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ABSTRACT

A graphic study of wave front sets of exponential sub-Riemannian maps is performed for
homogeneous three dimensional sub-Riemannian manifolds. We verify that depending
on dimension of the sub-Riemannian isometry group of the manifold, the first singular-
ities of wave front sets are of two types. If the group is four dimensional, the singularity
is a conjugate point. If the group is three dimensional, there are two conjugate points
and the wave front set intersects along a segment which connects both points.
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RESUMEN

Un estudio grafico del conjunto fuente de ondas de la aplicacién exponencial sub-
Riemanniana es presentada para variedades sub-Riemannianas tri-dimensionales ho-
mogéneas. Verificamos que, dependiendo del grupo de isometria subRiemanniano de la
variedad, las primeras singularidades de los conjuntos frente de onda son de dos tipos.
Si el grupo es de dimensién cuatro la singularidad es un punto conjugado. Si el grupo
es tri-dimensional, hay dos puntos conjugados y el conjunto frente de ondas intercepta
a lo largo un segmento que une ambos puntos.

Key words and phrases: sub-Riemannian geometry, exponential map, wave front sets, singu-

larities, three dimensional manifolds.

Math. Subj. Class.: 53C17

1 Introduction

A Sub-Riemannian (SR) manifold is a smooth manifold M with a distribution D € TM and a
smooth fiber inner product (, ) on D. We will restrict the study to the three dimensional case M
and when D is a two dimensional contact distribution. We define the notion of a homogeneous SR
manifold, and describe the classification of simply connected homogeneous manifolds of dimension
three obtained by Diniz in [3]. Depending on G = Isom(M), the group of SR isometries of M,
there are two classes: dim G = 4 or dim G = 3. In the first case the manifolds are the Heisenberg
group H?, the sphere S? and the quadric Q3. The second case contains several Lie subgroups of
the Lie group GL(2, C) of the complex matrices of order 2. In fact, this class includes the special
unitary group SU(2), the universal covering E(Q) of the affine group E(2), the universal covering
S’U(l, 1), of SU(1,1), and two special groups G and G5 which we describe later. The classification
of contact homogeneous three dimensional subRiemanian manifolds depend on a sub-Riemannian
connection introduced in [5], through 4 parameters: A > 0, the curvature K and Wi > 0 and Ws
the torsion components of the connection.

The SR geodesics are minimizing curves tangent to D. This fact allows to define the SR
exponential map notion. Unlike the Riemannian case, the SR exponential map is singular at the
origin. We determine the SR geodesic equations and apply the equations to SR homogeneous
manifolds to obtain graphics of wave front sets (wfs) of SR exponential maps by using software
MATHEMATICA. It turns out that wfs are images of two dimensional cylinders, and they have
infinite auto intersections. Furthermore, conjugate points are points where the differential of a wfs
of SR exponential maps is singular. Generic results about wave front sets in three-dimensional
contact SR-manifolds can be found in [1],[2], and [4].

If dim G = 4 there is only one point at the first auto intersection of wfs and this point is
conjugate, as in Figure 1. If dim G = 3 the set of the first auto intersection is a segment, and the
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extremals of this segment are conjugate points, as in Figure 2. It is a conjecture that all wfs of SR

exponential maps are as Figure 1 or Figure 2.

2 Exponential Map

Definition 2.1 A sub-Riemannian three dimensional contact manifold consists of a manifold M,
together with a two dimensional contact distribution D (a vector sub-bundle D C T M of the tangent
bundle of M) endowed with a fiber inner product {, ).

As D is contact, we have D + [D, D] = TM.

Definition 2.2 An adapted basis (e11,e12,€21) s a basis of TM such that (e11,€e12) is an or-
thonormal basis of D. A coreferential 0'1,0'2,021 is adapted if its dual basis is adapted.

Proposition 2.1 There exists a unique form 6%', unless of sign, defined on M such that ker %' =
D and d9?! is the volume form on D.

The hypothesis that D is a contact distribution implies by the well known Chow’s theorem,
that any two points belonging to the same connected component of M can be joined by an horizontal
curve. That is to say there exists an absolutely continuous curve ¢(t) such that ¢(t) € D), for all
t where ¢(t) exists.

The length of a smooth horizontal curve ¢ :[a,b] — M is defined by

b
I(c) = / Ve, e(d))dt.

The distance between two points is given by the infimum of the horizontal curves lengths joining
these two points.

A sub-Riemannian geodesic is an horizontal curve that locally realize the distance between its
points. They are solutions of the Hamilton-Jacobi equations.

We start by given a description of the geodesics in terms of a local adapted frame. Let us

write
dett = a%111)(12) O A 612 + a%111)(21) 01 A 62 + a%112)(21) 012 A 921
dotz = a%121)(12) RN A a%121)(21) 011 A 621 + a%122)(21) 012 A 621
de?t = a%111)(12) O A 612 + a%111)(21) 011 A 621 + a%112)(21) 012 A 621,

It follows from Proposition 2.1 that
a?l =1
(11)(21) — =

Let p € Ty M determined by

pn= p11 91171 + w12 911,2 + w21 912,1
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Given A € Ty M we can associate canonically a vector g(A) € D, by (g(A),v) = A(v), for every

v € Dp. If we write u; = g(u), then we have

p1 = p11 €11 + p12 €12.

