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ABSTRACT

In this work, we study the existence, regularity and stability of solutions for some
nonlinear class of partial neutral functional differential equations. We assume that
the linear part generates a compact analytic semigroup on a Banach space X, the
delayed part is assumed to be continuous with respect to the fractional power of the
generator. For illustration, some application is provided for some model with diffusion
and nonlinearity in the gradient.

RESUMEN

En este trabajo estudiamos la existencia, regularidad y estabilidad de soluciones para
una clase de ecuaciones diferenciales parciales funcionales neutrales. Asumimos que la
parte lineal genera un semigrupo compacto analitico en un espacio de Banach X, la
parte retardada se asume continua respecto de la potencia fraccional del generador.
Como ejemplo, se muestra una aplicacién para un modelo con difusién y no linealidad
en el gradiente.
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1 Introduction

In this paper, we study the existence, regularity and stability of solutions in the &-norm for partial
differential equations with finite delay. The following model provides an example of such a situation

0 0 92
gy [0 x) — () gl (- rx))| N [vlt,0) — quit —7,x)
+g(av(t -, x))} + f(v(t —T1,%), P V(t,x) — qv(t—r, x)})

for t > 0 and x € [0, 7,
v(t,0) — qv(t —1,0) =v(t,1) —qv(t —7T,1) =0 for t >0,
v(0,x) =vo(0,x) for —r <0 <0 andx e [0,7],

where ¢, v are positive constants, the initial data vy is given function and f, g are continuous
functions. The previous system can be written as a neutral partial differential equation of the
following form

4
dt
Xo =@ € Ctx)

[x(t) = G(t,xe)] = —A[x(t) = G(t,x)] + F(t,x,) for t >0, @)

where —A generates an analytic semigroup (T(t))¢>0 on a Banach space X, Cy := C([—1,0], D(A%)), r >
0, and 0 < & < 1, denotes the space of continuous functions from [—7,0] into D(A%), and the op-
erator A% is the fractional a-power of A. This operator (A%, D(A%)) will be describe later. For

x € C([-r,bl,D(A%)),b > 0, and t € [0,b], x; denotes, as usual, the element of C, defined by
x¢(0) = x(t+0) for 6 € [-1,0].G and F are continuous functions from R, x C, with values
respectively in Xy and X.

This work was motivated by [4,[I8]. In [4] the authors have developed a basic theory of partial
neutral functional differential equations in fractional power spaces, they proved the existence and
regularity of the solution of Eq. () , but only in the case where G : C4 — D(A%) is a bounded
linear operator. They considered the following neutral partial differential equation

d
aD(xt) = —AD(x{)+ F(x¢) fort>0, 3)
X0 = ¢ € Cyq,

where D is a bounded linear operator from C, into X, defined by D@ = @(0) — Do, for ¢ € Cq,
where Dy is a bounded linear operator given by:

0
Do =J dn(0)(0) for ¢ € Cq,

and n : [-1,0] — L(X4) is of bounded variation and non-atomic at zero. That is

vari_eom) =0 ase—0.
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Which F is a globally Lipschitz continuous mapping from C, into D(A%), and if x € D(A%)
and 0 € [-1,0] then n(0)x € D(A%*) and A*n(8)x =n(0)A*x.
It is well known, that if the phase space C4 is the space of all continuous functions from [—7, 0]

into X (i.e. o = 0), Equation (B) has been studied by several authors. For more details, we
refer to the book of Wu [29]. For example, Wu and Xia considered in [30] a system of partial
neutral functional differential-difference equations defined on the unit circle S', which is a model
for a continuous circular array of resistively coupled transmission lines with mixed initial boundary
conditions. They obtained equations of the form

0 02
a[x(.,t) —qx(,t—1)] = K@

(., t) — gx(., t —71)] + f(x¢) fort>0,

where & € S, K a positive constant and 0 < q < 1. The space of initial data was chosen to be
C([-r,0l;H'(S")). Motivated by this work, Hale presented, in [19,20], the basic theory of existence
and uniqueness, and properties of the solution operator, as well as Hopf bifurcation and conditions
for the stability and instability of periodic orbits for a more general class of PNFDE on the unit
circle S'. For the sake of comparison, let us briefly restate the equations considered by Hale in
[19, 20]. If @ € C([-7,0;H'(S")), we write it as ¢@(&,0) for & € S! and 0 € [-1,0]. For any
function f € C**1(C([—r,0;;R);R), k > 1, we let f € C*¥+1(C([—r,0l;H'(S")); L2(S")) be defined
by f(@)(&) = f(@(&,.)), & € S'. Let D € £(C([—,0;R);R) be defined by

Dy
9(v)

9(0) ~30),
L dn(0)(6),

where 1 is of bounded variation and non-atomic at O.
We define D € £(C([—r,0; H'(ST)); H'(S")) as

D(@)(&) =D(@(E,.) for &€’

Hale considered, in [19, 20], PNFDE of the form

0 02
aDXt = K@Dxt + f(Xt) for t > 0, (4)

with C([—7,0];H'(S")) as the space of initial data. He considered the Laplace operator
Ao = K% with domain H?(S'), which yields an operator generating an analytic semigroup.
In [II 2 B], authors considered a natural generalization of the work of Hale [19] [20]. We extended
the study to the case when the linear part of PNFDE is non-densely defined Hille-Yosida operator.
In[27], Travis and Webb investigated the local existence of mild solutions and strong solutions of
Eq. (@) with respect to the o-norm, but in the particular case when G(.,.) = 0. The existence of
strong solutions is considered when F is locally Holder continuous in both of its variables, also in
[26], they studied the existence and regularity of mild solution when F is Lipschitz continuous with
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the X-norm.

