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ABSTRACT

We study a nonlinear elliptic p(u)— Laplacian problem with Fourier boundary con-
ditions and L'— data. The existence and uniqueness results of entropy solutions are
established.

RESUMEN

Estudiamos un problema p(u)—Laplaciano eliptico nolineal con condiciones de borde
Fourier y datos L'. Se establecen resultados de existencia y unicidad de soluciones de

entropia.
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1 Introduction

In this paper, we consider the following nonlinear Fourier boundary value problem

{b(u) —diva(z,u, Vu) = f in Q (1.1)

a(z,u,Vu)n+du=g on 01,

where 0 C RN (N > 3) is a bounded open domain with Lipschitz boundary 92, n is the outer
unit normal vector on 02 and A\ > 0.

The operator diva(z,u, Vu) is called p(u)-Laplacian. It is more complicated than p(z)-Laplacian
in the term of nonlinearity. A prototype of this operator is div(|Vu|p(“)’2.Vu). The variable
exponent p depend both on the space variable z and on the unknown solution u. The problem

(1.1) is a generalization of the following nonlinear problem

b(u) — diva(z, Vu) = f in Q
a(z, Vu)n+Iu =g on 0},

studied in [15] by Nyanquini and Ouaro. The authors used an auxiliary result due to Le (see [16],
Theorem 3.1) to prove the existence of the weak solution when f € L>®(Q), g € L*°(99) and by
approximation methods they obtained the entropy solution when f € L'(2), g€ L*(99).

In the present paper, as the function (z,z,n) — a(x, z,7) is more general than (x,n) — a(z,n),
it is difficult to use the sub-supersolution method, as in [16], to get the existence of the weak
solution. Therefore, we use the technic of pseudo-monotone operators in Banach spaces, some a
priori estimates and the convergence in term of Young measure to obtain the existence of entropy
solutions of problem (1.1). Indeed, we define an approximation problem, and we prove that this

problem has a solution w,, which converges to u, an entropy solution of problem (1.1).

In this paper, we consider the following basic assumptions on the data for the study of the problem

(1.1).

(A1) f and g are some functions such as f € LY(Q), g € L1(99Q) and g # 0.

(A2) b is nondecreasing surjective and continuous function defined on R such that b(0) = 0.
Problem (1.1) is adapted into a generalized Leray-Lions framework under the assumption
that a : Q x (R x RY) — RY is a Carathéodory function with:

(As) a(z,2,0) =0 forall z€ R, anda.e.xz €

(Ag) (a(z,2,8) —a(z,2,1)).(£ —n) > 0 forall§,n € RN, £ # 7, as well as the growth and the

coercivity assumptions with variable exponent

(A45) |a(z,z,6)[" " < Cr(|P= + M)

and
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(As) ala,2,).€ > CiQ|g|p<waz>.

Here, C; and C; are positive constants and M is a positive function such that M € L(Q).

p(x,2)

p: OXR = [p_,p4] is a Carathéodory function, 1 < p_ < p; < +ooand p'(x, z) = @21
p\x,z) —

is the conjugate exponent of p(z, z), with

p_:=ess inf p(x,z) and py:=ess sup p(x,2).
(z,2) QxR (z,2)EQXR

The study of p(u)-Laplacian problem was recently developped by Andreianov et al. (see [2]).
These authors established the partial existence and uniqueness result to the weak solution in the
cases of homogeneous Dirichlet boundary condition.

The interest of the study of this kind of problem is due to the fact that they can model various
phenomena which arise in the study of elastic mechanic (see [6]), electrorheological fluids (see [20])
or image restoration (see [9]).

In this paper, we study the existence of the weak solution for approximation problem and we also
establish the existence and uniqueness results of the entropy solution when the data are in L'.

In this work, we use the Sobolev embedding results and the convergence in term of Young measure
(see [10, 12]).

Here, we consider a Fourier boundary condition which bring some difficulties to treat the term at
the boundary.

We were inspired by the work of Ouaro and Tchousso (see [15]), where the authors defined for the
first time a new space by taking into account the boundary.

For the next part of the paper (section 2), we introduce some preliminary results. In section 3, we

study the existence and uniqueness of entropy solution when the data are in L!.

2 Preliminary

o We will use the so-called truncation function

£ (8] < & 1 if §>0

Tk(s) := s . ,l 5l = . where signo(s):=<0 if s=0
ksigno(s) if |s| >k Lif s <0

-1 if s<0.

The truncation function possesses the following properties.

Ti(=s) = =Tk(s), [Ti(s)| = min{|s|, k},

. .1 .
kgrfoo Tr(s) = s and %g% ETk(S) = signo(s).
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We also need to truncate vector valued-function with the help of the mapping

A, if |\l <m

B : RY — RY | hyp(N) = oA A > m where m > 0.
Al ’

For a Lebesgue measurable set A C €, x4 denotes its characteristic function and meas(A) denotes
its Lebesgue measure. Let u :  — R be a function and k € R, we write {|u| < k} or [|Ju] < k] for
the set {x € Q: |u(x)| <k}, (respectively, >, =, <,>).

The function af(.,.,.) appearing in (1.1) satisfies a generalized Leray-Lions assumptions given in
Introduction. View that, a(.,.,.) satisfies (A5) and (Ag), we must work in Lebesgue and Sobolev
spaces with variable exponent, that depend on  and on u(x). For the study of problem (1.1), we
need the Sobolev spaces W™()(Q), where 7(.) = p(.,u(.)).

Definition 1. Let m: Q — [1,+00) be a measurable function for w(.) = p(.,u(.)).
o L"0)(Q) is the space of all measurable function f : Q — R such that the modular

Pr()(f) = A 1™ dz < +oo.

If p4 is finite, this space is equipped with the Luzembourg norm

I[fllL0) (@) = inf {/\ > 0; Pw(.)<§> < 1}-

In the sequel, we will use the same notation L™ (Q) for the space (L™ (Q))N of vector-valued
functions.

WL (Q) s the space of all functions f € L™ (Q) such that the gradient of f (taken in the
sense of distributions) belongs to L™)(Q). The space W™()(Q) is equipped with the norm

[ullwrx0 @) = lull =0 @) + VUl L= )

When 1 < p_ <m(.) < py < 400, all the above spaces are separable and reflexive Banach spaces.

We denote m,(z) := p(x, u,(x)).

Proposition 1. (See [1], Proposition 2.3)
For all measurable function w: Q — [p—,p4], the following properties hold.

i) L™O(Q) and WH™)(Q) are separable and reflexive Banach spaces.
it) L”/(')(Q) can be identified with the dual space of L™)(Q), and the following Hélder type

inequality holds:

VfeL™(Q), g€ L7O(Q), ‘/Q fgdz| < 2|[f||p~0@ll9ll L) -
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iii) One has pr(y(f) = 1 if and only if || f|| =) (@) = 1; further,
i ro(F) < L. then 11050 @ < pro() < IFIL200

In particular, if (fn)nen is a sequence in L™ (S2), then [ fnllL=0) () tends to zero (resp., to infinity)
if and only if pr()(fn) tends to zero (resp., to infinity), as n — +oo.

For a measurable function f € W17 (Q) we introduce the following notation:

L) 1f"Ode + [ |V fI"Od
n= o |

Replacing p(z) by 7(z) in [8]-Proposition 2.2, we obtain the following result that is fundamental
in this paper.

Proposition 2. ( See [23, 24] ) If f € Wh()(Q), the following properties hold:

i) [ fllwr. ) > 1= ||f||W1 () (Q) < P1,x( ( ) < ||f||W1,ﬂ'(»)(Q);
i) 1 lwrrto @) < 1= 1% noo < P1m00) < A1 mco

ii) || fllwi~o ) <1 (respectively = 15> 1) & py ()(f) <1 (respectively =1;> 1).

The following lemma prove that the space W17()(Q) is stable by truncation.

Lemma 2.1. If u € WH™)(Q) then Ty(u) € WH0)(Q).

Now, we give the embedding results.

Proposition 3. (See [1], Proposition 2.4) Assume that w: Q — [p—,p4| has a representative which
can be extended into a continuous function up to the boundary 02 and satisfying the log-Hélder

continuity assumption:

AL >0, Yo,y eQa#y, —(loglr —yl)|n(z) —n(y)| < L. (2.1)

i) Then, D(Q) is dense in W) (Q).

i) WHT)(Q) is embedded into L™ ()(Q), where 7*(.) is the Sobolev embedding exponent defined
as in (2.2) below. If q is a measurable variable exponent such that ess ing(w*(.) —q(.)) >0,
TE

then the embedding of WH™()(Q) into L) (Q) is compact.
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For a given m(.), a function taking values in [p—,p+], 7*(.) denotes the optimal Sobolev embedding

defined for any x € Q by

N{V_Wi% if w(r) <N
™ (@) = any real value if wx)=N (2.2)
+00 if w(xz)> N.
Put
(N = Dr(z)
7 (x) == (w(:v))a = N-—-m(x) if (@) <N (2.3)
+0o0 if w(z)>N.

Proposition 4. (See [18], Proposition 2.3 )
Let (.) € C(Q) and p— > 1. If q(x) € C(90Q) satisfies the condition:

1<q(z) <n%x), Voed,
then, there is a compact embedding
WhTO(Q) — LIO(HQ).
In particular there is compact embedding

whT(Q) < L™0)(99).