In the sequel we denote by (M, D, g) a sub-Riemannian manifold (M, D) with its associated ap-

plication g.

Next we get the equations for the geodesics. We follow [6] and [7]. Let m : T*M — M the
canonical projection and dr : T'(T*M) — TM its differential. Define a one form w on T*M by
t()wy = t(dr(v))A where A € T*M and v € T\ (T*M). The canonical sympletic form on T*M is
the two-form Q = dw.

If H is a Hamiltonian function on 7*M, we define the Hamiltonian vector field H on T*M
by Q(v, ﬁ) = 1(v)dH. The bicharacteristics of H are the absolutely continuous curves C(t) on
T*M such that C(t) = ﬁ(C(t)) for almost every ¢. A curve ¢(t) is say to be characteristic if
c(t) =7w(C(t)) on M, for some bicharacteristic curve C(t) on T*M.

Take a coordinate system (27) on a neighborhood of p € M. Given a vector A € T*M we can
write A = X X,;0%, where ai = 11,12,21. Then (27, \,;) is a coordinate system for T*M, and the

vector fields (%, %) form a basis of T(T*M). In particular, it is possible to suspend the vector

fields eqn; to T*M, and we denote them by the same symbols. In the same way, we denote by 6
the one-forms 7*(6*). With this notation, we obtain

W= Aail* and Q=" (dAai A0 + Xaydf*") .

at at

The Hamiltonian function associated to the sub-Riemannian manifold M is given by
j Lo 2
H(z,\) = H(z’, Aai) = 5()\11 + Al2),

and it is a straightforward calculus to show that

2
. 0
H(z,\) =) Ah—(eh——E:Zaffi)(aj))‘ﬁla,\ j)'
1=1 “

aj [l

Taking account that the geodesics are the characteristics curves, we get the following results:

Proposition 2.2 Given a point p € M and p € Ty»M \ DZJ;, the normal geodesic with initial

conditions (p, ) is the curve ¢, solution of the ordinary differential system:

¢ = 212:1)\11'811'

; l

Aaj + ZE1 A0 Zadat (30 = 0
c(0) =p

Aaj(0) = Haj

for all (o), where p = Yqiiaids".
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The stablished formulation of the normal geodesic equations are already in a desirable form for
our purposes.

The adapted referential (e11, €12, e21) writing in coordinates (z1, 22, x3) read as

0 0 0
611:E%1a—$1+E2— i

0 0 0
=FL,— +F%, — +E}, —
€12 125, + Lo 92 +

d d d
=FEl, — +F%2 — 4+ E3—
€21 21 8561 + 21 8172 + 21 8173

In our case the geodesic equations in 1 are given by the following system:

.I"l = /\11E111 + /\12E112
Ty = /\11E121 + /\12E122
A1+ Ar2 (M a<12>(u> + A2 “(12)(11) + X1 a1y 1)) =
A2+ At (A1 a 11) 12) T A12 a(u)(u) + A1 a(11)(12)) (2)
do1 + A (M1 a 11) o1 T A2 a(11)(21) + A1 a(11)(21))+
+A12 (A1 a(112)(21) + Az a%122)(21) + A21 a2112) 21))
z;(0) = z;(p)
Aaj(0) = faj

It is an easy verification that for any positive constant a, ¢(t, p, ap) = c(at, p, ). On the other
hand, at each point p € M there exists a neighborhood V' of 0 € Ty M such that

c(l,p,"):U=V\Dy =M
given by ¢(1,p, u), p € U, is well defined.

Definition 2.3 Let p € M and U as above.

1. The exponential map at the point p is the map exp,: U — M given by
exp, (k) = (1, p, p).

2. Let € > 0, the wave front set of radius € at p is defined by the cylinder image under the
exponential map: exp,{p € U : p?, + 3y = €2}

3. A vector v € U is a conjugate point if d, (exp,) : T,U — Texp, ()M is degenerated.
Our goal is to give information about the wave front set and the first conjugate point of

the homogeneous three dimensional SR-manifolds, through computational graphic images of the
exponential map.
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3 Homogeneous Sub-Riemannian Three Dimensional
Contact Manifolds

We start the section with the notion of sub-Riemannian isometry.

Definition 3.1 If f : M — N is a (local) diffeomorphism between two sub-Riemannian manifolds
(M,D,g) and (N,D’,¢') such that for every X,Y € T,M, andp € M

i) dfp(Dyp) = D/f(p);
i) g'(dfp(X), dfp(Y)) = g(X,Y)

then we say that f is a (local) sub-Riemannian isometry between M and N. Furthermore, is f is
a bijection, we say that f is a sub-Riemannian isometry.