Here, we assume that G is a nonlinear function and is defined in a smaller space than Cx,

that is C4 for some 0 < « < 1, the space of continuous function from [—r,0] into X4, which will
be specified later. We prove the existence of the mild and strict solution.
This paper is organized as follows. In Section 2, we recall some preliminary results about analytic
semigroups and fractional power associated to its generator and the definition of the measure of
noncompactness. After that, we start to prove the existence and uniqueness of mild solutions
in the o-norm for Eq. (). In Section 3, we study the regularity of solution, we give sufficient
conditions to get the existence of the strict solutions. In Section 4, we state some properties of the
solution operator associated to the autonomous case of Eq. ([@). Also, we investigate the stability
near an equilibrium. Mainly, we prove that the equilibrium of the solution semigroup associated to
the autonomous case is locally exponentially stable when its linearized solution semigroup around
this equilibrium is exponentially stable. Finally, to illustrate our results, we give in Section 5 an
application to a reaction diffusion equation.

2 Existence of mild solutions

Let (X, ]|.]|) be a Banach space, and « be a constant such that 0 < o« < 1 and —A be the infinitesimal
generator of a bounded analytic semigroup of linear operator (T(t))¢>0 on X. We assume without
loss of generality that 0 € p(A). Note that if the assumption 0 € p(A) is not satisfied, one can
substitute the operator A by the operator (A — ol) with o large enough such that 0 € p(A — o).
This allows us to define the fractional power A* for 0 < o < 1, as a closed linear invertible
operator with domain D(A%) dense in X. The closeness of A% implies that D(A%), endowed with
the graph norm of A%, |x| = ||x|| + ||A%x||, is a Banach space. Since A% is invertible, its graph
norm |.| is equivalent to the norm [x|q = ||[A*x]||. Thus, D(A%) equipped with the norm |.|4, is a
Banach space, which we denote by X«. The space Cy := C([—7,0],Xy), T > 0 denotes the space
of continuous functions from [—r,0] into X, endowed with the uniform norm topology:
lella:= sup lo(0)l« for ¢ € Ca.
oe[—r,0]

Also, the following properties are well known.

Theorem 2.1. [Z]] Let 0 < o < 1. Assume that the operator —A is the infinitesimal generator of
an analytic semigroup (T(t))¢>0 on the Banach space X satisfying 0 € p(A). Then we have

i) T(t) : X — D(A%) for every t > 0,
it) T(t)A%x = A*T(t)x for every x € D(A%) and t > 0,
iit) for every t >0, A*T(t) is bounded on X and there exist My > 0 and & > 0 such that

[AST(H)]| < Mae 2 * < Mgt~ fort >0,



ICIlJ(zBm?) Existence and stability in the a-norm for nonlinear neutral ... 53

iw) If 0 <« < B < 1, then D(AP) — D(A%).

v) There exists Ny > 0 such that

(T(t) = DA™¥|| < Ngt*  fort>0.
vi) If T(t) is compact for each t > 0, then A~% is compact.

Now, we propose to find the existence of a mild solution for problem (2] using the sadovskii’s
fixed point theorem. Then, we obtain the uniqueness result of the solution by adding a hypothesis
of Lipschitz continuous on F.

Let E be a Banach space. We introduce the Kuratowskii measure of noncompactness x(Q) of
aset Q C E by
x(Q) =inf{e > 0: Q has a finite cover of diameter < €}.

Lemma 2.1. [10] Let E be a Banach Space and B, C C E be bounded set. Then, the following
properties are true :

(1) B is relatively compact if and only if x(B) =0,
(2) x(B+C) <x(B)+x(C), where B+ C={x+y:x€B,yeC},
(3) Ewvery Lipschitz continuous function K from C to F satisfies:
xIK(Q)] < 1lipKx(Q),
where lip K decides the smallest Lipschitz constant of K.

Definition 2.2. [25] A mapping K from a set C in a Banach space E is called a condensing
operator if it is continuous and for every bounded noncompact set QO C C the inequality holds

x[K(Q)] < x(Q).

Theorem 2.2. [25](Sadovskii’s fixed point theorem). If a condensing mapping K maps a bounded
convex closed set C in a Banach space E into itself, then K has at least one fixed point in T.

First of all, we study the existence of mild solutions, in order to do that, we assume the
following assumptions.

(HO) The operator —A is the infinitesimal generator of an analytic semigroup (T(t))¢>0 on the
Banach space X , moreover, we assume that 0 € p(A).

(H1) The semigroup (T(t))¢>0 is compact on X for t > 0. It means that T(t) is compact on X for
t>0.
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(H2) G :[0,a] x C4 — X is continuous and for each a > 0 there exists 0 < Ly < 1 such that
IG(t, @) — G(t, V)|« < Lgll@ — ||« for every t € [0,a] and ¢, P € Cq.

(H3) The function F: [0, a] x Cy — X satisfies the following conditions

i) F:[0,a] x Cq — X is continuous.

ii) There exists a continuous nondecreasing function { : [0, a] — R such that ||F(t, @)|| <
B(t)lella for (t, @) € 0,a] x C.

Definition 2.3. A continuous function x : [—r,a] — X4, for a > 0 is said to be a mild solution

of BEq. (@), if
i) x(t) = T()[@(0) — G(0, @)] + G(t,x¢) +J' T(t — s)F(s,xs)ds for t € [0, al,
1) xo = @.
Definition 2.4. A continuous function x : [—r,a] — X is said to be a strict solution of Eq. (3),
if
i) x(.) — G(,x(,)) € C'([0, al, Xq),
ii) %(x(t) —G(tyx)) = —A(x(t) — G(t,x¢)) + F(t, x¢) forte[0,al,
i) xo = @.
Now, we state our first result.

Theorem 2.3. Assume that the hypothesis (HO)-(H3) hold. Let ¢ € Cy. Assume that the

following condition holds

< Bls)
Lg—i—MOLJ'O s <. (5)

Then Eq. () has at least one mild solution on [0, a].
Proof. Let k > ||@|l«. We define the following set
By ={x € C([0, a], X&) : x(0) = ¢(0) and [x|oc < K},

where [x|oo = sup [x(t)|«. For x € By, define the mapping X : [—r,a] — X by
tel0,a]

N { x(t) fort e [0,d
x(t) =
e(t) forte [0l
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The function t — X is continuous from [0, a] to Cg.

