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ABSTRACT

In this paper, we introduce the following (a, b, ¢)-mixed type functional equation of the
form

g(axy + bxg + cx3) — g(—ax1 + bxo + cxs) + glaxy — bxs + cxs) — glaxy + bry — cxs) +
2a°[g(z1) + g(—21)] + 20%[g(2) + g(—22)] + 2¢?[g(w3) + g(—23)] + alg(z1) — g(—21)] +
blg(w2) — g(—x2)] + clg(xs) — g(—wx3)] = 4g(az1 + cas) + 29(—bx2) + 2g9(ba2)

where a,b,c are positive integers with a > 1, and investigate the solution and the
Hyers-Ulam stability of the above functional equation in Banach spaces by using two

different methods. RESUMEN

En este articulo introducimos la siguiente ecuacién funcional de tipo (a, b, ¢)-mixta de
la forma

g(axy + bxg + cx3) — g(—ax1 + bxo + cxs) + glaxy — bxs + cxs) — glaxy + bry — cxs) +
202[g(w1) + g(—1)] + 26%[g (w2) + g(—22)] + 262[g(5) + g(—3)] + alg(w1) — g(—a1)] +
blg(x2) — g(—x2)] + clg(x3) — g(—x3)] = 4g(az1 + cx3) + 29(—bx2) + 2g(bx2)

donde a, b, ¢ son enteros positivos con a > 1, e investigamos la solucién y la estabilidad
de Hyers-Ulam de la ecuacién funcional anterior en espacios de Banach usando dos

métodos diferentes.
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1 Introduction

The stability problem of functional equations originated form a question of Ulam [28] concerning
the stability of group homomorphisms. Hyers [12] gave a first affirmative partial answer to the
question of Ulam [28] for Banach spaces. Hyers theorem was generalized by Aoki [3] for additive
mappings and Rassias [12] for quadratic mappings. During the last three decades the stability
theorem of Rassias [26] provided a lot of influence for the development of stability theory of a large
variety of functional equations (see [1, 2, 4, 7, 9, 11, 14, 17, 18, 21, 22, 23, 27]). One of the most

famous functional equations is the following additive functional equation
g(x+y) =g(z) +g(y) (1.1)

In 1821, it was first solved by Cauchy in the class of continuous real-valued functions. It is
often called Cauchy additive functional equation in honour of Cauchy. The theory of additive func-
tional equations is frequently applied to the development of theories of other functional equations.
Moreover, the properties of additive functional equations are powerful tools in almost every field
of natural and social science ([6, 24, 26]). Every solution of the additive functional equation (1.1)
is called an additive mapping.

The function g(z) = 22 satisfies the functional equation

g +y) +g(xr —y) =2g9(z) +29(y) (1.2)

and therefore, the functional equation (1.2) is called quadratic functional equation. The Hyers-
Ulam stability theorem for the quadratic functional equation (1.2) was proved by Skof [25] for the

mapping g : B4 — F5, where E; is a normed space and Fs is a Banach space.

Moslehian and Rassias [20] studied the Hyers-Ulam stability problem in non-Archimedean
normed spaces. Mirzavaziri and Moslehian [19] studied the Hyers-Ulam stability of a quadratic
functional equation in Banach spaces by using the fixed point method and Ciepliriski [5] sur-
veyed the Hyers-Ulam stability of functional equations by using the fixed point method. Ebadian,
Ghobadipour and Eshaghi Gordji [8] proved the Hyers-Ulam stability of bimultipliers and Jordan
bimultipliers in C*-ternary algebras by using the fixed point method for a three variable additive

functional equation.

Motivated by Ebadian et al. [8], we introduce the following three variable generalized additive-

quadratic functional equation of the form Dg(x1,xo, x3) :=

g(axy + bxa + cx3) — g(—axy + bxa + cx3) + glaxy — bxa + cx3) — glaxy + bxa — cx3)
+2a%[g(x1) + g(—21)] + 26°[g(w2) + g(—x2)] + 2¢*[g(x3) + g(—3)]

+alg(z1) — g(=x1)] + blg(w2) — g(—z2)] + c[g(z3) — g(—3)]
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— [4g(azy + cx3) + 29(—bx2) + 2g9(bx2)] =0 (1.3)

where a, b, c are positive integers with a > 1, and investigate the solution and the Hyers-Ulam
stability of the three variable generalized additive-quadratic functional equation (1.3) in Banach

spaces by using the direct method and the fixed point method.

2 Solution of the functional equation (1.3): when ¢ is odd

In this section, we investigate the solution of the functional equation (1.3) for an odd mapping

case. Throughout this section, let X and Y be real vector spaces.

