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ABSTRACT

A graph G(p,q) is said to be odd harmonious if there exists an injection f : V(G) —
{0,1,2,---,2¢ — 1} such that the induced function f* : E(G) — {1,3,---,2¢—1}
defined by f*(uv) = f(u) + f(v) is a bijection. In this paper we prove that T,- tree,
TG6P,,, T62P,,, regular bamboo tree, C,,6P,,, C,62PF,, and subdivided grid graphs are

odd harmonious.

RESUMEN

Un grafo G(p, q) se dice impar armonioso si existe una inyeccién f : V(G) — {0,1,2,- - -,
2q — 1} tal que la funcién inducida f* : E(G) — {1,3,---,2¢ — 1} definida por
f*(uv) = f(u) + f(v) es una biyeccién. En este articulo probamos que los grafos
T,-4rboles, TOF,,, T62P,,, drboles bambu regulares, C,,0P,,, C,62F,, y cuadriculas

subdivididas son impar armoniosos.
Keywords and Phrases: harmonious labeling, odd harmonious labeling, transformed tree, sub-
divided grid graph, regular bamboo tree.
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1 Introduction

Throughout this paper by a graph is implied as a finite, simple and undirected. For standard
terminology and notation we follow Harary [3]. A graph G(V, E) with p vertices and ¢ edges
is called a (p,q) — graph. The graph labeling is an assignment of integers to the set of vertices
or edges or both, subject to certain conditions. An extensive survey of various graph labeling
problems is available in [1]. Graham and Sloane [2] introduced harmonious labeling during their
study of modular versions of additive bases problems stemming from error correcting codes. A
graph G is said to be harmonious if there exists an injection f : V(G) — Z, such that the
induced function f* : E(G) — Z, defined by f*(uv) = (f(u)+ f(v)) (mod q) is a bijection
and f is called harmonious labeling of G. The concept of an odd harmonious labeling was due
to Liang and Bai [14]. A graph G is said to be odd harmonious if there exists an injection
f V(@) = {0,1,2,--- ,2q — 1} such that the induced function f*: E(G) — {1,3,---,2¢ — 1}
defined by f*(uv) = f(u) + f(v) is a bijection. If f : V(G) — {0,1,2,---,q} then f is called
as strongly odd harmonious labeling and G is called a strongly odd harmonious graph. The odd
harmoniousness of a graph is useful for the solution of undetermined equations. The following

results have been proved in [14]:

1. If G is an odd harmonious graph, then G is a bipartite graph. Hence any graph that contains

an odd cycle is not an odd harmonious.
2. If a (p,q) — graph G is odd harmonious, then 2,/g < p < (2¢ — 1).

3. If G is an odd harmonious Eulerian graph with ¢ edges, then ¢ = 0, 2(mod 4).

Followed by this, Vaidya and Shah [18], [19] showed that shadow and splitting graphs are odd
harmonious. Selvaraju et al. [17] established that some path related graphs are odd harmonious.
Jeyanthi et al. proved that the following graphs are odd harmonious: double quadrilateral snake
and banana tree [5], cycle related graphs [6], plus graphs [7], super subdivision graphs [8], subdi-
vided shell graphs [9], spider and necklace graphs [10], m-shadow, m-splitting and m-mirror graphs
[11] and [12], grid graphs [13].

We use the following definitions in the subsequent section.

Definition 1.1. Let G = (V, E) be a graph. G is called a path P, if V = {vi,ve, - ,v,} such
that 1 <i <mn, (v;,v;41) € E.

Definition 1.2. The Cartesian product of graphs G and H denoted as GUH, is the graph with
vertex set V(G) x V(H) = {(u,v)|u € V(G) and v € V(H)} and (u,v) is adjacent to (u,v) if and
only if either u =« and (v,v) € E(H) or v =1 and (u,u) € E(G). The Cartesian product of two
paths P, and P, denoted by Py, X P, is known as a grid graph on mn vertices and 2mn — (m+n)

edges.