Now, define the operator K on By by

t
K(x)(t) = T(t)(@(0) — G(0, @) + G(t,X¢) +J T(t —s)F(s,Xs)ds for t € [0, a].
0
It is sufficient to show that K has a fixed point in By. We first show that there is a positive
number k > ||@||« such that K(By) C By. If not, then for each k > ||¢||«, there exist xi € By and
1 € [0, a] such that |(Kxy)(tx)l« > k. It follows that

k< [(Kxi) (i)l

< Tt (@(0) — G0, @)l + 1G(tie, X, )l + L T(te — s)F(s, Xs)|ocds.

Let M =sup{||T(t)|| : te€[0,al}. Then
k < M\(p(()) - G(O) (p)‘oc + |G(tka7~(tk) - G(tk»onoc + ‘G(tk)oﬂcx

te M, ]
+L =g Ps)l%s lads.

Moreover ||Xs||« < k for all s € [0, a] and x € By. Then, we obtain

. B kM
k < Mlp(0) — G(0, @)lo + G (ti, X¢, ) — Gltk, O + |G (tx, 0)lex +J =

, 7(’% T B(s)ds.

Y B(s)
We shall show that the function g: t+— J'

i S)cxds is nondecreasing on [0, a]. Let t,t’ € [0, a]
o (t—

be such that t < t’. Then we have
et — ta(p — gt —
o= |, B Sas < [ B an < [ B0 g
0 0 0
Therefore

N

k < Mlp(0) — G(0, @)« + Lg|xX¢, [l + JSup IG(s,0)lo + B(s)ds.
<s<a

Dividing both sides by k and taking the lower limit as k — 400, then we get that

¢ Bl(s)
Lg +MaJO mds Z 1,

which contradicts (@). Consequently, there exists k > 0 such K(By) C By.
To prove that K has at least a fixed point on By, we decompose K as follows K := K; 4+ K, where

Ky (x)(t) = G(t,x¢) fort € [0,al.

and

Kz (x)(t) = T(t)(@(0) — G(0, ¢)) +J T(t—s)F(s,xs)ds  for t € [0, al.
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We claim that K; is a strict contraction and K; is compact.

To see this, observe that for t € [0, a] and x, y € By, we have by assumption (H2).

[Kix(t) = Kiy(t)lo IG(t,x¢) — G(t, Y|«

Lg||’~‘t _gt”cx

IN

IN

Lg|7(_y|oo

Then K is a strict contraction. We will prove now the continuity of K. Let (x™), C By with
x™ — x in By. Then, the set A ={(s,X7), (s,%Xs) : s € [0,al,n > 1} is compact in [0,a] x C«. By
Heine’s theorem implies that F is uniformly continuous in A and

t
Ko(x™) —Kz2(X)|lewe =  sup JA"‘T(tfs)(F(s,fc;‘)fF(s,is))ds
te[0,a]l JO

IN

¢ ds - -
M“J — sup |[[F(s,%g) —F(s,%s)|| = 0 as n — +o0.
0 87 sel0,al

and this yield the continuity of K3, then the continuity of K on By.

We next show that the operator K; is compact.

In order to apply Ascoli theorem we have to show that the set {Ky(x)(t) : x € By} is relatively
compact for each t €]0, a].

Let t €]0, a] be fixed, and v > 0 be such that « <y < 1. Then

t

[ (AYK2(x))(t) | < [[AYT(t)(9(0) = G(O,9)) || + || JO AYT(t —s)F(s,Xs)ds ||
< Myt | 0(0) — G(0, @) | +kMYJ (t—s)"YB(s)ds < +oo.

0

Then for fixed t €]0, al, {(AYKzx)(t)} is bounded in X. Appealing (H1) and (vi) of Theorem 2]
we deduce that A~Y : X — X, is compact, it follows that {K2(x)(t) : x € By} is relatively compact
set in Xg.

Next, we will show that {Kyx : x € By} is an equicontinuous family of functions. For 0 < t; <
t; <aq,

t2

Kox(tz) — Kox(ty) = (T(tz)—T(t1))(<0(0)—G(0,<P))+J T(tz2 — s)F(s,Xs)ds

ty

+J (T(t— s) = T(t1 — 8))F(s, % )ds
0
_ (T(tz)—T(tn)(@w)—e(o,m)wjZT(tz—s)F(s,%s)ds
+(T(tz — t1) — I)J 1 T(t1 — s)F(s,is)ds.
0
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We obtain that

t2

[Kax(tz2) — Kox(t1)le < H(T(tz)—T(h))A“((P(O)—G(O,(P))II+kMaIIB||ooJ (t2 —s) %ds
t
tq

+H[(T(tz —t1) = 1) L AST(t1 — s)F(s,Xs)ds]|

It’s clair to prove the first part tend to zero as [t —t;| — 0. Since for t; > 0 the set

{Jtl AXT(t; — 8)F(s,Xs)ds © x € Bk}
0

is relatively compact in X, there is a compact set K in X such that

t -
J A*T(t; —s)F(s,xs)ds € K for x € By.
0

By Banach-Steinhaus’s theorem, we have

t

[ra -t -1

AST(t — s)F(s,zs)dsH —0asty —t,
0

uniformly in x € By. Using similar argument for 0 < t, < t; < a, we can conclude that
{K2x(t), x € By} is an equicontinuous . Using Ascoli-Arzla theorem, we deduce that K; : By — By
is compact, and K = Ky 4+ K, is a condensing operator. By the Sadovskii’s fixed-point theorem
22 we conclude that K has at least one fixed point in By, which is a mild solutions of Eq. (2] on
[0, al. O

To prove result on uniqueness, we to assume that

(H4) F:[0,a] x C4 — X is continuous and Lipschitzian with respect to the second variable. Let
Ls > 0 be such that

[F(t,b1) — F(t,¥2)| < Lel[br — 2|l (6)
for every {1, € C and t € [0, a].

Theorem 2.4. Let ¢ € Cy. If the assumptions (HO), (H2) and (H4) are satisfied, then Eq.
(@) has a unique mild solution provided that

alfoc

Lo+ MaLrg—

<1. (7)

Proof. Consider the nonempty closed subset of C([0, a], Xy ) defined by
Q@) :={x € C([0,al,Xa) : x(0) = @(0)}.
For x € Q(¢), define the mapping X : [-7, a] — X4 by

N { x(t) fort e [0,d]
x(t) =
e(t) forte [0l
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Define the operator K: Q(¢@) — Q(@) by

K(x)(t) =T(t)(@(0) — G(0, @)) + G(t,X¢) + L T(t—s)F(s,%xs)ds for t € [0, al.

