
!{)llll.IOO A 1\'latherna tical J ournal 
Vol. 8, f'f1. l, {87 - 96). April 2006. 

A cover ing dimension for C*-a lgebras 

Takahiro Sudo 1 

Dc¡mrtmcnt of Mathcmatical Scicnccs, Facuhy of Scicncc, 
Univcrsity of t hc llyukyus, Nishihara, Okinawa 903-0213, J apan. 

sudo@nmth.u-ryukyu.ac.jp 

A BSTRACT 
\ \'('introduce u notion of dimcnsion for e· -algcbras that is a noncommutat.ivc 

\>('TSion of thc covcri 11g Jimcnsion for spaccs, and study its basic propcrtics ami 
some 1>ropertics for continuons ficld e· -algcbras, tensor product.s and co111¡Josi­
uo11 senes. As flH applicntion wc c:itimn.tc thc di111cnsion of thc group C" -algcbras 
of somc 1m1>orta111 salvable Lic group.s. 

RESUMEN 
lntroducnnos la noción de dimensión para e· -álgebras, las cuales son una 

\'ersión no conmutativa de la dimensión de recubrimiento por espacios. Estudia-
11!0:> lill> propiedades básicw; y alg1111as propiedades para ca.111pos continuos de 
e· -A.lg"hms, 1>rodnctos t.cn~orinles y series de composición. Como 11na nplicncióu, 
estimamos la dimensión del grupo de e· ·álgebras de algunos importantes grupos 
de Lic solubles. 

Kcy word.'I nnd p hrasns: C º·olgebro, Couenng d1me1uio11, Pn1mltue 
Mnth. Subj . C lu.ss.: Pn111or¡¡ 46L05 

l ntroduct.ion ln this papcr wc introduce a. notion of dimcnsion for c · -a\gcbrns, 
and Sludy llS bas1c propcrLies. Our dcfinition of the dimension for c·-a\gcbras is 

1Th" 11uthor ·~ v~ry 11.rMeful to t he reforce for pointing out !IOUU' kind Md useful suggc:ition~ nnd 
COfl>mt'lll.!I for 111111Tov1nR l lw m11nu~1:ripl. 
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quite pa rallcl to that of t he covcring dimension for topological spaces. Therefore, our 
invcstigations for the dimension given below are quite natural and clementary, but 
such an attempt. has not been done previously in thc literature. On the othcr hand, 
anothcr covering dimension (completely positive rank) for nuclear C "-algcbras has 
been introduced by Winter [Wt]. However, our dimension is completely different from 
Winter's one. Also, the stable rank (a sort of noncommutativc complex dimension), 
1hc real rank (a sort of noncommutativc real dimension) anda topologicat rank for e· -
a.lgebras have been introduced by Rieffel [Rfj, Brown-Pedersen [BP] ami the author 
fSd3j rcspcctivcly. 

This paper c011si:>ts of j ust oue se::ction. \Ve first introduce a uotioJL of dimension for 
e· -algcbras. Thcn wc considcr it s basic properties and sorne propertics for continuous 
ficld e· -algebra.s, tensor products and composition series. We a.Jso discuss about 
somc connections with thc othcr ranks mentioned above. From this we scc tha.t our 
dimcnsion (a.s numbcrs) is ccrtainty the samc as the completc!y posit ivc rank iu somc 
ca.ses hut uot a.lways, aHd it is rnthcr diffcrent frorn thc rea! rank aml 111ucl1 worc frorn 
the srablc rank. F ina lly, a.san application, using /Sdl/ and /Sd2] in part we cstimatc 
thc dimcnsion of t hc group e· -algcbra.s of somc important so!vabtc Lic groups such 
as thc ax+ b group, thc real 3-d imcnsional Hciscnbcrg group, thc real 5-dimcnsiona! 
i\lautncr group and thc real 7-dimcnsional Dixmicr group. 

1 T he covering dimension far e· -a lgebras 

\\'e fü:H rccall t hc ddiuition of thc covcring dimcu:;ion for space:;. 

Defi nition 1.1 Lct X be a (11011-cmpty, normal) topological spacc and d im X thc 
covcring dimens ion of X. Uy definit ion, for 11 ;::- - 1 an integcr, dimX :5 n if and only 
if cvcry fi11itc upc11 covcri11g of X hu.san open rcfincrncnt (U1) such t hat for a.ny n +2 
distinct u,, (l $ k $ n + 2) of (U1) we have n~~:u,. = 0 (cí. [Wt]). By defini tion, 
dim0 =-l. 