TYoung measures and nonlinear weak-* convergence.
Throughout the paper, we denote by §. the Dirac measure on R? (d € N), concentrated at the
point ¢ € R?.
In the following theorem, we gather the results of Ball [7], Pedregal [19] and Hungerbiihler [13]
which will be needed for our purposes (we limit the statement to the case of a bounded domain
). Let us underline that the results of (ii),(iii), expressed in terms of the convergence in measure,

are very convenient for the applications that we have in mind.

Theorem 2.1. (i) Let Q C RN, N € N, and a sequence (v,)nen of R -valued functions, d € N
, such that (vy)nen is equi-integrable on Q. Then, there exists a subsequence (nk)ren and
a parametrized family (v.)zcq of probability measures on R (d € N) , weakly measurable

in x with respect to the Lebesque measure in §, such that for all Carathéodory function
F:QxR? = Rt €N, we have

k—+oo

lim A F(z, vy, )dz = /Q/Rd F(z, \)dvy(N)dz, (2.4)
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whenever the sequence (F(.,vn(.)))nen @ equi-integrable on 2. In particular,

v(x) == /]Rd Advy (N) (2.5)

is the weak limit of the sequence (vn, )ken in L*(8).

The family (vy)zecq is called the Young measure generated by the subsequence (vn, )keN-

(i) If Q is of finite measure, and (v )zeq is the Young measure generated by a sequence (Up)nen,

then v, = 0y(y) for a.e. x € Q & vy, converges in measure in € to v as n — +o0.

(iii) If 0 is of finite measure, (un)nen generates a Dirac Young measure (8,(z))zcq on R4, and
(Vn)nen generates a Young measure (vg)peq on R, then the sequence (un, v, )nen generates
the Young measure (6u(z) ® Vg)zeq ON Rétdz - Whenever a sequence (Vp)nen generates a
Young measure (vy)zeq, following the terminology of [11] we will say that (v )nen nonlinear
weak-* converges, and (Vz)zecq is the nonlinear weak-* limit of the sequence (vn)nen. In the
case where (Up )neN possesses a nonlinear weak-* convergent subsequence, we will say that it is
nonlinear weak-* compact. ([1], Theorem 2.10(i)) It means that any equi-integrable sequence

of measurable functions is nonlinear weak-* compact on §.

Lemma 2.2. (See [1], Theorem 3.11 and [2] Step 2 of proof of Theorem 2.6). Assume that (un)nen

converges a.e. on ) to some function u, then

Ip(z, un(x)) — p(z,u(x))| converges in measure to 0 on €,
and for all bounded subset K of RN,

sup |a(x, un,(2), &) — a(z, u(x),£)| converges in measure to 0 on Q. (2.6)
e

For the sequel, we assume that p(.,.) is log Hélder continuous uniformly on Q x [—~M, M| and
p— > N. We recall some notations.
For any u € WH7()(Q), we denote by 7(u) the trace of u on 9 in the usual sense.
We will identify at boundary u and 7(u).
Set

THO(Q) = {u: @ — R, measurable such that Tj(u) € W'™)(Q), for any k >0},
3 Entropy solution

In this part, we study the existence and uniqueness of the entropy solution to the problem (1.1).

We give some notations.
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We define 7#77(')(9) as the set of the functions u € 757()(Q) such that there exists a sequence
(un)neny C WHP+(Q) satisfying the following conditions:

(C1) up — u ae. in .

(Cy) VTi(un) — VTi(u) in LY().

(Cs)

C3) There exists a measurable function v on 0f), such that u, — v a.e. on 9.

The function v is the trace of u in the generalized sense as introduced in [4, 5]. In the sequel
the trace of u € 7,-")(Q) on 99 will be denoted tr(u). If u € WHm)(Q), tr(u) coincides with
7(u) in the usual sense. Moreover, for u € ﬁl’ﬂ(')(ﬂ) and for all k > 0, tr(Tk(u)) = Tk (tr(u)) and

T

if o € WHT)(Q) then u — p € 7;1'“(')(9) and tr(u — @) = tr(u) — tr(p).

T

As in [1]-Proposition 3.5, we give the following result.

Proposition 5. Let u € T"")(Q). There exists a unique measurable function w : Q@ — RN such
that VT (u) = wX{juj<k} for k > 0. The function w is denoted by Vu. Moreover, if u € wiT()(Q)

then w € L™)(Q) and w = Vu in the usual sense.

Remark 3.1. The space 7;1’”(')((2) in our context will be a subset of T™)(Q) consisting to the
function can be approzvimated by function of WHP+(Q). Since the weak solution of approzimated
problem (3.2) belongs to W1P+((Q).

Now, we introduce the notion of entropy solution due to Ouaro and al. [14, Definition 3.1].

Definition 2. A measurable function u: Q — R for w(.) = p(.,u(.)) is called entropy solution of
the problem (1.1) if
we T, (Q), b(u) € LYQ), ue LN09)

and for all k >0,

/Qb(u)Tk(u —@)dx + /Q a(z,u, Vu). VT (v — p)dx + /\/39 uTy(u — @)do

< /Qka(u—go)d:c—i—/mng(u—so)dm
(3.1)

where ¢ € WHTO(Q) N L>2(Q).

The following theorem gives existence result of entropy solution.

Theorem 3.2. Assume that (Az) — (Ag) hold and f € L*(Q), g € L*(9). Then, there exists at

least one entropy solution to the problem (1.1).

The proof of Theorem 3.2 is done in two parts.
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Part 1: The approximate problem.
Let f, =T, (f) and g, = T,,(g). Then, f,, € L>(Q) and g, € L>(9Q). Moreover, (fy)nen strongly
converges to f in L'(2) and (gn)nen strongly converges to g in L*(9Q) such that ||fu]|110) <

I[fllzr @) and [[gnllz100) < |9z 00)-

We consider the following problem

T (b(un)) — diva(z, up, Vu,) — elp, tp + |t [P+ 2u, = f, in Q

(3.2)
(al@, un, Vun) + €|V, [P+ 72Vuy ). + AT (un) = gn on 01,
where v
& (|Oun|P* 2 Ouy
_Ap+un T Z 8xz (‘ 8171 8xz )

i=1
In this part, we show that the problem (3.2) admits at least one weak solution w,,, for all € > 0.

We define the following reflexive space
E = W'P+(Q) x LP+(99).

Let
Xo={(u,v) € E: v=r1(u)}.

In the sequel, we will identify an element (u,v) € X with its representative u € WP+ () (since
WLP+(Q) s LP+(052)).

Theorem 3.3. There exists at least one weak solution u, for the problem (3.2) in the sense that
Uy € Xo and for all v € Xy,

/Tn(b(un))vda:—i-/a(:c,un,Vun)Vvd:r + / AT, (up)vdo
Q Q a0

+ 5/ [|un|"* *unv + [V, [P+ > Vu, Vo] dz
Q

= /fnvd:c—i-/ gnvdo. (3.3)
Q o

To prove the Theorem 3.3, we need the following result.
Lemma 3.1. (See [22], Corollary 2.2). If an operator A is of type (M), bounded and coercive on

a separable Banach space to its dual, then A is surjective.

We define the operator A,, by
A,u = Au + Byu,
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where

< Au,v >= / a(z,u, Vu)Vudz
Q

and

< Bhu,v >= / T, (b(u))vdx + /\/
Q

T, (u)vdo + 5/ [JulP* " 2uv + |VuP+ —*VuVolde,
r9)

Q
with u,v € Xj.

Proof of the Theorem 3.3. The proof is organized in three Steps.

Step 1: A, is bounded.

By using Holder type inequality and (A5) with constant exponent p,, we deduce that A is bounded.
Moreover, B,, is bounded. Indeed, let u € F', where F' is a bounded subset of Xj.

As b is onto, we have

< Bpu,v> = / Tn(b(u))vd:v—i—/\/
Q

T, (u)vdo + 5/ [ulP*2uv + |VuP+ > VuVo]de
r9)

Q

< /|b(u)||v|d:v+/\/ |u||v|da+5/ [l o] + [VulP* 1| Vo] da
Q o0 Q
Py Py
< CO(lolliq) + Illprony) + & [llull 7 o [oll o+ @) + IVull 57 o) Vol L+ o)

< CN(llzr @) + llvllian) + CEvllyir: q)-

Therefore, A,, is bounded.

We recall the following notion:
Definition 3. An operator A : V — V' is type of (M) if:

Up —u n V
Alun) = x in V’ = x = Au).
limsup < A(uy,), up, ><< x,u >
n—oo
Step 2: A, is pseudo-monotone.

Let (uk)ren be a sequence in Xy such that

ur —u in Xp

Apup, — x in X

limsup < Ajpug, up >=< x,u > .
k— o0

We will prove that x = A,u.
As Ty (b(ug))ur, > 0 and AT, (ug)ux, > 0, by Fatou’s Lemma, we deduce that

T (ur)urdo) > /

k—o0 Q

lim inf </Q T (b(ug))updz + A T, (b(w))udz + )\/ T, (u)udo.

o0 o0
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One the other hand, thanks to the Lebesgue dominated convergence Theorem, we have

lim (/ T (b(uk))vdx + A Tn(uk)vda—i—e/ [|uk|p+2ukv+|vuk|p+QVuva]d:c)
Q Q

k—o0 o0

= / T (b(u))vdx + /\/ T, (u)vdo —l—g/ [JulP*2uv + |VulP+ 2 VuVo]dz,
Q a0 Q
for any v € Xy. Therefore, for k large enough,
T (b(un) )+ AT (ur) 4 [|ur [P+~ 2w+ | Vg [P+ =2 Vug ] = T (b(w))+ ATy (w)+e [JulP+ ~?u+|VulPr72Va] in X,
Thus,
Aup, — x — (Tn(b(u)) + AT (u) + ef|ulP+2u + |Vu|p+2Vu}) in X{, as k— +oo0.