We shall show that it is a strict contraction. Let x,y € Q(¢) and t € [0, al. Then
t

Kx(t) —Ky(la < Gt %) — Gt §Olo + L IT(t — 8){F(s, %) — F(s, G )lacdls

t
< Lg||>zt—gt||a+maj IF(s, %) — F(s, 5s)ll(t — s)~ds
0
alfoc
< - _
< Lo+ Malis— ) Ix—yle

Then
alfcx
|KX — Ky|oo < (Lg + MaLfm)‘X _y‘oo-

1—a

T« < 1. By the contraction principle,
-
we conclude that there exists a unique fixed point x for K in Q(¢), therefore Eq. (@) has a unique

It follows that K is a strict contraction since Ly + ML

mild solution on [—r, a]. The proof is completed. O

3 Existence of strict solutions

For the regularity of the integral solutions, we suppose moreover the following assumptions:

(H5) G and F are continuously differentiable and their partial derivatives are locally Lipschitzian
with respect to the second argument in the sense that; for any compact set K C [0, a] x Cq,
there exist positive constants L1, L,, L3 and L4 such that

ID1G(t,¥1) = D1G(t, b2)la < Lif[h1 — U2«
D2G(t, 1) = D2G(t, b2 (cu,xa) < L2flbr — W2y
[D1F(t, 1) — DiF(t,b2) || < Lzf[br — P2 fay
[D2F(t, 1) — D2F(t, ¥2)|lz(cu,x) < Laflbr — U2 ]|«

for (t,P1), (t,2) € K and t € [0,a]. Where D and D, are the partial derivatives with
respect to the first and second argument.

Theorem 3.1. Assume that (HO),(H2), (H4), (H5) hold and condition (1) is true. Let @ €
C'([~7,0], X&) be such that @(0) — G(0, @) € D(A) and

¢©'(0) —D1G(0, ) —D2G(0,9)p" = —Alp(0) — G(0, )] + F(0, ¢)

Then Eq. ([2) has a unique strict solution on [0, al.
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Proof. Let x be the mild solution of Eq. ([@). Consider the equation

yt) = T)[-Ale(0) —G(0,9)) +F(0, )] + D1G(t,x¢) + D2G(t, x¢ )y¢
t
+ J T(t—s)[D1F(s,xs) + D2F(s,xs)yslds  for t € [0, al, (8)
0
yo = @' €Csq.

We claim that Eq. (8]) has a unique solution on [0, a]. In fact, consider the operator P defined
on A:={x € C([—r,al; Xq) : x(t) = @’(t) for t € [-7,0]} by

T(t)[=A(@(0) — G(0, @) + F(0, @)] + D1G(t, x¢)
t
Py(t) =< +D2G(t,x¢)y¢ —&—J T(t—s)[DiF(s,xs) + D2F(s,xs)yslds  for t € [0, al,
0
@'(t) for t € [-7,0].

Let u,v € A. Then for each t € [0, a], we have
|Pu(t) - Pv(t)|oc < HDZG(t»Xt)HE(Ca,Xa) ||ut 7Vt||oc

t
ds
+MaJ ”DZHS»XS)HUC“,X)HUS*VSfo x
0 (t—s)

T—x

< (Lg +M0J_f1a )|u—v|oo.

Then P is a strict contraction. Consequently, it has a unique mild solution y.

Define z : [-7,a] — X4 by

@(0) +J y(s)ds for t € [0,qa]

o(t) for t € [—1,0],

we will show that z(t) = x(t) on [0, a].
For t € [0, a], we have

t

T(s)(=A)(¢(0) — G(0, @))ds + L T(s)F(0, @)ds

2) = o0+

0

t
+J D1G(s, xs) + D2G(s, xs)ysds
0

t rs
+J j T(s — O)[D1Flt, xe) + D2F(t, xe)y-Jdeds.
0

Moreover, we can see that

t
Zy = (erJ- ysds for t € [0, al. (9)
0
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Then t — z¢ and t — f; T(t — s)F(s,zs)ds are continuously differentiable on [0, a] and satisfy

t

4 JtT(t— $)F(s, ze)ds = T(L)F(0, @) +j T(t—$)[D1F(s, z,) + D2F(s,z,)yslds,  (10)
dt Jo 0

then (I0) yields

r T(s)F(0,@)ds = r T(t—s)F(s,zs)ds
0 0

t prs

—J J T(s —1)[D1F(T,2¢) + D2F(T, 2:)y-ldTds.
0Jo

On the other hand

t

Gltz) — G(o,q))+J 4G5, 2,)ds
OdS

t
= G0, ¢) +J D1 G(s,zs) + D2G(s, ze Jysds.
0

t

z(t) = T(t)(e(0) —G(0,¢)) + G(t,z¢) —JO D1 G(s,zs) + D2G(s,zs)Jysds

t t ps
+J T(t—s)F(s,zs)ds—J J T(s —1)[D1F(t,2¢) + D2F(1, 21 )y-Jdtds
0 0Jo

t t rs
+J (D1G(s,xs)+D2G(s,xs)ys)ds+J J T(s — 1) [D1F(Ty %) + D2F(T, % )y-Jdtds.
0 0Jo
Therefore
t
2(t) — ()l < \G(t,zt)—G(t,xtnﬁj ID1G(5,25) — D1G(s, s lads
0
rt
+ |D2G(S)Zs)ys *DZG(S)XS)UstS
JO
rt

+ |T(t*3)(F(S>ZS)*F(S»Xs))‘cxds
-JO

rt ps
+ J IT(s — 1) [D1F(1, 2e) — Dy F(T, xo)l[acdeds
JOJO

rt ps
+ J [T(s — T)[D2F(1,z¢)yr — D2F(Ty <)yl dTds.
Jo Jo

Note that the sets {(s,zs) : s € [0, al} and {(s,xs) : s € [0, a]} are compacts in [0, a] x C, since
the mapping t — z¢ and t — x¢ are continuous on [0, al. Then, we deduce that
ID1G(s,2zs) —D1G(s,xs)la < Lillzs — x5l
D2G(s,zs) —D2G(s,Xs)|[(Cu,xa) <
ID1F(s,zs) — D1F(s,xs)|| < Lsllzs — Xs]las
ID2F(syzs) — D2aF(s,Xs) || 2(cox) <