Definition 3.2 A sub-Riemannian manifold M is homogeneous if the group
Isom(M) = {f: M — M|f is a sub-Riemannian isometry}

acts transitively on M.

Diniz in [3] obtained a classification of contact homogeneous three dimensional sub-Riemannian
manifolds, which we describe next. In terms of the sub-Riemannian connection introduced in [5],
it is possible to choose vector fields ei1, e12, €21 generating a Lie algebra as below:

le11,e12] = —Tienn —Taein — 2ea
le12,e21] = Teir + ez (3)
le21,€11] = Aeir +Teis

where \,I'1, 5, " are constants and A > 0, such that:

K=—-(2I'+T{+71%)
Wy = 29T = 2AT
Wy = —2I'1 T = —2AT,
W1 = :|:W2 .

Here, K is the curvature and W; and W5 are the components of the torsion, with W7 > 0. There
are two possibilities for the dimension of Isom(M): 3 or 4. In the case of dimIsom(M) = 4 we
have A = 0 and W; = W5 = 0. On the other hand, if dim Isom(M) = 3, we get A > 0 and

le11,e12] = —Ylers + 52 — 2ex
le12,e21] = Teir + ez (4)

[e21,€e11] = Aeir +Teia.
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C U(B Q

3.1 The case A\ =0 and W; =W, = 0.

Under the condition A = 0 and W; = W5 = 0, we have three different situations.

1. The first one is K = 0. In this case we get

le11,€12] = —2ex
le12,€21] = 0 (5)
lea1,e11] = 0

These relations corresponding to the Lie algebra of the three dimensional Heinsenberg Lie group
H3. Furthermore, H? is diffeomorphics to R®. We consider the vector fields

_ 0 .0
611_3:61 x8x3
0
_ 1
=5t g (©)
o — 9
21 — (9:103

2. The second possibility is K > 0. It turns out that for any r > 0, the associated Lie algebra

le11,e12] = —2ex
le12,€21] = —2e11 (7)
le21,€11] = —2e12

can be represented on the r-sphere of dimension three

S’? = {(y17y27y37y4) € R4 : y% +y§—|—y§—|—y2 :TZ}

by the vector fields

0000
11 Y3 E Ya £ U1 T Y2 ETA
€10 = — i_ i—F i—F i (8)
12 = y48y1 y36y2 y26y3 y16y4
0
621__y26_y1+y16_y2_y46_y3+y36_y4

3. For the third possibility K < 0, we consider the manifold

Q% ={(y1,y2,y3,52) ER* 1y + 93 — 3 — 3 =17}
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and the vector fields tangent to Q2 determined by

0
11 =Ys— — Y— +Yy1— — Yo—
11 = Y3 Em Ya £ Y1 T Y2 ETA
€19 = i + i + i + i (9)
12 = Y4 s Y3 E Y2 I Y1 E
0 0 0 0

Y T T oy P om

which generate the associated Lie algebra

lei1,e12] = —2e
le12,€21] = 2en
[e21,€11] = 2eis.

3.2 The Case A > 0, W; =W, =0.

Let us assume that A > 0 and W; = W5 = 0. In this case, 'y = T's = 0 and ' = —% in (4).

Therefore, we get

le11,e12] = —2eq

K
le12,€21] = —gen + Aeia (10)
lea1,e11] = e — 5 €12-

In the sequel we will describe the different possibilities depending on the parameters K and A\ and
its relative positions as real numbers. It turns out that five classical Lie groups appears. In each
case, we mention the Lie group G and a basis (f1, f2, f3) for the corresponding Lie algebra g. To
obtain the structure equations (10), we explicity introduce the adapted vector fields (e11, €12, €21).
On the other hand, in order to write down the associated ordinary differential equations system for
the sub-Riemannian geodesics, we use a local coordinate system for the Lie group at the identity

element.
(1) Case K > 2).

It turns out that the group is

G=SU@2)={AcGL(2,C): AA =1 and detA=1}.
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Here we consider,

n=lo S e (E e a)
b [58] s (FR Ao
p=[V 8] esivEE g
where
[flan] = 2f3
[fo. f3] = 2fi (12)
[f3af1] = 2f2 :

(2) Case K = 2\.

The group is G = E(Q), i. e., the universal covering of the Lie group E(2) defined by

1 0 0
E@2) = r1 cosxz —sinzs | 11, 20,23 ER . (13)
Ty sinxz  cosxs

A basis of the corresponding Lie algebra and its adapted vector fields are as follows:

0 0 0
fi=]|1 00 , e11=V2\fa— fi
000
[0 0 0
=10 0 1 . el =V2 2+ f1 (14)
[0 -1 0
[0 0 O
f3: 0 0 0 5 821:\/2)\f3
100

(3) Case —2X < K < 2.
Here, the Lie group is G §[7(1, 1), the universal covering of SU(1,1) defined by

SU1,1)={A€GL(2,C): AJA' =J and detA =1}, (15)
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where J = { (1) _01 } Analagously