Odd Harmonious Labeling of Some Classes of Graphs 301

S

Definition 1.3. Let G be a graph with p vertices and H be any graph and x be a vertex of H. A

graph G6H is obtained from G and p copies of H by identifying vertez x of it" copy of H with ith
vertex of G.

Definition 1.4. [4] Let T be a tree and ug and vy be the two adjacent vertices in T. Let u and
v be the two pendant vertices of T such that the length of the path ug — u is equal to the length of
the path vy — v. If the edge ugvg is deleted from T and u and v are joined by an edge uv, then
such a transformation of T is called an elementary parallel transformation (or an ept) and the edge
ugvg 18 called transformable edge. If by some sequence of ept’s, T can be reduced to a path, then
T is called a Tp- tree (transformed tree) and such sequence regarded as a composition of mappings
(ept’s) denoted by P is called a parallel transformation of T. The path, the image of T under P is
denoted as P(T). A T,- tree and the sequence of two ept’s reducing it to a path are illustrated in

Figure 1.

a) A Tp- tree T b) An ept Pi(T) c¢) Second ept P>(T)

u

v

u

v
>

Figure 1: Transformed tree

Definition 1.5. [15] Let T be a T),-tree with n vertices vi,va, -+ ,vn. The graph TSP, is obtained

from T and n copies of P, by identifying a pendant vertex of it" copy of Py, with vertex v; of T.

Definition 1.6. [16] Consider k copies of paths P, of length n — 1 and stars Sy, with m pendant
vertices. Identify one of the two pendant vertices of the j" path with the centre of the j' star.
Identify the other pendant vertex of each path with a single vertex ug (ug is not in any of the star

and path). The graph obtained is a regular bamboo tree.
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2 Main Results

In this section, we prove that T),- tree, T6F,,, T62PF,,, regular bamboo tree, C,6P,,, C,62F,, and

subdivided grid graphs are odd harmonious.

Theorem 2.1. Every T,- tree is strongly odd harmonious.

Proof. Let T be a T)-tree with n vertices. By definition, there exists a parallel transformation P
of T, we have V(P(T)) = V(T) and E(P(T)) = (E(T) — E4) U E,, where Ey is the set of deleted
edges and F, is the set of newly added edges through the sequence P = (P, Py, -+, P)) of the
ept’s used to obtain P(T). Hence E; and E, have the same number of edges. Let uy,uz, - ,uy,
be the vertices of P(T) successively, from one pendant vertex of P(T) right up to the other. This

T,-tree has n vertices and n — 1 edges.

We define a labeling f: V(G) — {0,1,2,--- ,g =n — 1} as follows:
flu)=i—-1, 1 <i<n.

Let (u;u;) be an edge of T', 1 < i<j < n. Let the ept P, delete the edge (u;u;) and adds the
edge (u;+iuj—¢) where t is the distance from u; to w4+, and also the distance from u; to uj_;. Let
the parallel transformation P contain one of the constituent ept’s Pi. Since (u;tiuj—¢) is an edge
of P(T), it follows that i + ¢+ 1 = j — ¢, implies j = ¢ + 2t + 1.

The induced edge label of (u;u;) is given by
frluing) = f*(wivipair) = fwi) + f(uig21) =200 +1) — 1,

Fr(uiviuj—t) = f*(Uirettiver1) = f(Wire) + f(Wirer1) = 200+ 1) — 1,
[r(uivg) = f*(wigiuj—).

The induced edge label is
[ruiuip) =2i—1, 1<i<n—1

Thus the induced edge labels are 1,3,---,2n — 3. Therefore every T)-tree is strongly odd

harmonious. O

A strongly odd harmonious labeling of a T),- tree with 12 vertices is shown in Figure 2.

Figure 2: Strongly odd harmonious labeling of T}- tree with 12 vertices
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Theorem 2.2. IfT is a Tp-tree then the graph TOP,, is strongly odd harmonious.

