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ABSTRACT

We study a discrete model of the Laplacian in R? that preserves the geometric structure
of the original continual object. This means that, speaking of a discrete model, we do
not mean just the direct replacement of differential operators by difference ones but
also a discrete analog of the Riemannian structure. We consider this structure on the
appropriate combinatorial analog of differential forms. Self-adjointness and boundness
for a discrete Laplacian are proved. We define the Green function for this operator and
also derive an explicit formula of the one.

RESUMEN

Nosotros estudiamos un modelo discreto del Laplaciano en R? que preserva la estructura
geométrica del objeto continuo original. Esto significa hablando de un modelo discreto,
que nosotros no tenemos la intenciéon de remplazar directamente el operador diferencial
por uno en diferencias como también un anédlogo discreto de la estructura Riemanniana.
Nosostros consideramos esta estructura sobre un apropriado andlogo combinatério de
formas diferenciables. Provamos para un Laplaceano discreto que es auto adjunto y
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acotado. Definimos la funcién de Green de tal operador e conseguimos una formula

explicita para este.

Key words and phrases: Discrete Laplacian, difference equations, Green function.

Math. Subj. Class.: 39412, 39A70

1 Introduction

We begin with a brief review of some well known definitions that are related to the contents of
this paper. Denote by A”(R?) the set of all differentiable complex-valued r-forms on R?, where
r=0,1,2. Let * : A"(R?) — A27"(R?) be the Hodge star operator. An inner product for r-forms
with compact support is defined by

(s ) :/wA*E, (1.1)

R2

where the bar over ¢ denotes complex conjugation. Let L2A"(R?) denote the completion of A”(R?)
with respect to the norm generated by the inner product (1.1). Let the exterior derivative d :
A"(R?) — A"TH(R?) be defined as usual. We define the operator

d: L?A"(R?) — L2A"T1(R?) (1.2)

as the closure in the L2-norm the corresponding operation specified on smooth forms. The adjoint
of d, denoted by 9, is given by

(dp, w) = (p, dw), ¢ € L?A"(R?), w € L?A"TY(R?).

Note that § : L2A""1(R?) — L2A"(R?). The following relations hold among *, d and J. See for
instance [15].
2= (1)@ rd, S=(-1)"«tdx. (1.3)

The Laplacian is defined to be

~A =d5+d6d : L*A"(R?) — L2A"(R?). (1.4)

In this paper we develop some combinatorial structures that are analogs of objects in dif-
ferential geometry. We are interested in finding of a natural discrete analog of the Laplacian on
cochains. Speaking of a discrete model, we mean not only the direct replacement of differential
operators by difference ones but also discrete analogs of all essential ingredients of the Riemannian
structure over a properly introduced combinatorial object.

Our approach bases on the formalism proposed by Dezin [5]. We adapt the combinatorial
constructions from [5, 11, 12] and define discrete analogs of operators (1.2)—(1.4) in a similar
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way. In [5], Dezin study discrete Laplace operators in finite-dimensional Hilbert spaces, i.e. on

cochains given in domains with boundary. In this paper we extend these results on an infinite
complex of complex-valued cochains. We prove self-adjointness and boundness for the discrete
Laplace-Beltrami operator in infinite Hilbert spaces that are associated with L2A"(R?). Spectral
properties are discussed. We define the Green function for the discrete Laplacian and derive the

one in an explicit form.

There are other geometric approaches to discretisation of the Hodge theory of harmonic forms
presented in [6, 7, 8]. In all these papers discrete models are given on the simplicial cochains of
triangulated closed Riemannian manifolds. See also [3, 4, 9] and references given there.

Classical references on second order difference equations are the books by Berezanski [2, ch.
7], Atkinson [1] and the most recent monograph by Teschl [14].

2 Combinatorial structures

Let us denote by €(2) the two-dimensional complex. This complex is defined by
¢2) =gl e

where €" is a real linear space of r-dimensional chains. We follow the notation of [5, 12]. Let
{Th,s}s {e}w, e%)s}, {Qks}, k,s € Z, be the sets of basis elements of €°, €', €2 respectively. It
is convenient to introduce shift operators

Tk=k+1, ck=k—-1

in the set of indices. The boundary operator 0 is defined by the rule

1 2 1 2
8Ik75 = 07 891@15 = ek,s + eTk,s - ek,‘rs - ek,sv

aell@ms = ka)S - xk;57 aei,s = xk,Ts - xk,s- (21)
The definition of 9 is linearly extended to arbitrary chains. We call the complex €(2) a combina-
torial model of R?.