Now, we are going to prove that A is of type (M).

Let us set
a1 (u,v,w) = / a(z,u, Vu)Vwdz.
Q

Then, w +— a1 (u,v,w) is continuous on WP+ (), thus
ar(u,v,w) = (A(u,v),w), Alu,v) € (WHP*(Q)),

and verify
A(u,u) = Au, where Au:= —diva(z,u, Vu).

Let us prove that A is of type of Calculus of variation.

e As A(u, .) is bounded, we prove that v — A(u,v) is hemi-continuous from W1+ (Q) — (WLP+(Q))'.
Since a(z,u, V(v + tvg)) — a(z,u, Voy) in LP*(Q) as t — 0 and w,vy,v, € WEP+(Q) then,
a1 (u, v1 + tvg, w) = a1(u,v1,w) as t — 0.

In the same manner we prove that u — A(u,v) is hemi-continuous from WP+ (Q) — (Whr+())".

Moreover, for all u,v € WP+ (Q), we have

< Au,u) — Alu,v),u —v >

< Alu,u),u—v > — < A(u,v),u —v >

ar (u, u,u —v) — ay (u, v, u — v)

/Q a(z, u, V)V (u — v)dz — /Qa(:z:, u, Vo)V (u — v)da

= /Q (a(z,u, Vu) — a(z,u, Vv))V(u — v)dz > 0.
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e Let us suppose that ux — u in WHP+(Q) and < A(ug, ur) — A(ug, u), ur, —u >— 0. We prove
that
Yo e WhP+(Q), A(ug,v) — A(u,v) in (WHP+(Q)).

Let’s set
/ Frdx = <A(u;€,uk) — A(ug,u),up — u>, then Fj, — 0.
Q

As up — u, we have
a(x, ug, Vv) = a(z,u, Vu) in LP+(Q)

(see [17], Lemma 2.2 with m = 1). Therefore, A(ug,v) — A(u,v) in (WhP+(£))".

e Now, we suppose that uy — u in WP+(Q) and A(ug,v) — O in (WLP+(Q)). We prove
that
(A(ug,v), up) = (O, u).

Then, by using ([17], Lemma 2.1), we obtain that a(x,ug, Vo) = a(z,u, Vv) in P (Q) and thus,
ay (ug, v, ug) — a1 (u,v,u).
Therefore,

< Alug, ), up >= a1 (ug, v, ug) =< A(u,v),u > and O = A(u,v).

Hence, A is of type of Calculus of variation. Finally, by using ([17], Proposition 2.6 and Proposition
2.5), we prove that A is of type (M).

As the operator A is of type (M), so we have immediately
Au =y — <Tn(b(u)) + AT (u) + e[|ulP+*u + |Vu|p+2Vu]>.

Therefore, we deduce that A,u = x.

Step 3: A, is coercive.

< Apu,u> = /a(x,u,Vu).Vudw—i—/Tn(b(u))ud:v
Q Q

+ /\/ Tn(u)ud:v—i—a/ [JulP* + | VulP+]da
o9 Q

> 5/ [JulP* + |VulP+]da
Q
P+
Z €||u||W1,p+(Q)'
We deduce that
< Aju,u >

— 400 as ||ul|yre — +00.
||u||W1’p+(Q) whP+(Q)
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Hence, A, is coercive.

Then, according to Lemma 3.1, A,, is surjective.
Thus, for any F,, =< T, (f),Tn(9) >C E’ C X{, there exists at least one solution u,, € Xy of the
problem

< Apun,v >=< F,,v> forall ve Xg.

Therefore, u,, is a weak solution of the problem (3.2). This ends the proof of Theorem 3.3.
Remark 3.4. Ifu,, is a weak solution of the problem (3.2), then u,, € WH™()(Q), since WP+(Q) —

WL Q) continuously. Moreover, a(x,u,, Vuy,) satisfies (Az) — (Ag) with variable exponent
T (2) := p(z, un(x)).

Part 2: A priori estimates and convergence results.
This part is done in three steps, we make a priori estimates, some convergence results and other

based on the Young measure and nonlinear weak—* convergence.

Step 1: A priori estimates

Lemma 3.2. Suppose that (Az) — (Ag) hold with variable exponent m,(.) and fn, € L>®(Q), gn €
L>(09). Let uy, be a weak solution of (3.2). Then, for all k > 0,

/Q |VTk(un)‘ﬂn(')dx < Cok([1 £l L) + l9llLr09)) (3.4)
/Q | T (b(un))|dz < [|fI| 1) + 9l L1 00 (3.5)

1
it < 301l + gl o) 56

Proof of Lemma 3.2. By taking v = Ty (u,,) in the weak formulation (3.3), we obtain

/Tn(b(un))Tk(un)dx + /a(w,un,Vun).VTk(un)dx—i—/ AT, () Ty (u, ) do
Q Q a0
+ 5/ [n [P+ 2wy T (un) + [V [P+~ Vu, VT (uy) | do
Q

= /fnTk(un)d:v—i—/ 9nTx(uy)do.
Q 90

Since all the terms of the left hand side of (3.7) are nonnegative, we deduce that

/a(z,un,Vun).VTk(un)de/fnTk(un)d:r—i—/ gn T (un)do. (3.8)
Q Q o0
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By using (A4g) and (3.8), we get

IN

mn(.)
/Q|VTk(un)‘ dx C’g(/ﬂfnTk(un)d:c—i- /89 gnTk(un)d0>

Cok (1111 ) + l9ll200)) -

IN

From (3.7), we deduce that

IN

Q Q oN

E(I1f 1) + gl o0))

IN

and

IN

o0 Q o0

E(I1f12 @) + llgllzro0))-

IN

(3.10)

Dividing (3.9) and (3.10) by k and letting k goes to 0, we obtain

/Q T,y (b(un))signo(un)dz < |11z + l9llz1on

and
A - T (un)signo(un)de < |[fllL1) + [l9ll150)-
Hence,
/Q | T (b(un))|dz < [| £l L1y + 1lgllL1 00
and

1
/ | T (un)|da < X(”f”Ll(Q) +l9ll2100)) -
09

Lemma 3.3. Assume that (A3)-(Ag) hold. If uy is a weak solution of the problem (3.2), f, €
L>(Q) and g, € L*(9Q), then for all k > 0

/Q |VTk(Un)‘p7d$ < C(HfHLl(Q)a ||9||L1(asz), meaS(Q))(k +1) (3.11)

and

1
/m | T (un)|do < X(Ilflluaz) + [lgll 1 o9)) (3.12)

for alln >k > 0.
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Proof of Lemma 3.3. Firstly, we prove (3.11). We know that
VB[ < Cok (17 en + e om) (3.13)
Let us note that

’VTk(un)’pfdx = / ’VTk(un)‘pfdx—f—/ ’VTk(un)‘p*dCC
Q {IVTy (un)|>1} VT (un)[<1}

IN

/ VT, (un)‘p’ dx + meas(Q2)
{IVTk(un)‘>l}

/Q | VT (un)

By using (3.13) and (3.14), we get

ﬂ'n(

IN

Ddx + meas(Q). (3.14)

/Q‘VTk(UnﬂpidI < max (Co(|[f]r ) + |9l (00)) , meas(2)) (k + 1)

C(||f||L1(Q)7 ||g||L1(3Q),meas(Q)) (k + 1)

(3.15)

Now, from the formula (3.6), we obtain [Ty (un)|[z1(00) <

< S (Ifller) + ll9llzron)) and as
|Th (un)| < | T (un)| for all n > k > 0, one deduces that

> =

1
[ 1Bl < 5 (161l + lollzsom)-
o

Lemma 3.4. For any k > 0, we have

||Tk(un)||W1v”n(-)(Q) <1+ C(k, f,g,pﬂerameaS(Q))
and for all k > 1,
C
n (b(k), [b(—k)])

meas({|un| > k}) <

Proof of Lemma 3.4. By using (3.4), we have

VT ()] ™ Vdz < Cok (1111210 + 9]l 1 00 - (3.16)
Q
We also have
[0t = [ ) Odes [ m) O,
Q {lun|<k} {|un|>k}

Furthermore,

/ kO dy
{Jun|>k}

kP+meas() if k>1
meas(2) if k<1

/ (T () O
{lun|>k}
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and

IN

/ T (un )| da: / k™G dy
{Jun|<k} {Jun|<k}

{k’”meas(Q) if k>1

meas(£2) it k<1.
This allow us to write

|The (un) ™ da < 2(1 4 kP+)meas(Q). (3.17)
Q
Hence, adding (3.16) and (3.17) one gets

P10 () (Ti(un)) < Cok(|[f111 ) + 9]l 09)) + 2(1 + kP )meas(Q).

For || Tk (un)|[w1.7n () (@) > 1, we have according to Proposition 2 that

1T () s mn o) < P17 () (Th(un)) < [Cok([[f122() + llgllzra0)) +2(1 + kP+)meas(Q)],
which implies that

Tk (un )l ()

IN

[C2k(||f||L1(sz) + ||9||L1(asz)) +2(1+ kp+)meas(ﬂ)] =

O(ka fa 9,P+,P—, meas(Q)).
Thus,

||Tk(un)||W1v7"n(-)(Q) <1 + O(kv f’ 9,P+,D—, meas(Q)).
Moreover, from (3.5), we have

/8 Tl < [l + e on

We deduce that the sequence (T, (b(wn)))nen+ is uniformly bounded in L'(Q2). Thus, (b(un))nen+
is uniformly bounded in L(£2). So, there exists a positive constant C' such that

/ [b(uy,)|dz < C.
Q

Furthermore, for all £k > 1, we have

/ b(un)ldz < [ 1b(un)|dz < C.
{lun|>k} Q

As b is continuous, nondecreasing and surjective, we infer

min (b(k), |b(=k)|)dx <
/{Wk} (0. () s < |

[b(uy)|dx < C.
{lun|>k}

Therefore,

C
meas({|un| > k}) < min (608), [6(=F)]) VEk > 1.
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Then, the proof of Lemma 3.4 is complete.