Proof. Let T be a T,-tree with n vertices. By definition there exists parallel transformation P(T),
we have V(P(T)) = V(T) and E(P(T)) = (E(T) — E4) U E,, where Ey is the set of deleted edges
and E, is the newly added edges through the sequence P = (Py, Pa,--- , P) of the ept’s used to
obtain P(T). Hence E4 and E, have the same number of edges. Let uy,us, -+ ,u, be the vertices
of P(T) successively, from one pendant vertex of P(T') right up to the other. Let :1:6, x{, e ,xfnfl,

1 < j < n be the vertices of the j** copy of P,,. Identify :v% with u;, where 1 < j < n. Then the

graph T'6F,, has nm vertices and nm — 1 edges.

We define a labeling f: V(G) — {0,1,2,--- ,g = nm — 1} as follows:

f(uj):m]_:l? j:1737"'7n_17
f(uj):m(.]_l)? .]:2745 , 1,
For1<i<m-1, f(a])=mj—1i—1, j=13,-,n—1,

Let (u;u;) be an edge of T', 1 < i<j < n. Let the ept P delete the edge (u;u;) and add the
edge (u;+iuj—¢) where ¢ is the distance from u; to u;1¢ and also the distance from u; to uj_;. Let
the parallel transformation P contain one of the constituent ept’s P;. Since (uit+u;j—¢) is an edge
of P(T), it follows that ¢ +t 4+ 1 = j — t, implies j =i + 2¢t + 1. Therefore i and j are of opposite

equivalence, that is, ¢ is even and j is odd or vice-versa.

The induced edge label of (u;u;) is given by
[r(ugug) = f*(uiiparr) = f(ui) + f(wizarer) = 2m(i+t) — 1,
fr(ivruj—) = f*(Uigerizerr) = f(uire) + f(Uirer1) = 2m(i+1) = 1,

[ (uiug) = f*(wipeuj—)-

The induced edge labels are

fr(ujujrr) =2my — 1, 1<j<n-1,
For1<i<m-—2, f*(xfxz+l):2mj—2i—3, ji=13,--,n—1,
[r@lel ) =2m( —1)+2i+1, j=2,4,---,n,
[*(ujz]) = 2mj — 3, i=13,---,n—1,
f*(uJ:E{) =2m(j — 1)+ 1, ji=2,4,---,n.

Thus the induced edge labels are 1,3,---,2mn — 3. Hence every TGP, is strongly odd har-

monious. O

A strongly odd harmonious labeling of T'6P; where T' is a T)-tree with 10 vertices is shown in

Figure 3.
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Figure 3: Strongly odd harmonious labeling of TP,

Theorem 2.3. IfT is a Ty-tree then the graph T62P,, is strongly odd harmonious.

Proof. Let T be a T),-tree with n vertices. By definition there exists a parallel transformation P(T),
we have V(P(T)) = V(T) and E(P(T)) = (E(T) — Eq) U E,, where Ey is the set of deleted edges
and E, is the set of newly added edges through the sequence P = (Py, Py, - -+ , P;) of the ept’s used
to obtain P(T). Hence Eq and E, have the same number of edges. Let IJI-_’O, I{,lv :C{Q, e ,x{7m71
and 55%,07 x%)l,x‘;Q, e ,$‘;7m_1, 1 < j < n be the vertices of two disjoint paths P,,. Identify x{o
and x‘io with uj, 1 < j < n to obtain T'62P,,. Then the graph T'62P,, has n(2m — 1) vertices and
n(2m — 1) — 1 edges.

We define a labeling f: V(G) = {0,1,2,--- ,g =n(2m — 1) — 1} as follows:

fluj) =m—1+(2m —1)(j - 1), if 7 is odd,
flug) =3m =2+ (2m —1)(j — 2), if j is even,
f@l)=m—1+2m-1)(G-1) -1, if 7 is odd,
f@]) =3m—2+2m-1)(j -2) -1, if  is even,
flay,)=m—1+2m—1)(j — 1)+, if j is odd,
f('r%z) =3m—2+(2m—1)(j —2) +1, if j is even.

