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u (uv) =0
uvi=o0
() =’ v =0
ul (u2 uJ) + uz (u‘ ua) + u, (ulua) =0
Xyl + 2 (xy)¥=0
X (xy) =0
It follows that UV < U; U? ¢ v; V2 € U; UVZ = <0>; UVP=<0>,
With the above hypothesis the 1dempotents of A =ke e UeV
have the form e + u + ua, with u € U arbritrary. From this
it follows that dim U is independent of the idempotent e and
8o also is dim V. They are invariants of A. The core C = kee
U e U® of A is also a Bernstein algebra and A% = c. 8o, the
dimension of U’ is also an invariant of A. Another invariant
is dim (UV + V?), see [5]; Prop. 9.19.

If we have A = ke e U @ V and @ =@ u: is another
idempotent then, the decomposition of A relative to e, is
K.o ° Uo ° Vo where Uo- {u + Zuuo / u €U ) and

V= (v = 2(ut uw)v / veV).

2.- Orthogonality. Holgate introduced the concept of
orthogonal Bernstein algebras in [2]. He defined A = KeelUeV
to be orthogonal when U’ = <0>. This definition depends on
the idempotent e. The following example shows that with
another idempotent e, we may have Uz # <0>.
Take A = <e, Uy gy My Vol Sty eV and the following
multiplication table:

1
e = e QUi - Eul evI =0 (1=1,2,3)
2
u = 2v u, = v uu =y
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ViVaiea by v: Eigd,! other products are zero.

We see that A is Bernstein and in the decomposition determi-
ned by e, U = <u‘, u,, u>, vV = Ve +V;

it A = <0>.

Consider now 0= BNt o Ui & uf. In the corresponding
decomposition, we have U: # <0> because

(“|+ 2u‘ul)(u2# 2“:“1)2'(“|+ 2u:)(u:+ 4uz(uzul) + A(uzul)a)

-(u‘+ dvl)(vz- 4“:.) - Aua = 0

Considering this fact, the orthogonality notion is
redefined as follows: '

Definition: Let A a K-Bernstein algebra. If idempotent e € A
exists such that in the decomposition A ="Ke e U e V we
have U= <0>, then A is said to be orthogonal. Such
idempotent e will be called pivotal.

Definition: A K-Bernstein algebra A is said to be totally
orthogonal, if all non zero idempotent is pivotal.

Thus, three Bernstein algebra classes can be distinguished:
those orthogonal but not totally ortoghonal, those totally
orthogonal and those non orthogonal.

Pivotal idempotents are characterized in the following
Theorem: lLet A = Ke ¢ U o V a K-Bernstein algebra. An
idempotent e~ e + ut u: , with ue U, is pivotal if and
only if

ux’+ 2(uu )x* = 0 for all u, x in U.
Proof : Let (I L R u: be pivotal idempotent then, by
definition in the decomposition A=KeeU oV we have u:-<o>.
Then for all u, x € U we have (u+2uu°)(x+2xu°)zauz-<0>. on

the other hand

(u4-2uuo)(x+2xun)2- (u+zuuo)[x'ux(xun)u(xuo)’]-
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(uv)2 =uvvi=0

u, (uz u’) + u, (u1 u:') + u, (u‘uz) =0
x* yz ] (xy)a =0
x* (xy) =0
It follows that UV s U; U® s V; V* < U; UV? = <0>; Uavz=<0>,
With the above hypothesis the idempotents of A = ke @ U e V
have the form e + u + uz, with u € U arbritrary. From this
it follows that dim U is independent of the idempotent e and
so also is dim V. They are invariants of A. The core C = kee
U e U of A is also a Bernstein algebra and A* = c. So, the
dimension of U® is also an invariant of A. Another invariant
is dim (UV + V?), see [5]:; Prop. 9.19.

If we have A = ke ¢ U o V and e= e + u+ u: is another
idempotent then, the decomposition of A relative to e, is
l(eu ® U0 ® Vu where Un- (u + Zuuo / ue€U ) and

V= (v - 2(u+ u:)v /vev).

2.- Orthogonality. Holgate introduced the concept of
orthogonal Bernstein algebras in [2]. He defined A = KeeUeV
to be orthogonal when U’ = <0>. This definition depends on
the idempotent e. The following example shows that with
another idempotent e,, we may have U: # <0>.

Take A = <e, u, wu, u, V, V

X v,> and the following

2!

multiplication table:

2 1
= = ev =0 1=1,2,3
e e eu 5, A (1=1,2,3)
2 2
ul = = uu =v
1 2V wL=% 12 3
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2
vyv,=u vi o= -u; other products are zero.

3 3 3
We see that A is Bernstein and in the decomposition determi-

3
ned by e, U = <u‘, u, u>, vV = SYar Vo Va3 U= <0>.

