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ABSTRACT

Here we present Caputo fractional Iyengar type inequalities with respect to L, norms,
with T <p < 0co. The method is based on the right and left Caputo fractional Taylor’s

formulae.

RESUMEN

Aqui presentamos desigualdades de tipo Caputo fraccional Iyengar con respecto a las
normas L, con T < p < oo. El método se basa en las férmulas de Taylor fraccionales

de Caputo derecha e izquierda.
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1 Introduction

We are motivated by the following famous Iyengar inequality (1938), [4].

Theorem 1. Let f be a differentiable function on [a,b] and |f' (x)] < M. Then

2 2
Sl\/l(b—a) _ (f(b) —f(a)) . ()
4 4M

b
J f(x)dx—%(b—a) (f(a)+f (b))

a

We need

Definition 2. ([1], p. 394) Let v > 0, n = [v] ([-] the ceiling of the number), f € AC™ ([a, b])
(i.e. T 1) is absolutely continuous on [a,b]). The left Caputo fractional derivative of order v is
defined as

DY, f(x) = ﬁj (x— 1" 0 (1) dt, (2)

V x € [a,b], and it exists almost everywhere over [a,b].
We need

Definition 3. ([2], p. 336-387) Letv >0, n = [v], f € AC™ ([a,b]). The right Caputo fractional

derivative of order v is defined as

— n b
DY _f(x) = % J (z—x)" YV (2) dz, (3)

V x € la,bl, and exists almost everywhere over [a,b].

2 Main Results

We present the following Caputo fractional Iyengar type inequalities:

Theorem 4. Let v > 0, n = [v] ([-] is the ceiling of the number), and f € AC™([a,b]) (i.e.
f=1) 4s absolutely continuous on [a, bl). We assume that DY f,Dy_f € Lo ([a,b]). Then

1)

b n—1
J f(x)dx — Z ﬁ {f(k) (@) (t— @) + (=% (b) (b _t)k+1} <
a k=0 .
max{”Dr“fHLoo“a»bU ’ HDg*fHLm([a,bJ)} VAT v
Fv+2) (=™ -y, ()

Vtela,bl,
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i) at t = %b, the right hand side of (4) is minimized, and we get:

<

b n—1 1 (b— a)k+1
L f(x) dx — 1;) TESITE [f(k) (@) + (1)< (b)}

maX{HDxa‘c”Lm([a,b]) ; HDkVJ—fHLm([a,b])} (b—a)"!
I'(v+2) 2v ’

ii) if ) (a) = f&) (b) =0, for all k = 0,1,...,n — 1, we obtain

be(x) dx| <

a

max {llDZafHLmua,bn ) HDﬁ—fHLm([a,bn} (b—a)"!
I'v+2) v

which is a sharp inequality,

iv) more generally, for j =0,1,2,..., N € N, it holds

Jb fa-y 1 (—b ~ “)W ) (@) + (=1)F (N =) (b)]|
k+D!I\U N

a k=0

M M +1
< maX{HD*ﬂf”Lm([a,b])’HDb—fHLoo([a,b])} <b—a)V [.VH (N

V1
= rv+2) N -,

v) if £ (@) =f) (b) =0, k=1,...,n—1, from (7) we get:

<

a

b
| roax- (b;“) 6 (a) + (N —3) f (b)]

maX{HDraf”Loo([a,b}) ) HDgJHLm([a,b])} (b — a)v’q {

sv+1 N_-V+]
Fv+2) N A (N=) }

§=0,1,2,..,N,

vi) when N =2 and j =1, (8) turns to

b
J ) dx— <b;“) (F(a) + £ (b))

a

<

maX{HDXGfIILm([a,bJ) ; HDrVJfHLOO([a,b])} (b—a)"!
I'(v+2) 2v ’

vii) when 0 < v <1, inequality (9) is again valid without any boundary conditions.
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Proof. Let v > 0, n = [v], and f € AC™ ([a,b]). Then by ([3], p. 54) left Caputo fractional

Taylor’s formula we have

(x—a)* = ﬁ J (x— )" DY (1) dt,

vV x € [a,b].

