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ABSTRACT

Here we study basic approximation properties with rates of our discrete versions of
Picard, Gauss-Weierstrass, Poisson-Cauchy singular operators and of two other discrete
operators. We prove uniform convergence of these operators to the unit operator. Also
all these operators fulfill the global smoothness preservation property. The discussed
operators act on the space of uniformly continuous functions over the real line.

RESUMEN

Aqui estudiamos las propiedades de aproximacion basica con cocientes de nuestras
versiones discretas de operadores singulares de Picard, Gauss-Weierstrass, Poisson-
Cauchy y de otros dos operadores discretos. Probamos la convergencia uniforme de
estos operadores al operador unitario. Ademads, todos estos operadores satisfacen la
propiedad de preservacién de suavidad global. Los operadores discutidos actiian sobre
el espacio de funciones uniformemente continua sobre la recta real.
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1 Preliminaries

Let f: R — R be a function which is uniformly continuous (f € Cy (R)). Following [2], p. 40-41,
we define the first modulus of continuity,

wi (f,t):= sup [f(x)—F(y)l, t=>0. (1)
x,yeR
[x—yl<t
The function wq is continuous at t = 0 if and only if f is uniformly continuous on R. So that here
wi (f,t) = wq (£,0) =0, as t — 0. It also holds
w1 (fa)\t) S ()\—f—])(,l)] (f»t)) )\ZO (2)

Clearly wq (f,t) is finite for each t > 0.

In [I] we studied extensively the convergence to the unit operator of various integral singular
operators. Here we define the discrete analogs of these operators next, and we study their uniform
convergence to the unit operator with rates.

Let 0 < & <1, such that & — 0+, x € R; £ > 1.

i) We define the discrete Picard operators:

v=—00

(Pj{f) (x) == Z‘X’ f(x+ V)V‘eiT |

ii) We define the discrete Gauss-Weierstrass operators:

V=—00

W) (x) =
( E,) X Z;.ozfoo e

N
—~

=~
N

y f(x+v)e &
&

iii) We define the general discrete Poisson-Cauchy operators:

let oceN,[:’>>];;

Z;.o:,oo f (X + \/) (\/20‘ + E’Zoc)*ﬁ
> (v2e 4 g20)~ B :

v=—o00

(M%) (x) =

iv) We define the basic discrete convolution operators:
let ¢ : R = R, with [|@], ==suple (x)| <K, K>0,p e N-{1}
x€R
)
[}
f(x)+ ZVeZ_{O} f(x+v) ()

%
o
1+ZV€Z{O}< %{ )

m<
= ™ -

(03f) (x) ==
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v) We define the general discrete convolution operators:

let @:R — R, with @ (x) <AX?P, VxeR, peN-{1}, A>0;

A
(T) (x) = ) (z )

The above operators, as we will see, are well defined and are linear, positive, and bounded
when ||f|| = sup|f (x)| < co. Furthermore
xeR

PE(M =W () =M (1) =06 (1) =T (1) =1, (8)

with
[PE]l = [[wel = [IME ]| = [l ]| = [Tzl =1, (9)
on continuous bounded functions.

In this article we are motivated by [3].

2 Main Results

All here as in Preliminaries earlier. We start with the basic approximation properties of discrete
Picard operators.

We present

Theorem 2.1. It holds

Pef—1l| < wi (f,€). (10)

1+2e7% (26+2+1)
1 +2£e_1?

The constant in the right hand side of (I0) converges to 1 as & — O+. So that Py — 1 (unit
operator), uniformly with rates, as & — 0+ .

Proof. We will use a lot
We see that

it converges.
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Thus

Using [4] we obtain

v=1 v=1
Hence
2J e tdv+1<2) etrl= Y e (13)
! v=1 v=—00
Thus : 1 1
0< o = ; = —1, a5 £ 0+. 14
Zf/o:_ooe*% fooe_?dv—kl 2567%-&—1 ) (14)

We need to prove that g(v) = ve * is decreasing for v > 1. Indeed we have that ¢’ (v) =

e ¥ (1—%)§O,by£§1§v.