0 1 /
f1: i :| ) 611—%( )\+7f2— A—%fl)
;0
fa= 8 _Z-] ; 612—%( A+ E o+ A& ) (16)
[0 1
fs=14 0} ;e =1 (VA2 -K?) f
(4) K = -2\
In this case the group G is given by
! 00 coshzs sinhz
_ : _ 3 3
E(1,1) = il Alzs) tx1,x2,23 € R and  A(zs) = sinhzs  coshay (17)
2
and the Lie algebra basis and its adapted vector field are:
[0 0 0]
Ji=10 01 ;e = fa—V2\fi
10 1 0 |
[0 0 0]
f2 = 1 0 0 , €12 = f2 -V 2/\f1 (18)
L0 0 0 |
[0 0 0]
f3= 00 ;€21 = V2\f3
|1 0 0 |
(5) Case K < —2\.
In this particular situation, G = SU(1,1), (f1, f2, f3) are as defined in (16) and
en = (V0B A-yA -5 1)
ez = 3 \/_( )f1+\/)\—— ) (19)
€21 = % K2 - 4A2f .
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3.3 Case Wy =+W,#£0

Assume Wy = Wy > 0. Thus, I' = —X and K = 2\ — 2(%)2. In particular, K < 2\ and

% =\/A—= % So, the structure equations are

K K
lei1,e12] = —\[A— 5 €1 +4/ A= 5 €12 ~ 2e21

le12,€21] = —Xeir + Aeis (20)

[e21,e11] = Aeir — Aers.

We introduce the notation

g1 = €12 — €11, g2 = —€12, g3 = €21,
to get
K
l91,92] = VA~ 5020
(92,93 = —A; (21)
lg93,91] = 0.

It follows that h = Span{gi, g3} is an Abelian Lie algebra of some Abelian Lie subgroup H of G.
If H is simply connected, we get H = R?. Let S = R be the corresponding simply connected Lie
subgroup associated to the Lie subalgebra generated by g2 and denote by s its Lie algebra. Under
these condition the map

o:s— gl(h),
defined by
o(X)(Y) = [Y, X],

X esand Y € his well defined. Since R is a simply connected Lie group, associated with the Lie
algebra homomorphism o there exists an unique Lie group homomorphism ¢ : S 2 R — GL(H)
such that the diagram below commutes, [8]

R - gl(R?)
exp | | exp
R - GL(R?

Since exp : R — R is the identity then ¢ is explicity determined by the equation

5(1) = expoltgn)) = exp(t | VAT K/2 A

On the other hand, the group G is given by the semi-direct product of R x R?, relative to .
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a
c

. b .
We must determine e, where A = { 0 ], with a, b, ¢ non zero complex numbers. The

characteristic polynomial roots are

where A = a? 4 4bc. In particular, A # 0 implies that A é diagonalizable over C. Then

P S VR I
ar[% 0

where —_—
=l
Thus ) - » Ao »
e —exp(T{O /\Q]T )—T[ 0 e)\z}T
therefore

If A <0, we obtain

2 ) _ 2
(*5) (52)
A vV=A
cosh(i) = cos( ).
2 2
. b b » 10
In the case A = 0, if we take T' = 0 e , then A =TDT~", where D = 5 11 - So
2
= D" 1 0
D _ ~_ Ja/2
SRl E
and
e = TePT7!

9]
S
~
)
—N
| —
(SIS
| =
(S]]
—_
_l’_
~
——

In resume, we have
es [% smh(@)B—i—cosh(@)I} ,if A >0

et =L eF[B+1] A =0

e%[ 2 sin(VgA)B—l-cos(‘/;A)I} A <0
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whereA—{a b}B_{a/Q b }andA-aQ—l-élbc.
c 0 c —a/2

To obtain ¢ we do a = t4 /A — %, b= Xt and ¢ = —2t, to get

et [2ME B+ cosh(3t)1] if K < —14),

o(t) =< e“[tB + 1] Jf K= —14),

eatt [%B " cos(ﬁft)f} Jf — 140 < K < 2)\,

o A
where a = 2 A—%,ﬁ:ﬁ\/—ff—mx 5’=ﬁ\/K+14/\andB: [ }

-2 —«

It is an easy verificaton that o is one to one, so we get the following representation:

0 0 0
G = T 5t) cx,y,t €R
In any case,
0 00 0 0 0 0 00
g=—11 0 0], gg=—10 22 XN |, g3=—]0 0 O
0 00 0 -2 0 1 00
is a basis of the Lie algebra of G that satisfies (21). Therefore,
e11 =—(91+92), e12=—ga, €21 =3
is the basis that satisfies (20).
The case —W5 = W7 > 0 is similar, so K < —2)\ and we otain
1 0 0
Gy = T o(t) rx,y,te R,
where
o(t) = e Sin;lﬁfB—l—coshat.I} , o= %\/—/\— g, 8= ;ﬁm and B = [ ;‘ _)\a } )
A basis of the Lie algebra as in (20) is given by
0 0 0 0 0 0 0 00
e1=|1 —a =X|, e2=]10 a XN|, e;=—]0 0 0
0 -2 0 0 2 0 1 00

We can resume our classification as:
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Group A K Wi W
H3 0
53 0 K =4/r? 0 0
Q3 K = —4/r?
SU(2) K > 2\
E(2) K =2\
SU1L,1) | A>0| —2A < K < 2X 0 0
E(1,1) K =—2)
SU(1,1) K < —2X
G |a>0| K=2-% [wiso|w=w
Go K=-2-% |wi>0| m-m

Observe that S? = SU(2) and Q3 = SU(1,1).

