yo € X such that xo < F(x0,yo) and F(yo,xo) = Yo-
Then F has a coupled fixed point if one of the following statements holds:

a) F is sequentially continuous on X;
b) X is upper and lower regular.

Remark 1. In addition to the hypotheses of Theorem 2.1, suppose that g(xo) =< g(yo). Suppose
further that x and y are as in the proof of Theorem 2.1. Then g(x) = g¢(y). To see this, we
first show that g(xn) =< g(yn) for all n > 0. If g(xn) = g(yn) for n > 1, since F has the mixed
g-monotone property, it follows that

9(xn+1) =F(%n, Yn) 2 F(Un,Yn) 2 Flyn, xn) = g(yYns1).

Thus, by induction, g(xn) = g(yn) for all n > 0.

Now, let V € V and p be the Minkowski’s pseudometric of V. Since (g(xn),g(yn)) and
(g(yn), g(xn)) are comparable, by (2.3), we have

p(g(x),9(y)) < p(g(x),g(xns1)) + 0(9(xn+1), 9(yn+1)) + 2(9(yn+1),9(y))
= p(gx,g Xnt1)) + o (Fxny Yn)y Fyny xn)) + 0(9(Yn+1), 9(y))
< p(g(x), g(xns1)) + ap(g(xn), glyn))

+ Bp(g(yn), g(xn)) + p(g(yn+1 ), 9(y))
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= p(g(x),g(xn+1)) +6p(g(xn), glyn)) + P(g(yn+1),9(y))
< p(9(x), glxns1)) +8p(9(xn), g(x)) + 8p(g(x), g(y))
+ 5p(9(y), 9(yn)) + p(9(yn+1), 9(v)),

where 8 = o+ 3 < 1. Hence, the joint continuity of the Minkowski’s pseudometrics yields

p(900,0(8) < 1zo(atx),glxni)) + Top(glxn); 9(x)

5 1
+ mp(g(y),g(yn)) + mp(g(ynﬂ),g(y)) <1,

for sufficiently large n, that is, (g(x),g(y)) € V. Since V is arbitrary and X is separated, we get
g(x) = g(y). In particular, if g is injective, then F(x,x) = g(x).
We next present two coupled coincidence point theorems for two different types of contractions

in partially ordered uniform spaces.

Theorem 2.2. Suppose that a pair (F,g) satisfies the following conditions:

i) there exist positive numbers « and B with a+p < 1 such that for all V1,V2 € V, if (F(x,y),g(x)) €
Vi, (F(w,v), g(u)) € V2, and (g(x),g(y)) and (g(u),g(v)) are comparable, then

(F(X)U))F(u»\’)) € OCV] o BVZ) (26)
where x,y,u,v € X;

ii) there exist xo,yo € X such that g(xo) < F(x0,Yo0) and F(yo,xo0) = g(yo)-
Then F and g have a coupled coincidence point if (x) or (xx) holds.

Proof. Consider the sequences {x,} and {y,} with initial points xo and yo constructed in the
proof of Theorem 2.1. Let V € V and suppose that p is the Minkowski’s pseudometric of V.
For given comparable elements (g(x), g(y)) and (g(u), g(v)) of X x X, where x,y,u,v € X, write
1 = p(F(x,y),g(x)) and r2 = p(F(u,v), g(u)) and take ¢ > 0. Then

(F(x,y),9(x)) € (11 + )V and  (F(u,v),g(u)) € (2 +¢)V.

Therefore, by (2.6),
(F(x,u), F(1,v)) € a1 4+ €)Vo B(r2 + ¢)V.

By Lemma 1.1, we have
p(F(x,y), F(u,v)) < a(r1 +€) + B(r2 +¢) = ary + pra + (x + Be.
Since € > 0 was arbitrary, it follows that

p(F(x,y), F(u,v)) < ap(F(x,1),g(x)) 4+ Be(F(u,v), g(u)). (2.7)
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Next, by Lemma 1.1, choose a A > 0 such that (g(x1),g(x0)) € AV. Because (g(xn), g(yn))
and (g(xn—1),9(yn—1)) are comparable, by (2.7), we have

p(9(xni1)y9(xn)) = p(Flxnyyn)y FlXn—1,Yn—1))
< CXP(F XnyYn)y g Xn)) + Bp(F(Xn71,Hn71 )y g(xn—1 ))
= cxp(g Xn+1)y9 Xn)) + BP(Q(Xn)»Q(an))

Thus, for each n > 1, the inequality

p(g(xn—H ), Q(Xn)) < 69(9(7(71)) g(xn—1 ))

holds, where 6 = % Clearly, 0 < 6 < 1 and, by induction, we have

p(g(xn+1),9(xn)) < 8™p(g(x1),9(x0))  (n>0).