So that, again by [4], we get that

E (el (e (e
v=1

1

Using integration by parts we have

J’c:oxe”‘dx:—e’x (x—l—])l?{oze*% <;+1). (16)
3
Hence we get
Loo (1 + z> e tdv = J;}o e tdv+ Loo %e_% dv =
ée’li +Eﬁoxe”‘dx:e’]€ (2E+1). (17)
Therefore a
(4) =142 [eé (264+1) + (1 + ;) e'a] =142 % <2a+z+ ;) . (18)
Consequently we have found that
Vioo (1 +|:E/|) e =1 +2§ (1 + z) e ¥

1 1
<1+2e % (254—24—&) (finite) = 1, as & =5 0 +. (19)
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Finally we observe
vl
. Yo J(Flx+v)—f(x))e =
(PEf) (x) — f (x) = =~ o —T . (20)
v € °
So that -
. Yo x4V —f(x)e =
|(PEf) (x) — f(x)| < =~ = T (21)
v=00€ ¢
v oo [v] v
I o Y e (Ref)e
Zv:foo e & ZV:foo e ¢
(by @))
0o [v| v
2 v (1 + ?) e ®
< ws (f,€) o (22)
T et
v=—o00
(by (1), @)
1
(1 +2e ® (2£+2 + ]E))
< wi (f,€) - . (23)
(26et +1)
We notice that 1
(1 2 (2£+2+ %))
] —1, as & —0+.
(260t +1)
We have proved
142t (2£+2+ 12)
|(PEf) (x) = f(x)] < Y w1 (f,€), (24)
e &
vV xeR.
The proof now is completed. O
Next we prove preservation of global smoothness of Pg.
Theorem 2.2. [t holds
wq (Pif,8) < wq (£,8), Vo >0. 25
£
Inequality (23) is sharp, namely it is attained by f (x) = identity (x) = x.
Proof. We see that
Ivi
. . Yo L x+FV)—fy+v))e =
(PEf) (x) — (PEf) (y) = = = . (26)

PIVENNE
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Hence

YO AV —fly+v)e ¥

|(PEf) () = (PEf) (W)] <

[vl

YU e ®
vl
e (fix—yl)e T
< L — = w1 (f,[x—yl). (27)
YU e ®
So that for any x,y € R:[x —y| < § we get ([23)).
If f =1id, then trivially we get
(Piid) (x) — (Pfid) (y) =x—y =id (x) —id (y), (28)
thus (29) is attained. O

Next we study the approximation properties of discrete Gauss-Weierstrass operators.

Theorem 2.3. Let f€ Cy (R), 0< & < 1. Then

[wef =]l < cl&)w: (£,VE), (20)

where

e 1?(\/2—1—2—&-%)
\/7176(17erf(f>)+1

We have lim C(§) = 1, and by lim w; (f, \/Z) =0, we get Wi — 1 uniformly with rates, as
£—0+ £—0+
E—0+.

C(E):= |1+ (30)

Proof. We notice easily that

S et oY e ¥ e le:f@o (31)

So we can write
2 g
+1< 3 +1. (32)

M
o
;<
I
N
M8
ml
;w\<

N

v

Since e” & is positive, continuous and decreasing, by [4], we get
IS 5 , ) &)
Y et —er< J et d Z e % (33)
v=1 1 v=1

So that

zJ dv+1<ZZe Py e ¥, (34)
1

V=—00
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d
an : :
0< < - . (35)
Y et 2[Temadv+1
We know that fgo et dt = ?, and erf (x) := ﬁ fg et dt, with erf (co) = 1
Hence
2ro T dy 41 2\/EJOO («%)zd( Y ) +1 (36)
e & qav = e _— =
1 1 VE
%) ) %
&
z\/EJ e 9d0+1=2V% J e*ezde—J e 0"d0| +1
-~ 0 0
T T 1 1
= T — — 1=+ 1—erf | — 1.
2\/5{ 3 3 erf(\/Zﬂ + 7'[E< er (\/E)) + (37)
Therefore 1
e V2
ZJ eédv—H—\/mE(]—erf())—i—]%],as&ﬂo—i-. (38)
1 VE
So we got that
1 1
0< - — < 1 —1l,as & —>0+. (39)
TP et v (1-ef (L)) +1
% VZ
Next we prove that g (v) = ve = is decreasing for v > 1. Indeed we have g’ (v) = e & (1 — %) <
0, iff 1— 2 <0, iff & < 2v?, which is true.