Also by ([2], p. 341) right Caputo fractional Taylor’s formula we get:

n—1
£09 (p) " 1 b —1 v
Fl) =)~ (x=b) = WL R
k=0
Vxe [(1, b].
By (10) we derive
-
y M@ M(x—cﬂv
: < )
2 F(v+1)
and by (11) we obtain
n—1 b
£5) (b) Pl rao
f(x)_Z o (X—b)k SF(T;[)Q)])“)—X)V)
k=0 )
Vxe [(1, bl.
Call
S L8] [NTERY)
ETTR )
and
Ll TIPS
Y2-= F(v+1)
Set
v :=max (y1,v2) .
That is
n—1
£ (a)
f(x) — Kl ) <v(x—a),
k=0 ’
and
n1
(<) (b)
=Y P - <y (-0,
k=0 ’

vV x € [a,b].

(10)

(13)
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Hence it holds
n—1 n_1
f(k) (a) f(k) (a)
> K (x—a)—y(x—a)" <f(x) < o x—a)+yx—a) (19)
k=0 ’ k=0 :
and : 1
n— n—
) (b) £00) (b)
o (XD =y (b= < f(x) < =By (b—x)Y,  (20)
k=0 k=0
vV x € [a,b].

Let any t € [a, b], then by integration over [a,t] and [t, b], respectively, we obtain

) (@) Kt 1 v N
DI A e L SLf(x)dxg
n—1 £(k) ((l) T v .
and ]
nolog(k) (b) e v . b
_ém(t_b) _m(b—t) SLf(x)dxg
n—1 (k)
_ > (fk+(]b))! (t—b)* + (V}; . (b, )

Adding (21) and (22), we obtain

n—1

k=0

b
(V];” [(t—a)v’q +(b—t)v+‘} gJ' f(x) dx <

——
3
L
—
L
—h
z
B
o
\_/7\'
+
|
—h
z
=
o
=
=
%
——
+

Y [(t— a)v+1 + (b . t)v+1} ) (23)
Vtela,b].

Consequently we derive:

b n—1
J f(x)dx — Z ﬁ {f(k) (@) (t—a)*"" + (=1 (b) (b _t)k+1} <
a k=0 i
A (e -0, (24)
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Vtela,b].

Let us consider
gt)=(t—a)"+ (b=t Vtelab].

Hence
g =+ [t—a) = (b—-1t)"] =0,

giving (t—a)' =(b—t) Y andt—a=b—t, thatis t = a“sz the only critical number here.

We have g (a) =g (b) = (b— a)VH, and g (%b) = (b_;liv)VH, which the minimum of g over
[a, b].
Consequently the right hand side of (24) is minimized when t = 232 with value Cza (bfg#
Assuming f*) (a) = ) (b) =0, for k = 0,1,...,1 — 1, then we obtain that
b v+1
vy (b—a)
f dx| < 25
L (x) x_(v+” v ) (25)
which is a sharp inequality.
When t = 42 then (24) becomes
b n—1 k+1
1 (b—a)
f - [ ~1)09 ()] | <
J, e X (@) + (=15 (0)] | <
y (b—a" (26)
(v+1) 2v

Next let N €N, j=0,1,2,...,N and t; = a+j (&%), that is to = a, t; = a+ 2%, .., tn = b.

Hence it holds

t—a=j (b_“>, (b—1t;) = (N—j) (b_a>, j=0,1,2,..,N. (27)

N N
We notice that
N N b— v+1 N
(= a0 = (252) [ i), (28)
j=0,1,2,...,N,
and (for k=0,1,...,n—1)

{f(k) (@) (t; — @)+ (=1)%F (b) (b — tj)k“} -
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b—a k+1
( ) [f“ﬂ (@) 4+ (=) (b) (N =) |, (29)

N
j=0,1,2,..,N.

By (24) we get

b n—1 k+1
e Y oo (580) [ @i + s myon -]

. Zk+ 1)1\ N
b—a\"" v+
S(VL)( Na) DAEICESINAE (30)

§=0,1,2,..,N.

If ) (@) =) (b) =0, k = 1,...,n — 1, then (30) becomes

b _
J f(x)dx—(bN“) 6 (a) + (N —§) £ (0] <
o v+1
(VL) (bN“) EEACE (31)

i=0,1,2,..,N.
When N =2 and j =1, then (31) becomes

b
J ) dx— <b;“) (F(a) + £ (b))

<

v 5 <b_a)v+1 B ( v (b— a)er] . (32)

(v+1) 2 (v 2v
Let 0 < v <1, then n = [v] = 1. In that case, without any boundary conditions, we derive from