Passi11g the abovc ddinitiun <lirectly to C' -algebras we have 

Definition 1.2 Let 21 be a (non-zero) C'-algebra a.nd dim '21 denote t hc covcring 
dimcnsion of 21 c!Pfiiwrl by: for n ;?: O a non-ncgative intcgcr, dim 2t :5 " if and only 
if every li11ite coveri11g of d osed idcals (IJ3d of 21., t hat is, their union is 21. , o r 21 is 
geuernted by thc uuion, has a refinement of closed ideals (J,) of 21. , that is, J1 C IJ.31 

for some t ancl its 11nion is 21 such that for any n + 2 distinct Ji• (1 $ k $ n + 2) of 
(J1 ) wc havc n~~:Ji• = {O}. 

R em a rk. lt is show11 bclow that thís notion as a dimcnsion for C "-algcbrn.s is quite 
natural and mig·ht be sorne important. 

Proposition 1.3 let C(X) be thc e · -algcbra o/ continuous complcx-vafucdf1mctions 
on n comw1ct Hr1.11sdorff 8pt1cc X . Thcn thc /ollowí719 are equivalcnt: 

J. 1lim X :S n 
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2 dunC(X) :5 11. 

Furthcrmorc, if X is a non-compo.ct local\y compact Hausdorff spa.ce, t.hen we can 
rcplncc C(X) with C0 (X ) thc e· -algC'bra of continuous hmctions vanishing nt. infi nity 
011 X 

Proor. For a finitc opcm covcring (U,) of X , we assign the finite covering of d osed 
idcali. C0(U,) of C(X) 1hn1 consis! of continuous hmctions \'anishing nt. infi nity 011 
Ur '.'lote thnt U1 n U~ = 0 if and only if Co(U1 ) n Co(U11:l ={O} 1 

llcmark. Wc hnvc cpr(Co(X )) = dimX [Wt, P roposition 2.19J, whcrc cpr(-) mcans 
thc comp\ctcly positivc rnnk of \.Vintcr a¡.¡ a. covcring dimcnsion for nuclca!' e· -
nlgcbrru;. On thc othcr hand, sr(C(X )) = \dim X/ 2J + l \Rf, Proposition 1.7] ami 
RR(C(X )) = dim X \BP, Proposit.ion l.l], whcrc sr(·), RR(·) mean thc stnblc rnnk 
oí Hieffcl [Rf] and the real rank of Brown-Pedersen [BP] respective\y, ancl [y] 111ca11s 
lhc lnrgc:.t intC!rgcr :5 y. F'ur1hmnorc, by dcfinition sr(C0(X)) = sr(C0 {X )+) and 
HR(C0 (X )) = HR(Cu(X)+), whcrc C0(X )+ is thc unitization of Co(X) by C. 

Cont inuous fic ld C" -<.1 \gcbras 

Pro position l .tl Let 2l be 11 e· -algebni and 21." its spectrum that consists o/ equiva­
lrnct du(.K~ o/1rrcd11c1blc re¡H"escntll!ions o/ 21.. 1/21." l.) a local/y comµact H1.111Mlorjf 
,pare lht n 1/11· following ai·e equ.1valcnt: 

1 dim':'I "' :5 11. 

2 dim 2t $ 11. 

P roof. Not(' t hnt '11" is nlways local\y compact (cf. \Dx. 3.3J). By assmnpt ion thnt 
21." IS llausdorff, 2t is ÍSOtnorphic to í o(2l", {21.,, },.E'.l") t hC C " -algebrn OÍ l.\ COnt inuouS 
firld (\1'1li5hing al i11fü1ity) on 21" with fibC!rs 21.,. given by c\cmcntary G'" -algcbrn.s. 
i.c., cither matri:-: algcbrn.s J\l,. (C) or iK thc C' -algebra of compa.ct opcrators 0 11 a 
separable infinite-climcnsiona\ 1-lilbcrt spacc, whieh correspond to e\cmcnts tr of 21" 
(d. !Dx, T hrorC'm I0.~1.4 !). For n finitC! open <'overing (U,) of 21.", wc n.••sign thc finitf' 
c1ni:nug of cl~<l i<lca.b fo(Uj, {\ll,,. },,eu,) of Qt that consist of continuous operator 
ficlds vanislung nt mfinity 0 11 U1 . Note that since the fibers 21.,. are simple e· -algC!brns, 
nny cio:,cd idcnl of2l is givl'n by f o(U, {2l,. }-.eu) for anopen subsct U of X . 1 