On the other hand, we can consider €(2) as the tensor product €(2) = € ® € of the one-
dimensional complex € (combinatorial model of a real line). Then basis elements of €(2) can be
written as follows

1
T Q@ Ts = Tg,s, e QTs = €y,

2
epQes = Qk,sa TErQes = €k,s»

where xp, e; are the basis elements of €.

Let us introduce an object dual to €(2). Namely, the complex of complex-valued functions
over €(2). The dual complex K (2) we can consider as the set of complex-valued cochains and it
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has the same structure as €(2), i.e. K(2) = K°® K' ® K?. In other words, K(2) is a linear
complex space with basis elements

{xk,57 6116757 672%87 Qk,s}'

The pairing (chain-cochain) operation is defined by the rule:
< Ty, TP >=< Vs, QP >=< ey, §! >=<e ,, eh? >=0}7, (2.2)

where 677 is Kronecker symbol. We call elements of the complex K (2) forms, emphasizing their
closeness to the corresponding continual objects, differential forms. Then the 0-, 1-, 2-forms
», w= (u,v), n can be written as

Y= Z Spk,sxk7sa n= an,sﬂk7sa w = Z(uk,se?S + 'Uk,seg)s)u (23)
k,s k,s k,s

where @ s, Uks, Vks, Mhs € C for any k,s € Z. Operation (2.2) is extended to arbitrary forms
(2.3) by linearity. The boundary operator (2.1) in €(2) induces the dual operation d° in K (2):

< da, a >=<a, d°a >, (2.4)
where a € €(2), a € K(2). We assume that the coboundary operator d: K™ — K" is a discrete

analog of the exterior differentiation operator d (1.2).

If p € K and w = (u,v) € K', then we have the following difference representations for d°:

< ellc,sa dc(ﬁ >= Qrk,s — Pk,s = Ak‘ﬁk,s,
2 —
< ek)s, dCQO >= Pkrs — Phk,s = Asgok,s

< Qk,s; d°w >= Urk,s — Uk,s — Uk,Ts + Uk,s = Akvk,s - Asuk,s- (25)

Note that if n € K2, then d°n = 0.

Let us now introduce in K (2) a multiplication which is an analog of the exterior multiplication
A for differential forms. We denote this operation by U and define it according to the rule:

k k
xk,s U xk,s _ xk,s7 62’8 U 6177'5 _ _Qk,s’
k k k
xk,s Ue S e »S U xrk,s —e »S
1 1 1
k,s k,s _ _k,s ks __ ks
v Uey” =ey Uz =e5",

xk,s U Qk,s — Qk,s U x‘rk,‘rs _ e/1€75 U 672'7@,8 _ Qk,s7 (26)

supposing the product to be zero in all other cases. The U-multiplication is extended to discrete
forms by linearity. In terms of the theory of homologies, this is the so-called Whitney multiplication.
For arbitrary forms a, 8 € K(2) we have the following relation

d°(aUB) =daUfB+ (1) aUds, (2.7)
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where r is the degree of a. The proof of this can be found in Dezin [5, p. 147]. Relation (2.7) is

an analog of the corresponding continual relation for differential forms (see [15]).
Define a discrete analog of the Hodge star operator. Let €% denote an arbitrary basis element
of K(2). We introduce the operation * : K" — K2~ by setting
efs U xehs = b, (2.8)

Using (2.6) we get

*xk,s _ Qk,s, k,s Tk,s k,s *Qk,s _ xrk,rs'

k
ket = ey 7, xeyt = —e"”

)

The operation * is extended to arbitrary forms by linearity.

Let o € K" is an arbitrary r-form:

a= Zakﬁsak’s. (2.9)
k,s

Denote by K the set of all discrete r-form with compact support on €(2). Let © be the following
”domain”

Q= Q. ksel (2.10)
k,s
where €2, 5 is a two-dimensional basis element of €(2). Note that if the sum (2.10) is finite and let
—N <k, s <N, N €N, then we will write 2 = Q.