(32) again that

)v+1

. 2 VD 2 (33)

b
Jf(x)dx—(b_a>(f(a)+f(b))‘g vy (b-a

The theorem is proved in all cases. O

We give

Theorem 5. Letv>1,n=[v], and f € AC™ ([a,b]). We assume that D} f,DY_f € L ([a,b]).
Then

<

b n—1
L f(x)dx — ];) ﬁ [f(k) (@) (t—a) " 4+ (=1)5) (b) (b — t)k+1}
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maX{HDraf”L] (ta,o0 > DT, ([a,b})}
Nv+1)

[(t—a)"+(b-1)"], (34)

vV tela,bl,
ii) when v =1, from (84), we have

b
|t ac=if@ - a ) -0 <
Hf/”I_]([a‘b]) (b—(l), Vte [(l,b], (35)
iii) from (85), we obtain (v =1 case)
b b—a ,
[ ro0ax— (252) (@) 100)] < 17, g0 (0 =), (36)

) att = a“sz, v > 1, the right hand side of (34) is minimized, and we get:

K+1
)

b ! 1 (b—a
L f(x)dx — 1;) TESIT {f(k) (a) 4 (—1)kfk) (b)}

<

max {IDYafIL, a0 D oy J (b — )

Fv+1) V-1’ (37)
v) if £%) (@) =f) (b) =0, for all k =0,1,...,n—1; v > 1, from (37), we obtain
b maX{HDlaf”L] (la,b])> ||D?3/—f"L1 ([a,b])} (b—a)”
Tx)ay| < e s (39)
which is a sharp inequality,
vi) more generally, for j =0,1,2,..., N € N, it holds
Jb f(x) dx — E () 109 (@) + (=1 (N =)< 09 ()]
a (k+1)! N
k=0
< max {”D:ath (la,b]) HD%/J:HL, ([a,b])} b—a)” [_V (N ,)V] (39)
= Tv+) N )V Vb

vii) if %) (a) = ) (b) =0, k =1,....,n—1, from (39) we get:

<

b J—
[ roax- (bN“) 6 (a) + (N —) f (b)]
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maX{HDl'afHL] (la,b]) HD%/J:HL, ([a,b])} b—a)” [,V H(N— ')V} (40)
Fv+1) N ) L
j=0,1,2,...,N,
viti) when N =2 and j =1, (40) turns to
b
b—
J o dx— P (@) 4 (b)) <
a 2
max {”DlafHL] (a0 > DT, ([a,bn} (b—a)” (41)
Mv+1) 2v—1
Proof. Here v > 1 and DY f,DY_f € L ([a,b]). By (10) we get
n—1
f(k) 1 [
o) — SO Ry (N AT
k! I'(v) a
k=0
(X a)v—] N
= T (V) ”D*afHL] ([a,b]) (42)
vV x € [a,b].
That is
n—1 v
f(k) (Cl) k ”D*afHL]([a bl) v—1
_ _ < I7xa Thitabl) o
HOEDN o (x—a)"| < e (x—a)” ', (43)
k=0
Vxe€lab].
By (11) we get
n—I1
£ (b 1 4 (°
f(x)— ( )(x—b)k < ——(b—x)" 1J |DY_f(z)|dz
k! I'(v) X
k=0
(Gl MR 44
r(v) || b— HL1([a,b})’ ( )
Vxe€lab].
That is H H
n—I1 v
£ (b) e _ 1P fllL, (10,01 1
_ _ < - UGS ()Y
F00 = Y g (o= )| < e latl (p T, (45)
k=0
Vxe€la,b].
Call D1
= *a’lILy ([a,b]) (46)

r) ’
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and
v
LR "
2' re)
Set
5 := max (81,02). (48)
That is :
n
£ v
f(x) — k,(“) x—a) <s(x—a) ", (49)
k=0 )
and :
no
(k) (b) _
fl)— Y o (x—b)*[<s(—x)""", (50)
k=0
vV x € [a,b].
As in the proof of Theorem 4, we get:
b n—I1 1
_ L II0Y kT 1yke(k) _ykH]] <
Lf(x)dx l;)(kJrU! (159 (@) (= )+ (=) (b) (b — )] | <
5 § v
= [(t—a)" + (-1, (51)
Vtela,b].
The rest of the proof is similar to the proof of Theorem 4. O