A-. n gcncrnlizntio11 of thc nbovc proposition, we ha\'C 

P roposition 1.5 t~ct 1'0(X, {21.i) iex) be the C"-alycbm of a contmuuus f icld uan· 
uhmg ol mfimty on 11 IQcally com pact Hausdorff space X wtth fibcrs 21.1 simple e· -
olgrln"u& Then tl1c followin9 1u-e equiua/cnt; 

t dim X $ 11. 

1 dimf0 (,\'.{21, )ie x ) :5 11. 

In partw11\l\r, w1· luw~ dim C0(X, 21) = d imX for n s imple C "-ale,cbra 21. whcrc 
Cn(X 'l) 1!! 1lw C ··ul¡!,elirn of cont inuous 21.-vnlucd fu nctiom. on X . 
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By definition, we always have 

Proposition 1.6 Let QI. be a simple e· -algebm. Then dim 2l = O. On the other hand, 
for C "-algebms 2!, 113, we have 

dim 21 $ !B = max{dim21,dim !B}, 

where $ means the direct sum. 
In particular, dim M,.(C) = O and dim !K =O, where M,.(C) is the e· -algebm o/ 

n x n matrices over C and OC is the e· -algebrn of compact opemtors on a separable 
mfiml.e dimensional fhlberl .~pace. FUrthermore, any finile dimensional e· -algebra 
has the covering dimension zero. 

R e m ark. For QI. any AF-algebra, that is, an inductive limit of finite dimensional 
e· -algebras, we have sr(2!) = 1 !Rf, Proposition 3.5) and RR(21) = O /BP, Proposition 
3.1/. Moreover, cpr(21) = O if and only if 2l is (separable) AF (Wt, Theorcm 3.4). 

We in fact havc 

T heorem !. 7 Let 2l be a e· -algebm. Then 

dim 2' = dim P rim{21), 

where Prim(21) is thc primitivc ideal space of r./J.. 

Proof. Note that any closcd ideal of í.l1 is an interscction of primitivc idcals of 21 
Thcrcfore, a.uy fiui te covering of d0$Cd idea.Is of 21 corresponds to a finitc coveriug 
of closed subset.':i of Prim(21) (cf. [Dx/). Note a!so that the covering dimension for a 
(normal) spare may be defined by its coverings of closed subset.s. 1 

R em ark. T his t heorcm says t ha t the dimension of 21 is determined whcn and only 
whcn thc covering dimension of its primitive ideal space is done. T hus, 2l need not 
to be of continuous trace. By t his interpretation we see below t hat our dimcnsion 
for C "-algebras has t he same propcrtics as the covering dimension for spaces does. 
Hcncc, it is viewcd that C "-algcbras (with this intrinsic dimension) are much more 
likc topological spaces in a scnsc. 

Thcrcforc, 

T h eorem 1.8 le.l f 0 (X, {211}1ex) be theC• -al9ebra o/ a continuou.~field on n foo1/ly 
compact Hausdorff space X. Then 

tl imT0 (X , {21dcex) $ dim X + sup dim2l1. 
<EX 

In part.icular, for 21 a e· -algebra, we havc 

dimCu(X, 21) $ dim X+ dim 21. 
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Proof. Note l hat the primitivc ideal space of ro(X, {2ld1EX ) is regarded as the fiber 
spacc O\'Cf t hc bnsc spacc X with fibers the primitive ideal spaces of 211. 1 

Tensor products 

Pro posit ion 1.9 l et 21 be o e· -algebra. Then 

dim21 = dim M,.(21) , dim2l = dim2l ® K , 

u·hrrr M,,(111) ::!!'. 2t ~ M.,(C) is lhe e· -algebm o/ n x n matrices over cit . Moreovcr, if 
CH u o mn11le e· -olgebm ond if 2l 0 1· 23 is nuclear, the11 

dim2l = dim21 0 23 , 

u.·herr 0 m COflS the mmima/ ( 1m-ique) C º -te11sor product. 