Consider now LIPS 8Ny o uf. In the corresponding
decomposition, we have U; # <0> because

(u+ 20 ) (u+ 2u=u,)z-(u‘+ 2uf)(u:+ 4u (uu) + 4(uzul)z)

=(u+ 4v,)(v,~ 4u)) = 4u = 0

Considering this fact, the orthogonality notion is
redefined as follows: ;

Definition: Let A a K-Bernstein algebra. If idempotent e € A
exists such that in the decomposition A = Ke e U e V we
have U’= <0>, then A 1is said to be orthogonal. Such
idempotent e will be called pivotal.

Definition: A K-Bernstein algebra A is said to be totally
orthogonal, if all non zero idempotent is pivotal.

Thus, three Bernstein algebra classes can be distinguished:
those orthogonal but not totally ortoghonal, those totally
orthogonal and those non orthogonal.

Pivotal idempotents are characterized in the following
Theorem: Let A = Ke e U o V a K-Bernstein algebra. An
idempotent S Re bt uz , with ue U, is pivotal if and
only if

ux’+ Z(uuo)x’ =0 for all u, x in U.
Proof : let e= e + u+ u; be pivotal idempotent then, by
definition in the decomposition A=l(e.uonvo we have U;=<o>.
Then for all u, x € U we have (u+2uu°)(x+2xuo)zsuz=<0>. on
the other hand

(ur2uy,) (x+2xu )% (u+2uua)[x2+4x(xua)+4(xuo)z]-
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[ux2+2(uu°)x2+8(uuo)(x(xuo))] + 4u(x(xuy)). Since this
expression is nule and belongs to U @ V, then we have

ux® + z(uuu)xz + 8(uu)(x(xu)) =0 Vu, xeU (%)
Replacing u = u, then for all x in U we have

ux+ 2u§x2 + us(x(xuo)) = ux® + zu;‘;xz - 4u:(uox2)
= quz + 2u:xz
=0

1 e uox2 = —2u:x2, then

(uuo)(x(xuo)) =— %(uuu)(uoxz) =(uun)(u;xz) e UV =<0>.
Then in (*) we have ux® + 2(uu°)x2 =0
Conversely, let us suppose that for all u, x in U we have

ux® + 2(uuc)xa =0 (*%)

Then for all u, x in U,
(u+2uuu)(x+2xuo)2= [uxz+2(uu0)xz+8(uun)(x(xuo))]+4u(x(xu0))
From (**) we have uox2 G zuix2 = 0. Then: (uuo)(x(xuo)) =
(uu)) (W) =0 and u(x(xu))= - tu(ux®) =u(u:xz) €UVP=<0>.
We have (u+2uuo)(x+2xuu)2=ux2+2(uu°)x2=o; i.e. U: =<0> -
Corollary: Let A = Ke @ U @ V be a Bernstein algebra with
any e idempotent. If A is orthogonal then U’ is a subspace
of (Uz)a and dim (U:)3 is an invariant of A.
Proof. A is orthogonal, then pivotal idempotent exist,uo-
e + u+ u;. For all u,x € U we have ux® = 2(uu°)x2, then U°
is a subspace of (Uﬂz. Besides, in the core of Bernstein’s
algebra (C=KeeUeU?) we have dim(UU%+(U%)%)= dim(U’+(U%)%)=
dim(Uz)2 is invariant -
Definition. A Bernstein algebra A = Ke e U @ V is said to be
normal if xzy = w(x)xy for all x, y € A.

It is known that the normallity condition is equivalent

I/W\
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to UV = V2 = <0>. Then, we have that all normal Bernstein
algebra is totally orthogonal. It is remarked that the

converse of this statement is not true. One example is A=

2

2
<e,u,v> with e = e, eu = > u, ev = 0, uw’=0, uv = u, v* = u.

(9

Definition: A commutative K-algebra A is Jordan if x°(yx)=
(xzy)x for all x, y € A. g

It is known ([1], [6]) that a Bernstein algebra A=KeeUeV is
Jordan if and only if V?=<0> and v(vu)=0 for all ueU, veV.
This is independent of the choice of the idempotent e.
Corollary: Let A = Ke @ U @ V be a Bernstein algebra which
is also Jordan. Then is totally orthogonal if and only if
v’= <0> -
The following theorem stablishes the invariance of dim U°.
This number may be wused for the classification‘ of
Bernstein’s algebras.

Theorem: Let A = Ke @ U @ V be a Bernstein algebra which is
also Jordan. Then dim U’ is an invariant of A.

Proof: Let e = e+utu® be an idempotent of A. As A is Jordan
we have (Uz)zs v?= <0> and (Ui)zs V2= <0>. Then the core
C= KeeUeU’= Keoeuoeuz is Bernstein, so dim (U‘U"‘+(Uz)z)=-

2 2,2 3 3
dim(uouo+(ua) ) so dim U= dimUo. -
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