LZHZS _XsHoc)

L4HZ5 7Xs||oc>
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for all s € [0, a], x € A and z given in ([@). Let L = max{L¢, Ly, L2, L3,Ls}. Then

M«
(1 —a)(2—«

[0 4

t]—(x + t2—oc
o4

20 =Xl £ Lo+L{t+ [ylloot+ 1

MOLHyHOO 2—x
T—0)2—o)" )

We can choose to € [0, a] such that

+ sup |z(s) — x(s)]«-

0<s<t

M
Lo+ L(to + fyllooto + 7= td ™ +

M(X tZ—oc MCXHH”OO tZ—oc) <1.
1—«

T—02-w° T-az-o°

we deduce that x = z on [0,tp]. We claim that x(t) = z(t) for t € [0,a]. We proceed by
contradiction and assume that there exists t; € [0,al such that x(t;) # z(t;). Let t* be the
smallest number such that x(t) # z(t). Then

t* = inf{t € [0, a] : |z(t) — x(t)| > 0}.

By continuity, one has x(t) = z(t) for t € [0,t*] and there exists ¢ > 0 such that
|z(t) — x(t)| > O for t €]t*, t* + €l.

It follows for t € [t*, t* + €] that

t
2(0) —x(Ule < |G(t,zt)—G(t,xt)|a+J ID1G(s,25) — D1 Gls, xs )ocds
.
t
+ | ID2G(s,zs)ys — D2G(s,xs)yslads
Jt*
t
| T = ) (F(s, z6) — Fs, %)) ds
.
t s
+ J IT(s — 1) [D1F(t, 2¢) — D1F(T, o)l ladrds
t S
+ J [T(s — T)[D2F(T, 2 )yr — D2aF(T, X )yl dTds.

*

Consequently,
M(x 11— MO( 2—x
_ < _x . x
20— xtle < Lot L(et yleet o5 TG
Moy lloo 2—o
F—"—c su 1z(s) — x(8)|w-
(1—a)(2—«) >t*§s§1t)*+a *
If we choose ¢ such that
_ M _ M|y -
L L - x 1—a « 2—oa | "Vrelldlloo 22—« 1
o (et Iulloot + =5 g i )

then x(t) = z(t) for t € [t*,t* + €] which gives a contradiction. Consequently x(t) = z(t) for
t € [0,a] and t — x; is continuously differentiable in [0, a] and t — F(t,x) € C'([0, a],X). To end
the proof, we use the following lemma.
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Lemma 3.1. [Z]]] Let h: [0,a] — X be continuously differentiable and u satisfy

u(t) = T(t)ug + E T(t—s)h(s)ds forte [0,al.

If ug € D(A), then w is continuously differentiable on [0, a] and

u'(t) = —Au(t) +h(t) forte[0,al.

In our case, we have @(0) — G(0, @) € D(A), t — F(t,x¢) is continuously differentiable on
[0, a] and

t
x(t) — G(t,x¢) = T(t) [(p(O) — G(0, (p)} +J T(t—s)F(s,xs)ds for te[0,al.
0
By Lemma Bl the mapping t — x(t) — G(t,x) is continuously differentiable on [0, a] and for

t e [0, al,

d
R [x(t) —G(t, xt)] =-A [X(t) —G(t, xt)] + F(t,x¢) for te[0,al.
These implies that x is a strict solution of Eq. () on [0, al. O

4 The solution semigroup in the autonomous case and the
linearized stability principle

In this section, we suppose that F and G are autonomous. Then Eq. ([2]) becomes

S [xlt) — Gx)] = ~A[x(t)  Glxi)] +Flx) for t>0, )
X0 =@ € Cq.

We can see that the mild solutions of Eq. (IIl) satisfy the properties of a nonlinear strongly
continuous semigroup on C, and we prove that this semigroup satisfies the translation property
and a Lipschitz property.

For each t > 0, define the nonlinear operator U(t) on C, by

Ut) (@) =xe(., @)

where x(., @) is the unique mild solution of Eq. () for the initial condition ¢ € C4. One can
prove the proposition.

Proposition 4.1. Under the assumption as in the Theorem (2.4), the family (U(t))¢>o0 is a non-

linear strongly continuous semigroup on C. Moreover
(1) (U(t))eo satisfies the following translation property, for t >0 and 0 € [—r,0],

(U(t)(9))(0) = { (U(t+6)(9))(0), ift+0 ig

o(t+6), ift+0
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(i) for all T> 0, there are two functions p, q € L°([0, TI,R") such that, for all @1, @2 € Cq,

[Ut)(@1) — Ut (@2)[[a < P(t)eI @1 — @2]lay  t e[0Tl (12)

Proof. Proof of (ii). Let x' :=x(., 1), x? :=x(., @2), T>0and M > 1 such that sup{||T(t)||, t €
[0, T]} < M. For t € [0, T], we have

U (@1) — U (@2)l« = [IX{ —x{ll«
=  sup X'(t+0)—x*(t+0)«
—r<0<0
< (M +MLg)[le1 — @2f|« +Lg sup ||X*1+9_X%+9Hoc
—r<0<0

t
+ MLfJ Ix! — x2||ads.
0

Letting t € [0, 1]. Then, for 8 € [—r,0] such that t+ 0 > 0, we have

[X{ro —Xfiolla = sup ' (t+0+7) —x*(t+0+ 1)«
—r<t<0
= sup X' () — % (1)«
—1+t+0<t<t+06
= max{||@1 — @2)lay sup x'(T) —x*(1)le}
0<t<t+6