Theorem 1. If an odd mapping g : X — Y satisfies the functional equation (1.1) if and only if
g: X =Y satisfies the functional equation (1.3).

Proof. Assume that g : X — Y satisfies the functional equation (1.1).
Since g is odd, g(0) = 0.
Replacing (x,y) by (z,z) and by (z, 2z) respectively in (1.1), we obtain

9(2z) = 2g(x) and g(3z) = 3g(x) (2.1)
for all x € X. In general for any positive integer d, we have
g(dz) = dg(x) (2.2)
for all x € X. It is easy to verify from (1.1) that
g(d*z) = d*g(x) and g(d’z) = d’g(x) (2.3)
for all x € X. Replacing (z,y) by (ax1 + bxa, cxs) in (1.1), we get
glazy + bxs + cx3) = glaz) + bxs) + g(cxs) (2.4)
for w1, z9, 3 € X. Replacing x1 by —z1 in (2.4), we get
g(—axy + bxs + cx3) = g(—axy + bxa) + g(cxs) (2.5)
for @1, x9, x5 € X. Replacing x2 by —x2 in (2.4), we have
glaxy — bxg + cxs) = glaxy — bxg) + g(czs) (2.6)
for @1, x9, 3 € X. Replacing x3 by —z3 in (2.4), we obtain

g(axy + bxs — cx3) = g(axy + bxa) + g(—cx3) (2.7)
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for x1, 29,23 € X. By (2.4), (2.5), (2.6), (2.7), (1.1) and (2.3), we get

g(axy + bxa + cx3) — g(—axy + bxa + cx3) + glaxy — bxa + cxs) — glaxy + bxa — cx3)
= 2ag(x1) — 2bg(x2) 4+ 2cg(x3) (2.8)

for x1, 22,73 € X. Adding 2ag(z1) — 2bg(wa) + 2cg(x3) + 2ag(z1) + 2b%g(x2) + 2¢2g(z3) to both
sides and using the oddness of g, we get (1.3).

Conversely, assume that g satisfies (1.3). Letting x3 = 0 in (1.3), we have

g(axy + bxs + cx3) — g(—axy + bxa + cx3) + glaxy — bxa + cxs) — glaxy + bxa — cx3)
+2a%[g(x1) + g(=21)] + 26%[g(x2) + g(~22)] + 2¢*[g(w3) + g(~23)] + alg(z1) — g(~21)]
+0[g(22) — g(—x2)] + clg(ws) — g(—x3)]
= 2g(ax1 — baz) + 2ag(x1) + 2bg(22)
for all x1, x5 € X, since g is odd. So

2¢g(ax1 — bxa) + 2ag(x1) + 2bg(x2) = 4g(axq) (2.9)

for all z1,x2 € X. Letting 22 = 0 in (2.9), we have 2¢g(az1) + 2ag(x1) = 4g(az1) and so g(ax1) =
ag(x1) for all z; € X. Letting x; = 0 in (2.9), we have —2g(bx2) + 2bg(x2) = 0 and so g(bxz)
bg(xz) for all 5 € X. It follows from (2.9) that

2g(ax1 — bxo) 4+ 2g(ax1) + 2g(bxa) = 4g(ax1)

for all z1,x2 € X and so
g(x —y) +9(y) = g(z)

for all z,y € X. Letting z = x — y in the above equation, we get g(z) + g(y) = g(z + y) for all
z,ye X. 1

3 Solution of the functional equation (1.3): when ¢ is even
In this section, we investigate the solution of the functional equation (1.3) for an even mapping
case. Throughout this section, let X and Y to be real vector spaces.

Theorem 2. If an even mapping g : X — Y satisfies the functional equation (1.2) if and only if
g: X =Y satisfies the functional equation (1.3).

Proof. Assume that g : X — Y satisfies the functional equation (1.2).
Setting x = y = 0 in (1.2), we get g(0) = 0.
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for x1,z9,23 € X.

for x1,z9,23 € X.

for x1,x9,x3 € X. So

for x1,z9,23 € X.