The relation
(o, B) =< Q, aUx3 >, (2.11)

where «, 3 € K, gives a correct definition of inner product in K(2). Using (2.2), (2.6) and (2.8),
this definition can be rewritten as follows

(o, B) =k Prs- (2.12)
k,s
For Q = Qn we will write
B N
(o, B)v =< Qpn, aUxf >= Z ks B, s-
k,s=—N
Let o € K", 8 € K"t1. The relation
(d°a, B)Ny =< 00N, aUx83 > +(a, 6°B)N (2.13)

defines the operator 6¢: K™+ — K",

5B = (—1)" "1 dxp,



59 Volodymyr Sushch glzj(]z?)org

which is the formally adjoint operator to d¢ (see [5] for more details). It is obvious that the operator

d¢ can be regarded as a discrete analog of the codifferential ¢ (cf. (1.3)). Equation (2.13) is an
analog of the Green formula for the formally adjoint differential operators d and §. It is easy to
check that for o € K, 3 € Kj™' we obtain

(d°a, B) = (a, 06°0B). (2.14)
According to (2.5), we have §°p = 0 and
< Tk, s, 0w >= —Akugk)s — AS’U;C)US, (2.15)
< ellc,m 5C77 >= Asnk,asa < ei)s, 6Cn >= _Akno'k;7s7 (216)
where ¢ € K% we K! and n € K2.
Therefore a discrete analog of the Laplace-Beltrami operator (1.4) can be defined as follows
—A® =46 +d0°: K" — K". (2.17)
Obviously, if ¢ € K°, then we have
—A% = §°dp. (2.18)
Combining (2.15) with (2.5) we can rewrite (2.18) as

< Tk,s, _AC<P >= 4<Pk,s — Prk,s — Pk,rs — Pok,s — Pk,os- (219)

The same difference form of (2.17) can be drawn for the components 7 s of n € K2 and for the
two components uy s Vg, s of we K.

3 Discrete Laplacian

Let us now introduce the linear space

H ={a€K": > |agsl> < 4o, k,seL}, (3.1)
k,s

where r = 0,1, 2. Clearly, H" is a Hilbert space with inner product (2.11) (or (2.12)) and with the

following norm

loll = V@ @ = (Slanal) . 3.2

k,s

Note that if o € H", then the set of complex-valued sequences (ay s) is ¢2(Z?). From now on we
regard d¢, §¢ and —A¢ as the following operators

d°:H —HT 8 H S HT AT TH S

where r = 0, 1,2. It is convenient to suppose that H~! = H3 = 0.
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Theorem 1. The operators

—A°H —H, r=0,1,2, (3.3)
are bounded and self-adjoint. Moreover, || — A°|| = 8, where || — A°|| denotes the operator norm of

—A°.

Proof. We begin by proving self-adjointness of —A° for the case r = 0. Let p,v € H° and
w = (u,v) € H'. Then the Green formula (2.13) can be rewritten as

N
(dp, w)n =Y (PkrNTEN — Pk, NTr—N)+
k=—N
N
+ 3 (ol — - TTw) + (9, 5wy (34)
s=—N

The substitution of d°¢ for w in (3.4) gives

N

(d¢, dP)n = > (Pren@ron — Vrn) — k- (Uk—N — Vk—rn))+
k=—N
N —_— —_— S
+ Z (SOTN,S(wTN,S - wN,s) - (p—N,s(z/]—N,s - z/J—TN,S)) + (907 5cdcw)N' (35)

s=—N
Letting N — 400 we get
(dp, d¢) = (@, 6°d°). (3.6)
It follows immediately that —A°¢: H? — HO is self-adjoint.
The same proof remains valid for the case r = 2. Now we have —A¢ = d§¢ and the analog of

relation (3.5) results from the inner product (§¢n, §°¢)y, where n,¢ € H?. A trivial verification
shows that properties of (6°n, §°¢)n are completely similar to those of (d°p, d°y¥)y. Hence

(00, 6°C) = (n, d°6°C). (3.7)

Finally, let » = 1. In this case we have —A° = d%¢ 4+ §°d° and we must study the sum
(d°w, d°V) + (0°w, 0°9), where w = (u,v) € H', 9 = (f,g9) € H'. Taking in (2.13) @ = w and
B = d°9 we obtain the analog of relation (3.5) for 1-forms

N
(dw, dV)n =Y (Apvrs — Acuks) Bigrs — Dofrs) =
k,s=—N
N
= Z [tr,~ N (DrGr,—rn — AN fr—rn) — Uke N (Digi,n — A fr,n) |+
k=N
N
+ Z [UTN,S(ANQN,S - ASfN,s) - ’U—N,S(ANg—TN,S - ASf—TN,S)]+
s=—N

+ (w, 6°d°0) .
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Letting N — 400 we obtain equation (3.6) for the 1-forms w, ¥ € H'. In the same manner we
can see that equation (3.7) holds for w, ¥ € H!. Adding we obtain

(dw, d°V) + (6w, 6°9) = (w, —AD). (3.8)

Thus it follows that
(—Aw, ¥) = (w, —AY).