From the Lemma 3.4, we deduce that for any & > 0, the sequence (Tk(un))n is uniformly
bounded in W™ ()(Q) and also in WP~ (Q).

Then, up to a subsequence still denoted Ty (uy,), we can assume that for any & > 0, Ty (u,,) weakly

€N

converges to s in W1P-(Q) and also Ty (uy,) strongly converges to sy in LP- ().

By using the above a priori estimates, we obtain the following convergence results .

Step 2: The convergence results

The proof of the following proposition use the Lemma 3.4.

Proposition 6. Assume that (A3) — (Ag) hold and let u, be a weak solution of the problem (3.2),
then the sequence (un)nen s Cauchy in measure.
In particular, there exists a measurable function u and a subsequence still denoted w, such that

Unp — U N Measure, as n — +00.

As (un)nen is a Cauchy sequence in measure, so (up to a subsequence) it converges almost

everywhere to some measurable function wu.

As for any k > 0, Ty, is continuous; then Ty (uy) — Ti(u) a.e. x € Q, so s = Ti(u).
Therefore,
Tio(un) = Tr(u) in WP (Q)

and by compact embedding Theorem, we have
Tk (un) = Ti(u) in LP~(Q) (respectively in LP~(99)) and a.e. in Q (respectively a.e. on 0Q).

Lemma 3.5. u, converges a.e. on 0¥ to some function v.

Proof of Lemma 3.5
Since Tk(un) — Tik(u) in WHP=(Q) and WP-(Q) — LP-(99) (compact embedding), then
Ty (un) — Ti(u) in LP-(0Q) and a.e. on 9. Therefore, Ty (u,) — Ti(u) in L1(0Q) and a.e.
in 9Q. We deduce that there exists E C 99 such that Tx(u,) = Tk(u) on 0N\ E with u(F) =0,
where p is area measure on Jf2.

For every k > 0, let B}, = {z € 9Q such that |Ty(u)| < k} and F = 9Q\ U Ej. By using Fatou’s

k>0
Lemma, we have

AN

/ |T(u)|do < liminf Ty (un)|do
aQ n=+0 Jan

[l + 19l o)
X .

IN

(3.18)
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Now, we use (3.18) to get

u(F):%/}JTk(u)‘da < %/89|Tk(u)‘dcr

1Ly +1lgllL1 o0
kX '

A

IN

We obtain p(F) =0, as k goes to co. Let’ s now define on 92 the function v by
v(z) = Ti(u(x)), = € E.
We take z € 0\ (E U F'), then there exists k£ > 0 such that « € Ej and we have

un(z) = v(2) = (un (@) = Ti(un(@))) + (Te(un(@)) — Te(u(z))).

Since © € Ej, we have |Ti(u(x))] < k and so |Tx(un(z))| < k, from which we deduce that
|un (x)| < k. Therefore,

un(z) —v(x) = Tk (un(z)) — Tr(u(x)) — 0, as n — +oo.

This means that u,, converges to v a.e. on 950, but for all x € Fy, Tx(u(x)) = u(x). Thus,
v =u a.e. on 0N2. Therefore,

U, — u a.e. on 0.

*

The following assertions are based on the Young measure and nonlinear weak —
sults (see [7, 19, 13]).

convergence re-

Step 3: The convergence in term of Young measure
Assertion 1
The sequence (VT (un))nen converges to a Young measure v¥(\) on RV in the sense of the non-

x

linear weak-* convergence and

VTi(u) = - AdvE(N). (3.19)

Proof. Using Lemma 3.3, VT (u,) is uniformly bounded in LP-(2), so, equi-integrable on €.
Moreover, VT (uy,) weakly converges to VI (u) in LP~(2). Therefore, using the representation of
weakly convergence sequences in L(£2) in terms of Young measures (see Theorem 2.1 and formula

(2.5)), we can write

VTi(u) = AdvE(\) O
RN

Assertion 2. |\|™() is integrable with respect to the measure vF(\)dz on RN x ©, moreover,
Ti(u) € WHTO(Q).

Proof. We know that p(.,un(.)) = p(.,u(.)) in measure on Q. Now, using Theorem 2.1 (ii),
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(iii) (p(-; un(.)), VTk(tn))nen converges on R x RY to Young measure p% = ,(,) ® vk
Thus, we can apply the weak convergence properties (2.4) to the Carathéodory function
Fon(m,20,A) € @ x (R x RY) = |hy, (V)| with m € N, where h,, is defined in the preliminaries.

Then, we obtain
/ B V) [T@ dvkE (N)dz = / [P (V)P0 dpk (No, N)da
QxRN Qx (RxRN)
= // Fon (2, Mo, N dp (X, N da:
Q JRxRN

= lim A Fo(z, p(x,un (), VI (un(2)))dz

n—-+oo

lim / [P (VT () [PC 2 ) e
Q

n—-+oo

lim / | VT () |[PC1n () e
Q

n—-+o0o

< Cok([|fllLr ) + lgllria))  (using (3.4)).

IN

hm(A) — A, as m — 400 and m — h,(\) is increasing. Then, using Lebesgue convergence

Theorem , we deduce from last inequality that
| Ak yds < Cak(1 o) + gl o).
QxRN

Hence, |A|™(") is integrable with respect to the measure v¥(\)dz on RY x Q.

From (3.19), the last inequality and Jensen inequality, we get

/ VT (u)|"®) dz = / / AdvE (N
Q Q RN

Thus, VTk(u) € L™)(Q). Moreover, / | Ty (w)]™ da < max (kP+, kP~ )meas(Q?). Hence, Ty (u) €
Q
L™)(Q) and we conclude that T (u) € WH*0)(Q). a

m(x)
dx < / A @ dvkde < oo,
QxRN

Assertion 3.
i) The sequence (fl)fl)neN defined by ®% := a(z, un, VT (u,)) is equi-integrable on ().

ii) The sequence (@ﬁ)n weakly converges to ®* in L!(Q2) and we have

eN
ok (z) = /sz a(x, u, \)dv(N). (3.20)

Proof. i) Using the growth assumption (As) with variable exponent p(.,u,(.)) and relation (3.4),
we deduce that (®F) is bounded in L™ () (£2), so, L™ () — equi-integrable on Q.

Moreover, as 7}, (.) > 1, we obtain

la(@, tn, VTk(un))| < 1+ |a(@, wn, VT (ug))] ™.
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Thus, for all subset £ C €2, we have
/ |a(z, up, VTi(un))|dz < meas(E) +/ |a (2, tn, VT (uy)) ™ da.
E E

Therefore, for meas(E) small enough, (®F) is equi-integrable on ().
ii) Set ®* = a(x,u(x), Vv,) with Vo, = VTi(u,).xs, where S, = {z€Q, |n(z) —m(2)] < 3}
Applying (As) with variable exponent 7(.) on a(z, u(x), Vu,,), we have for all subset E C Q,

/|a(m,u(:v),an)|d:v < C/ (1+M(9€)+|an|“(')71)dgg
E E

IN

C/ (1+M(:c))d:c+/ VT (1) | iz
E ENS,

The first term of the right hand side of the last inequality is small for meas(E) small enough. For
z € Sy, m(x) < mn(z) + 4, thus

/ |VTk(un)|7r(')—1da: < / (1 + |VTk(un)|7rn(.)_%)da7
ENS,

ENS,

and
/ IV T (1) (7 = 5@ g :/ VT () [ O < 00,
Q Q

which is equivalent to saying |VTk(u,)|™)~2 € LE™ ()" (Q). Now, using Holder type inequality,

/ (1 + |VTk(un)|”"(')5>d:c
E

meas(E) + 2||VTk(un)| ‘LM(‘)(Q) IIXEllL2mnor () (3.21)

IN

/ VT ()| e
ENS,

IN

According to Proposition 1,

IN

max { (P (X)) = (P (X)) 7 }

1 1

= max { (meas(E))*~, (meas(E)) *+ }

lIxE| |L2frn(-)(Q)

The right-hand side of (3.21) is uniformly small for meas(E) small, and the equi-integrability of
i)fl follows. Therefore, (up to a subsequence) i)fl weakly converges in L!(Q) to d* as n — +oo.
Now, we prove that Pk = ®*: more precisely, we show that i)fl — ®F strongly converges in L(Q)
to 0.
Let 8 > 0, by (3.4), / |VTk (1 )|™ ) d is uniformly bounded, which implies that / |VT (uy,)|dx
is finite, since . .

/ [V T (un)|da < /(1 + |V T (1)) d.

Q Q

By Chebyschev Inequality, we have

fQ |VTy(ur)|dx

meas({|VTx(u,)| > L}) < T
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Therefore, sup meas({|VTx(u,)| > L}) tends to 0 for L large enough. Since ®¢ — ®F is equi-
neN
B

integrable, there exists 6 = §(83) such that for all A C Q, meas(A) < ¢ and / |DF — ok |dr < T
A

Jo IV Ty (uy,)|dee

7 < 0,s0meas({|VTy(u,)| > L}) < 0.

