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Sorne Problerns in Functional Differential 
Equations * 

Manuel Pinto 

Abstract. 
Functional differential systems close to ordinary differ­

ential systems, which are an h-system in variations, are s­
tudied. We obt.ain existence resulta and asymtotic formulae 
for their solutions. Severa! explicite examples and applica­
t. ions are shown. 

1 Systems of functional differential equations clase 
to systems of ordinary differential equations. 

In [l], Bellman proposed to investigate conditions on the lag r to know the behavior 
of solutlons oí the íunctional differential equation 

u'(t) + au(t - r(t)) =O, a constant (1) 

when r(t) - O as t, - oo. In [2], Cooke proves that if r E L1(\0,oo)) then any 
solution u of (1) satisfies 

u( t) = e"'[c + o(l)], t - oo 

for sorne constant c. In [3J, Cooke generalizes this result to linear systems of 
functional differential equations a.symptotically autonomous. Crossman a11d Yorke 
\4] consider the one-dimensional functional differential equation 

u'(t) = a(t)u(t - r(I.)). 
~~~~~~~~~~ 
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We consider systems of functional difl'erential equatioos whicb bebave esym~ 
totically asan ordinary h-system ¡s, 6J. That is to say1 let P: !O,oo) x Rn - Rª a 
continuous function witb derivative P11. = Pz(t,z) conlinuous for whicb the system 

x'= P(t,x) (2) 

is an h-system in variation. We recall that (2) or the null-solution of (2) is an 
h-system in variation [5,6] if there exista continuous íunction h: ¡01 00) - (0,oo) 
and constants K ~ 1, and 5 >O such that for O :SI zo I< 6 we have 

1<P(t,to,xo)1:5 Kh(t)h(t,¡-' t ~to~ O 

wbere r/l(t, lo, xo) is the fundamental matrix of the variational system 

z' = P,(t,x(t,to,xo))z 

witb ~(tg,to,xo) =Id (t.he identit.y matrix) 
FUrther, let F: jO,oo) x C0 - Rn for which the system 

y'= F(t, y,) (3) 

verilies 

1 F(t,y,)- P(t,y) 1:5r(t)11y;11, (4) 

wbere r E C(IO,oo), ll) and O$ r(t) ::; q. Here e, = C(l-q,Oj,ll") and ií 
y E C([t - q, tj,JR.n), we denote y1 the element in C0 defined by 

Y<(•)= y(t + •), -q $ s $O. 

We define also for y E C([t - 2q, !J, ll"): 

y,(•) = y(t + •), -2q $ ' $o. 

Moreover, we define 

11Y11= sup 1 y(s) ¡, 
-.,:;:,:so 

and 

Theorem 1.1 As.mme 

(i} The ordinary differential system (2) is an h-system, with radius o/ 
attraction 6 

(ii} There exists a continuou.s and nonnegative function c(t) such that 

1F(t,g) 1:5 c(t) 11911 

for all t ~ O and all g E Co. 
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(iii} There eziata a continuow and nonnegative /unction r = r (t) such 
that / or all c.ontinuoualy differe.ntiable g E Co and all t ~ O: 

1 F(<,g ) - P(t,g(O)) IS r (t) 11g;11 

iv} ¡'.l(t)r(t) 11 c. llE L1([0,oo)), where ¡'.l(t) = h (t)-1 11 t'11> · 
Then for any solution y= y(t;t0 ,y~) o/ (3} with 11111ci JIS 6 there exists a 

solution x o/ (1) such that y= x + h·O {!} , where O (1) is a function defined 
on [to,oo) which converges as t - oc. 

Proof lf 1 y(to) IS 6, then the solution x = x(t¡ to, y(to)) is well defined and verifies 
1 x(t, to, y(to)) IS K [ y(!o) 1 h(t)h(tot1 for t 2: to 2: O and K <: l a constant. Now, 
by (ii) y= y(t, to, Y10 ) is defined on [to - q, oc). By the formula oí variation of the 
constants, we ha.ve for t ~ t1 ~ t.o 

y(t) = x(t; t 1, y(t1)) + J' "'(!, s, y(s))[F(s,y,) - P(s, y(s)))ds. (5) 

" 
Then, by ( i) and ( ii) 