We continue with

Theorem 6. Let p,q > 1: %+
L4 ([a,b]). Then

T =1 v> ¢ n=[v];feAC" (la,b]), with DY,f,Dy_f €

1)
b n—1
J fx)dx—) ﬁ [f“<1 (@) (t—a)" "+ (=)™ (b) (b —t)k“} <
a k—0 .
max{HDl’afHLq([a,bJ) ) HD}V,JHLCI ([a,b])} {(t B a)”% b UH%} (52)
ro) (v+ 1) pv=1+17 !
Vtela,bl,

i) at t = 22 the right hand side of (52) is minimized, and we get:

b n—1 k+1
| roax= Y s B [ (@) + (1M ] <

| k+1
. Z (k+1)! 2
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maX{HDl'af”Lq (la,b]) " HDgJHLq ([a,bn} (b — a)v+%

g ) (53)
ro) (v+ ) pv=1+17 A
ii) if £ (a) = f%) (b) =0, for all k =0,1,..,1— 1, we obtain
b max {”DIafHLq ([a,b]) " ||Dg—fHL (la b])} (b— a)V’L%
[REERE alle, o (54)
a ro) (v+3) pv=1+1)7 A

which is a sharp inequality,

iv) more generally, for j =0,1,2,..., N € N, it holds

k=0

Jb f (x) dx—ni T (b_—“)kﬂ [ 109 (@) + (=1 (N =) 0 (b)]‘
“ k+1)!\ N

InaX{”D:afHLq([a,b]) ) ||D?3/—f"l_q(£a,b])} <b — a>v+$ [jv+% N —j)v+ﬂ ) (55)
ro (v+3) pv=1+17 N

v) if %) (a) =) (b) =0, k=1,...,n— 1, from (55) we get:

<

b
[ roax- (b;“) 5 (a) + (N —) f (b)]

a

maX{HD:af”Lq([a,b]) ) ||D?3/—f"Lq([a,b])} (b — a>v+% [_V_._l (N .)W%
v —) )

(56)
T
F(v)(v—k%)(p(v—])—H)v N
forj=0,1,2,..,N,
vi) when N =2 and j =1, (56) turns to
b J—
J f(x)dx—(b a) (f(a) +f(b)] <
a 2
maX{HD:af”Lq([a,b]) ) ||D?§—fHLq([a,b])} (b— a)v+% (57)
)

ro) (v+ ) pv=1+17 AR
vii) when 1/q < v <1, inequality (57) is again valid but without any boundary conditions.

Proof. Here v>0,n=[v],fe AC"([a,b]);p,q>1: % + % =1, with DY f,Dy_f € Lq ([a, b]).
By (10) we have

n—1 (k)
fx) -y 1 k,(a) (x—a)*
k=0 ’

1 * v—1 v
< WJ (x— 1) DY, f (1) dt <
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1 x (v—1) ek i
1 J (x— 1P gt J DY f(oat)’ <
I (V) a a

p(v—1)+1
1 (x—a)

FM pv=1+1)

Here we assume that v > % Sp(v—1)4+1>0. So, we get

HD:af”Lq([a,b]) : %)

<=

f(x) _E Rt (x—a)¥| < D% e o Fle-a) T, (59)
2T PV (plv—1)+1)7
VY x € [a,b].
By (11) we have
n—1
f(k) (b) K 1 b v—1 v
k=0
b v (b @
) q
1 J' (Z_X)p(vfﬂdz J' ‘D\b/ f(z)‘q dz <
rv) Uy < B
pv—1)+1
1 (b—x)" 7
DV,f . (60)
T tp v =1y 7 1F | e
So, we get
U TSI D X o
= k! FrV)(plv=1)+1)"
vV x € [a,b].
Call
- IDYafll, (ta,b) (62)
rv)(plv—=1+17
and
IDY ¢ (e
0= Lq([a,b]) . (63)
Frv)pv=1+1)7
Set
1
p :=max (p1,p2), mi:V—a>O. (64)
That is 1
= f® (a m
fx)— ) k!( )(X—a)k <plx—a)™, (65)
k=0
and = 0 (b) K
)= Y o (=B <p(b—x)"™, (66)
k=0 )
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vV x € [a,b].

As in the proof of Theorem 4, we obtain:

<

b n—I1
L f(x)dx — 1;) ﬁ [f(k) (a) (t— a)k+1 + (=)™ (b) (b _t)kﬂ}

(m‘—)k 0 [t ™ o™ =

max { HDIaf”Lq (la,b])> HDLfHLq ([a,b])}

r)pv=1+17 (v 1)

{(t—a)”% + (b—t)”ﬂ, (67)

Vtela,b].

The rest of the proof is similar to the proof of Theorem 4. O
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