P roof. Note t hnt M0 (C) and K are simple Cº-algebras oftype l . Thcrcforc, thc ideal 
struclurcs oí M,.(21) ami 21 0 K are t hc samc as that of 2t ([RW, Theorcm B.45, p . 
2621). Thus, thc clnims of t hcsc cases follow. Also note t ha t by [R\.V, Lcmma B.50. 
p 2&1J thc ideal structurc of 2t 0 23 is thc samc as that of 21. (by taking the spatial 
rr prCS('ntation) (cf. [i\ lp, 6.3]). 1 

llema rk. Wc have cpr(M,,(C0 (X ))) = dim X \Wt, Proposition 2.7]. Also, 
RR(.11.(C(X )) = {dirn X/(2" - I) } [BE, Cornll°'y 3.2} and sc(M,,(21)) = {(s.-(21) -
1)/ n) + l for nny C"-n\gcbrn 21 [Hf, Theorem 6. l \, whcre {x } mcans t hc least integcr 
;?: r . ~lorco\·cr, RR{21. ®!K) :5 1 [BE, Proposition 3.3! and sr (21. ® 0C) = min{2,sr (21.)} 
!Rf Thcorcms 3.6 ami 6.4]. 

Pro position 1.10 l et Co(X x Y) be the e· -algebra o/ continuous functlons va11ishi11g 
al mjinlly on the prod11ct space X x Y o/ (nonual) local/y compact Hausdorff spaces 
X.l' Then 

dim Co(X ) ® Co(Y) = dimC0 (X x Y ) :5 dimX + dim Y. 

ltl 'l, 'B be e· -algebras witlL tlLeir spectnmis 21."' 23" (normal) H11usdurff SJKICes. 
Then 

dim2!. «i 'B = dim2t" x J.B" :5 dimcit" + dim23". 

Proof. Note that C0 (X ) ®Cu(Y) S:'!! C0 (X x Y). The product thcorcrn of tbe covcrlng 
dmu.:ILSIOll for ~paces {d . (Pe]) irnpli~ thc first cstimatc. For thc sccond cstiumtc, 
llOtt' that 

'2l iSi ']3 =:!!: r o{'ll", {21.1 }u;ll" ) ® í o('B", {23~ } .E 'll " ) 

S! i'u('ll" X 23", {21.1 ® ~.}(~.l)E\l" ><'ll") , 

w1d c.u.:h fihcr '211 0>) 23. is a simple c\cmentary C º-a\gebra (K or M,.(C) for sornen) 
.,m<'t' 'l. 11' are CCH hy tbc assumption on thcir spcctrums. Thcn use Proposit ion 1.5 
ami thc prodmt t lworcm of the covering dimension for spnccs. 1 
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C ompos ition series 

Proposition 1.11 Let 2l be a C º-algebra arid'.D its quotierit C º ·algebra. 'l'hen 

d im 2l;;:: dim '.D. 

Proof. T he claim follows from that an open cover ing of '.D is liftcd to t hat of 2l, nnd 
its rcfü1cmcut of t he coveriug of 21 pus.ses to that of thc fi rst covcring of '.D . 1 

Rcmark. For a closcd ideal J of a C º-algcbrn 2l, t hc following is false in general : 

dim J $ dim 2L 

For e::rnmple , t.hen~ exis1 .. ~ a locall.Y compa<"t Hausdorff space X with dim X = 1 but 
dim ¡JX = O for (jX lhc Stone-Ced1 compactificat ion of X (cf. [Pe]). Note tho.t C0 (X ) 
is a closcd iclca l of C (/JX } that is isomorphic: to t hc mult iplier a lgebrn of C0 (X ). T hus, 
wc have dim C0 (X ) = J >O = d im C(,BX). 

Prop osition 1.12 lct !]( be u C" -algcbra, '.) its closed ideal mul 2l(J it,.; 1¡11otrn11/ 
c · -afgebra. T lw.11 

dim21 S nul ... "\:{dim J , dim'2t/ J }. 