1 y(t) [$ K 1 y(t1) 1 h(t)h(t1¡- 1 + Kh(t) J' h(s¡-' r (s) 11 u: 11 ds ,, 

h(t¡- 1 [ y(t) [S Kh(t1) - 1 1y(t1)1 +Kf' r(s)h(s)-1 11u:11 ds. 

" Thus :(t) = h(t) - 1 1 y(t) 1 satisfies 

z(t) $ K z( t;) + J' Kr(s) h(s)- 1 11u:11 ds. 

" 
For u El= [-q, OJ and s ~ ti, by (ii), we have 

1 u: (u) l=I F(s +u, y,..) IS c,(u) 11 y,.., 11= c, (u) [ y(v) [ 

for sorne v = v(s) E [s -2q,s] , Further, 

c(s + u)h(s)-1 [ y(v) [= c(s + u)h(s¡- 1h(v):(v) S ¡'.l(s)c(s + u)z(v). 

Thus denoting m(t) = max{z{u) : to - 2q :5 u :5 t} we get 

h(s) - ' 11 u; llS /l(s) 11 e, 11 m(s). 

Substituting this into (6) we obtain 

z(t ) $ Kz (t1) + J' K r(s)¡'.l(s) 11c, 11 m (s)ds. 

" 

(6) 

(7) 

(8) 

Since the right member of (8) is increasing as a function in t , we have m(t) :5 
Kz(t1 ) + J,', Kr(s)/l(s) 11e,11 m(s)ds . Then by (iv), Gronwall's inequality implies 
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that m and beoce:: are bounded. Moreover, for any t fixed 4'(t,a 111(a))IF(•,¡,i.)­
P(•,y(s))) E L1{IO,oo) as a functiou oís becauoe by (i), (üi), (iv) and (7) we get 

l "'(t,.,y(s))IF(s,y,)- P(s,v(•)) ) )S Kh(t)h(s) - 1r (s) 11 v: IJS 

S K,h(t) 11 e, 11 r (•)/l(s)m(s) S K,h(t)r(s)/l(s) 11 c, IJE L1(IO, oo)). 

Tben the integral in (5) can be written as h(t)· ó( l). wbere 0(1) denotes a 
íunction oí t which has a limit as t - oo. • 

Theorem 1 includes t he interesting type oí equation.s a.s: 

v' = F(t, v(t) - v(t - r(t)) ) (9) 

For this equatlon, system (2) becomes x' = O and {iii) becomes 

1 F(t,g) IS r(t) 11g' 11 (10) 

Thus here h = 1, f3 = 1 ancl we have 

Corollar y 1.2 Le.t 11..s assmne (ii), (iv} with f3 = 1 and (iii} with (9) instead 
o/ (3) . Then for any solution y= y(t;lo,y1a) of {9} there exists a comta.nt 
vector such tha.t 

Y= y(t,) +v +o(I) 

as t - oo. In particular, any solution of (9) is asymptotica.lly constant. 

• 
fo, equations y'= y3(t.) - v'(t - r(t)) º' v' = lv(t) - v(t - r (t))J' rondition (4) 

beco mes 
1 F(t,g) Is Kr(t)w(IJ g' IJ) (11) 

Thus from lemma 1, !SJ we obtain: 

C oro llary l.S Assume {ii}, (iv) and {iii) wit/¡ {11) imte.ad o/ (4). Then 
there exists a conslanl 5 > O such thal any solution 11 = 11(t;to,11io) with 
IJ y,, IJ S 6 is defined on llo - q, oo) and 

y= v(t,) + •(t,) + o(I), t ~ oo 

where v = v(l.o ) is a constant vector such that v(to) - O a.s to - oo . Moreover, 
5 = 6(to ) verifietJ 6(to) - oo as to - oo. Then if to is ch.osen larye enough 
for Gn y iniliGl function ¡p there exists lQ large enough such that the solution 
11=11(t,to ,¡p) verifies the above property. 

• 
Corollary 1.4 // ft' a(u)du $ K, K constant, /or s - 2q $ t $ s anda 11 a, U 

·r E L1(¡o,oo)), then the solutions of the scolar equotion y'(t) = a(t)y(t - r (t)), 
satU/ y 

v(t) = exp(l a(s) ds)lc + o( I)) , e con.tant.· 

( 
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Thut11 in particular, th e aolutiona o/ 

aatis/y respectively 

y' (t) = -ty(t - .-") and 

y'(t) = e'y(t - .-~ ¡ 

y = e-~ [e+ 0(1)], e constant and 

y= e1!c+ o(l)j, e cons tant 

Corollary 1.5 1/ A is an stable matrix, then any solution o/ 

y'= Ay(t - r(t)), r E L1([0, oo)) 

satisfies 
y= etAxa + e-ot. 0(1) 

41 

• 

where xo is a cons tant vector, O > a > maxRe>. with ). an eigenvalue o/ A 
and 0(1) is a convergent vector as t - oo. • 

Corollary 1.6 1/ the system 
•'= A(t)z 

is an h-system strong and r· ll A 1111 A1 llE L1{!0,oo)), then any solution y o/ 