So that we have (by [4])

oo

V; <1+\>/z) e §J'1OO <1+\>/E) evézdv+(1+]> e

(40)

VTE, 1 VE [ sz (V2 ;o et
/T 1 VE[® 1€ i
2(1—erf(\/g>>+2j e dX+e +

VTE, 1 \/E—% 1 e
2(1—erf<a>>+2€ +e & +

5 (o)t E(m () oot (Fere )

(finite) — 0, as & — 0 +.

That is
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" vioo (1 + \;'E) e % = Zi (1 + \}%) e 1< oo, (43)
we find
i <1+\|;|E)ef§\/?a(1—erf<\}z)>+eé (\/EHJF\?Z)H (44)

(is finite) — 1, as & =5 0 +.

Next we observe that

Y (Fx+v)—f(x)) e T

(Wif) (x) — f(x) = rr o . (45)
Thus 2
(Wit) () — £ )] < T TOEVI 2 T0IE F (46)
DI
L (b e® 2w (t sz{z) e % - (47)
DIRVENE PIENT
Wi (FVE) I (1+ blyet )
DI
(by B9), @)
§ N \/7?E(1—erf %))—i—e*% (ﬁ—f—Z—ﬁ—%)—i—] B 1
_w]() E)( \/ﬁ(]—erf(%))+] >_ )
et (VE+2+ %)
* (f\/g) (1 " ﬁ(] —erf(ﬁ)) 1)
So we have proved that
et (VE+2+ 2
|(Wz) (0 = F ()] < @ (1, V) (1 + m@( - (}E)V)?i ]) , (50)

VxeR, any 0 < &< 1.
The constant in the last inequality converges to 1, as § — 0 +.

The proof of the theorem is completed. U

It follows the global smoothness preservation property of W5.
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Theorem 2.4. It holds

wy (Wif,8) < wq (f,8), V8§>0. (51)
Inequality (Z1) is sharp, attained by f (x) =1id (x) = x.

Proof. We see that

N

v

Yy L (fx+Vv)—fly+v))e =

(WEF) (x) — (WET) (y) = =—= = , Vx,y €R. (52)
PIROE
Hence 2
* * Zoozfoo |f(X+V)—f(y —"_-v”e_vT
[(Weh) () = (Wef) ()] < = )
Yo T
] v2
2o f T
Swi(fixk—yl) | = | =wi(fix—yl), Vxy eR, (53)
€ ©
proving (BII). Sharpness is obvious. O

Next we study the approximation properties of general discrete Poisson-Cauchy operators.

Theorem 2.5. Let f € Cy (R), 0 < &< 1. Then

[Mif—f|| <D (&) wi (f,€), (54)
where 8 2aB 1
o 2ap X 201 xp —
D (&) := {1 + 4¢, <20€[5 — 1) +& <<xl3 — )} . (55)

We have lim D (&) =1, and by lim wq (f,&) = 0, we get M — 1 uniformly with rates, as
E—0+ £E—0+
E—=04.

Proof. Here 0 < £ <1, x € N, B > ];, x € R. By [3], p. 397, formula 595, we have

J'oo | dt r(;ioc)r(ﬁ_z%x). (56)

0 (t2a+£2a)f3 B 2 (B) xE2oB—1

Clearly (\/2“ + 62"‘)_6 is decreasing, continuous and positive for v € [1,00). Hence by [], we get

0< Y (ere) Pe(iaer)” +J (e Pavs (57)
v=1 !

(1+2)7° +J (V24 82%) P av = (14 82%)7°
0

1 _ 1
PGB —30) - o veeo.