237
Replacing (x,y) by (x,z) and by (z,2x), respectively, in (1.2), we obtain
9(2z) = 4g(x) and g(3z) = 9g() (3.1)
for all x € X. In general for any positive integer d, we have
g(dz) = d’g(x) (3-2)
for all x € X. It is easy to verify from (1.2) that
g(d*z) = d*g(x) and g(d’z) = d°g(x) (3.3)
for all z € X. Replacing (x,y) by (az1,czs) in (1.2), we get
glazy + cxs) + glaxy — cxs) = 2g(axy) + 2¢9(cxs3) (3.4)
Multiplying 2 on both sides and using (3.3), we get
2g(axy + cxs) + 2g(ax; — cx3) = 4a’g(x1) + 4c?g(x3) (3.5)
Adding 2¢(az1 + cx3) to (3.5) on both sides and using (3.3), we obtain
2g(axy + cxs) + 2g(axy — cx3) + 2g(axy + cxz) = 4a’g(xy) + 4c2g(x3) + 2g(axy + cx3)  (3.6)
4g(azy + cx3) = 4a’g(x1) + 4c?g(x3) + 2g9(axy + cx3) — 2g(ax — cas). (3.7)
Adding and subtracting 2g(bz2) to (3.7), we get
4g(az1 + cx3) = da’g(z1) + 4cg(x3) + glaxt + cxs + bra) + glaxy + cwz — bao)
— g(axy — cx3 + bxg) — glaxy — cxs —bxay) (3.8)
Adding 4¢(bz2) to (3.8) on both sides, we obtain
4g(axy + cx3) + 4g(bxa) = 4ag(x1) + 4c%g(x3) + glazy + cxz + bxo) + glax) + cxs — bao)
— glazy — cxs + bxe) — glaxy — cxs — bra) + 4g(bxe) (3.9)
for x1, 22,23 € X. By (3.9) and (3.3), we get
4g(axy + cxz) + 4g(bxe) = 4a’g(x1) + 4cg(x3) + 4b%g(x2) + glazy + cas + bas)
+ g(axy 4 cxg — bxe) — glaxy — cxs + bxa) — g(—ax1 + cxs + bxs)  (3.10)
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for x1, 29,23 € X. Using (3.10), (3.3) and the evenness of g, we get

g(axy + bxa + cx3) + glaxy — bxe + cxs) — g(axy + bry — cxs) — g(—axy + bxa + cx3)
+4ag(z1) + 4b%g(xo) + 4cg(x3) = 4g(axy + cas) + 4g(bxe)  (3.11)
for all z1, 20,23 € X.
Conversely, assume that g : X — Y satisfies the functional equation (1.3).
Replacing (x1, x2, x3) by (%,O, %) in (1.3), we get

9(x—y) —g(=r+y)+g(x+y)—g(xz—y) +4g9(x) +4g(y) = 49(z + y) (3.12)

for all ,y € X. Using (1.3) and the evenness of g, we get

g(x+y) +g(x —y) = 29(x) + 29(y),

which is quadratic. i

4 Stability results for (1.3): Odd case and direct method

In this section, we present the Hyers-Ulam stability of the functional equation (1.3) for an odd

mapping case.

Theorem 3. Let j € {—1,1} and a: X3 — [0,00) be a function such that

0o , , :
Z a(azy,aM zy, ak x3)

aki

< 0
k=0

for all x1,x0,23 € X. Let g: X — Y be an odd mapping satisfying the inequality

| Dg(21, z2, 23)|| < a1, 22, 73) (4.1)

for all x1,z0,23 € X. There exists a unique additive mapping A : X — Y which satisfies the
functional equation (1.3) and

1 & aldz,0,0)
lo(@) - A@) < § Y He00 (4.2
e
for all x1 € X. The mapping A(x) is defined by,
kj
Ax) = klim g(aiijl) forallx € X
— 00

Proof. Assume that j = 1. Replacing (x1,22,23) by (2,0,0) in (4.2) and using the oddness of ¢,
we get
129(ax) — 2ag(z)| < a(z,0,0) (4.3)
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for all x € X. Tt follows from (4.3) that

a

HM _ g(:v)H < %a(x,0,0) (4.4)

for all x € X. Replacing = by az in (4.4) and dividing by a, we obtain

g(a*z)  g(az) 1
< .
H " 2a2a(ax, 0,0) (4.5)
for all z € X. It follows from (4 4) and (4.5) that
[ a(az,0,0)
T + —— 4.
’ H_Qa_ (2,0,0) a } (46)

for all x € X. Similarly, for any positive integer n, we have

an

ax L alaFx = aldfz
-] 1 $aenon 1 Sawnon

— 2a
k=

k
for all x € X. In order to prove convergence of the sequence {Q(Z—km)}, replacing x by a™x and

dividing @™ in (4.7) for any m,n > 0, we get

oa™a) g 1| gt
a™ amtn T 2q™m g am
< 12 a(a™z,0,0)
- _a A am-l—n
m—
< 1= a(a™tz,0,0)
- % A am-l—n
m—

Hence the sequence {g (Z:x)} is a Cauchy sequence. Since Y is complete, there exists a mapping