Let (u;u;) be an edge of T', 1 < i<j < n. Let the ept P, delete the edge (u;u;) and add the
edge (u;+iuj—¢) where t is the distance from u; to w4+, and also the distance from u; to uj_;. Let
the parallel transformation P contain one of the constituent ept/s P. Since (uitiu;—¢) is an edge
of P(T), it follows that i + ¢t + 1 = j — ¢, implies j = i + 2t + 1. Therefore ¢ and j are of opposite

equivalence, that is, ¢ is even and j is odd or vice-versa.

The induced edge label of (u;u;) is given by
[F(uiug) = f*(uivivars1) = fui) + f(Uiparr1) = dmi + dmt — 20 — 2t — 1,
[ irrug—) = f*(igetiver1) = f(Uive) + f(@irer1) = 4mi +4dmt — 20 — 2t — 1,

[ (ugug) = f*(wigeug—).
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The induced edge labels are

f*(uj:vl D=2m-1)+22m-1)(j—-1) - if j is odd,
f*(ujzzrjl 1) =2B8m—-2)+22m —-1)(j — ) if § is even,
f*(uj:v%,l) =2m-1)4+22m-1)({-1)+ if § is odd,
f*(uja:% 1)—2(3m—2)—|—2(2m—1)(]—2)—|—1 if j is even,
[ (ujujpr) =22m—1)(j — 1) + 4m + 3, 1<j<n-—1,
For1 <i<m-—2,
F@ el ) =2@m =10 = D) +20m—1) =2~ 1, ifjis odd,
f*(xi xl 1) =2(2m—1)(j —2) +2(3m —2) - 2i— 1, if j is even,
f*(:ci x2 i) =22m—=1)(G - 1) +2(m—1)+2i + 1, if j is odd,
f*(x; Ty,401) =22m —1)(j —2) +2(3m —2) +2i+1, if j is even.
Hence T'62P,, is strongly odd harmonious. O

The strongly odd harmonious labeling of T'62P; where T is a T)-tree with 13 vertices is shown

in Figure 4.

Figure 4: strongly odd harmonious labeling of T'62P,

Theorem 2.4. FEvery regular bamboo tree is odd harmonious.

Proof. Let vé, v{, v%, .-+, v, be the vertices of the §*" path P,, 1 < j < m where vé is identified

»Yn—1
with the apex vertex vy and vi_l is identified with ug which is the centre of the jth star. Let
u{, u%, e ,U'tj be the pendant vertices of the j* star. The regular bamboo tree has m(t+n—1)+1

vertices and m(t +n — 1) edges.
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We define the labeling f: V(G) — {0,1,2,--- ,2m(n+t — 1) — 1} as follows:

Case(i): m is odd

f(vo) =0,

For 1 <j <m,

f@l)=2j—1+m(i-1), if i is odd,
fl) =2+4(m - j) +m(i - 2), if 7 is even,
f(ug)zm(n—1)+2m—1+2m(t—i)—2(m—j), 1<i<t.

The induced edge labels are
For1 <j3<m,

frlvl ) =25 +2m(i — 1) +4(m — j) + 1, if 7 is odd,

frlvl ) =4(m —j)+2m(i — 1) + 25 + 1, if i is even,

[l _jul)y =2mn+t—1i)—25+1, 1<i<t.
Case (ii): m is even

fluog)=n—-1,

fh)y=n—-1-1, 1<i<n-—1,

For2<j<mand1<:<¢,

fh=n+2G-2)+(m—-1)(i-1), if i is odd,

fh=n+1+4m—j)+m-1)(G-2), if 7 is even,

If nis odd, f(ul)=2mn+2(m—1)(t—1)—2m+2(t —i) +7,
If nis even, f(ul) =2mn+2(m —1)(t — 1) +2(t — i) — 1,

If nis odd, f(ul) =m(n — 1)+ 54 2(m — 1)(t — i) — 2(m — 5),
If n is even, f(ul) = m(n —2) + 3+ 2(m — 1)(t — i) + 4(m — j).