For the rest of the proof let aw € H" be an arbitrary r-form. Substituting (2.19) into (2.12) we
get

|(_Acaa a)l = ‘ Z(4ak,s — Qrfs — Qg rs — Qgk,s — ak,as)ak,s <

k,s
S 4 Z |ak,s|2 + Z |04Tk,sak,s| + Z |04k,‘rsak,s|+
k,s k,s k,s

2 laonka@is] 4D ok ostis] < 8lla
k,s k,s

From this we conclude that || —A€|| < 8. Since —A¢ is self-adjoint, it follows easily that | —A¢|| = 8
(see for instance [10, Ch. 3]). O

Corollary 2. The operators (3.3) are positive, i.e. for any non-trivial r-form a € H" we have

(—A, a) > 0.

Proof. This follows from (3.6), (3.7) and (3.8). O
Corollary 3. For any r, r =0,1,2, we have
0(_Ac) = [0’ 8]7

where o(—A€) denotes the spectrum of —A°.

Proof. Straightforward. O

4 Discrete analog of the Green function

Let o(—A€) = C\ o(—A¢) denotes the resolvent set of —A°. In this section we try to describe the
resolvent operator (—A¢ —X)~1 X € o(—A°), of the operator —A¢: H® — H°. Let us introduce
a discrete form G(z, %) on €Y x €0 as follows

G(z,%) =Y Gro(@)ah®, where Gpo(#) =) Gromnz™"
k,s m,n
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and G, s.m,n € C for any k,s,m,n € Z. Hence we have

G(z,7) = Z Z GhosomnZ™s 2™, (4.1)

k,s m,n

This is a so-called discrete double form (for details see [11]). Note that in the continual case (for
differential forms) this construction is due to De Rham [13]. Tt is obvious that the basis elements
%% and ™" in (4.1) commute and G(z,%) = G(#,z). By analogy with (2.2), the double 0-form
G(z, ) can be written pointwise as

< Tk,sTm,n, G(ZC,ZE) >= Gk,s,m,n- (42)

Let ¢ € H°. Then we define a 0-form 6™, m,n € Z, by setting

5mn Z‘pks ks = Pm,n, (43)

where 6,7;1;" is the Kronecker delta. By analogy with the continual case, the 0-form 6™ defined by
(4.3) will be called a discrete analog of Dirac’s d-function at the point x, . We can write 6"™ as

m,n __ m,n ks __ _m,n
0 = 5 5k,s ™% = ™",
k,s

We need also the following double form

k,s m,n m,n

Definition 4. The double form (4.1) is called the Green function for the operator —A° : HY — HY
if
Grysymn(A) = (675, (=A° = X)~1em™m) (4.5)

for any k,s,m,n € Z.
Of course,
(A= \) L™ = Gy (, M),

It follows easily that
(—A° = X),G(z,Z,\) = 0(x, &), (4.6)

where (—A°® — X); is the operator —A° — X that acts with respect to x. Recall that in our
abbreviation x corresponds to k, s.
We have
(—A° =Nty = Z Z Gr.s.mm(N)@mnz®szm™m, € HY, Nep(—A%).

k,s m,n
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Indeed, applying (—A® — ), to the right-hand side gives

(_A Z‘Pmn mnfl?/\ e Z<Pmn —)\)xGmn(I /\) T —

m,n

N m,n, . m,n __ m,n . m,n __
—E Pmnd "™ —E Cmpx ™ = .

We now try to write the Green function for —A¢ in a somewhat more explicit way. For this
we construct a solution of the equation

—A°p=)\p, AeC. (4.7)

The following construction is adapted from [14], where the Green function is studied for Jacobi
operators. By (2.19), equation (4.7) can be written pointwise (at the point xy ;) as

4801@,5 — Prk,s — Pk,rs — Pok,s — Pk,os = )\<Pk,s- (48)

Applying the transformation A = —44 + 4 we reduce (4.8) to the equation

1
Z(SDT]C’S + Pk, s + Pok,s + Spk,as) = WPk, s- (49)

An easy computation shows that, substituting the ansatz o s = p*** into (4.9), we obtain
Pr (1) = (p £ R()**, (4.10)

where R(u) = —+/p?2 — 1 and /- denotes the standard brunch of the square root. It follows that
we can write the solutions ¢*(\) of (4.7) in the form

= e (wat, (4.11)
k,s

where @is(u) are given by (4.10) and 4 =1 — 2. Obviously, A € [0, 8] if and only if u € [—1,1].
By Corollary 3, A € o(—A€) leads to u € C\ [ ,1].