< ”(91 - (92||0c+ HX‘I _X%”cx-

Then,
M+ MLg +1
1—L4

MLy [*
v = 2l 1o | xt = s
g Jo

1 2
[xg = x¢lloa < (
Using Gronwall’s lemma, we obtain

M+ ML +1, M

1 _ 2 < ( ) '|7Lfgt _
[xe = xillo < T—1L € 01— @2]la-
9

We can repeat the previous argument for t € [r, 21], to see that for every t € [r, 27],

U0 - UM (@)l < TUEIIULE o) ~ Ut g2l
< MAIMEa T T 5, — g
9
For t € [2r, 37]
U0 - UM (@)le < [UEIIUE—2)(01) ~ Ult—2r)(p2)o
M+ MLg+1, Mic,
< MAML 1305 gy — gl

T—1,
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Inductively, for t € [nr, (n + 1)r] with n > 2, we obtain

[Ut) (1) —Ut) (@)« < [Un)[[JU(t —nr)(@1) — Ut —n7)(@2) ]«
M+ ML, +1 MLy
< (79)““6‘4“”(,01 _(szw
1—14
Consequently, the estimate (I2]) is true. This ends the proof. O

In what follows, we study the stability of an equilibrium of the following autonomous equation:

|
at
XO:(pECOL)

D(x¢) — G(x¢)] = —A[D(x¢) — G(x¢)] + F(x¢) for t >0, (13)

where F and G are Lipschitz continuous on C, with constants respectively Ly and Lg and D :
Cx — Xy is an operator defined by D@ = @(0) — Do with Dy a bounded linear operator from
Cq into Xy such that Lg + || Do < 1.

We are now interested by the stability of the equilibriums of Equation (I3). By equilibrium, we
mean a constant mild solution x* of ([I3]). Without loss of generality, we can assume that x* =0
and G(0) =F(0) =0:

We need the following assumption.

(H6) F and G are Fréchet-differentiable at 0 and G’(0) = 0.

Let L = F/(0). Then, the linearized equation of Eq. (I3]) around the equilibrium 0 is the following:

d
aDyt = —ADyt + L(yt) for t 2 0, (14>
Yo = ¢ € Cq.

Let (U(t))t>o the nonlinear semigroup associated to Eq. (I3)) and the linear semigroup (V(t))¢>0
associated to the linear equation (I4)) in the same space C. Then, we have the following result.

Theorem 4.1. Assume that the conditions (HO), (H2), (H4), (H5) and (H6) hold. Then, for
every t > 0 the derivative at zero of U(t) is V(t).

The proof of this theorem is based on the following fundamental lemma

Lemma 4.2. Let H: Cy, — Xy be a continuous function such that there exists 0 < po < 1
satisfying

H{@1) — H(@2)la < poll@1 — @2«
Let @ € Cy and h: [0, +oo[— Xy be a continuous function. Suppose that there exist continuous
functions x,y : [—1,+oo[— X such that

{ x(t) —y(t) = H(x¢) — Hlye) + h(t), t>0,
X0 =Yo = ©.
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Then, for each 0 < T <1 we have
1
e~ yella < 5= sup [R(s)ay tEO,TL
— Mo ogs<t
Proof. For t > 0, we have
[t —Yilla = sup [x(t+0) —y(t+0)l«
—1r<0<0
= sup [x(s) —y(s)l«
t—r<s<t
= sup [x(s) —y(s)l«
0<s<t
< sup |H(xs) _H(ys)|c¢+ sup |h(s)|«
0<s<t 0<s<t
< po sup [[xs —Yslla + sup [h(s)l«
0<s<t 0<s<t
= Wollxt = Ytlla + sup h(s)l«
0<s<t
Then ”Xt *yt”cx < sup |h(s)|oc O

T — 1o ogs<t

Proof. (of Theorem [4.7]) It suffices to show that for each @ € Cy, t > 0 and € > 0, there exists

d > 0 such that
[Ut)p = V(t) @« < €l @floy for |o]la <8

Let t > 0 be fixed and ¢ € C,. We have

(D — G)U(t)e) —D(V(t)e)

Then,

4 J T(t — )[F(V(s)@) — L(V(s)p)lds

Let x,y : [=1,+00[— X« and h: [0, +oo[— X be defined by

(U(t))(0) if t e [0,+ool (V(t)e)(0) ifte [0,+ool
t) = { (t) = { .
o(t) ifte [—r,0]

e(t) if t e [—,0]
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and

Then,

which is equivalent to
x(t) —y(t) = (Do + G)(x¢) — (Do + G)(y¢) + h(t), t=0,
X0 =Yo = .

Using Lemma ({2, we obtain

1
sup |h(s)la, t>0.

xt —Utlla <
e = yella 1—(Lg + [[Doll) o<s<t

By virtue of the continuous differentiability of G and F at 0, we deduce that for ¢ > 0, there exists
8 > 0 such that
IG(V(t)e) — T(t)G(e)l« < efl@]l« for o]« <9,

and

t ds
M(XL FIV(s)9) = LIV(s)@)l s < ellolla for oo < 5

Then, for ||@]|« < 9,

t ds
(0o < 260l + MaLe | 1ULs)0 = VISl
0 (t—s)
Since for s € [0,t] and t € [0, 1],
||U(S)(p—V(S)(p||o¢ = sup |Xs(e)_ys(e)|¢x
—r<08<0
= sup  [x(T) —y(7)l«
—1+s<7<s
= sup [x(7) —y(7)l«
0<t<s
< sup [x(T) = Y1)«
o<t<t
= [Ut)e = V(1)@ «-
Then for t € [0, 1] fixed
2e|| @]l My Lr Jt [U(s)@ — V(s)@||«
U(t)e —V(t o < + ds
U@ =Vl < T ey " T + ol o —s)e
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Using Gronwall’s lemma, we obtain

2ello||« MLt

exp(
(L + [[Doll) (1—(Lg +[[DoN(1 — &)
for ||@|l« < 8. We conclude that U(t) is differentiable at 0, for each t € [0, T] and D, U(t)(0) =
V().
Now, suppose that t € [T,2T] fixed. It follows that, for max {||@||«, |[U(t — T)(@)|la} < b0, where
8o > 0 is small enough

Ut —Vt)gla < = )

[Ute —V(Hel« < [[UMUt—-T)(@)—V(TIUt—T)(@)|«
HIVMIUt =T () =Vt —=T) (@)«
< ellofa-

By steps, we conclude that U(t) is differentiable at 0, for each t > 0 and D, U(t)(0) =V(t). O

Theorem 4.2. Under the assumption as in the Theorem ({-1]), if the zero equi- librium of (V(t))¢>0
is exponentially stable, then the zero equilibrium of (LL(t))¢>0 s locally exponentially stable, in the
sense that there exist 8 > 0, u >0 and k > 1 such that

U (@)« < ke ™ |@lla  fort>0 and @ € Co with |||« < 5.