Hence, for sufficiently large m and n with m > n we have

p(g(xm)) Q(Xn)) < P(Q(Xm)a g(Xm—1 )) +e p(g(xn+1 ), g(xn))
< 3™ Tp(g(x1),9(x0)) + -+ +8"p(g(x1),g(x0))
6T1
< T 6?\ <1,

that is, (g(xm), g(xn)) € V. Therefore, {g(xn )} is a Cauchy sequence in g(X). Similarly, {g(yn)} is
Cauchy, and so there exist x,y € X such that g(xn) — g(x) and g(yn) — g(y).

Now, if (x) holds, then an argument similar to that in the proof of Theorem 2.1 establishes
that (g(x), g(y)) is a coupled coincidence point if F and g. If (%) holds, then

g(xn) 2 g(x) and g(y) = g(yn),

for all n > 1. Thus, (g(x), g(y)) is comparable to each (g(xn), g(yn)). Now, suppose V € V and p
is the Minkowski’s pseudometric of V. Then, by (2.7), for each n > 0 we have

p(F(x,9),9(x)) < p(F(x,u),9(xns1)) + p(9(xn+1),9(x))
= p(F(x, men))+p(9(xn+1),9(><))
< cxp(F (x)) + B (F(xn,Yn)y 9(xn)) + p(g(xn+1), g(x))
= ap(F(x,y),9(x)) + Be(g(xn+1),g(xn)) + p(9(xn+1), 9(x))-

Since the Minkowoski’s pseudometrics are jointly continuous, hence for sufficiently large n we
obtain

p(Fix,9),9(x)) < 12— p(9(n 1), glxn)) + = p(glxns1), g06) < 1,

that is, (F(x,y), g(x)) € V. Since V is arbitrary and X is separated, we get F(x,y) = g(x). Similarly,
(

F(y,x) = g(y) and so, (x,y) is a coupled coincidence point for F and g. O
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We easily get the following consequence of Theorem 2.2 in partially ordered metric spaces:

Corolary 2. Let (X, =) be a partially ordered set and d be a metric on X. Suppose that the pair
(F, g) satisfies the following conditions:

i) there exist o, 3 > 0 with o+ B < 1 such that
(F(X)y)) F(u,v)) € (XV(d, T1 ) © BV(d, TZ)

if riyr2 > 0, d(F(x,y),9(x)) < 71, d(F(u,v),g(u)) < r2, and the pairs (g(x),g(y)) and
(g(uw),g(v)) are comparable, where x,y,u,v € X;

ii) there ezist xo,yo € X such that g(xo) < F(x0,Yo) and F(yo,xo0) = g(yo).

Then F and g have a coupled coincidence point if (x) or (xx) holds.

Theorem 2.3. Suppose that a pair (F,g) satisfies the following conditions:

i) there exist positive numbers o« and B with a4+ < 1 such that for all V1,Va2 € V, if (F(x,y),g(u)) €
Vi, (Flu,v),g(x)) € V2, and (g(x), g(y)) and (g(u),g(v)) are comparable, then

(F(X)U))F(u»\’)) € OCV] o BVZ) (28)
where x,y,u,v € X;

ii) there exist xo,yo € X such that g(xo) < F(x0,Yo0) and F(yo,xo) = g(yo).
Then F and g have a coupled coincidence point if (%) or (xx) holds.

Proof. Again, we construct the sequences {xn } and {yn} with initial points xo and yo as in the proof
of Theorem 2.1. Since x+ 3 < 1, without loss of generality, we assume that o« < % Let Ve Vand
suppose that p is the Minkowski’s pseudometric of V. For given comparable elements (g(x), g(y))
and (g(u), g(v)) of X x X, where x,y,u,v € X, write r1 = p(F(x,y), g(u)) and r, = p(F(u,v), g(x))
and take € > 0. Then

(F(x,u),9(w) € (rn+¢)V and  (F(u,v),g(x)) € (r2+¢)V.

