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ABSTRACT

In this paper we characterize Qx,w (P, q) functions by lacunary series under mild con-
ditions posed on the weight functions K and w, where Qx,w (p, q) is a space of analytic
functions defined in the unit disk generalizing the well known analytic Besov-type space.

RESUMEN

En este articulo caracterizamos las funciones Qx,w(p,q) por series lacunarias bajo
condiciones medianas impuestas en las funciones de peso K y w, donde Qx,w(p,q)
es un espacio de funciones analiticas definidas en el disco unitario generalizando el
conocido espacio analitico del tipo Besov.
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1 Introduction

Let D ={z € C: |z| < 1} be the open unit disk in the complex plane C, let H(ID) denote the class
of functions analytic in the unit disc D, while dA(z) denotes the Lebesgue area measure on the
plane, normalized so that A(D) = 1.

Let the Green’s function of D be defined as g(z,a) = 1ogm, where @4 (z) = =2 is the Mobius

transformation related to the point a € D. For 0 < r < 1, let D(a,r) ={r € D :|@q(z)] < 7} be the
pseudo-hyperbolic disk with center a € D and radius r.

Definition 1.1. [77] Let K : [0,00) — [0,00) be right-continuous and nondecreasing function,
0<p<oo,—2<q< oo and for given reasonable function w : (0,11 — (0,00), an analytic
function f in D is said to belong to the space Qk,w (P, q) if

(T —1zp9

wr(1 =) K(g(z,a))dA(z) < oo.

llow oo o =supj /()P
aeD JD

In the past few decades both Taylor and Fourier series expansions for various classes of analytic
function spaces where the studies are done by the help of Hadamard gap class (see [l B} [10, [16]
and others).

It is well known that a lacunary series belongs to BMOA if and only if it is in the Hardy space
H2, (see [2]) for example. Very recently, in [6] [7, [14] there are some characterizations for some
classes of meromorphic functions by the coefficients of certain lacunary series expansions in the
unit disk. On the other hand there are some studies of the same problem in Clifford analysis (see
[4, 5, 12 [13]).
We assume throughout the paper that

1 1
J (1T—m) Kllogy)

d .
, wp(log%)rr<oo

An important tool in the study of Qk,w (p, q) space is the auxiliary functions ¢k and P, defined
by

b (s) = sup UV

= sup 0<s<oo
o<t<l1 K(t) ’ ’

and

PYo(s) = wist)

= su , O<s<.
o<t<1 W(t)

The following conditions have played a crucial roles in the study of Qk,w (P, q) space:

ro d)K(S)g < o0. (1)

1
(See [9, [177]) for example.
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The function theory of Qx,w(p,q) obviously depends on the properties of K and w. Given
the weight functions wq, wy, Ky and K. We write wq < w2, Ky < K3 if there exists a constant

~

C > 0, independent of t, such that w(t) < Cwz(t), Ki(t) < CK;(t) for all t. The notation

w1 2 w2, Ky 2 K; is used in a similar fashion. When wy < wy < wy, we write wy &~ w;. Also

for K7 < Kz < Ky, we write Ky ~ Ks.

2 Auxiliary Lemmas

In what follows we say f < g (for two functions f and g ) if there is a constant C such that f < Cg.
We say f &~ g (that is, f is comparable with g ) whenever g < f < g. In this section we prove
several result about the weight function that are needed for subsequent sections and are of some
independent interest.

Lemma 2.1. [20] If K satisfies condition (), then the function

K*(t):tJ %ds (where, 0 < t < 00),
t

has the following properties :

(A) K* is nondecreasing on (0,00).

(B) K*(t)/t is nondecreasing on (0,00).
(C) K*(t) > K(t) for all t € (0,00).

(D) K* <K on (0,1].

If K(t) =K(1) for t > 1, then we also have

(B) K*(t) =K*(1) =K(1) for t > 1, so K* K on (0,00).
Lemma 2.2. [20] If K satisfies condition (), then we can find another non-negative weight func-
tion given by

K*(t):tJ %ds (where, 0 < t < 00),
t

such that Qk,w (P, q) = Qk=,w (P, q) and that the new function K* has the following properties :
(A) K* is nondecreasing on (0,00).

(B) K*(t)/t is nondecreasing on (0, 00).
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(c) K*(t) satisfies condition (1)
(d) K*(2t) ~ K*(t) on (0,00).
(e) K*(t) ~K(t) on (0,1].