Proof. T his follows from Thcorem 1.7, a basic property of primitivc idc11I spuccs (cf. 
!Dx. 3.2/) aud a bas ic formula for ~he covcring dimcns ion for spaces. 1 

R em ark. Lct Ci1(X )+ be the unit iznt ion of C0(X ) by C. Then wc hnvc 

dim Co(X)+ :5 ma..x{dim C0 (X ), dim C } =dim C0 (X ). 

lt is known t.ha t. tlw.rc exis l.s a locally compact Hausdorff spnrc X with dim X = 
1 but d im x + = o, whcre x + is t hc OllC p oint co111pactifi cutio11 of X (SCf.: [Os)). 
Since C0(X )+ S!! C(X "'" ), in this case wc havc d im C0(X }+ = O < d im C0 (X ) = 
l. Thcrcforc, similar ly wc havc dim 'll.+ :5 dim21 for 21 a C º-algebrn and 21.+ ít s 
unit ization by C. But t hc equnlity is false in general. In t his point our dimension is 
d iffercnt. from Lhc stablc rank of Ricffcl [Rf) and t hc real rank of Brown ancl Pcdcrscn 
[UP] si1m"' by ckfi nil.ion sr(?I+) = sr('lt) and RR(21.+) = RR(I.!) for any G'"-algcbrn 'lt. 
From IRL Thcorc111s 11.3 aud 1IA ) and [Eh, T hcorcm 1.'IJ wc always havc 

sr(2l) 2:: max{sr(J ), sr(21/ J)}, RR(21.) 2:: max{R.R(J ), llll('ll/ J )}. 

But t he reverse incqualit ics nre fa lse in general, and t his is often an obst ruction in 
computins t hc rauks of cxtensions of C "-algcbra.s in genera!. \Ve sec bclow thc mcr it 
oí this proposition. 

Exarnple 1.13 Lct B be Lhc C "-n\gc.bra of boundOO opcrators on n Milbert spocc. 
Thc.n we h:wc thc following short exact sequencc: 

O .-. iK. .-. B - B/ K ....... O, and 

dim !IS= O = mnx{d im K, di111 B/ K} 



A covcring dimension for e· -algcbras 93 

sinco K and B/K are simple and K is the uniquc nontrivial closed ideal of B. Let 'I 
be thc Tocplitz e· -nlgebro.. T hen 

O - K - ~ - C (T) - O, and 
dimC('U') = l ::; dim'I $ max{dim !K., dimC('lf)} = 1. 

Le< 6 = (/ E C(jO, IJ, M,(C)) 1 /(!) E C E!>C (d;agonal)) . Thon 

O - G'o(IO, l),M,(C)) - 6 - C E!>C - O, 
dimE $ max{dim C0 ((0, l), M2 (C)),dimC EBC} = l. 

Sincc C([O, 1/2\, "'h(C)) is a quoticnt oí E, wc have 

l !!: dim E ;:: dimC([O, l / 2J, M2 (C)) = l. 

Note also tlu11, thc primitive ideal spacc oí E i:; uot Hausdorlf because it i:; identifie<l 
with thc un ion of [O, 1) nnd two point:; attachcd at l so that thc two points are not 
scparatod. 

On thc othcr hnnd, it is known from [Rf, Proposition 6 .5] and [BP, Propositiun 1.3] 
that sr(B) = co and RR(5) =O. Also, sr('I) = 2 [Rf, Examples 4.13] and RR('I) = l 
!Os. Corollary 1.5]. 

Theorcm 1.14 Let. 21 be (J C "-algebm of typc I and (J ;); Ü.i composition series of 
clo td 1dcols stJcli t./rn t. subr¡uotients Ji / "J;-i havc continuous trace Ij thc .series is 
fimt~ lhen 

dim21 $ m;t.xdim I'n(X;, (2t1}ie x ,) = m1a.xdim Xi 

= rnfxdim Prim{Ji/ "J¡_¡), 

where r0(Xr {21r}rex ,) ~ Jj/Ji - l wherc X 1 are the spectrnm.s o/Jj/Ji-l • 21i are 
elernento111 c · .algebms, (Lfld Prim(Jj/'Jj- 1) are the primitive ideal spaces ofJj / "3j-I · 
Furthennore, 

dim21 2'. sup dim Uj;,,, 1Y1< , 

whert. l'1; ore lhc subs¡iaccs of the spcctrum oj 2l consistin9 of equivalencc c/asscs of 
k-d1mens1onal iTTCthiciblc 1·cprcscntation.'I aj 21.. 