A : X — Y such that

n

A(z) = lim g(znx),

n—roo

Vr € X. (4.8)
Letting n — oo in (4.8), we see that (4.8) holds for z € X.
To prove that A satisfies (1.3), replacing (z1, 2, 23) by (a™z,a"x,a"x) and dividing o™ in (4.1),
we obtain
1

— |Dg(a"x,a"z,a"2)|| < —a(a"z,a"x,a"x)

a” a”
for all 1, 29,23 € X. Letting m — oo in the above inequality and using the definition of A(z), we
see that DA(z1, 2, x3) = 0. Hence A satisfies (1.3) for all z1,x9, 235 € X.
To show that A is unique, let B(x) be another additive mapping satisfying (4.2). Then

|A@) ~ B(@)| = — | A(a"s) - B(a")|

IN

ain{llA(a”fr) —g(a"z)| + |lg(a"z) — B(a"x)]}

— 0asn — oo.
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Hence A is unique.

Assume that j = —1. Replacing = by Z in (4.3), we get

e -0 (2)] (2100 o

for all z € X. The rest of the proof is similar to the proof of the case 7 = 1. This completes the
proof of the theorem. i

The following corollary is an immediate consequence of Theorem 3 concerning the stability of
(1.3).

Corollary 1. Let € and p be nonnegative real numbers. Let g : X — Y be an odd mapping
satisfiying the inequality

|Dg(z1, 22, 23)|| (4.10)

€

< Q4 elllzall? + 2P + llzs)?) ; p>1 or p<l

e (lzal? + llozll? + llzsll? + [z 1% 22 * 2s]*) s p> 5 or p<3

for all x1, 29,23 € X. Then there exists a unique additive mapping A : X =Y such that

ST
lg(@) = A@)| < 5l p>1 or p<i (4.11)
ellz|*? |

. 1
2la—a3P|? D> 3 or p< 3

forallx € X.

Proof. Letting

€

oz, 22,23) = ¢ e(llza]|” + |lz2]|” + [|23]P) ;

€ (leall? + llz2ll? + losll? + oo |17 ||lz2]*7[|2s]*7)

for all x1,x2,x3 € X, we can get the result. i

5 Stability results for (1.3): Even case and direct method

In this section, we discuss the Hyers-Ulam stability of the functional equation (1.3) for an even

mapping case by using the direct method.
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Theorem 4. Let j € {—1,1} and a: X3 — [0,00) be a function such that

o , , .
Z a(ab xy,a¥ ze, a x3)
aki

< oo (5.1)
k=0

for all 1, 29,23 € X. Let g: X =Y be an even mapping satisfying g(0) =0 and the inequality
[Dg(x1, 2, 23)|| < (21,22, 73) (5.2)

for all ©1,z9,23 € X. There exists a unique additive mapping @ : X — Y which satisfies the

functional equation (1.3) and
1 < a(@®z,0,0)
9(z) = Q)| < — Z a2k (5.3)

for all x € X. The mapping Q(x) is defined by

- g(aM)
Q) = lim = (5.4)
forallx € X.
Proof. Assume that j = 1. Replacing (21,22, z3) by (2,0,0) in (5.2), we get
14g9(az) — 4a*g(2)|| < a(z,0,0) (5.5)
for all x € X. It follows from (5.5) that
g(ax) 1
292 - g(0)| < pzate.0.0 (5:)
for all x € X. Replacing x by ax in (5.6) and dividing by a?, we obtain
gla®z) _ g(az) 1
— < .
H a* a ||~ 4da a(az,0,0) (5.7)
for all x € X. It follows from (5.6) and (5.7) that
g(a’x) 1 a(az,0,0)
H p” —g@)| < 12 a(:C,O,O)—l—T (5.8)
for all x € X. Inductively, we have
g(a"x) 1 = a(abz,0,0) 1 X a(akz,0,0)
Hg@)_ ‘SRZ S S @ (59)
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k
for all x € X. In order to prove convergence of the sequence {g(;z%w) }, replacing x by a™x and

dividing a™ in (5.9) for any m,n > 0, we get

g(a™a"z)
a2n

a(a™*"z,0,0)
S CL3 Z m-l—n)

glams)  gla™na)
a2m a2(m+n)

1 m
e

a(a™*"z,0,0)
S CL3 Z m-l—n)

— 0asm — oo.