4 Singularities of the Exponential Map
In order to show some details of the graphs of wfs and the singularities at the first conjugate points,

we use a specific computational programme (see Apendice A).

4.1 Heinseberg group H*

From (5) and (6) we know that the no null terms in the geodesics equations (2) are
21
Elll = lvEfl = _I27E122 = 17E?2 = Il’agllg(w) =2

then we get the differential system

it = A1
i? = D)
i3 = —.%'2)\11 + CCl/\lg

):\11 +2A12 221 =0
A2 —2A11 Az =0
A1 = 0.

In Appendix A, we have a programme which allows to show the graphics of the wave front set
and some details of the singularity at the first conjugate point. In particular, for the Heinsenberg

model we get Figure 1 .



ggg’og Wave Front Sets Singularities of Homogeneous ... 121

L0800y o,

(a) Half of wave front set with e =1 (b) Singularity at the first conjugate point

Figure 1: Type with circular symetry: Heisenberg group.

4.2 S8

In (8) we showed the associated vector fields on S% € R*. To write down the differential equations
for geodesics, we write these vector fields in the coordinate system

Y1 = COS L1 COS X2 COS T3

Y2 = COS L1 COS T2 SIN T3 (23)
Y3 = COS X1 Sin T
Y4 = sinx

to obtain the correspondent vector fields €11, €12, €21 on R?. The components of these vector fields
in the coordinate basis are
Bl = — cos(z?)sin(2®)
FE}, = cos(x®) — sin(2?) sin(z®) tan(a!)
B}, = sec(z?)sec(2®) tan(zh)+

+ sin(z?)(tan(2?) — cos(z?) tan(z!) tan(2?) — sin(z?) tan(z') tan(2?) tan(2?))
Ei, = cos(x?) cos(z®)
F2, = sin(x®) + cos(2?) sin(2?) tan(z!)

)

E3y = cos(x?)sin(z?) tan(z') + tan(2?)(— sec(x®) + sin(z®)(sin(2?) tan(z') + tan(z?)))

From equations (7) we know that

alinyz) = Gi2) @) = 0GHa1) = —2

and all others coefficients are 0. So replacing these terms in (2) we obtain the differential equations
for the geodesics. Applying the commands in Appendix A we get Figure 3 that shows half of the
wave front set with the singularity at the first conjugate point, which is similar to the Heisenberg

case.
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4.3

In (9) we determined the vector fields on Q3 C R* generating the associated Lie algebra (10). By

using the coordinate system

y1 = cosh xy cosh zs cos z3
y2 = cosh x1 cosh x5 sin x5
ys = cosh 21 sinh x

Y4 = sinh x

(24)

on Q3 we obtain the correspondent vector fields €1, 12,621 on R? whose components in the

coordinate basis are

E}, = — cosh(z?)sin(z?)

B}, = cos(x?) 4 sinh(2?) sin(2?) tanh(x!)

E3 = —sech(z?) cos(2®) tanh(2!) — sin(z?) tanh(z?)
3

E}y = cosh(x?) cos(z?)
E2, = sin(z?) — cos(z?) sinh(2?) tanh(z')

EfQ = — cosh(2?) sin(z®) tanh(z') 4 tanh(z?)(cos(z®) + sin(z®) sinh(2?) tanh(z')) .

From equations 3.1(3) we know that

—ain(2) = Az) ey = 0@Ha1) = —2

being 0 all others coefficents. Replacing these coeficients in the geodesic equations (2) we obtain
the differential equations of geodesics. As above, we obtain Figure 4 that shows the half of the
wave front set with the singularity at the first conjugate point, similar to the Heisenberg case.

4.4 SU(2)

The case K > 2) corresponds to G = SU(2) = {A € GL(2,C)|AA! = I,det A = 1}. Then

SU(2) = “ I,) ca,b€ C,aa+bb=1
-b a

If we write a = y; +iy2 and b = y3 +y4, then SU(2) can be represented as S® C R* by the equation
Y3 +y5 +y3+y3 = 1. Let us take (23) as coordinates of S®. A basis of the Lie algebra that verifies
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(12) is
f i + t 2
1= —SIToy—— CosSxotanri —— -
ox1 0xo 0x3
fo = cosxzgysinzg—— + (cosxs + sin g sinxg tan x1) —— + (— sec x2 secxg tan x1+

oxy O

+ sin z3(tan o + cos x2 tan x1 tan xz + sin 2 tan x; tan zs tan ;53))8—
T3

0 . : 0 .
f3 = cosxocosrz— + (— sin xs + cos x3 sin xo tan xl)— + (cos To sinxstanx+

oxy O0xa

0
+ tanzo(sec x3 + sinzs(sinzy tanzy — tanws)) — +

813 3(9—564
It follows from 11 that

Elll = (sinzy + a0 cos o sin 3
E} = — Bcoszytanz; + a(coszz + sinxg sinzz tan 1))
E} = — B+ a(—secaysecastanz;+
+ sin z3(tan xe + cos x2 tan z1 tan xs + sin xe tan 1 tan zo tan x3)
E%Q = — f(@sinxs + acoszg sinxs
E?, = Bcosxg tanxy + a(cos x3 + sin g sin z3 tan 1)