(f) K* is differentiable on (0,00).
(g) K* is concave on (0,00).

(h) K*(t) =K*(1) fort > 1,
Lemma 2.3. [§] If w satisfies condition ({3), then the function

1
W (t) = tJ “’s(j) ds (where, 0 <t < 1),
t

has the following properties :

(A) w* is nondecreasing on (0, 1).

(B) w*(t)/t is nondecreasing on (0,1).

(C) w*(t) > w(t) for all t € (0,1).

(D) w* < w on (0,1).

If w(t)=w(1) fort>1, then we also have

(B) w*(t) =w*(1) =w(1) for t > 1, so w* = w on (0,1).

Lemma 2.4. Let « > 1 and B > 0. If K satisfies ({l) and w satisfies (@), then

! K(log ¥ K(L
J' o1 (1Ogl)f3—1 (log r]) dr ~ (l)ﬁ (oc])
0 T wP (log +) a wP(gy)
Proof. Let
! K(log 1
(o [ g Ly Kl
0 T wP(log 1)
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We write I = I7 + I, where
1
K(t
I :J LU dt,

1
and
« K(®)
I :J ot gpot MUy
0 wP(t)
By Lemma 2.1l and Lemma 2.2 we have

K(L 1 1
L < ((]“)) X (p"(‘z )J e BT g,
x Wil %
KLy !
o e P dt.
wP(z) Ju

Making the change of variables s = «t, we have
K(L) > 1\* /1
I; < ("‘1) J e Sgh1 <—) (—> ds
wp(a) 1 o8 o
K(L) (1\Pe
= (“1) <—) J e ssP1 ds.
wP(g) \«/ Jy

1 B
wecm (1)

wp(&) o

Then

Since K(t) and w(t) are non-decreasing, then by making the change of variables s = «t, we obtain

Rl=

K(L
I < () J e BT dt,

1
wp(&) 0
and
K(L) /1\°[
e
wP(z) \e/ Jo
Then

1 B
L < c(p) = (1> .

[
wP (& ) o
Combining this with what was proved in the previous paragraph, we have

1 1 1 )
a1 (g 1p—1 KUog 7). Kig) (l)
R wriegsy A= C) o ()

where C(f) is constant which only depends on (f).

On the other hand, recall that K(t) and w(t) are non-decreasing. Then,

1 1 1
I>J e Xtgh—1 Lt)dt> K(z) J e BT gy,
=) wr) 7 wr()
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Making the change of variables s = «t, we have

Then

1 1 1 B
J' 1“"7](logl)ﬁ*1 7K(logr) dr ~ C(B) K(z) (l> .

0 T wP (log 1) WP (%)
This completes the proof of the lemma.

Lemma 2.5. Let 0 <y <1 andn(r) = Y 2™r?", 0 <r < 1, then

n=0
1
(1) < 2r(y)(log =)
Then above result can be found in [15].
Lemma 2.6. [19]
10g ras 0<r<|al,
-I 27
7 J g(re'® a)de =
0
log%, la| <r <.

By Jensen’s formula(see [11),[18]), we can directly obtain the above result.

Theorem 2.7. Let K satisfy condition () and w satisfy condition [@). Suppose that

o0
=2 an™,
n=1
with an > 0. For o > 0, p > 0, we have that

1 1
| @t ST2ESL Klloa ) S dx ~Zz‘““tp .

0 wp 1Og (Zn )

where tn = Y ax, n €N, Inz{k:2“§k<2“+1; k € N}
Keln

Proof. Let 1n =1—=2"" n=1,2,.., then r3" "1 > % By Lemma 23] we have that

T " . K(log%)
J'(Zanr )‘P (]—T) 1W0g%)dr

& nt K(log 1)
> Z tn 2n T _1yp 1_pye? r) 34
_J ( ’ =) wP (log l) ’

— n Tt K(log )
2 Z t]ﬁ (T.Z *1—1)pJ (] _T.)oc—1 Tn+l dr

wr (log )
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The last inequality holds because of (log %) >1—r.