y'= A(t)y(t - r (t)) 

satisfies 
y= <l'[llo + o(i)J as t ~ oo 

where !/O is a constant vec tor and <P is a fundamental matrix o/ ( 12). • 

2 Asymptotic formulae for the solutions of 
y"+ c(t)y(t - r(t)) =O 

Consider the functional differential equation 

y"+ c(t)y(t - r (t)) =O (1) 

where e : [O,oo) - R and r : [O,oo) - [O ,oo) are co ntinuous íunctions. For 
r = r (t) small , in some sense which will be precised , we hope that the solutions y 
of (1) behave asym ptotically a.s the solutions z of the ord inary differential ~uation. 

z" + c(t)z(t) =O (2) 
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In ract , we will prove tbat any solution "o( (1) are defined 00 all or 1=10, 00) 
and it satisfies m t - oo: 

y= (6 1 + o(l ))• 1 + (6, + 0(1))., 

y' = (61 + o( l ))•i + (6, + 0(1)).; (3) 

where { z 1, Z2} is a fundamental system oí solutions of Eq(2) and { 61, 62 } are con· 
stants. 

Suppose r (t ) :S q and consider the Banach space C0 = C([-q, O],R) with tbe 

11 'I' 11 = sup 1 <¡>(a) l. 'I' E c •. 
- q$1$ 0 

F\irthermore, íor y E C ([O, oo), R), we define Yr the useful element in C0 given 
by 

v1(s) = y(t +s), - q:5s:S O 

Let 

y(t.) = A(l)%J(t ) + B(t).,(t) (4) 

under the condition 
A'z1 + B'z2 =O (5) 

T hen, we have y1 = Az; + BzZ and y" = A'z~ + B'z!i + Az; + Bz; . Thus 
y" = A'z; + B'zfi - c(Az1 + Bz..i). T herefore 

A'zi + B'Z:, = c(t)[y(t) - y(t - r (t))) 

Solving Eqs. (5) and (6), we get 

A'= -w- •z,.c(t)[y(t) -y(t- r (t))) 

B' = w- 1z1.c(t)[y(t) - y(t - r (t))) 

where w is the Wronskian of system {z1,Z2}· Now, we have 

1 y(t ) - y(t. - r (t)) 1 1 J,'_ ,¡1¡ !l(•)d.! 1 = l f, 11¡ y'(t + s)d.! 1 

1 t.(<) ¡f.(s)d.! 1 = l f.¡1¡(A.i, + B.;)1(s)d.! 1 . 

Thus 
1 y(t) - y(t - r (t)) IS r(t ) 7,!f, 11 •:1 11 ·(11 A1 11 + 11 8 1 11) 

(6) 

(7) 

Theo, by system (7), the vecto r :z: = (A, B) satisfies a system oí funct.ional 
differential equation.s oí the type . 

x' = F(t ,x1) (8) 

satisfying t be coad it ion.s (i) F: l xC0 - R is a cootinuous func tion, (ii) 1 F(t ,ip) IS 
,\(t) 11'I'11,(t,<p) E I x Co. 

In this point, we need the following Theorem concerning the asymptoti c beha­
vior oí system (8). 
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Theorom 2.1 Auurn.e condition.a { i), (ii) wherc ,\ E C(/ , R ) •oLiafy >.(t} E 
L 1(/). Then tl1 e aolutiona of Eq{B) are defined on ali of I and thq¡ conver!Je 
as t- oo. 

The proor of this t.heorem is omittt.'<i bccause it. is similar to Theorcm 1.1. • 
Thus, we get: 

Theorem 2.2 A"mne thnt r (I) 1 c(t) l · l , , (1) l · 11 '" llE L1(/) i = 1, 2. Then 
formula.e (3) hold. 

Proof The application of Thcorem l implies t.hat A and B converge as t - oo. 
The formula.e {3) foUow by (4) and (5). • 

Corollary 2.3 lf r E L1(/), ll1en a1iy solution y o/ the fun ctional differential 
equation 

y"+ ay(t - r(t.)} =O, a> O constant 

satisfies fo r t. - oo, 

y= (6 1 + o(l))sin at. + (62 + o( l ))c.oti at 

y'= 0(61 + o( l))cos at. - a(ó2 + o( l ))sin at. 

• 
Corollary 2.4 lf c(t) E C2(/), e > O an<I ,-3/'c', r(t). 1 ,-3/'(t) 111 e,-•/• 11 E L1 (/ ) 
then any solulion y o/ the functional differenlial equation 

y".+ c(t)y(t - r (t)) =O 

salisfies fa r t - oo 

y= c(t) - 1i'[(b1 + o( l ))exp(i / c'i'(s)ds) + (62 + o( l ))exp( - i / c' fl( s)ds)] 

y'= c(t) 1i'[i(b1 + o( l ))exp(i J' c112 (.<) ds) - i(6-, + o( t ))exp(-i / c1fl(s)ds) J . 
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