Proof. Note that a e--nlgcbrn is of typc 1 if ami on\y if it has a composition series of 
doscd idcals such that its subquoticnts havc continuous trace. A\so, a Cº-algebra of 
continuous trace is isomorphic to the e--algebra of a continuous fid<l 0 11 its spcclrmn 
with fibers elcmei1t11ry :;imple C" -algcbras as given in the statement. Hencc, using 
Propos1tions 1.5 and 1.1 2 repeatedly wc obtain the first estimate. fo'or the second 
~tnuatc, note ~hat thc unions u¡;,,, 1 Y1; far n EN are closed subspaccs eif the spectrum 
of ':l. Thus, '<'!has quoücnt. C'"-a\gcbra.s '.D,. with '.D~ = u ¡;,,, 1Y1; (cf. \Dx]). T hen use 
Proposition 1.11 . 

~lore gcncrnlly. 
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Theorem 1.15 Let QI be a e· -algebra. Jf 21. has a firute com pos1ho11 senes (J1 )1 o/ 
closed ideals such that Ji/Ji- l are isomorphic to f o(X i , {1}(1}1ex,) with X1 focnlly 
compact /fausdorff space.~ and 2t, simple e· -algebro.s, then 

dim21 :5 myxdim f 0 (Xi, {2tr}1e x,) = m¡ .xdimX, 

= m_rdim Prim{J¡/Jj-1). 

Proof. Use Propositions 1.5 and 1.12 repeat.edly. 

T heorem 1.16 Let 2t, 23 be e· -algebms. lf th ey have fimte compos1tw11 sene~· (JJ), , 
(.R.¡)1 of closed 1defll!J such tlwt sutH¡uotients J,/"J; _ 1, fi¡/9..1- 1 are respectivcly 1somor ­

ph1c to r u(X;, {2ld1ex, ), f o(lí, {'l3.}.,eY,) with X 1, Y¡ locally compacf lftmsdorff 
spoces and 211' 'l3, simple e· -algebros, then 

dim 21 ® 'l3 :5 ny~.xdim f o( X; x Y¡ , {'lt, ® ~ .. }1ex, ... e1', ) 

= n~yxdim Prim(J j/JJ-1 ® Jii/.li1- d , 

where f o(XJ x Vi . {2!1 Z 23.)iex, .• e l',) ~ J1/J1- 1 0 Jt¡/ fi1- 1. 

Proof. Note that (JJ @ fi¡)J,1 is a finite composit)on series of 21. ® 23, and its subqno­
t ient..'> are givcn by (J j/JJ- l ® fi¡/fi,_¡)J.I· F'urthermorc, 

J1/ J1- 1 ~ fi.i/fi.1- 1 S!: f"o(X1 , {21.t} rex,) ® r o(Yí , {'B. L eY, ) 

~ ro( X, X l~ , {'211 ® 'B~ }iex,. oEY, ) . 

Example 1.17 Lct C ' {A ) be thc group C "-algcbra of t he real ax+ b group A = 
R );Ju R (a scmi-dircet product) with the action a defined by a 1(x ) = c1x for t., L E R. 
Thcn we havc the following short exaet scquenec: 

O - IK EB JK -o C "(A) -+ C0 (R) - O, and 

dimC0 (R) = 1 $ dim C "(A):51 = max{dim K e K ,dim C0 (R)}. 

Lct C"(H ) be thc group C "-algebra of the real 3-dimcnsional Hciscnbcrg group 
H = R2 >4u R with thc action o defined by or(x,y) = (x + t.y , y) for t E R nnd 
(x. y) e R2 . Thcn wc havc thc fotlowing short cxact scqucnce: 

O - C., (~ \ (O) ) ® K - C º(/f) - C0 (R' ) - O, and 

dim Cu(R2 ) = 2 $ di-m C"(H) :5 2 = max{dim C0 (R \ {O}) ® K ,dim C0 (R2 )}. 