Therefore, if we choose L large enough, we get

Hence,

/ |DF — oF|dx < h.
{1V T (un)|>L} 4

By Lemma 2.2, we also have

meas({x e Q; sup |a(z, un(x), ) — a(z, u(z), \)| > a}) —0,

AeK

as n — +0o0.
Thus, by the above equi-integrability, for all ¢ > 0, there exists ng = ng(o, L) € N such that for

all n > ng,

B — @k|dr < 2.

AIESZ; SUP|x|<L |a(m,un(z),)\)fa(m,u(z),)\ﬂZa} 4

Using the definition of ®* and ®%, we have

oF — ®F = a(x, up(2), VTik(un)) — a(z, u(z), VI (u,)) on S,.

n

Now, we reason on

Sn.Lo = {x € Q; sup |a(z,un(x), ) —a(z,u(x),N)| < o, |VTE(u,)| < L}.

[AISL
We get
/ |<inI — (I>2|d:v < / sup |a(z,un(z), \) — a(z, u(z),\)|dx
Sn,L,o Sn.L,o | ML
< omeas(Q).

We observe that

/ |i>ﬁ—¢§|da::/ |&>g_q>g|dx+/ 1B — ok |dp
S. SnNSn.L.o Sn\Sn.,L.o

n

and

Sn\ Sn,L.c C {:v € Q; |,S\ngL la(z, un (), ) — a(z, u(z), N)| > a} U {|VTk(un)| > L}.

B

Consequently, by choosing o = o(3) < Imeas(Q)

, we get

= B B, B _3p
Ok @, lde <+ 45 =2,
/Snln R
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for all n > ng(o, L). By Lemma 2.2, we also have meas({z € Q,|r(z) — ()] > 3}) = 0 for n

large enough; which means that meas(§\ S,,) converges to 0 for n large enough. Thus,

/ |k —q>j§|dx=/ |k |da < B
S, \S,, 4

Therefore, for all 8 > 0 there exists ng = no(S) such that for all n > nog, / |Bk — ®F|dx < B.
Q

Hence, i)fl — ®F strongly converges to 0 in L!(2). We prove that
Dk (z) :/ a(z,u(z), \)dvE(\) ae. z€Q and ®* e L7 ().
RN

Notice that
lim / IVTk(un)|(1 — xs, )dx = lim |VTk(up)|dz = 0,
Q

n—-+oo n—-+4oo Q\Sn

since (VT (un))nen is equi-integrable and meas(2\ S,,) converges to 0 for n large enough.
Therefore, (VTj(uy))nen and VT (uy,)xs, converge to the same Young measure v/%()).
Moreover, by applying Theorem 2.1 i) to the Carathéodory function F(z, (Mg, A)) := a(z, Ao, A),

we infer that
O(z) =P(z) = / a(z,u(x), \)dvE(\) ae. 2 € Q.
RN

Using (A5), it follows that |a(z, u(x),\)]™ ) < C(M(x) + |[A|*)). Thus, with Jensen Inequality,

it follows that
/ @ (2)[" Ve = /
Q Q

/ |a(z, u(x), V[~ dvg (N)de
QxRN

()

/ a(z,u(z), \)dvE(\) dx
RN

IN

IN

C (M(:v) + |/\|’T('))du§(/\)d:c < 0.

QxRN

Hence, ®% € L™ () ().

Assertion 4
(a) For all ¥’ > k > 0, we have &% = (I)k/X{\u|<k}'
(b) For all k& > 0,

/fl)k.VTk(u)d:cZ/ a(z, u(z), \).\dvF (\)dz. (3.22)
Q

QxRN

(¢) The “div-curl” inequality holds:

/QXRN (a(z,u(x),\) — a(z,u(z), VT (u(2))) (A — VTk(u(z)))dvE (N)dz < 0. (3.23)
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(d) For all k& > 0,
®F = a(z,u(x), VTi(u)) for ae. x€Q

and VT (u,) converges to VT (u) in measure on 2, as n — +00.

Proof.
(a) Let k' > k > 0 and g := a(z, un, VI (Un))X[juj<k]- By Assertion 3-ii), (g%),en weakly con-
verges to <I>k/X[|u‘<k] in L1(Q). If we prove that (g¥),en weakly converges to ®F in L'(£), then the

wished result will come of the uniqueness of the limit. Let us put
hy = a(@, tn, VT (Un)Xju, | <k -
As VT (un) = VT (un)X([ju, <k, for all B > k> 0, then, we get

hk = CL(CC, Un, VTk/ (un))x[\un\<k] = a(Ia Up s VTk(Un)),

n

s0, (hF),en weakly converges to ®* in L!(Q) by Assertion 3-ii). Set

dy = g — hf = a(@, un, VT (un) (X[jul<k] — X[Jun|<H])-

On the one hand, thanks to Assertion 3-i), (d¥),en is equi-integrable. On the other hand d* — 0
a.e. on Q. Indeed, X[ju,|<k] = X(—kk)(Un) and if [u,| # & a.e. on Q, x(—p,x(.) is continuous on R.
In other words X(_j,x)(.) is continuous on the image of Q by u a.e. k> 0. Moreover, u, — u a.e.
on €2, then X[ju, |<k] = X[u|<k] a-€. in 2. Now, using Vitali’s Theorem (d¥),en strongly converges
to 0 in L1(Q), so it weakly converges in L'(€2). Hence, (g¥),en and (hE),en weakly converge to
the same limit ®* in L'(Q).

(b) Let S be a set of W2 functions S : R — R such that S’(.) has a compact support.

We construct a sequence (Sps)aen C S such that

e S, and SY, are uniformly bounded;

eforal M eN, S}y, =1on[-M+1,M — 1], suppS’ C [-M, M];

o the sequence (b(2)S},(2)) men is non-decreasing for all z € R.

For all p € C®(Q), v = ¢S}, (uy) is an admissible test function in the weak formulation (3.3). We
have

/Tn(b(un))Sgw(un)npd:c + Sy (un)a(x, wy, VT (un)).Viodz
Q Q

+ /Sxf(un)a(x,un,VTM(un)).VTM(un)(pd:c+ AT (un ) Shy (un)pdo
Q o

+

a/ [|[Vtn |+ 2V u, V(oS (u,)) + |un|p+_2unS§w(un)tp} dx
Q

/ FuShs (un)pda + / 9n Sy () pdor (3.24)
Q onN
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Since u,, converges to u a.e. in 2 and a.e. on 9%, by continuity of b, S, and the compacteness of

suppS},, we obtain

/Tn(b(un))wa(un)tpd:c%/b(u)SM(u)(pd:r, as n — 400 (3.25)
Q Q
and
)\/ Ty (un)Shy (un)pdo — )\/ uSh(u)pdo, as n — +oo. (3.26)
Q Q

Moreover, we have | f, S, (un)@| < [|ShllLe®|fllel € LYQ), frS)(un)e — [Si(w)e ae. in Q.
and [gn Sy (un)g| < [[Sillz=@®lgllel € LN(R), gnSiy(un)p — gSi(u)g ae. on 0Q. Thus, by

Lebesgue dominated convergence Theorem

/fnSEW(un)<pda:—>/fS}W(uypd:z:, as n — +oo (3.27)
Q Q
and
/ gnSM(un)cde%/ Sy (u)pdo, as n — +oo. (3.28)
o9 o9

Let us prove now, that
/ Shy(un)a(z, un, VT (u,)).Vedr — [ Sh(w)® . Vedr, as n — +oo. (3.29)
Q Q
For all L > 0, we have

Sy (un)a(x, wn, VT (un)).Vodr = / Shy(un)®M Vpda
Q {IVe|<L}

+ / Shy(un)OM Vipdz. (3.30)
{IVel>L}
For the first term of the right-hand side of (3.30), we have
/ Sy (un)OM Vpdr — Sy ()M Vpdr, as n— +oo. (3.31)
{IVel<L} {IVel<L}

Thanks @A — @M in L*(Q) and VS), (un)x{jvei<zt = VeSi(u)X{jve<ry in L®(Q). Fur-
thermore, the second term of the right hand-side of (3.30) converges to zero for L large enough,
uniformly in n. Indeed, using Hélder type inequality and the fact that LP+(Q) — L™()(Q), we
get

[ st
{IVep|>L}

IN

C||S§\4||L°°(R)||CI)1];4||L"%(.)(Q)||VSDX{\V@|>L}||L"n(.)(£2)
C(p-, ||S§w||L°"(R)7meas(Q))||q)71y||L"’n(-)(g)||V<P||Lp+(ﬂ)m€a5({|v</7| > L}).

From (As), (3.4) and Proposition 2, we obtain

IN

||(I)1]€4||LW'TL(-)(Q) <C.
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Moreover, ¢ € C°°(2) and C*°(Q) is dense in the space W1P+(Q2). Then, by Proposition 2 and
the fact that LliIJrrl meas({|Vy| > L}) =0, we get
—+00

meas({[Ve] > LGN oo IVellrs @) = 0. as L = +oc.

Hence, the second term of the right hand-side of (3.30) converges to zero, as L tends to infinity.
Thus, as n — +o0o and L — 400 in (3.30), we deduce (3.29).
Let us consider the third term of left hand-side of (3.24), we obtain

1Sy (un)|a(z, wp, VTa(un)). VT (un)pde < C 1Sy (un)|a(z, wp, VT (un)). VT (uy,)dz
Q {|un|<M}

< C’/ a(x, wp, VI (un)) VT (uy)de
{M—-1<|un|<M}

+ C [Shy (un) |a(z, v, VT (un)). VT (uy)de,
{lun|<M-1}

(3.32)

where C' = C(||¢||r=()). C" = C([SHl|=®), l¢llL=) and |a(@, un, VTar(un)). Vo (un) is

finite. Otherwise,
/ a(@, Up, VTa(un)) VT (up)dr — 0, as M — +o0.
{M-1<|un|<M}

Since, thanks to Lemma, 3.4, Mlililoo meas({M — 1 < |u,| < M}) =0and a(x, un, VT (un)) VT (wn)
is equi-integrable.