TR (B wezeh !
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Consequently we find convergence of

0<Sy:= Z (v** + &2“)76 =g 2P 42 Z (v + éz“)iﬁ <
v=—00 v=1
b Tzg) T (B—75)
—2xp 200\ B 2 2x
& —|—2(1+E, ) + [ (p) ae 2B < oo, V&€ (0,1]. (58)
Similarly we have
Z (VZcx + E’Zoc) B ZJ (VZcx + E’Zoc) B d‘V, (59>
v=1 1
and -
S () Pk y zj (v2e 4 £22) P av. (60)
Vv=—00 1
That is : :
0< — < — —— < &P (61)
Yo (VR4 g2 £720B 42 [7° (v2x + £2%) P dv
That 1
0<Sf<az“ﬁ—>o,asa—>o+. (62)
1
Hence 1
Elg(r)lJr; =0 (63)
Call g(v) :=v (v¥* + 62“)7(5’ v € [1,00). We have that
_ (420 4 p2a) B 2By

iff 1— ( Zapv2e ) <0, iff v2* 4 E2% < 2aBv2e, iff £2% < v2* (2ap — 1), which is true because

V2a+£20<
20 —1 > 1 and v2* (2 — 1) > 1 > £2*. That is g is decreasing, positive and continuous on
(1, c0).

Hence (1 + %) (vz"‘ + EZ“)fﬁ is decreasing, positive and continuous on [1, c0).
Thus again by [4] we derive

)% (1+3) 02 < (63)

v=1

(1 + 15) (14827 4 Joo <1 + z> (v2* 4 £2%) " av.

1

| (‘ i ) (v g2m) P av =
1 &

e e [Ty Py <
1 1

We further notice that
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° 1 [ 1
—2uxf o —2af+1 _
L v dV+E,J'1 v dv_<2a6—1>+ (66)
1
(2&(0{‘3—1)) < 00, v E. S (0,1].
So that -
> (1 + D (v g2 P < (67)

1 20y —B 1 1
<1+£) (1+&%%) +<2aﬁ1>+<2£(ocﬁﬂ> <00,V &€ (0,1].

Consequently we obtain

- v

0< Sz = Z (] -+ z) (-VZ‘X + E'Zcx)*ﬁ _ (68)

v=—00

g
—2up 1 Jo\—B ( 2 ) < 1 >
3 +2<1+a)(1+£ ) T+ Iap + ACTES) <

1 1 2 1
£20P +2(1+5>+<20€B1>+<5(0¢BT)) = (&).

g2y (1 + V) (v2* + az“)_ﬁ <
v=1

So that
0<S,<@(§) <oo,VEe(0,1], (69)
and S, @
0< & < ePo(e) =
1
142828 (14 -] T P =
2af3 — 1 afp —1
2af3 O(B 2a3—1 20([3 —1 1 .
{1+4£ <2(XB_])+E (oc[S—] —1,a8&—0+. (70)
Hence
2
0< 11)r(1)1+§ < 1. (71)

Finally we have that

Y (Flx+v) —f(x)) (v2* 4 g2) P

Mz (f, X) - f (X) = Z?Zioo (.VZO( + E'Z(X)iﬁ

, (72)

and
| Doae e+ ) — POl (v g2e) "

’Mz (f,x) —f(x) Zzo:_oo (V2 520()76

< (73)
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S wy (f, &'%‘) (v2% 4 g2y P

Y (v 4 g2 P =
T (1) (et m
w (f, &) ( ZOO( (jﬂ)‘x(—kiz“)_ﬁ ) = (2?) wq (f, &) < (74)
< [1 + 48258 (2(;;6_1) 4 g2ap (ZO‘Z‘;__]])] ws (,£).

We have derived

IME (f,x) —F(x)| < [1 +4£2P <2(X‘[’3‘B_1> +g2oP <2“°“f__11ﬂ wi (f,8), (75

VxeR,V & e (0,1], proving the claim. O

It follows the global smoothness preservation property of M.

Theorem 2.6. It holds
w1 (M}:f, 5) < wi (f,d), V&>0. (76)

Inequality (70) is sharp, attained by f (x) =1id (x) = x.
Proof. Similar to the proof of Theorem 2.4 O

We continue with

Theorem 2.7. It holds

2
|03 —f|| < <3n2K2'3> P wy (£,6) 20, as E - 0 +. (77)
Proof. Here we use a lot
i L TC—Z (Euler, 1741) (78)
= v 6 ’ '
We have
=)\
g7P > verjoy (F(x+v) —f(x)) (‘p - )
0% (,x) —  (x) = TP (79)
1+&28 Zvezf{o} ( V& )
Hence

vy 2P
E2P Y LenioyIf (x +v) = (x)] (‘p(f))