~!ore gcnera!ly, lct H2,.+ 1 = 1R11+ 1 >4 0 IR" be thc real (2n + ! )-dimensional Hciscn-
bcrg group with thc nctiou a dcfined by a 1(x,y) = (x + EJ,.1 t1y1, y) for r E R and 
t = {t1 ) , y= {yJ) E IR". T hcu wc have thc following short cxact scqucncc: 

o-Cu(R \ (O))® !K- C "(H2,.+d - C0 (R2" ) - O, a.nd 

dim Co(R2" ) = 21i :::; dim C"(H2 .. +d :::; 2ri = 
rw1..~ {diu 1 Co(IR \ {O) ) ® K .<limCu(R2" )} . 
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Exnmplc 1.18 Lct C ' (M) be t hc group C ' -algcbra of the real 5-dimensional Maut­
ncr group 1\I = C2 >In• IR with t hc action o 9 defined by a f(z , w) = (e2"'tz,e2"'º tw) 
for t e R. :, w E C a nd O an irrational number. Then we have t hc following shor t 
cxact scqucncc: 

o- J -Cº(M)-Co(DI) - o, 
o- Co(R2) ® <ilo ® K - J - EB2 Co(R X Y) ® iK - o a:nd 

dimCo(R) = 1 ~ dim C ' (.M ) :5 max{dim J ,dim C0(R)} 

:5 max{dim Co(IR2)@ 21o ® IK, dim Co(R x T) ® Kdim C0{R)} = 2 

whcn; !J.11 1s thc irrat ional rota tion algcbra associated with () and is simple. Scc [Sdl] 
for lhr composit ion series givcn abovc nnd sr(C' (.M)). 

\lorl' l!,l'llCl ully, i11 jSd 1] wc lia.vt! c011structt!cl fin ite composit ion series (JJ) of gronp 
c ·-aJgcbras C ' (G) of scmi-dircct products G = C" >l.., IR wit h general actions o such 
thtit J1 / J J- I nrc isomorphic to C0 (Xj , 211 ) with Xi cC'rtitin locally compacl. Hansdor ff 
~pat~ 1.md IJl.1 gh<cn by cithcr C, K or iK ® 210 , where c:lle are simple or non-simple 
nonrommut11tl\'C tori. Using this structurc and Thcorcm 1.8 and P roposition 1.12 wc 
nm ~11mntc di111 C ' (G) 11..s follows: 

dimC'(G) :5 m;xdimJ1 / J1 _ 1 = mj'xdim Co( X1 , 21.1 ) 

$ mr(c\iru X1 + dim 21oj) . 

B'· Propos111on 1.1 1 wc nlso havc 

dim C '{G) ~ dim Co(Gn 

(for G a locally compnct group) , whcrc Gf is t he spacc of ali l-climcnsional reprcse n­
tauon.-. of G (cf. [Sdl l). 

For more a pplicutions as a bove, \et 0 6 ,,+1 = C 2" >lf:I Hz.,+1 be thc real {6n + l)­
d1mcn:.1onal gencrnli:r.ed Dixmier groups with the action {3 dcfincd by {39 (z ,w ) = 
{(~''' .:1}. (c'"'wJ)) for z = (zi),w = {w1) E C'' a nd g = (x , y , t) E H2n+ I the real (2n+ 
1 }-d1mcnsional Hciscnbcrg group as in Example 1.17. Sec [Sd2] for sr ( e· ( 0 6 .,+ ¡)) and 
thc:stn1cturcofthcgroup C 0 -algebrasC' (D6n+1) of DGn+ I as fin i t~composit.ion serie.<; 
of cklscd idea.Is with subquot icnts Ji/Ji- I given by f o(X; , {2l1 }1ex,) (in general) with 
X 1 rerta.in loe.al\ y compact Hausclorff spaces and the libes 211 given by eit her C. lK 
or K ..-:. 'Jti, (whcrc 21.H, is 1\ spr<'ial case of nonromm11tativf" t.ori such as finit.c t.C'nsor 
products of rotation a lgcbrns Q!.0, for 01 vnrying) . In t his case wc ha.ve 

dimC' (DGu+ i) :5 mr dimJ1/J1- 1 = m;c-:dim f o(X;, {211}1ex,) 

$ max(dimX1 + sup dim2li). 
J !EX, 

From thlS cs\1mate wc in fact havc 
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R em a rk. As t he fi nal remark, our results Proposition 1.3, Theorem 1.8, Propositions 
1.9, 1.10, 1.1 1 and 1.12 above jus~ say that our dimension satisfies (not ali) the axioms 
for t hc topological rnnk introdm::cd by [Sd3J, and only onc a.-.:-iom for induct ivc limits 
of e· +algebras is missing. 

Received : April 2005. Revisad : Hay 2005. 
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