M3

Conversely, we first suppose that p > 1. Let v = min{1, ot/p} and n(r) = 3 2&¥ 12k,

k

0
0 < r < 1. Then by Jensen’s inequality (see [I1} [18]), we have

o P 0o P 0o
(X anm) < (X ) et 3 2 e
n=0 n=0 n=0

From Lemma 2.2, Lemma 23] Lemma [2.4] and Lemma, 2.3, it follows that

1 00 1
J<Z anrn>p(1—r)“‘ Kllos ) g,

wP(log 1)

1 ) 1
1 K(log 1
< [ oo e (3 e g et ) SR o
o T — wP (log )
0o 1 1
< yny(1-p) Z ‘t“‘pJ' 2 1(10gl)*Y(P*1)+oc7] K(log )
= — 0 T wP (log 1)
[eS) 1
< 2nv(1-p) Z ‘tn‘p(l)—v(p—1)+a M
= n wP (log 1)
< i 27T P Kizr) . (4)
- n=0 " wp(F)

Denote 7(1—1)*"1 < (log %)o‘_], 0 < r < 1. Secondly suppose that p = 1, by Lemma 2.4] we
obtain that

= wP (log 1)
](itnTZH) (1 et K(log +)
o\ wp(log 1)
i Ly K(log 1
< Zth (rz ]> (1 —r)x! (log r]) d
= Jo wP (log 1)
i LS K(log 1
< Zth' (rz _]) (logl)o‘_1 7( 8 r1) dr
= Jo T wP (log 1)
<) e, 5r) (5)
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Finally, if p < 1, we have

o \‘5 wr (log 1)
> ! n K(log 1
< Ztﬁj (sz _1) r(1—7)x! (log TR
s 0 wP(log;)
00 1
n 1 K(log +
< ZtF‘J (sz 1) (log —)*! (log r])
— "o T wP(log 1)
K(=-

From (4), (5) and (6), we obtain the desired result and the proof is therefore established.

3 Main results

We prove that an analytic function f on the unit disk D with Hadamard gaps, that is, f(z) =
n§1 anz™ satisfying “T‘;—:‘ > A > 1 for all k € N, belongs to the space Qk,w(p,q) with mild

conditions on the weight functions K and w if and only if

K( ! )

—q—1

E ny 9 P ("‘; ) < 00,
k=0

P
w e

where 0 < p < 0o and —1 < q < 0. Now, we give the following result:

Theorem 3.1. Let K satisfy condition () and w satisfy condition (@). Suppose that

f(z) = Z anz™,
n=1
with an > 0. For oo > 0, p > 0, we have

(1 —1zp)9

/ P l ~ - p—q—1 P K(
|| P B Kitos )aAL 3w e

wP(

)

31—

))

3=

where tn = 5 ax, neN, I, ={k:2" <k < 2™ ke N}.
Keln

Proof. We write

(1 —1z)9 1

1(f) = JD (2)
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Integrating in polar coordinates we gets

1 p2m y 1
I(f) = J J (Znanrn1>p(1—r)q]<(107g)) rdr do

A
2
7N
[Me
3
=)
2
=
3
|
"
e}
|
s
~
—~|=
]
F]
_‘—g|-a

by theorem[27, we obtain

gy 2 Ko
- n=0 " wp(zin)
[ 1
~ Z nP 9 g, [P K(i)
n=1 p(ﬁ)

The proof is therefore established.

Theorem 3.2. Let 0 < p < 00, —1 < q < oo. Let K satisfy condition () and w satisfy condition
@). Suppose that

o0
= E ay z"™*
k=1

has Hadamard gaps, then f belongs to Qx,w (P, q) if and only if

anq‘\aw (k) < o0 ®)

Proof. Suppose that f(z) = Y 7 ; ax z™* is a lacunary series in Qk,w (p, q). Without loss general-
ity, we assume that ny > 1. If f has Hadamard gaps, then My, (v, f') = Ma(r, ')

(see [21]), where
-I 27t .
N __ ! 1
MP(r, ') = %L [f'(re'0)|Pde.

since f € Qk,w (P, q), by theorem [27] we obtain

N Ik 1
0> || M (EIP o Kllog 77)dA(:)
‘ : K(log 1)
:Jo Mg(r,f) (1—T)qm Tdr,

K(log 1)

1 , o 5
> nZ |la zrz(“k_”) 1—1)9——=""_ rdr
2| (Z 2y (110 Ty T

p Kigx)

o0
> 2- k(g+1) 2k ,
L i
where ty, = anelk njzlajlz. The Taylor series of f has at most [log, 2] 4+ 1 terms a; z™ when

r
n; € Ik for k > 1. By Hélder’s inequality, we note that t7 > Y n}’\a]-\p. Then

anIk
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Sl S < 3 gk (Z nfla |v) K)o,
k k Ty ~ j 19 1
k=0 wP(50) 7S njEly WP (3x)