Therefore, by (2.8),
(F(x,u), F(u,v)) € a1 4+ €)Vo B(r2 + ¢)V.

By Lemma 1.1, we have
p(F(x,y), F(u,v)) < a(r1 +€) + B(r2 +¢) = ary + pra + (x + Be.
Since € > 0 was arbitrary, it follows that

p(F(x,y), F(u,v)) < ap(F(x,y), g(w)) 4+ Bp(F(u,v), g(x)). (2.9)
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Now, by Lemma 1.1, let A > 0 be such that (g(x1),g(x0)) € AV. Because (g(xn), g(yn)) and
(g(xn—-1),9(yn—1)) are comparable, by (2.9), we have

p(F(Xn)yn)a F(Xn—1,Yn—1 ))

p(g(XnJr] )y Q(Xn))

IN

F Xn)yn Xn—] )) + Bp(F(Xn—hyn—l )) Q(Xn))

IN

o (F(
xp(F(xn,Yn)y g xn)) + op(g(xn), g(xn-1))
xp(g(xn+1), 9(xn)) + ap(g(xn), g(xn—1)).
Thus, for each n > 1, the inequality
p(g0xn+1),9(xn)) < 8p(glxn), g(xn-1))
holds, where § = ;2. Since « < %, hence 0 < & < 1 and, by induction, we have
p(g(xn+1)y9(xn)) <8"p(g(x1),9(x0))  (n=>0).

Therefore, for sufficiently large m and n with m > n we have

p(g(xm))g(xn)) < P(Q(Xm)ag(xmq)) +"'+p(9(xn+1))9(xn))
< 3™ Tp(g(x1),9(x0)) + -+ +8"p(g(x1),9(x0))
< T 67\ <1

that is, (g(xm), g(xn)) € V. Consequently, {g(xn)} is a Cauchy sequence in g(X). Similarly, {g(yn)}
is Cauchy, and so there exist x,y € X such that g(xn) — g(x) and g(yn) — g(y).

If (%) holds, then an argument similar to that in the proof of Theorem 2.1 establishes that
(g(x),g(y)) is a coupled coincidence point if F and g. If (xx*) holds, then

g(xn) 2 g(x) and gly) = glyn),

for all n > 0. Thus, (g(x),g(y)) is comparable to each (g(xn),g(yn)). If V € V and p is the
Minkowski’s pseudometric of V, then by (2.9), for each n > 1 we have

p(Fix,y),9(x)) < p(F(x,y),g(xni1)) + 0(9(xns1),9(x))
= p(F(x,u),F(xn,yn)) + p(g(xns1),9(x))
< ap(F(x, ), 9(xn)) + B (F(xnyyn), 9(x)) + p(g(xn 1), 9(x))
< ap(F(x,y),9(x)) + ap(g(x), g(xn)) + (B + 1p(g(xns1), g(x)).

Since the Minkowoski’s pseudometrics are jointly continuous, hence for sufficiently large n we get

p(F(x ), 9(x)) < 72— p(90), 9xn)) + X p(glxnr glx)) <1,

that is, (F(x,y),g(x)) € V. Since V is arbitrary and X is separated, we have F(x,y) = g(x).
Similarly, F(y,x) = g(y) and so, (x,y) is a coupled coincidence point for F and g. O
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Corolary 3. Let (X, =) be a partially ordered set and d be a metric on X. Suppose that the pair
(F, g) satisfies the following conditions:

i) there exist o, B > 0 with o+ B < 1 such that
(F(X)y)) F(u,v)) € (XV(d, T1 ) © BV(d, TZ)

if r1,m2 > 0, d(F(x,y),g(w)) < 71, d(F(u,v),g(x)) < 72, and the pairs (g(x),g(y)) and
(g(uw),g(v)) are comparable, where x,y,u,v € X;

ii) there exist xo,yo € X such that g(xo) < F(x0,Yo0) and F(yo,xo0) = g(yo)-

Then F and g have a coupled coincidence point if (x) or (xx) holds.
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