The induced edge labels are
f*(vovi) = 2n — 3,
F*(vov]) =2n —142(j - 2), 2<j<m,

[*(v] §+1):2n+2(j—2)+2(m—1)(i—1)+4(m—j)+1, 2<ji<m.

For2<j<mand1<i<t¢,
If n is even, f*(v)_,ul) = 2mn — 25 + 1+ 2(m — 1)(t — ).

If nis odd, f*(v)_ ul) =2m(n —1) —2j + 2(m — 1)(t — i) + 9.

2mn+2(m—1){t—1)—2m+2(t —1i)+7 if n is odd
[F(vp_qu}) =
2mn+2(m—-1)t—-1)+2(t—14) —1 if n is even.
Thus every regular bamboo tree is odd harmonious. O

An odd harmonious labeling of a regular bamboo tree with m = 5,n = 6,¢ = 2 is shown in Figure 5.
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Figure 5: A regular bamboo tree with m =5,n=6,t =2

An odd harmonious labeling of a regular bamboo tree with m = 4,n = 5,¢ = 2 is shown in Figure

6.

Figure 6: A regular bamboo tree with m =4,n=5,t =2

Theorem 2.5. The graph C,6F,,, n = 0(mod 4) is odd harmonious.

Proof. Let uy,uz,- -+ ,up be the vertices of cycle C,,. Let u?, ul,--- ,u?‘*l be the vertices of path

P,,. We identify u? with u;, 1 <7 < n to obtain C,,6P,,. Then the graph C,6PF,, has mn edges

and vertices.

We define the labeling f: V(G) — {0,1,2,---,2nm — 1} as follows:

Case (i): m is odd
i=1,3,-,n—1,

flu;) = ma,

Flug) =mi—m—1, i:1&~q%

Flug) =mi—m+1, i=SH2m
f(uZ) =mi— j, if ¢ is odd and j is even,
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_ mi—j—2 ifl1<i<Z_1
ful) = n 2 if both i and j are odd,
mi— j if S +1<i<n—1

, mi—m4+j—1 if2<i<>
f(ui) = n 2 if both 4 and j are even,
mi—m+7j+1 if§—|—2§i§n

flw)=mi—m+j+1, if ¢ is even and j is odd.
The induced edge labels are
f*(uiui+1)=2im—1, 1§1§ ga
F(usuis) = 2im + 1, g+1§i§n—L
f(uru,) =mn+1,
omi—3 ifl1<i<——1
fluu}) = n 2
2mi — 1 if§—|—1§i§n—1
omi—2m+1 if2<i<o
fluu}) = n 2 if i is even and j is odd,
2mi —2m + 3 if§+2§i§n
. omi—2j—3 ifl1<i< 1
fludul™) = n 2 if i is odd,
2mi—2j—1 L +1<i<n-1
o oImi—2m+2j—1 if2<i< >
flululthy = n 2 if i is even.
2mi—2m+2+1 i Z+2<i<n

Case (ii): m is even
flu)) =mi—2, i=1,3,---,n—1,

mi—-m+1 if2<i<=
fui) = n 2 if ¢ is even,
mi—m+3 if§—|—2§i§n
) mi — j Hfl1<i<-—-1
flul) = n 2 if both i and j are odd,
mi—j+2 if§+1§i§n—1
f(u{):mi—j—27 1<i<n-1, if ¢ is odd and j is even,
f(u{):mi—m—l—j—l, 2<i<n-2, if 7 is even and j is odd,
_ mi—m+j+1l if2<i<”
ful)= 2 if both i and j are even.