Moreover, if Cy can be decomposed as Co = Hi @ Ha where Hi are V-invariant subspaces of
Cu, H1 is fnite-dimensional and with

. 1
w = hh—rgo E109||V(h)/7'iz||m

we have
inf{A| : A€ o(V(t)/H1)} > e*t,

then, the zero equilibrium of (U(t))¢>o0 s not stable, in the sense that there exist € > 0 and a se-
quence (@n)n converging to 0 and a sequence (tn)n of positive reel numbers such that [[U(tn) @n |« >
€.

The proof of this theorem is based on Proposition 1] ,Theorem [£.1] and the following result.

Theorem 4.3. (Desch and Schappacher [13]). Let (V(t))i>o0 be a nonlinear strongly continuous
semigroup on a subset Q of a Banach space Z. Assume that xo € Q is an equilibrium of (V(t))t>o0
such that V(t) is Fréchet-differentiable at xo for each t > 0, with W(t) the derivative at xo of
V(t),t > 0. Then, (W(t))t>0 is a strongly continuous semigroup of bounded linear operators
on Z and, if the zero equilibrium of (W(t))t>0 is exponentially stable, then the equilibrium xo of
(V(t))i>o0 is locally exponentially stable. Moreover, if Z can be decomposed as Z = Z1 @ Z, where
Z; are W-invariant subspaces of Z and Z; is fnite-dimensional and with

1
w = lim —log||W(h)/Zx]|,
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we have

inf{Al : A € o(W(t)/Z1)} > e®t,

then, the zero equilibrium xo of (V(1))¢>o0 is not stable, in the sense that there exist € > 0 and a
sequence (xn)n converging to xo and a sequence (tn)n of positive reel numbers such that ||V (tn)xn—
Xoll > e.

In the following, we will concentrate our study on the linear equation (I4). Let (Av,D(Av))
be the generator of the semigroup (V(t))t>0 on C«. We have the result

Theorem 4.4. []] Assume that the conditions (HO), (H2), (H4), (H5) and (H6) hold. Then,
the operator (Av,D(Av)) is given by

D(Av) ={p € Cy, ¢’ € Cy, D(@) € D(A) and D(@') = —AD(¢) + L(9)},
Ave =¢', @ €D(Av).

Let C be the space of continuous functions from [—r, 0] into X provided with the uniform norm
topology and let
Cp ={peC: Dlg) =0

Definition 4.3. [22] D is said to be stable if the zero solution of the difference equation
D(y¢) =0, t >0,
Yo =¢ € Cp,

18 exponentially stable.

Lemma 4.4. [J] If D is stable, then there exist positive constants a, b, ¢ and d such that for any
e €]0,7] sufficiently small and any continuous function h from [0,+oo[ into X, the solution v of
the equation

D(Vt) :h(t)> tZO)

satisfies the inequality

[vell < e =< blvol| + ¢ sup [h(s)]] +d sup lh(s)|, t > e. (15)

0<s<e max(e,t—1)<s<t

The estimate (I3 is very interesting because, if [h(s)| is bounded on [0, +ool, then the ultimate
bound on v; as t — +o0 is determined by the bound on |h(s)| for s in the delay interval [t — 1, ]
as t — +oo.

P P
Proposition 4.5. [20] Let D(¢) = Z ax@(—ry). Then, D is stable iff Z lax| < 1.
k=0 k=0

In the sequel, we assume that
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(H7) The operator D is stable.

Theorem 4.5. [J] Assume that (HO), (H1), (H2), (H4), (H5) and (H7) hold. Then the
semigroup (U(t))t>0 can be decomposed as follows

U(t) =Uq(t) + Uz(t) fort >0,

where Wy (t) is an exponentially stable semigroup on C and Uz (t) is compact on Cy for every
t>0.

Let (Y,].]]) be a Banach space. For a bounded linear operator B in Y, we define
IB|less := inf{c > 0: x(B(H)) < cx(H), for every bounded set H of Y},

where x(.) denotes the measure of noncompactness in Y.
The essential growth bound of (V(t))t>0 in C« is given by

]
wess(v) = %gf(,) ¥ log ”V(t)”ess'

It follows from Theorem [£5] that
wess (V) < 0.
Let :
wo (V) := inf ~ log |[V(t)]a
be the growth bound of (V(t))>0 in C. Then, it is well known (see [14]) that
wo(V) = max{wess(v)) Sl(AV)}>
where
s'(Av) = sup{ReA : A € 0(Av)\0ess(Av)}

and Oess(Av) is the essential spectrum of Ay. Consequently, the stability of (V(t))¢>0 is com-
pletely determined by s’(Av). Note that 0(Av)\0Oess(Av) contains a finite number of eigenvalues
of Av.

We say that A € C is a characteristic value of Equation (I4)) if there exists a nonzero x € D(A(A))\{0}
such that A(A)x = 0, where A(A) is defined by

A(N) :=AD(eM]1) + AD(eM1) — L(eM ),
and the domain D(A(A)) is given by
D(AA)) :={x € Xo : D(eMx) € D(A) and AD(eMx) —L(eMx) € Xo ).
Consequently, we deduce the following theorem.

Theorem 4.6. [J] Assume that (HO), (H1), (H2), (H4), (H5),(H6) and (H7) hold. Then,
the following assertions hold
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(i) N is an eigenvalue of Av iff N is a characteristic value of Equation (I]).

(i1) If s'(Av) < 0, then (V(t))i>0 is exponentially stable and consequently, the zero equilibrium
of (U(t))t>o0 s locally exponentially stable.