E3, = B+ a(—secxysecxs tan i+

+ sinxg (tan To + cosxo tan x1 tan xr3 + sin xo tan xp tan xo tan x3)) ,

with

1 /K 1 /K 1l =
O[:§ —+A, 625 ?—A and Y= K2—4)\2-

2 4

Replacing these coefficients in (2) and taking account the relation on (10) we obtain the differential
equations of geodesics. Processing the program in Appendix A with the data above, we get Figure
2 which shows that there are two first conjugate points at each “side” of the wave front set. It also
shows that the auto intersection of wfs happens along a segment of line connecting both conjugate
points. Some details of the singularity at the first conjugate points, are showed too.
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\
\
\‘\‘

=

———

(c) Wave front set

Figure 2: Wave front set without circular symmetry: SU(2), K > 2A (K =3, A =1).

4.5 E(2)

The case K = 2 corresponds to G = E(2), where E(2) is defined in (13). In the coordinate system
Z1,x2,x3 a basis for the Lie algebras (14) is

f1 =cosz i—|—simgc i
1= 385E1 38I2
9

f2 83:3

) 0
f3 = —Sln.fgg +COS$3%
1 2

where
[flva] = _f3
[f2, f3] = —f1
[f3, f1] =0,

and the coefficients of generators (e11, €12, €21) to replace in equations (2) are

El, = —cosxs, E? = —sinxs, B} = —V2K, Fi, = cosxs, Ey =sinxzs, Ejy = —V2K.
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Applying the computational program in Appendix A to the above data, we get Figure 5 with half

of the wave front set and the singularity at the first conjugate points. The singularity is the same
as SU(2) in subsection 4.4.

4.6 SU(1,1)

Let us consider —2X < K < 2. In this case G = gﬁ(l, 1), as in (15) where

b
a

SR

SU(1,1)=H ]:a,bec,aa—bbzl}.

By the identification a = y; +iy2 and b = y3 + ¥4, we have that SU(1, 1) is isomorphic to Q3 C R*.
It turns out that aa@—bb = 1 transforms into y? +y3 —y2 —y? = 1. We take the coordinate system
(24) on @3 to have the basis (16) of the Lie algebra generated by
. . 0
f1 = coszscoshzg—— — (sin s + cos z3 sinh x5 tanh 21 ) —+
oxy Oz
0
+ (—coshzg sinxz tanh 1 + (— cos z3 + sin zg sinh 9 tanh 2 ) tanh z9) —
T3
0 9] 0
fo = —sinhxg—— + coshxg tanhz; — + — (25)
8:01 8:172 8:173

0 0
f3 = coshaxgsinzg— + (coszg — sinxg sinh 29 tanh 21 ) —+
o1 Oz

0
+ (cos z3 sech zg tanh 1 — sin zg tanh o) —

3
where

[f1. f2] =2f3

[f2, f3] = 2f1

[f3, f1] = —=2f2 .

It follows also from (16) that the coefficientes to substitute in (2) are

Ell1 = — fBcosxscoshxy — asinh zg

E121 = «acoshzy tanh 21 + G(sin zg 4 cos xg sinh x5 tanh 1)

E3}, = a — B(— coshzg sin 23 tanh 1 + (— cos 3 + sin 3 sinh 2 tanh 2 ) tanh )
E112 = (B cosxzcoshry — asinhxs

E}, = acoshzy tanh 1 + B(—sinzz — cos z3 sinh x5 tanh 21 )

EfQ = a+ B(— coshzy sinxz tanh z1 + (— cosx3 + sin 23 sinh z tanh 21 ) tanh z:3) |

with
1 /K 1 K 1
a=-A/—+\NB==4/A——= and 7=-vV4\2 - K2
2V 2 2 2 4
We obtain the graphic of the wave front set in Figure 6, which shows the same type of singularity
as in the subsections 4.5 and 4.6 before.
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4.7 E(1,1)

For the case K = —2\ the associated Lie group is G = E(1,1), see (17). In the coordinate system
x1,%2,x3 a basis for the Lie algebra is

0
fi= e
fo = cosh i—|—s' hzs—
2T s (91‘1 — (91‘2
fs =sinhz i—l—coshx —
5 38,@1 3(91‘2
and

[f1, f2] = f3

[f2, f3] =0

[f1, f3] = fo

It follows from the adapted basis (18) that the coefficients to be substituted in (2) are
E}, = coshxs, E? =sinhas, EY =2\, El, = coshzs, EZ, =sinhxs, B3, = —vV2\,

The graphic of the wave front set in this case is in Figure 7. Again, the graphic shows the same
behaviour as the subsections 4.5, 4.6 and 4.7 above.