mi—m+j—1 ﬁg+2gign

The induced edge labels are

mi—1 fl1<i<>

[\

T (uiuigr) = if 7 is even and j is odd,

2mi + 1 1f§+1<z<n
f*(uruy) =mn+1;

omi—3 if1<i<o_1
fluul) = n 2 if 7 is odd,
2mi — 1 if§—|—1§i§n—1
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2mi—2m+1 if2<i< —
[*(uul) = n 2 if 4 is even,
2mi —2m + 3 if§+2§i§n
o omi—2j—3 if1<i<o_
frulul™) = n 2 if 4 is odd,
2mi —2j — 1 if§—|—1§i§n—1
n
o 2mi—2m+2j+1 if2<i<—
frudul™) = n 2 if i is even.
2mi —2m+25 -1 if§ 2<1<n
Therefore C,,6P,, is odd harmonious. O

An odd harmonious labeling of C46P5 and C126P, are shown in Figure 7.

S
>
S
©
w
o
ot
—_
—_ ~
—-
= N
©

D

43 44

14

40N 47 10 5
1

38 \ 45

o 8 17

41
9 42 13

36

3 35 19 99

2 . 32 39 18] 23
2 11 37
5 4 30 2
12
19 33 34 1) 27
13
18 28 24
17 14
29
16 15 31 26

Figure 7: An odd harmonious labeling of C46P5 and C126P;

Theorem 2.6. The graph C,,62P,,, n = 0(mod 4) is odd harmonious.

: J J J
Proof. Let uy,uz, -+ ,u, be the vertices of Cp,. Let xy g, 271,279, "

J J J
» L1 m—1 and 2,00 72,15

:ciz, e ,xim_l, 1 < j < n be the vertices of two disjoint paths P,,. Identify :1:{,0 and xio

with uj, 1 < j < n to obtain C,,62P,,. Then the graph C,,62P,, has n(2m — 1) edges and vertices.

We define the labeling f: V(G) — {0,1,2,---
fluj) =m—1+(2m—-1)(j - 1), .
3m—2+2m-1)(j—2) if2<j<=

n 2 if j is even,
Tm—2+ (2m —1)(j —4) if 5+2<j<n

flaf) = (m—=1)+ (2m - 1)(j —1) =4,

fluy) =

j:1537"'7n_

,2n(2m — 1) — 1} as follows:

1

3

if ¢ is even and j is odd,
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_ T@m-1)G-1)—i-1 if1<j<’-1
f(le i): n 2 if both 7 and
’ m+@m-1)(G-1)—i+l if5+1<j<n-—1
7 are odd,
2y =m+02m-1)(G—-1)+i—1,1<j<n-—1,ifiiseven and j is odd,
ey om — 1)(j — 1 1,1 1, if djis odd
_ mt@m-1)(G-1)+i-1 ifl1<j<—1
f(:c% i): n 2 if both 7 and
’ mt 2m =1 -1)+itl fg+l<j<n-—1
7 are odd,
Sm+@m—1)(j—-2)—i—2 if2<j< -
= n 2 if both 7 and j are even,
Tt @m-1)(j-4)-i=2 5 +2<j<n
Sm+(2m—1)(j—2)—i—2 if2<j<=
= 2 if 7 is odd and j is even,
Tm+(2m—-1)(j—4)—i—4 1f——|—2§]§n
Sm+(2m—1)(j—2)+i—2 if2<j<=
= n 2 if both ¢ and j are even,
T+ @m-D(j-4)+i-2 o +2<j<n
, 3m+(2m—1)(j —2) +i—2 1f2<]_ﬁ
fxg,) = 2 if 7 is odd and j is even.
: Tm+ (2m —1)(j —4) +i— 4 if§+2§]§n
The induced edge labels are
[ (ujujpn) = 4m+2(2m - 1)(j — 1) = 3, 1§j<g—1,
n
fr(ujujen) =8m+2(2m —1)(j — 2) - 3, sHl<j<n-—1,
, 2m +2(2m —1)(j — 1) if1<j<” 1
fr(ujayy) = n 2 if j is odd,
’ 2m+2(2m —1)(j —1)— if§+1§j§n—1
_ 6m+2(2m —1)(j —2) — ifo<j<?
fr(ujzy ) = n 2 if j is even,
" 14m +2(2m — 1)(j 4) if§+2§j§n
, om+22m—1)Gj—1)—1 ifl1<j<=-1
[ujay ) = n 2 if 7 is odd,
’ 2m+2(2m—1)(j —1) + if—+1<j<n—1
_ 6m+202m—1)(j —2) — 1f2<]<—
fujay ) = 2 if j is even,
’ 14m+2(2m—1)(j —4) -5 1f—+2<]<n
o Amj—2m —2j —2i—1 1f1§j§ﬁ—1
fr(@12140) = n 2 if § is odd,
L Amj—2m —2j —2i+1 if§+1<j<n—1
o 6m +2(2m—1)(j —2)—2i—5 1f2<]<—
(@21 i00) = 2 if j is even,
o 14m+22m —1)(j —4)—2i -7 1f——|—2<j<n
o 2m+22m—-1)(j —1)+2i—1 1f1§]§——1
fr (@325 41) = n 2 if j is odd,
T 2m+22m—-1)(j—1)+2i+1 if§+1§j§n—1
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6m+22m—1)(j—2)+2i—3 if2<j<”
14m+2(2m—1)(j —4)+2i—5 1f—+2<]<n
fH(urun) =8m+ (2m —1)(n —4) — 3.