(i11) If s"(Av) =0, then there exists @ € Cy, @ # 0, such that [|[V(t)@|« = ||@]||«, fort > 0.

() If s'(Av) > 0, then there exists @ € Cy such that |[V(t)@||« — +00 as t — 400 and conse-
quently, the zero equilibrium of (U(t))t>o s instable.

(v) Assume that s'(Av) < 0 and let so(Av) :={A € Po(Av) : ReA =0}. If each A in so(Av) is
a pole of order 1 of the resolvent operator of Ay, then (V(t))i>o is stable in the sense that
there exists a positive constant M such that |V(t)||« <M, for all t > 0.

5 Example

To apply our theoretical results, we consider the following model of partial differential equation
with delay

2

) o O

g5yt =7, + (Wt =7, %), 5 (t, %) — qit —7,x]])
for t > 0 and x € [0, 7,

v(t,0) — qv(t —1,0) =v(t,m) —qv(t—7,m) =0 fort >0,

v(0,x) =vo(0,x) for —r <0 <0 andx € [0,n],

2 [ottx) — vl —myx) 4 glacvlt — )]

- [V(t,%) = qult = 7,x)

where ¢, T are positive constants, ug € C([—7,0] x [0,7];R) and f, g are Lipschitz continuous func-
tions. Let X := L2([0,7];R) equipped with the [?-norm |.||2. Consider the operator A : D(A) C
X — X defined by Ay = —y " with domain D(A) = H2(0,71) N Hg)(O, 7). The spectrum o(—A) of
—A is equal to the point spectrum o, (—A) and is given by o(—A) = 0,(—A) = (n?:n>1
and the associated eigenfunctions (en)n>1 are given by en(s) = \/%sin ns,s € [0,71]. Then

Ay = an(y,en)en, y € D(A). For each y € D(A%) ={y e X: Zn(y,en)en € X} the

n=1 n=1

[e.e]
operator AZ is given by A%y = Z n(y,en)en.
n=1

It is well known that —A is the infinitesimal generator of an analytic semigroup (T(t))¢>0 on
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[e o]

X given by T(t)x = Z e_“zt(x, en)en, x € X. It follows that (T(t))t>0 is a compact semigroup

n=1
on X and 0 € p(A). This implies that the Assumption (HO) and (H1) are satisfied.
Lemma 5.1. [Z7] IfY € D(AZ), then Y is absolutely continuous, Y' € X and ||[Y'| = |AZY].

Let G: C% — X be defined by

0

Gl@)(x) = qo(—7)(x) — 9(&@

and F: C% — X be defined by

(—7)(x)) for @ € Ciandx € [0, 7,

Flo)d) = f(0(-1) (), o

Lemma 5.2. [}, [27] F and G are Lipschitz continuous from C% into X.

[@(0)(x) — q(p(fr)(x)]) for ¢ € C% and x € [0, 7.

Let x(t) = v(t,.) for t > 0 and @(0) = v(0,.) for 8 € [-7,0]. Then, Eq. (I0) takes the
following abstract form

4

dt

Xo = @.

(x(®) = Glt,x)) = —A(x(t) = G(t,x)) + Flt,x) for £ 0, an

Consequently, we have the existence and uniqueness of the mild solution of Eq.(If). Let vo € C 1
such that 3 3
(a) vo(0,.) — qvo(—T1,.) + g(avo(—r, .)) € H2[0, 7 N HY[0, 7] and 3670 € Cy,

62

0 0 0
(b) 76\)0(0) X) - quO(_r) X) + 9,(7\}0(_7‘) X))WVO

d 20 d (=%

= A [v0(0,5) — avo(—1,x) + gl vl )]

0
5 v0(0,%) = qvo(—, x)]) for x € [0, 7]

We deduce that all assumptions of Theorem [B.1] are satisfied. Hence every mild solution of
Eq. (I8) is a strict solution.
In the sequel, we assume that 0 < q < 1: This means that the operator D is stable. We also
assume that f and g are continuously differentiable and f(0,0) = 0, g(0) = 0 and g’(0) = 0. Which

implies that zero is a solution of [I] and the linearized equation at zero of Equation (I6]) has the

+f (vo (—r,%x)

following form

0 9?2
3 v(t,x) — qv(t —r, x)} =32 [v(t, x)—qv(t—r1,x)
+av(t—1,x) + ba[v(t, x) — qv(t —1,x)] for t >0 and x € [0, 7, (18)
v(t,0) — qv(t —1,0) =v(t,1) —qv(t —7r,1) =0 for t >0,

v(0,x) =vo(6,x) for —r <0 <0 andx € [0,n],
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We obtain a region of stability of Equation (I8) as a function of parameters a, b and q.

2

] ~ ~ 0 0
Lemma 5.3. [}/ The spectrum o(A) of the operator A = 2 —I—ba— 1s equal to the point spectrum
X X

O‘p(i) and is given by {—n? — Z—Z n> 1}

Theorem 5.1. Suppose that
2

a<0 and1+bf+820.
4 q

Then, for every v > 0, all characteristic values of Eq. {I8) have negative real parts.

Proof. Suppose that a < 0. Then, the characteristic values of Eq. ([I8) are determined by the
expression

aef)\r ) b2
Let Kp =n? + b4—2, n > 1. Then, Eq. (I9) becomes
eMA+kn) =Aq+Knq+a.
This implies that
2R (Re(N) + K )2 + (Im(A)? = q2((Re(A) + Ky, + %) +(Im(A)2).

On the other hand, under the conditions

2

a<0and1+b—+920,

4 q

we have, for allm > 1 and A € C,

2
Re(A) + Ky > Re(A) + Kpy 4+ % > Re(A\) + 1+ % i % > Re(M).

Then, if we assume that Re(A) > 0, we obtain that

2Re(A)r

e <q%

which is a contradiction. Then, Re(A) < 0. O

Remark that the stability result is independent of the delay. Finally, as an immediate conse-
quence of the last theorem, we have the local stability of the zero equilibrium of Equation (I6]).

Proposition 5.4. Under the same assumptions as in Theorem [51, zero equilibrium of Equation
({I4) is locally exponentially stable.

Received: October 2012. Revised: February 2013.
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