Hence the sequence {g (;:nx)} is a Cauchy sequence. Since Y is complete, there exists a mapping

Q@ : X — Y such that

n

gla™z

Q(z) = lim

n—00
Letting n — oo in (5.10) we see that (5.10) holds for z € X.
To prove that @ satisfies (1.3), replacing (z1,z2,23) by (a"w,a"z,a"x) and dividing a®" in (5.2),

we obtain

1
—- [1Dg(a"z,a"x,a"z)| < ﬁa(anx,anx,a"x)

for all @1, 29,25 € X. Letting n — oo in the above inequality and using the definition of Q(z), we
see that DQ(x1,z2,23) = 0. Hence @ satisfies (1.3) for all 21, z9,23 € X.
To show that @ is unique, let B(z) be another quadratic mapping satisfying (5.4). Then

Q") - Bla")|
< Q") — g(@ )] + lgla™) — Ba"0)]}

— 0asn — .

1Q(x) — B(z)]|

Hence @ is unique.

Assume that j = —1. Replacing = by £ in (5.5), we get

o0 (2)] < o (0 o

for all z € X. The rest of the proof is similar to the proof of the case 7 = 1. This completes the
proof of the theorem. §

The following corollary is an immediate consequence of Theorem 4 concerning the stability of
(1.3).



gg@Boz(o)) Hyers-Ulam stability of an additive-quadratic functional equation 243

Corollary 2. Let € and p be nonnegative real numbers. Let g4 : X — Y be an even mapping
satisfiying g(0) = 0 and the inequality
1Dg(z1, z2, 23)|| (5.12)
€
=9 €Uzl + llz2l” + [lzs(?) ; p>2 or p<2
e (lzalPllz2lPllzsll? + {lza|PPllz2lPPllas|*}) s p >3 or p<3

for all x1,x9,x3 € X. Then there exists a unique quadratic mapping @ : X — Y such that

4|a2671\
e|lz||?
lo(@) - Q) < § el (5.13)
ellz]*”
4]a?—a3P]|
forallx € X.
Proof. Letting
€
a(zr,@2,03) = ¢ e(laa]|P + [|z2l” + [ls]?) ;

e (lzalPllwzl?lzsl? + {lla PP lla2] 23]} ) ;

for all x1,x2,z3 € X, we get the result. |

6 Stability results of (1.3): Mixed case

In this section, we establish the Hyers-Ulam stability of the functional equation(1.3) for a mixed

mapping case.

Theorem 5. Let j € {—1,1} and a : X3 — [0, 00) be a function satisfying (1.8) for all x1, 32,23 €
X. Let g: X =Y be a mapping satisfying the inequality

|Dg(z1,z2,23)|| < a(z1, 22, 23) (6.1)

for all 1,259,235 € X. There exist a unique additive mapping A : X =Y and a unique quadratic

mapping Q : X =Y which satisfies the functional equation (1.8) and

= a(dbx o(—akiz
||f(17)—A(x)—Q(:z:)H§%{[1 S (a"2,0,0) o .,0,0)”

2a ~ aki aki
k==5*
1 = a(dr,0,0)  a(—ad"z,0,0)
+ 4n2 [ Zl _ [ a?ki + a?kj H }
k==5*

for all x € X. The mapping A(x) and Q(z) are defined in (4.2) and (5.10), respectively.
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Proof. Let g,(x) = W for all z € X. Then ¢,(0) =0 and go(—2z) = —go(x) for all
z e X.

Hence

1
| Dgo(x1, w2, 23)|| < §{|\D9a($1,5€27$3)|\ + | Dga(—z1, —22, —23)|| }

a(I17I23I3) Oé(—Il,—.fCQ,—xg)

<
- 2 2

for all x1,z2,z3 € X. By Theorem 3, we have

I & kﬂx 0,0) a(—ad"z,0,0)
lgo(z) = A@@)]| < - e + =] (6.2)
kziﬂ

for all z € X.
Let ge(z) = M for all z € X. Then ¢.(0) =0 and g.(—z) = ge(z) forall z € X.

Hence,

1
[ Dge(z1, 22, 73)|| < §{||ng(:v1,:v2, z3)|| + | Dgq(—z1, —x2, —23)| }

a(x17x27x3) O[(-ZCl,-IQ,—Ig)

|
o
o

for all z1, 20,23 € X.

By Theorem 4, we have

1 = (a(dz,0,0) a(—a"z,0,0
l0e(@) ~ Q)] < oy S [HE 20D | aloae0.0)y (63)
k=132
for all z € X. Then
9(x) = ge(2) + go(—2) (6.4)

for all x € X. It follows from (6.2), (6.3) and (6.4) that

lg(x) = A(z) = Q)| = [lge() + go(—2) — Alz) — Q()
< lgo(=2) = A(@)[| + llge(2) — Q)]

1 = (a(@z,0,0) a(—ad"z,0,0)
S 4a Z [ aki + aki }
k__
a(a®2,0,0)  a(—a*z,0,0)
T ? Z a2ki a2ki ]
k—iﬂ

for all x € X. Hence the theorem is proved. i

Using Corollaries 1 and 2, we have the following corollary concerning the stability of (1.3).
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Corollary 3. Let A and s be a nonnegative real numbers. Let g, : X — Y be a mapping satisfiying
the inequality