4.8 SU(1,1)

I:\e/t’s now examine the case K < —2\. The Lie group G is isomorphic to the universal covering
SU(1,1) of SU(1,1). We consider the basis (25). The coefficients of the adapted basis (19) are
Elll = «cosx3 coshxy — 3 cosh xz sin x3
E}, = acoshzy tanh 2y 4 B(sinz3 + cos x3 sinh zy tanh ;)
B}, = — B(cosxzsecas tanhzy — sin 3 tanh x5)+

+ a(— cosh g sin z3 tanh 21 + (— cos x3 + sin x3 sinh x5 tanh 21 ) tanh x5)
E%Q = «cosx3 coshxy — + coshxg sinh xg

E%, = a(—sinxs — cosx3 — sinxg sinh zp tanh x1)

EfQ = [(cos xgsechzy tanh z1 — sin z3 tanh zo)+
a(— coshxg sin zg tanh 21 + (—cosx3 + sin 23 sinh x5 tanh 1) tanh ) |
with
1 K 1
/\ /A= = d =V K2 —-4)2
\/ + T3 g M Ty
Replacing these coefficients in (2) we obtain the graphic of the wave front set in Figure 8. Again,

the graphic shows the same form as the three subsections above.
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4.9 G4
This case corresponds to We = W; > 0. The structure equations are

le11, e12] = —2ce11 + 2ce12 — 2e91
lea1, e12] = A(enr — ei2)
lea1, e11] = Alenr — ei2)

where o = %« /X — & The associated group is

1 0 0
G1: 1 5(1‘3) 2$1,$2,$3€R
T2
where
inh
a3 <WB + cosh(ﬁx3)1> if K < —14)
d(x3) ¢ e* (z3B + 1) Jif K = —14)
: /
oz <s111(§7/:1:3)3 + cos(ﬁ’:z:;,»)[) S — 14N < K < 2)
and
1/ K 1 1 a A
a=-\/A——, f=—cV-—K —14) ':—\/K+14)\eB:{ }
2 b 2V2 g 2v/2 -2 —a

In this particular situation, we distinguish three cases, given by conditions K and A on o

Case K < —14\. A basis for the Lie algebra in a system of canonical coordinates is:

f5j f5j
91 = — 0115, — 0213,
92 o o o
93 = =012, — 0223,;

where

[92,91] = —2ag1 + 293
[92,93] = —Ag1
[93,91] =0
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and
o011 = e” (% sinh(Bzs) + cosh(ﬁacg))
091 = €% <%2 sinh(f8z3 >
o120 = e (% sinh(fz3 )
oy = O3 <_% sinh(Bxzs) + cosh(ﬁxg)).

The vector fields satisfying the structure equations are

e11 = —(g1 + 92)
€12 = —9g2

9 9
€21 = —0125,7 — 0225,

then
Bl =01, E?, =00, E}, =1, El, =0, E}, =0, E3,=1.

We show the graphic of singularities at wave front in Figure 9.

Case K = —14)\. In this case, the basis of the Lie algebra is

g1 = —0113%1 - 0213%2
__ 9
92 = ~ 54, )
93 = —0123,; — 0225,
where
[92, 91] = —2ag1 + 2g3
(92, 93] = —Ag1
[g3agl] =0
and

011 = eo‘”(l + 041'3)
091 = eamg (—2173)

01220

0929 = O
The vector fields satisfying the structure equations are
e11 = —(g91 + 92)

€12 = —g2
— 1o} 1o}
€21 = —0125,] — 0225,
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thus

Bl =01, E?, =00, E}, =1, El, =0, E}, =0, E3,=1.

The graphics of the singularities at wave front set are in Figure 10.

Case —14\ < K < 2)\. Here a basis for the Lie algebra in a system of canonical coordinates is

given by:
g1 = —0113%1 - 0213%2
__ 0
92 = ~ 5.,
_ 9 )
93 = —0125,7 — 0225,
where
[92, 1] = —2ag1 + 2g3
92, 93] = —Ag1
[g3agl] =0
and

011 :8

sin(3'x3) + cos(f’ xg))

g
e (Gt
g

1nﬁ:173>

@IQ

J12 :e

@IV

O = €73 (—E sin(3'x3) + cos(ﬁ’:vg)).