Finally, using (3.25), (3.26) (3.27), (3.28), (3.29), (3.32) and passing to the limit in (3.24), as n
tends to infinty and as € goes to 0, we obtain

/b(u)Sﬁw(u)cpd:v—i-/Sﬁw(u)@M.Vgodx—i-/\/ uSﬁw(u)cpda:/fSﬁw(u)godx—i-/ 9S4 (u)pdo.
Q Q ) Q 00

(3.33)

Q

For k > 0 fixed, Ty (u) € WH™()(Q) and the exponent 7(.) verify (2.1). Therefore, C>(€) is dense
in Whm()(Q), so, we replace ¢ by Ty (u). Now, for M > k, thanks to (a), we replace ®M .VT}(u)
by ®.VTk(u) in (3.33).

Sh, converges a.e. to 1 on R, as M — 400, then using the monotone convergence theorem in
the first term of left hand-side of (3.33) and dominated convergence theorem in the other term of
(3.33), we get

/Q [b(w) Ty (w) + @F .V Tk (u)]dz + /\/

uTip(u)do = | fTi(u)dx + / 9Tk (u)do.
X9) Q r9)

(3.34)
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The relation (3.7) is equivalent to

/Tn(b(un))Tk(un)dI + /a(:zc,un,VTk(un)).VTk(un)d:E+/ AT (wn) Ty (uy )do
Q Q 00

+ 5/ [un [P T (un) + [V P+ >V, VT (uy,)] do
Q
— [ BT+ [ Tiun)do,
Q 09
(3.35)

The sequences (Tn(b(un))Tk(un))neN, (Tn(un)Tk(un))neN are nonnegative and converge a.e. in
to b(u)Tk(u) and a.e. on 0N to uTy(u). By Fatou’s Lemma, we have

1iminf/Tn(b(un))Tk(un)d:cz/b(u)Tk(u)d:c (3.36)
n=+oo Jq Q
and
Alim inf T (un) Tk (uy)da > /\/ uTy(u)do. (3.37)
n=toe Joa a0

Now, we consider the right hand side of (3.35). We have
|[fnTe(un)| < klf] € LYQ), fuTk(un) — fTi(u) ae. in Q and |g,Tk(un)| < klg| € L*(09),
gnTr(un) = gTk(u) a.e. on 9. Thus, by Lebesgue dominated convergence Theorem

/fnTk(un)dx%/ka(u)d:c, as n — 400 (3.38)
Q Q

and

/ gnTk (up)do — 9T (u)do, as n — +o0. (3.39)
X9) o9

Combining (3.36),(3.37), (3.38), (3.39) and using (3.35), we get

liminf< | ST () e+ /8 ) gnTk(un)dcr) - ( /Q b(w) T (w)dz + A /6 ) uTk(u)dcr)

n—-+oo

> liminf < T (up)dx —|—/ gn T (un)do — / T (b(un)) Tk (g )dz — A Tn(un)Tk(un)da>,
n—+o0 \ Ja o0 Q o0

which is equivalent to

/Q FTe(w)da + /6 aTi(u)do ( /Q b(u)Th(u)dz + A /8 ) uTk(u)do>
liminf/ a(x, Up, VT (un)) VT (uy)dz +a/ [[tn]P* = 2un Th () + [Vt [P+ =2V, VT (uy)] de
Q

n—-+o0o Q

v

Y]

liminf/ a(x, Up, VT () VT (uy)d.
Q

n—-+oo

Thus, by using the relation (3.34), we obtain

/ P*VTy (u)dx > liminf / a(x, up, VT (un)) VT () d. (3.40)
Q Q

n—-+oo
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(¢) From [1]-Lemma 2.1, m +— a(x, un, b (VT (un))).hm (VT (uy)) is increasing and converges to

a(z, up, VT (un)). VI (uy,) for m large enough. Thus, we deduce that
a(, o (VT (1)) P (VT (1)) < @, Uy VT (). VT () = ®F VT (uy).

Therefore, using (b) and Theorem 2.1, we get

n—-+oo

/ Ok VT (uw)dzr > liminf [ ®F VT (u,)dz
Q

> lim al(x, Un, R (VT (Un) B (VT (wy,) ) dx

n—-+o0o Q
= / a(,u, hy (N)). B (N dvE (V) dz. (3.41)
QxRN
Using Lebesgue convergence Theorem in (3.41), we get for m large enough

/ Ok VT (u)dx > / a(x, u, \). dvr (N da. (3.42)
Q QxRN

We have

/QXRN (a(z,u(x),A) — a(x,u(z), VT (u(x))) (A — VTk(u(x)))dl/’;(/\)dx

= / ), \).Advf (/\)d:c—/ a(z, u(z), \). VT (u(x))dv® (N de
QxR QxRN

- / x), VI (u(z ))).)\du’;(/\)dgc—i—/ a(z,u(x), VT (u(x))). VT (u(x))dvk (N de
QXRN QxRN

= - a(z,u(z vk u(x))dx

- /Q ke = [ ([ et Nak0) ) 9T o)

- /Qa( z), VT (u(z )))(/RN )\duf)d:v—|—/Qa(ac,u(:zc),VTk(u(x))).VTk(u(:v))(/RN dl/f)dx

/ a(z,u(x), \)AdvF (N)dx —/ Ok VT (u(x))dz < 0.
QxRN Q

We pass from the first equality to the second equality by using Fubini-Tonelli Theorem and from
the second inequality to the third one by using (3.19), (3.20) and the fact that v, is probability
measures on RY. Finally (3.42) give us the desired inequality.

(d) Using (3.23) and the strict monotonicity assumption (A4), we deduce that

(a(z,u(z), A) — a(z,u(z), VI (u(z))) (A — VIk(u(z))) =0 ae. 2€Q, AeRV.

Thus, A = VT (u(z)) a.e. € Q with respect to the measure v¥ on RY. Therefore, the measure

v¥ reduces to the Dirac measure dyr, (u(z))- Using (3.20), we obtain

Pk — /RN a(z,u(z), \dvF(\) = a(z,u(z), VI (u(z))) ae. € Q.
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Now, by using Theorem 2.1 (ii), we deduce that VTj(u,) converges in measure to VTj(u).
O

Lemma 3.6. u is an entropy solution of (1.1).

Proof of the Lemma 3.6.
Let u,, be a weak solution of the problem (3.2). Then, by Assertion 4—(d), (VT (un))nen converges
to VT (u) in measure, thus (up to a subsequence still denoted (VTj(un))nen), (VIk(un))nen
converges to VT (u) a.e. . Moreover, we deduce from Lemma 3.4 that VTj(u,) is uniformly

bounded in LP-(Q2), so, p— —equi-integrable on Q. Then, by using Vitali’s Theorem
VT (un) = VTg(u) in LP=(Q), which implies that VT}(un) — VTi(u) in L'(Q).
Furthermore, thanks to Assertion 2, u € T7™()(Q) and it follows from Lemma 3.5 that
U, — u a.e on Of).

Therefore, u € 7;1’”(')((2). Now, using Lemma 3.2, the fact that T, (b(u,)) — b(u) a.e. in Q and

U, — u a.e. on JY), it follows from Fatou’s Lemma that

/Q Ib(uw)| < liminf /Q 1T, (b(un)) | < (11121 + N9l 22 com

n—-+o0o
and

. 1
[l < tmint [ (7, e < 5161l + gl on)

n—+o0o [50
Hence, b(u) € L*(Q) and u € L*(09).
Let ¢ € C*°(Q), then we can choose Ty (u, — ) as a test function in (3.3) (C*°(Q) is dense in the
space WP+ (Q) and Ty (u, — ) € L(99)) to get

/ Tn(b(un)) Tk (up — @)dz  + / a(x, Up, Vi) VT (u, — p)dx + AT (un) T (un, — @)do
Q Q o0
+ E/ [|Vun|p+72VunVTk(un —¢)+ |un|p+72unTk(un — <p)]d:c
Q
= foTk(un — p)dx —|—/ In T (un — @)do. (3.43)
Q le)
For the first term of the left hand side of (3.43), we have

/ T, (b(11n)) Ti (t — @)z = / [T (b(tn)) — Ta(b())] Ti (tn — )l
Q Q

+ /Q T, (b)) Ti (1 — ).

By Fatou’s Lemma, we infer

n—-+oo

lim inf/QTn(b(un))Tk(un —@)dx > /Qb(u)Tk(u — )dzx, (3.44)
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[T (0(un)) = Ta(b(0)) | Ti(un — ) = (b(u — b(¢)) T(u — ¢) ace.
with
and

T (b(9) T (un — @) = b(@) T (u = ) in L}(Q).