A;
[Dg(x1, 2, 23)[| < & A(lJ@1||* + [|22|® + [|2s]|*); s#1,2  (6.5)
Alzall® + Nzl + Nwsll*) + {lle ] + w2l + 23]**}; s # 5,3

for all x1,x9,23 € X. Then there exist a unique additive function A : X — Y and a unique

quadratic mapping Q : X — Y such that

lg() - A@) - Q@)ll < § AL [ Lo 5ot ] (6.6)
All=]*® [
2

1
[a—a33]| + 2laZ—aB33]

forallx € X.

7 Fixed point stability of (1.3): Odd mapping case

The following theorems are useful to prove our fixed point stability results.

Theorem 6. [12] (Banach Contraction Principle) Let (X,d) be a complete metric space and

consider a mapping T : X — X which is strictly contractive mapping.

(A1) d(Tx,Ty) < Ld(z,y) for some (Lipschitz constant) L < 1.

(i) The mapping T has one and only fixed point z* = T (x*);

(i) The fixed point for each given element x* is globally contractive, that is,
(A2) lim, oo T™x = x* for any starting point x € X ;
(11i) One has the following estimation inequalities
A3) d(T"x,z*) < 2—d(T"z, T"'x),Yn > 0,Vz € X;
-L
(A4) d(z,z*) = 5 d(z,x*),Vo € X.

Theorem 7. [12] (Alternative Fixed Point Theorem) Suppose that for a complete generalized
metric space (X,d) and a strictly contractive mapping T : X — X with Lipschitz constant L. Then

for each given element x € X,

(B1) d(T"x, T"*"1x) = o0,Vn > 0;

(B2) there exists a natural number ng such that
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(i) d(T"z, T"z) < 00,¥n > 0;

(i) The sequence {T™x} is convergent to a fived point y* of T';
(111) y* is the unique fized point of T in the set Y ={y € Y : d(T™,y) < o0};

(iv) d(y*,y) < 2d(y, Ty) for all yeY.

In this method, we investigate the Hyers-Ulam stability of the functional equation (1.3) for
an odd mapping case by using fixed point method.

Theorem 8. Let g : W — B be an odd mapping for which there exists a function a: W3 — [0, 00)

with the condition . . .
alafry,afxe, aixs)

nhﬂngo oF =0, (7.1)
a 1=
for a; = such that the functional inequality
Li=1,
| Dg(x1, z2, x3)|| < a(x1,z2,x3) (7.2)

for all x1, 29,23 € W. If there exists L = L(i) such that the function © — f(z) = %a (%, 0, 0) has
the property

1

L B(aw) = L (5(x) (13)
for all . € W. Then there exists a unique additive function A : W — B satisfying the functional

equation (1.8) and
Ll—i
1-L

lg(x) — A(z)]| < f(z) (7.4)

forallxz e W.

Proof. Consider the set X = {P|P : W — B, P(0) = 0} and introduce the generalized metric on
X.

d(p, q) = inf{k € (0,00) : [[p(z) — q(2)|| < B(x),z € W}

It is easy to see that (X, d) is complete.
Define T: X — X by Tp(z) = a%p(ai:v) for all z € W. Now p,q € X,

d(p,q) <k

= |p(z) — q(2)|| < kB(x),z € W.

1
< ;kﬂ(aix),Vx ew

T

:> ‘

aiip(am - aiiqwix)
= | Tp(2) — Ty()|| < LkB(x),Yz € W

= d(T,,T,) < Lk.
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This implies d(Tp,T,) < Ld(p,q) for all p,q € X. That is, T is a strictly contractive mapping on
X with Lipschitz constant L. It follows from (4.3) that

129(ax) — 2ag(z)|| < a(x,0,0) (7.5)

for all x € W. It follows from (7.5) that,

1
’ < %a(x,0,0) (7.6)

for all x € W. Using (6.2), for this case i = 0, it reduces to

< -B(x) (7.7)

a

Hg(x) _ g(az)

a

’ 1
for all z € W. Thus
1
d(ge,Tgs) < = =L =L" < 0.
a

Again replacing = by Z in (7.5), we get

T 1 /z
Jote) = a0 (3] < 32 (Z-0.0) (78)
forall z € W.
By using (7.3) for the case i = 1, it reduces to
x
() = ag (2)]| < ). (7.9)