=)\
1+ EZB Zvezf{O} ((PV& )

0% (f,%) —f(x)| <
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1) 2B
2 Eres e (12) (1)
: N\ 2P (80)
1+EP Y ver0) <(p(v£)>
L1\ 2B
EP w1 (F,8) Y yes o) (] + %I) (@(va))
(81)
1+ E'ZB ZVEZ_{O} <(p(v‘é)>26

[v]
veZ—{0} ]+? v%ﬁ)
< 5 = (¥)
o(2)) "
T+EP ) ver o |
We observe that
0(2))" 1
vezZ—{0} vezZ—{0}
= = 1 K2B 72
2K2P 2K2P =
Thus 262
Kb
0<S, 3
So that 2pr2p 2
K
1<14e2bs, <145 : T <0, VE>O.
That is :
0< —+—<1
1+ E,ZBSZ -
with
lm — 1
£—0+1 4 E2BS, o
Consequently it holds

(x) < 262P oy (f,8) K2P <VZ1 <1 * a) vzs>
=282Pw; (f,8) K2P (Zw LI S )
) V2B

£2 T
v=1 v

< 26wy (f,8) K2 (Z Lily 1)

v2
v=1 v=1
E,ZBTEZ

2p—1..2
: w1(f,£)KZB(1+]>§M

(83)

(84)

(85)

(86)
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We have proved that

The proof is completed.
Example 2.8. In Theorem [2.7 we can take @ to be sine, cosine with K = 1.

Theorem 2.9. It holds
w1 (621‘,6) < wi (f,8), V&>0.

Inequality ([89) is attained by f = id.

We finish by studying T .

Theorem 2.10. It holds

rer =l < (

Theorem 2.11. It holds

2T W (f,8) = 0, as & — 0 +.

2m2A
3

wi (TE,8) < wy (£,8), ¥V 5>0.

Inequality (91) is attained by f = id.

Proof. of Theorem [2.10
We have

S e o) (F O+ v) = £ 1) “’(%)

1+ ZveZ—{O} ((@Z()%l

Thus )
<

T (f,x) —f(x) =

0F (f,x) — f(x)| < (§n2K2'3> 21w, (f,8) - 0,as & > 0+.

(92)

(94)
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w1 (f, E) ZVEZ,{O} (] + %) (%?2[3
<
® s
T+ Zvezf{O} ((z()é‘z”)
Aw (f,€) £2F 1+ 5
B w1 (f, &) ZveZ—{O} + T ) (95)
; @ (%)
T+ ZVEZf{O} ((zf“ﬁ>
Aw; (1,E) & T, (14F) s
oY
1+ ZvEZ*{O} <(Z()£425 >
2Aw (f,8) E2P [Z% Vlﬁ + 1E > Vzrliﬂ} (96)
1+ vezqo) (((pz(f*ﬁ>
2Aws (F8)E2P |+ 12| (22A) g (F,) €28
< © < =: (%) (97)
< " < ORI
(1 + ZVGZ—{O} <((pv()i?s >) T+ Zvezf{()} ()"
&
We see that ( )
¢ 1
T+ > G <T+A ) -5 (98)
vezZ—{0} (%) vezZ—{0} (%)
=1+AeF Y TB:1+2AEZBZ]T
vezZ—{0} =Y
N 1 A 2B 42
<1+2A£25<ZV2>_1+ 5,371 < oo, VE>0. (99)
v=1
That is
¢(F Am2E2B
1<1+ Y <‘ZZ<1+ ”; <00, VE>O. (100)
vezZ—{0} (%)
Also 1 —&—% — 1, as & — 0+, that is
o (%)
lim |1+ ) = =1 (101)
B
£E—0+ vezZ (0} (%)
Furthermore we have 1
<1 102
0< o) S (102)



112 George A. Anastassiou CUBO
15, 1 (2013)

Hence
2 2p-1
(%) < TA wi (f,&) & . (103)
We have proved
. 2 AN g
T (f,x) — F(x)] < 5 & wi (f,8) =0, as & = 04, Vx € R, (104)
proving the claim. U

Note 2.12. All estimates of this article are also true for f € Cp (R), continuous and bounded
functions on R. However the convergences fail if T is not uniformly continuous.
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