In the same manner

lim inf A T (un)Ti (u, — p)do > /\/ uTy(u — p)do. (3.45)
n=tee Jaq 89

For the fourth term of the left hand side of (3.43), we prove that

lim 5/ [ Vg [P+ 72 VU, VT (un — @) + |unl?* " ?unTi(un — 9)]dz >0 as e = 0. (3.46)
Q

n—-+oo

Setting | = k + ||| Lo () We have,

E/ |Vt |P+ ™2V, VT (uy, — @)da = 5/ VT (un) [P+ 72V T (un )V (T (un) — @) da
Q {lun—pl<k}

= a/ |VTi(un)|P+de — a/ IVTi () |P*+ 2V T} (un) Vdz
{lun—p|<k} {lun—e|<k}

Y

—€ / VT (un) [P+ 2V T (u,) Vida. (3.47)
{lun—¢|<k}
Moreover, by taking v = Tj(u,) in (3.3), we deduce that

5/ (Vg [P+ 72V u, VT (un) + [un [P 2un Ty (ug) | dz < U fllnr) + 9]z 00))
Q

which implies that
: / VTP dz < (|11l + 1921 00)-

Therefore, eVTj(uy) is uniformly bounded in LP+(2). From, Assertion 4 — (d), VT;(uy,) converges
a.e. in ) (up to a subsequence) to VTj(u). So, by Vitali’s Theorem, eVTj(u,,) converges to e VT (u)
in LP+(Q). Thus, £|VTj(tn)|P+ =2V (tn) X {jun — | <k} cOnverges to e| VI (w) [P+ =2V T (w) X {ju—y| <k}
in LP+ (). Using (3.47), we obtain

lim 5/ |V [P+ 2V, VT (u, — @)dz > —5/ VT (u) [P+ 2V T (u)Vedz.
nore Ja {lu—p|<k}
Therefore,

n—-+o0o

lim 5/ |V [P+ 2V, VT (t, — @)dz >0, as € — 0. (3.48)
Q
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Now, we prove that

lim 5/ [t [P+ 2 T (un, — @)dz >0, as € — 0.
Q

n—-+oo

We have

[l it = o)te = (|un|P+Qun—|¢|P+2w)Tk<un—w>dx
Q Q
|

+ / QP+ 20T (un, — )da
Q

Y

/ |olP+ 20T (un, — p)da, (3.49)
Q

since (|un|P* 2w, — ||P* ~2¢) Ti(un — @) is nonnegative.
Furthermore, T (u, — ¢) converges weakly* to Ti(u — ¢) in L>®(Q) and |p|P+ 2 € LP+ (), so

fim / o[ P+ 20T (un — )da = / o[ P+ 72T (u — @) da. (3.50)
Q Q

n—-+oo

Combining (3.49) and (3.50), we obtain

lim e [ |unP* 2u,Tk(un — @)dx >0, as € — 0. (3.51)
n—-4o0o Q

The relations (3.48) and (3.51) give us (3.46).
For the second term of the left hand side of (3.43), we recall that I = & + |||[ L (o) and we get

/ a(x, Un, V). VT (uy, — p)dz = / a(x, n, VI (un)). V(T (un) = @)X {jun—p|<k}dT
Q Q

= /a(:zc,un,VTl(un)).VTl(un)x{‘un,wkk}dx—/a(x,un,VTl(un)).Vgox{‘un,@Kk}dx.
Q Q
(3.52)

Moreover, a(x, wn, VIi(tn)).VTi(Un)X{|u,—p|<k} is Nonnegative and converges a.e. in €2 to

a(x,u, VIi(u))VTi(u)X{ju—yp|<k}- Thanks to Fatou’s Lemma, we get

1iginf/ a(x, Uy, VTl(un)).VTl(un)xﬂun_ka}d:c > / a(x, u, VTl(u)).VTl(u)x{‘u_¢|<k}d:17.
(3.53)
We now focus our attention on [ a(z,un, VIi(tn))VOX{|up—p|<k}-

Q
Let us prove that a(z, un, VTi(un)).VOX{|u,—p|<k} IS equi-integrable. Let E be a subset of €.

/a(x,un,VTz(un))-VwX{\un—@Kk}dx < /Ia(x,umVTz(un))IIledfr
E E

1 , 1
< [ Sl V) Ode + [ el
E Wn(-) E Wn(-)

IN

Ol/ (M(:z:)+|le(un)|ml(.))dI+/ IthI’T”(')d:z:,
E E
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Moreover,

/|V<p|”"(')d:c = / |th|”"(')d:1:+/ |V|™ () dx
E En{|Ve|<1} EN{|Ve|>1}

meas(E) +/ [VplP+de,
E

IN

since |V|P+, M € L*(Q) and |VT;(u,)|™ () is equi-integrable (using density argument for C*°(Q)
and (3.4)). Then, we obtain

lim / a(@, wn, VI (Un))VOX{|up—p| <k} dT = 0.
E

meas(E)—0

Furthermore,
a(@, tn, VI (Un))VOX {jup—p| <k} = (T, u, VI (1)) VOX{ju—p|<ky ae. in .

By applying Vitali’s Theorem, we obtain

lim a(w,un,VTl(un))chx“un,@Kk}d:Cz/a(:v,u,VTl(u)).Vgox{‘u,@Kk}dx. (3.54)
Q

n—-+o0o Q

Using (3.52), (3.53) and (3.54) we get

liminf | a(z,un, Vu,) VT (un — @)de > / a(z, u, VI (u)) V(T (1) = ©)X{|ju—p|<k}dT
Q

n—-+o0o Q

/Qa(:z:, u, Vu)VTi(u — ¢)dx. (3.55)

Now, we consider the right hand side of (3.43). For the first term of the right hand side of (3.43),
since f, — f in LY(Q) and Tk (u, — @) —* Ti(u — @) in L°°(Q), we have

lim foTk(un —@)de = | fTe(u— p)dx. (3.56)
Q

n—-4o0o Q

For the second term of the right hand side of (3.43), by using the fact that g, strongly converges
to g in L*(09), we obtain

lim gn Tk (un — p)do = / 9Tk (u — @)do, (3.57)
e Jaq E19)
since
Ti(up — @) =" Ti(u — @) in L>(09Q), (3.58)

because u,, — u a.e. on €.
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Using (3.44), (3.45), (3.46), (3.55), (3.56), (3.57) and (3.43), we get

/Qb(u)Tk(u —@)dx + /Q a(z,u, Vu). VT (u — ¢)dx + /89 Ty (u — @)do

< liminf (/ T (b(un )Tk (un, — p)dx +/ a(x, Un, V). VT (uy — p)dz
n—-+4oo Q Q
+ AT (un) T (un, — @)do + 5/ [|Vun|P+—2VunVTk(un —¢)+ |un|p+—2unTk(Un — w)]dx)
o0 Q

= fTi(u — @)dx + / 9Tk (u — @)do, as € — 0,
Q o9

which is equivalent to
/ b(u) Ty (u — p)dx + / a(z,u, Vu).VT(u — p)de + / Ty (u — p)do

Q Q X9)

< / fTi(u—@)dz + / 9Tk (u — @)do,
Q o9
(3.59)

for ¢ € C>(Q2).
As (.) verifies the log-Hélder condition (2.1), C*°(Q) is dense in the space W17()(Q). Moreover,
Whm(Q) — WP (Q) < L>®(Q), since 7(.) > p_ > N and Q is a bounded open domain with

Lipschitz boundary 9. Therefore, the inequality (3.59) holds true for ¢ € Wm0 (Q) N L>(Q).

Hence, u is an entropy solution of (1.1). O
Now, we state the uniqueness result of entropy solution. This result uses the same arguments
as [2]-Theorem 2.8.

Theorem 3.5. Assume that b is strictly increasing. Assume that a = a(x, z,n) satisfies (As)—(Ag)
and M constant. Moreover, a satisfies:
for all bounded subset K of R x RN there exists a constant C(K) such that

a.e. x€Q, foral (z,m),(Z,n) € K,
la(x, z,m) — a(z, Z,n)| < C(K)|z — Z|. (3.60)

Finally, suppose the following regularity property:

for all f e L>®(Q) and g€ L*=(00Q)
there exists an entropy solution of (1.1),

which is Lipchitz continuous on Q. (3.61)

Then, for all f € LY () and g € L*(99Q) the problem (1.1) admits a unique entropy solution.
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Remark 3.6. As in [2, Theorem 2.8], the condition (3.61) goes back to idea of [3]. Moreover, in
the Theorem 3.5 the relation (3.60) is used to obtain the inequality (3.69) below.

Proof. The proof of this theorem is done in two steps.

Step 1. A priori estimates.

Lemma 3.7. If v is an entropy solution of (1.1), there exists a positive constant C such that

ooy (IVV|XF) < CE,

where F ={h —k <|v| <h}, h>k>0.
Proof. Let ¢ = T}_j(v) as test function in the entropy inequality (3.1), we get

/ a(x,v, Vu).VTr(v — Th—g(v))dz + / b(v)Tk (v — Th—g(v))dz + A vT(v = Th_i(v))do
Q Q 1519)

< ‘/Qka(U — Th_k(’l}))dib + /39 9T (v — Th_k(’l}))da.

Thus,
/ (a0, Vo).V T(0 = Thos(0))d < k(1fllzrcoy + lgllerom)
{h—k<|v|<h}

and using (Ag), we have

/F Vol @@ dr < kO (|| Fllurey + gl om)-

Consequently,

ot (IVOIxF) < Ck, where C = Co(]| L) + [l9llL1(o9))- O
We give the following lemma.
Lemma 3.8. If u is an entropy solution of (1.1), then

I[fllzr ) + llgllz a0
min (b(h), |b(—h)|)

meas({|u| > h}) <

, Vh>1.

Proof. Let us take ¢ = 0 and k = h in entropy inequality (3.1).