That is, d(g,Tg) < 1 = d(g,Tg) <1 = L% < co. In the above case, we have d(g,Tg) < L'~
Therefore (Bz(i)) holds. From (Ba(ii)), it follows that there exists a fixed point A of T in X such
that

x
9aUT) v e W (7.10)

In order to prove A : W — B is additive, replacing (21, 22,73) by (a¥z1,aFzs,afz3) in (7.2)
and dividing a¥, it follows from (7.3) and (7.10) that A satisfies (1.3) for all x1, 72,23 € W. By

(Bz(iii)), A is the unique fixed point of T in the set, Y = {g € X : d(Tg, A) < oo}.
Using the fixed point alternative result, A is the unique function such that

lg(z) — A(z)|| < kpB(x)
for all x € W and k > 0. Finally, by (Bz2(iv)), we obtain

1
< — .
d(g, A) < 7—d(g,Tg)

That is, d(g, A) < i—; Hence we conclude that

Ll—i
lo(a) - A@)| < 7

for all x € W. This completes the proof of the theorem. I

Blx)
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Corollary 4. Let g : W — B be an odd mapping and assume that there exist real numbers A and
s such that

A
[Dg. (z1, 22, 23) | < § A(l[@1]|® + 22| + [|23]]%); (7.11)
Az ll® + [lz2ll® + [lesll®) + {lz1]1** + llz2]|®® + o]}

for all x1, 9,23 € X. Then there exists a unique additive mapping A : W — B such that

A
2[a—1["
lg(@) = A@@)| < § sty s #1 (7.12)
Alzf®* £1
2la—a3s]? 3
forallx € X.
Proof. Let
A;
alzr, w2, 23) = 4 Al [ + |21 + [|l2s]1);

A1+ w2l + s l1%) + {72 + 2205 + [ls] )}

for all x1,xo,x3 € W.
Now,

alaFry, afe, alxs)

k
a;

| >8>

(lafza]|® + llafza]|® + [lafzs]|®);

S
S

| >

(lafza|l® + llafa|l® + llafzs||®) + {llafza |** + [lafw2|*® + [lafzs |5}

)
ey

—0 as k— o0
=494 —0 as k— o (7.13)

—0 as k — oo.

That is, (7.1) holds. But we have 8(z) = v (£,0,0). Hence

By = 5o (2,0,0) = { 2e(lall®)
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Also
) e a7 B(x)
o Blaia) = ¢ Z(laa]®) = i B()
7a; (llaiz]|®) a?® ' B(x).

Hence the inequality (7.7) holds. Either L = a™! for s = 0if i = 0 and L = -1+ for s = 0 if
1 =1
Either L =a°"'fors<1ifi=0and L = asl,l fors>1ifi=1.
Either L = a®* ™! for s <1ifi =0and L = = for s > 1if i = 1.
Now from (7.2), we prove the following cases:

Case: 1 L=a"1i=0

o(z) — A — = . 14
loa(o) = A < £t = 22— A (7.14)
Case: 2 L = (%)_1 =1
Llfi (a)lfl A A
“ _A — = . 1
lon(o) — AW < £ o) = W2 - A (7.15
Case: 3L=0a"1,5<1,i=0
Ll—i (as—l)l—O by s /\”‘THS
- < =2 /A = 2 .
lon(o) — A < - 0) = WL Ao = A (7.16)
Case: 4 L = (%)571 ,S>1,i=
Ll—i (al—s)l—l A s /\”‘THS
- < =2 7 A St .
loa(e) — A < £ 8m) = L0 Ay = UL (r.17
Case: 5 L=a*"15<1,i=0
Llfi (aSSfl)lf() A /\”IHS
19a(2) — A2)|| < - LB(CC) = {4351 3435 l]|* = Na—a) (7.18)
Case: 6 L = (%)_1 =1
i (al=35)1-1 ) < Allz||$
loa(o) = A < £ o) = Ll Aoy = A (7.19)

Hence the proof of the corollary is completed.

8 Fixed point stability of (1.3): Even mapping case

In this method, we investigate the Hyers-Ulam stability of the functional equation (1.3) for an even

case mapping by using fixed point method.
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Theorem 9. Let g : W — B be an even mapping for which there exists a function a: W3 — [0, 00)

with the condition . N .
alafzy, afxe, airs)

a 1=
for a; = such that the functional inequality
1 =1,
[Dg(x1, 2, 23)|| < w1, 22,73) (8.2)

for all x1,x9,x3 € W. If there exists L = L(i) such that the function
1 (x
—~a(Z0, 0) 8.3
7= ) = za (2 (8.3)
has the property
1
2 Blas) = L(8(a) (5.4

for all x € W, then there exists a unique quadratic mapping Q : W — B satisfying the functional

equation (1.8) and
Ll—i
1-L

lg(x) — Q)| < f(z) (8.5)

forallxz e W.