The vector fields satisfying the structure equations are

e11 = —(91 + g2)

€12 = —g2
f5i f5i
€21 = 0125, — 0225,

then

Bl =01, E?, =00, E}, =1, El, =0, E%, =0, E3,=1

The graphics of singularity at wave front set are in Figure 11.
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4.10 Gy

This last case corresponds to —Ws = W3 > 0. The structure equations are

le11, e12] = —2ce11 — 2ce12 — 2e91
[e21, e12] = —A(e11 + e12)
lea1, e11] = A(enr + ei2)

where o = %\/—)\ — % The group is

1 0 0
Gy = T o(z3) 1 x1,%2, 23 €ER
x2

Here
o(xz) = e <%B + cosh(ﬁx3)1> ,
and
f= - VIIN"F, e B_{a A }
22 2 -«
Thus

Bl = —eo%s (% sinh(Bz3) + Cosh(ﬁx3))

F? = eo®s <_—2 sinh(ﬁxg))

s
BB =1
El,=0
E?, =0
E?z =

The graphics of singularity at wave front set are in Figure 12.
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5 Appendix A: Commands in Mathematica to Generate
the Wavefront Sets

In this appendix we stablish a list of commands in the MATHEMATICA Programme. By using
the values of the functions E} ; for the corresponding Eij and a‘(lﬁij) (v in the equations for y't,

these commands builded all the pictures showed in this work,

In[1]:
In[2]:
In[3]:
In[4]:
In[5]:
In[6]:
In[7]:

In[8]:
In[9]:
In[10]:

= Ei11[x1_,x2_,x3.]:=1

= E21[x1_,x2_,x3_.]:=0

= E31[x1_,x2_,x3_]:=-x2
= FE12[x1_,x2_,x3_]:=0

= E22[x1_,x2_,x3_]:=1

= E32[x1_,x2_,x3_]:=x1

geolcl_,c2_,a ,r ]:=Evaluate[{x1[t],x2[t],x3[t]1}]/.Flatten[NDSolvel[{
x1° [t]==E11[x1[t],x2[t],x3[t]1*y1[t]1+E12[x1[t],x2[t],x3[t]1*y2[t],
x2’ [t]==E21 [x1[t],x2[t],x3[t]]*y1[t]+E22[x1[t],x2[t],x3[t]]*y2[t],
x3’ [t]==E31[x1[t],x2[t],x3[t]I*y1[t]+E32[x1[t],x2[t],x3[t]]1*y2[t],
y1’ [t]==2xd[t]*y2[t], y2’ [t]==-2*d[t]*y1[t], d’[t]==0,
x1[0]1==0,%x2[0]1==0,%3[0]==0,y1[0]==c1,y2[0]==c2,d[0]==a},
{x1,x2,x3,y1,y2,d},{t,0,r}]]

WaveFront [u_,v_,r_] :=geo[Cos[u],Sin[u],v,r]/.t->r
ParametricPlot3D[WaveFront [u,v,1],{u,0,2 Pi},{v,3,3.4}]
ParametricPlot3D[WaveFront [u,v,1],{u,0,2 Pi},{v,-7,7},PlotPoints->
{20,100},PlotRange->{{-1,1},{0,1},{-0.5,0.5}},ViewPoint->{0,-1,0.3}]
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Figure 3: 52 ball section Figure 4: Q2 ball section.
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Figure 6: SU(1,1), 2\ < K <2X (A =1, K =1).

Figure 7: E(1,1) (A =1). Figure 8: SU(1,1), K < =2XA (A =1, K = -3).
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Figure 9: G1, K < —14X (A =1, K = —15). Figure 10: G1, K = =14\ (A =1).

Figure 11: Gh, —14A< K <2X (A =1, K =0). Figure 12: G, (A =1, K = -3).



2 B
134 Victor Ayala et al.
Received: November 2007. Revised: January 2008.
References
[1] A.A. AGRACHEV, Exponential mappings for contact sub-riemannian structures, J. Dynamical

2]

Control Systems, 2 (3), 321-358, 1996.

A.A. AGRACHEV, G. CHARLOT, J.P.A. GAUTHIER, AND V.M. ZAKALYUKIN, On sub-
riemannian caustics and wave fronts for contact distributions in the three-space, J. Dynamical
Control Systems, 6 (3), 365-395, 2000.

M.M. DinNiz, Variedades sub-riemanniana de contato de dimensao 3, Master’s thesis, Univer-
sidade de Sao Paulo, 1996.

E.-H.C. EL-Avaoul, J.-P. GAUTHIER, AND 1. KUPKA, Small sub-riemannian balls on r3, J.
Dynamical Control Systems, 2 (3), 359-421, 2000.

E. FALBEL, J.M.M. VELOSO, AND J.A. VERDERESI, Constant curvatures models in sub-
riemannian geometry, Matematica Contemporanea, 4, 119-125, 1993.

W. Liu AND H.J. SUSSMANN, Shortest paths for sub-Riemannian metrics on rank-two distribu-
tions, volume 118 of Memoirs of the American Mathematical Society. American Mathematical
Society, 1995.

R. MONTGOMERY, A tour of sub-Riemannian geometries, their geodesics and applications,
volume 91 of Mathematical surveys and monographs, American Mathematical Society, 2002.

F.W. WARNER, Foundations of differential manifolds and Lie groups, Scott, Foresman, Glen-
view, 1971.



	N8