It is convenient to write @i (1) as

Prs(1) = o (1) - 93 (1), (4.12)

where ¢ (1) = (u + R(u))* and k,s € Z. Suppose pu € C\ [~1,1]. Then one has to examine
that the sequences (@7 (11))kez are square summable near +o00 respectively, i.e these are £2(Z) near
Foo.

Let ‘HY denotes the set of 0-forms whose restriction to K¢ belongs to H°. Here K9 (K9)
denotes the set of 0-cochains (2.9) with k +s >0 (k+ s <0).

Proposition 5. Let A € o(—A°). Then ¢ (\) € HY.

Proof. This follows immediately from (4.12). O
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Lemma 6. For any k, s € Z the component o} (1) - 5 (n) is a solution of (4.9)

Proof. Tt is easy to check that
Py —2upr +1=0.

It follows that o (1) - @5 (1) satisfies equation (4.9). Indeed, putting this in (4.9), we have

b (o7 (1) [(9F = 2uef + 1)o7 + (93 — 2upy + 1) ] =0.

Theorem 7. Let A € o(—A€). Then the components (4.5) of the Green function are given by

(1 + R(,u))lkam\Hm*n' fork=m, s>n
ork>m, s=n,

Gk,s,m,n(/\) ) S— (M+ R(M))\Gk—m|+‘ds—n‘ for k— m, s<n (413)
AR(p) _
ork<m, s=n,
(n+ R(,u))'kfm\ﬂs*n' for the all others,
where =1 — %.
Proof. We must prove that
< ThsTmn, (A=), G(x, ) >= 0", (4.14)

where G(z, ) is given by (4.1). Using (2.19) and (4.1), we can rewrite the left-hand side of (4.14)
as
(4 - A)CTYk,s,m,n - GTk,s,m,n - Gok,s,m,n - Gk,Ts,m,n - Gk,as,m,n =
= 4MGk,s,m,n - (Grk,s,m,n + Gak,s,m,n + Gk,Ts,m,n + Gk,a’s,m,n)- (415)

The proof falls naturally into three parts.
Fix @y, . First, let &k = m and s = n. Substituting (4.13) into (4.15) and using (4.12), we

obtain

Note that o (u) = (u =+ R(u))° = 1.
Now we show that (4.13) satisfies equation (4.8) for the cases k = m, s # n and k # m,
s =n. Check the case k =m, s> n. In this case the left-hand side of (4.14) is equal to

#(lu) [4psor (1)1 (1) = 03 (1) @31 (1) = 5 (WP 2 ()=

— T ()T o) — o1 (Wi, (1)] = w(wi —2ppf +1) =0.
s—n-+ s—n QR(M)
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The proof for the case k =m, s <n (or k #m, s=n) is similar.

Finely, let k # m, s # n. We give the proof only for the case k > m, s < n. For the other
cases the proof runs similarly. In this case we have

1 1

Grsmn(\) = mwﬁm(u)wﬁs(u) = 1800 O (1) (1)) ()5 (1)-

Here we use that o1, = ¢, for any k € Z. By Lemma 6, ¢} (1)p5 (1) is a solution of (4.9) and so

is G,s,m,n(A) at the point xy, 5.

Thus, since G(z, %, A) with components given by (4.13) satisfies (4.6) and, by Proposition 5,
G(z,%,)) € H® with respect to x, it must be the Green function of —A€¢ : H — HO. O

It should be noted that the consideration of —A°: H? — H? does not differ from that carried
out for the O-forms ¢ € HY. In this case we consider (4.1) as a double form on €2 x €2 with
basis elements Q%°QP-4. Then we define the Green function as above and its components are given
by (4.13). The situation with —A° : H! — H! is more difficult. In this case, having written
equation (4.7) pointwise (at the elements ej, , and e} ,), we obtain a pair of equations (4.8) which
corresponds to the components ug s, vk s of w € H'. Roughly speaking, here we must describe
the Green function for each component of the 1-form w = (u,v). The reader can verify that the
components G s.m.n(A) of the Green function have again the form (4.13).
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