Proof. Consider the set X = {P|P : W — B, P(0) = 0} and introduce the generalized metric on
X.

d(p,q) = inf{k € (0,00) : [|p(z) — q(z)| < B(z),z € W}
It is easy to see that (X, d) is complete.
Define T': X — X by T,(z) = Zp(a;z) for all z € W. Now p,q € X,

d(p,q) <k
= |Ip(x) — q(2)|| < kB(z),z € W.

1
< Ekﬁ(aix),vgc eWw

K2

é ‘

1 1
a—?p(aiw) - ?Q(aiﬂf)

= |Tp(x) — Ty()|| < LkB(x),Vz € W
= d(T,,T,) < Lk.
This implies d(Tp,T,) < Ld(p,q) for all p,q € X. That is, T is a strictly contractive mapping on

X with Lipschitz constant L.
Replacing (x1, z2,23) by (2,0,0) in (9.1) and using the evenness of g, we get

[4g(ax) — 4a’g(z)| < a(x,0,0), (8.6)
‘g(:v) - g(sf) ‘ < La(z,0,0) (8.7)
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for all x € W. By using (8.4), for this case ¢ = 0, it reduces to

g(az) 1
_ < .
o0 - 22| < gzsto) (85)
for all x € W. That is,
1 1 )
dlg.Tg) < — =dg.Tg) < 5 =L=L <oo
Again replacing = by £ in (8.6), we get
9 (T 1 /= )
_ N < 2a (2 .
Jot) =% (3)] < 3o (500 9

for all x € W. That is,
1
d(g,Tg) < 3 < 1 =d(g,Tg) <1=L°< .
In above case, we get d(g,Tg) < L'~

The rest of the proof is similar to that of the previous theorem. This completes the proof of

the theorem. |

Corollary 5. Let g : W — B be an even mapping and assume that there exist real numbers A and

s such that
A;
[Dg (@1, w2, 23)ll < § Al ]| + [lw2ll* + [les]|*); s#2  (8.10)
Allzall® 4 Nzl + Nwsll*) + {llea]* + [lz2]® + 23lP}; s # 3

for all x1,x9,x3 € X. Then there exists a unique quadratic mapping Q : W — B such that

A .
Taz—1]’

lou(x) — Q) < { el (8.11)
All]|®
1[a?—a3s|

forallx € X.

9 Fixed point stability of (1.3): Mixed mapping case

In this method, we present the Hyers-Ulam stability of the functional equation (1.3) for a mixed

mapping case by using fixed point method.

Theorem 10. Let g : W — B be a mapping for which there exists a function a : W3 — [0, 00)
a 1=0

with the condition (7.1) and (8.1) for a; = such that the functional inequality

i=1,

Q=

[Dg(x1, 2, 23)|| < a(x1, 22, 73) (9.1)
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for all x1,xo,x3 € W. If there exists L = L(i) such that the function

x— Bx) = %a (2,0,0)

satisfies (7.8) and (8.3) for all x € W, then there exist a unique additive mapping A : W — B and
a quadratic mapping Q : W — B satisfying the functional equation (1.3) and

Ll*i
lg(z) = A) = Q@) < 77 [(2) + 5(~2)]
holds for all x € W.
Proof. Tt follows from (6.2) and Theorem 8 that
1 Ll—i
lo(x) — A@)] < 52— [B(a) + A(~2)]. 92)
Similarly, it follows from (7.5) and Theorem 9 that
1L
lge(2) — Q)| < 37— [8(z) + A2 93)

for all z € W. Then g(x) = go(x) + ge(x) for all z € W.
From (8.11), (9.2) and (9.3), we have

lg(z) — A(x) — Q@)]| = [|ge(®) + go() — A(z) — Q(2)||

< lgo(2) = A(@)[| + llge(z) — Q)|
Ll*i
= = [B(a) + B(—a)

for all x € W. Hence the theorem is proved. I

Corollary 6. Let g: W — B be a mapping and assume that there exist real numbers \ and s such
that

A
[Dg(z1,z2,23) < § Allzall® + l|lza2ll® + [|23]|%); s#1,2
M@l + (w2l + [|os]|®) + (e [P + [lo2]® + as|®}; s # 1,2

for all x1,x9,23 € X. Then there exist a unique additive mapping A : W — B and a unique

quadratic mapping Q : W — B such that

A A
Ma—1] T 2[a?—T]
S S
lo(e) — Aw) - Q) < { el el
Al ])®® Al ]|®>
2la—a35]| + 4]a2—a35]

forallx € X.
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