Next suppose that condition (8) holds, we write z = re*® in polar form and observe that

[f(z)l = ) laxl 7.
k=1

Since K and w satisfies conditions ([Il) and (@) respectively, K is concave. Then, by Jensen’s
inequality, Lemma 2.2] and Lemma [2.6] we deduce that

27 ) 27 ) 1
J K(g(re*®,a))do < K(J (g(re®, a))d6>§ K (log ;)
0 0
Hence,
(1—1z))9 1
IR, = su J (2P U=y 1og Lyanc
Ko =800 | I ni =gy Kloa A
V& Po(1—r)d
<su ng la r(“k”> -~
QE%%L <; ko wp(1=7)
1 (2" .
X{ﬁ Jo K(g(re*®, a))de }rdr
V& Po(1—1)d 1
<su ny la r(“k_”) — K(log —)rdr
s, (3 metour™ ) e Ko )
by Theorem [Z7, we obtain
— K(5%)
— ( ]) on
o wpa S 27™M9TVR IE

3
Il
o
=
|_
—

WA
M8

p—q—1 K ny
ny [ay|P < o0.
w —_

~
Il

e
3=
=

The proof is therefore established.

Theorem 3.3. Let 0 < p < 00, —1 < q < 0o. Let K satisfy condition () and w satisfy condition
@). Suppose that

flz) = ) axz™,
k=1

has Hadamard gaps, w > 0, then f belongs to Qx,w (P, q) if and only if f € Qk,w,0(p, q)-

Proof. Since sufficiency is obvious because of Qk,w,0(P, q) C Qk,w (P, q)-
Now we will prove necessity of Theorem Suppose that the lacunary series f belongs to
Qx,w (P, q). We must show that I(a) = 0 as|a] — 17, where

_ / (] - ‘7~|)q 1
I{a) = JD (1P S Klog 1ALz,
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From the proof of Theorem [3.2] we know that f € Qg (p,q) implies that

1, p
1—1)4 1
J (Z g |ak|T(“k_”) A=nt T)1 K (log ;)rdr < 0.
0 k=1

wP(log 1)

For any € < 0, there is a & € (0,1) such that

V& P K(log 1
J (Z g aklr(“k”> (1—rm)1 7( %8 T]) dr < e.
& \k=1

wP (log ;)

We may as well assume that ‘ l‘m% K(log ﬁ) = 0. If K satisfies the condition (). Then we
aj— 11—
choose a such that 1 > |a|] > 8. By Lemma 2.6] Theorem 2.7 and Theorem B.2] we have

° S p _ 27
Jo (; nkakr(nk—l)) % J K(g(z,a))rdrd®

0
S 00 . P (]—T‘)q 1
S J <Z 115% ‘(lkh'( ])> mK(lOg m) dT
P 1—r)d
= K log J (an |ag[rimeT) ) u()p(] r_)r) dr

1 1
(og ‘a‘ nk lag|r(me1) (1 _r)qu(log ) dr
0 1)

- K 1og 3 wP (log +

log—) & K(L
Satio) Z n g B
K(lOg g) =1 (.Up(n—k)
Since e is arbitrary, we conclude that I(a) — 0 as |[a] = 17. So f € Qk,w,0(P, q) and the proof is
complete.

Carefully checking the proof of Theorems 3.2 and B.3] we also obtain the following sufficient
condition for f € Qk,w,0(P, q) and hence in f € Qk,w,0(pP, q) in terms of Taylor coefficients.

Theorem 3.4. Let 0 < p < o0 and —1 < q < oo. Let K satisfy condition [{@l) and w satisfy
condition (3). Suppose that

o0
(z) = Z ay z™*
k=0

has Hadamard gaps, then f belongs to Qx,w,0(P,q) if and only if

[eS) 1 )

K(
> nl e — M < oo (9)

1
k=0 wp(n_k)

4 Conclusion

From Theorems [B.2] [3.3] and3.4] we can give the following theorem;
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Theorem 4.1. Let 0 < p < 00, —1 < q < oo. Let K satisfy condition {d) and w satisfy condition
(@). Suppose that

flz) = ) acz™ €H(D)
k=0
has Hadamard gaps, then the following statements are equivalent:
(1) fe QK,w(p) q),
(it) f € Qrw,0(p,q);
K(5-)

o's) p—qfl n
(i) > ooy nb |ai [P w”(j—k) < 00.
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