Since

/ a(x,u, Vu). VT (u)dx + )\/ uTh(u)do > 0,
Q a0

the relation (3.1) gives

/Q b(w) T (u)dz < /Q FTh(u)dz + /6 oTu(u)do.
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Then,
/ b(w) T () + / b(w)Tw(w)dz < h(1F 1|z + 9]l 0m)-
{|ul<h} {Ju|>h}
or
b(uw)Th(u
[ MO [ et [ b < (1l + lallzion)-
{lu|>h} {u>h} {u<—h}
Therefore,

[ etade < 1z + lsllzrony
{ul>h}

Since b is nondecreasing, we deduce

[ i, o-mhde< [ )] < [l + lollrn, =1
{lul>h} {lul>h}

So,

[z + gl o)

meas({Ju| > h}) < = (b(h), |b(=h)))

, Yh> 1. O

Step 2. Uniqueness.

The existence has already been proved. Now, we show the uniqueness. For more details see [2]-
Proof of Theorem 2.8.

Let u be a Lipschitz continuous entropy solution of (1.1) with f € L>®(Q),g € L*>(9) and v be
an entropy solution, with f € L1(Q), g € L*(6%).

Since  is open bounded domain with smooth boundary 0f2, the space of Lipschitz functions
C%1(Q) and W1>(Q) are homeomorphic and they can be identified. Therefore, u belongs to
W1°(Q). Thus, for all h > 0, we can write the entropy inequality corresponding to the solution

u, with Tp(v) as a test function and to the solution v, with T, (u) as a test function. For all k£ > 0,

we get
/ a(x,u, Vu).VTi(u — Tp(v))dz + / b(w) Tk (u — Th(v))dx
Q Q (3.62)
—l—)\/ uTy(u — Th(v))do < / fTu(u — Th(v))dz + 9Tk (u — Ty (v))do
[519) Q o2
and

/ a(z,v, Vu). VT (v — Tp(u))dz + / b(v)Tk (v — Th(w))dz
o Q (3.63)

+A v (v — Th(u))do < / fTi(v — Ty (u))dz + / 9Tk (v — Th(u))do.
o Q o
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Adding (3.62) and (3.63) we obtain

/ a(z,u, Vu). VT (u — T (v))dz + / a(z,v, Vu). VT (v — Ty(u))dz
Q Q

/ b(u) Tk (u — Tp(v))dx —|—/ b(v)Tx (v — Th(u))dz
Q Q

/\/[”uT;C u — Th(v))do + /\/aQ VT (v — Th(u))do (3.64)

/ FTe(u—Tp(v)) + fTe(v — Th(u))]da
fa}gz [ng(u —Th(v)) + gTk(v — Th(u))} do.

Set A={0<|u—v|<k/v|<h}; B=AN{|u|<h}; C=AnN{ul > h} and
A ={0<|v—u| <k,u|<h}; B =ANn{v <h}; ¢ =AN{jv|>h}. Westart with the first
integral in (3.64). We have

+

/ a(x,u, Vu).VTi(u — Tp(v))dzx
{0<|u=Ty (v)|<k}

Il
—

a(x,u, Vu). VT (u — Th(v))dz
{0<ju=Th(v)|<k}n{v|<h}

a(z,u, Vu). VT (u — T (v))dz

+
—

{0<|u—T} (v)|<k}N{|v|>h}

a(z,u, Vu).V(u — v)dx

Il
—

{0<|u—v|<k}N{Jo|<h}

+ / a(z,u, Vu).Vudz
{0<|u—hsign(v)|<k}N{|v|>h}

> / a(x,u, Vu)V(u — v)dx
A

[
S

a(z,u, Vu)V(u — v)dz + /c a(z,u, Vu)V(u — v)dz.

Then, we get
/ a(x,u, Vu). VT (u — Ty (v))dz
{0<|u—Tp (v)|<k}

Z/a(x,u,Vu)V(u—v)dx—/ a(x,u, Vu)Vodz.
B c

Now we use the fact that Vu is bounded. By assumption of the theorem (M is constant),
la(z,u, Vu)| < C(|Vu[P@®u@) 4 1) € L°°(Q). Therefore, there exists a constant K such that

(3.65)

a(x,u, Vu)Vudz
C

< / la(x, u, Vu)||Vu|dx
C

IN

K/ Volde < K IVolda, (3.66)
C {h—k<|v|<h}

since C' C {h —k < |v| < h}.
Thanks to Lemma 3.8, thJIrl meas({h — k < |v| < h}) =0 and by Lemma 3.7, [Vv|xr € L}(Q).
—+00
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So, the right hand side of (3.66) converges to zero, as h goes to infinity.
Consequently, the second integral of the right hand side of (3.65) converges to zero, as h goes to

infinity. Then, we can write that

/ a(x,u, Vu).VTi(u — Tp(v))dz > / a(z,u, Vu).V(u — v)de
{0<|u—T} (v)|<k} B
+ Iy, with hlim I =0.

—+o0

As B = B’, we may adopt the same procedure to treat the second integral of (3.64) to obtain

/ a(x,v, Vu).VTp(v — Tp(u))dz > —/ a(xz,v, Vv).V(u — v)dx
{0<|v=Tp (u)|<k} B

+ Jp, with hlim Jn =0.

—+o0

For the other terms in the left hand side of (3.64), we denote by

Ky = /Qb(u)Tk(u — T (v))dz + /Q b(v)Ti(v — Th(u))dz

and
Ly =X\ uTg(u — Th(v))do + A vTi (v — Th(u))do.
G19) G19)
We have
b(w)Tk(u — Th(v)) = b(u)Tk(u —v) a.e. in Q as h — oo
and

Ib(u) T (u — Th(v))] < klb(u)| € L'(9).

Then, by Lebesgue dominated convergence Theorem, we get

lim b(w)Tk(u — Th(v))dx = / b(u) Ty (u — v)dx

h=too Jo Q
and

hgr}rloo A ()T (v — Th(u))dx = /Qb(v)Tk(v —u)dx.
Then

)

lim K, = /Q(b(u) —b(v))Tk(u — v)dx.

h—+o00
Similarly, we obtain

lim Lp= )\/ (u—0)Ti(u — v)do.
o9

h—+o00

Now, we consider the right hand side of (3.64), we have

lm  [fTi(u—Th(v) + fTe(v — Tu(w)] = (f — f)Ti(u—v) ae. in Q

h— 400
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and

|fTi(u = T(v)) + fTiu(v = Tu(w)| < k(If] + /1) € L'(9).

By Lebesgue dominated convergence Theorem, we get

lim /Qf[Tk(u — Th(v)) + Ti(v — Th(u))]do = / (f - f)Tk(u —v)dz.

Similarly, we have

hli}r_{loo an[Tk(u — Th(v)) + §T%(v — Tp(u))]do = /69 (9= 9)Ti(u — v)do.

After passing to the limit as h goes to +0o in (3.64), we get

/{0< —v|<k} (a(:zr,u,vu) —a(x,v, Vv))v(u —v)dz
) / o e e /an(u —0)Tx(u — v)do (3.67)

Sf (f—f)Tk(u—v)d:c—i—/ (g—g)Tk(u—v)da,
Q o0

which is equivalent to

/ (a(z,u, Vo) — a(z,v, Vo)) V(u — v)dz
{0<|u—v|<k}
+ (a(z,u, Vu) — a(z,u, Vv))V(u — v)dx

0<|u—v|<k} (3.68)
+ / (b(u) — b(v))Tr (v — v)dx + A 6Q(u — )T (u —v)do

< (f—f)Tk(u—v)d:c—i—/ (9= 9)Tr(u—v)do.
Q oQ

Dividing (3.68) by k and letting k goes to 0, we have

1
lim—/ a(x,u, Vv) —a(x,v,Vv))V(u — v)dx
k=0 k 1{O<\u—v\<k} ( ( ) ( )) ( )
+ lim — (a(z,u, Vu) — a(z,u, Vv))V(u — v)dz
k—0 k {0<|u—v|<k} (369)

+/ |b(u)—b(v)|d:c+)\/69 lu — v|do

< (f - f) sign(u —v)dz + / (g — g) sign(u — v)do.
Q o0

Thanks to the relation (3.60), the first integral of (3.69) goes to 0 as k — 0 (See [2], proof of

Theorem 2.8-Step 2). Thus, we obtain
1
lim

— a(x,u, Vu) — a(z,u, Vo)) V(u — v)dz
g [ (V) et V) V(v

+/ |b(u)—b(u)|d:v+/\/m lu — vldo (3.70)

< |f—f‘da?+ lg — g|do.
Q o9
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Since, the three integral of left-hand in (3.70) are positive, we deduce that

b(u) — b(v)|dz + A —v|do — fld — §ldo. .
[ =bidsa [ ju=lio < [ 1= flae+ [ Jo—il (3.71)

Let us take a sequence (f;)ien C L>®(R2) and (g;)ien C L°(09) and let (u;);en be the corresponding

sequence of Lipschitz continuous entropy solutions. By (3.71), we have
[b(u) — b(v)|dx + A |u — v|do < / [|b(u) —b(ug)| + |b(v) — b(uz)ﬂd:z:
Q o0 Q

+ A [lu— ;| + v — ;|| do
a0

< [Wr-s+if- st [ lo-al+la-alan @72

so that at the limit as ¢ — oo in left hand-side of (3.72) and using the density argument (L>°(2)
and L>(9Q) are dense (respectively) in L'(Q) and L'(92)), we infer that

b(u) =b(v) a.e. in Q and u=v a.e. on 9.

Hence,
u=v ae. in ) and u=wv a.e. on 9.

Since b is assumed strictly increasing. [
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