[\

f*(x%,ix%,i-ﬁ-l) = if j is even,

Thus C,,62P,, is odd harmonious. O

An odd harmonious labeling of Cg62P5 is shown in Figure 8.

R
4
0 " 9
1 3 Ge 8
41
2 7
s 10
1
37 13
sy 12 14

w
S
)
@
L
w
¢
—
3
—
O/¥
—
— =
©

Figure 8: An odd harmonious labeling of Cg62P;

Theorem 2.7. Every subdivided grid P, X P,,, m > 2 is strongly odd harmonious.

Proof. Let v;1,v;2, - ,Vim, 1 < i < m be the vertices of the it" row of P,, x P,,. Let Ui,
Uiy, Um—1,i, 1 < 1 < m be the vertices of the subdivided of i*" column and Wi, W2y 5 Win—1,i,
1 < i < m be the vertices of the subdivided of i row. Then the subdivided grid graph has

m(3m — 2) and 4m(m — 1) vertices and edges respectively.

We define a labeling f: V(G) — {0,1,2,--- ,qg = 4m(m — 1)} as follows:

fluig) =20 —1)+2(2m —1)(i — 1), 1<j<mandiisodd,
f(vij) =23m—j—1)+2(2m —1)(i —2), 1<j<mandiis even,
fluij)=2m—1+4(m—j)+2(2m—1)(i — 1), 1<j <mandiisodd,
flui;)=6m—3+4(j —1)+2(2m—1)(i — 2), 1< j<mandiis even,
fwin) =2i—1, 1<i<m-—1,
flwij)=(m—1)(4j —2) —4i+2j — 1, 1<i<m-—1and j is even,
f(wij) = (m—1)(4j — 6) +4i+2j — 5, 1<i<m-—1andjis odd.
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The induced edge labels are
foguig)=20—-1)+42m —-1)(i—1)+2m—-14+4(m—j), 1 <j<m and i is odd,
ff(wijvigr,;) =2m—1+2(bm—3j—1)+42m—1)(: — 1), 1<j<m andiisodd,
FH(uijvig1,5) =6m—3+6(j — 1) +4(2m — 1)z — 1), 1<j<mandiis even,
f(
I

*

*ijwer) =2 —1)+2@2m—1)(i — 1)+ (m — 1)(dk — 2) —4¢t — 2k — 1, i is odd and k is even,
vijwer) =2 —1)+22m —1)(i — 1)+ (m — 1)(4k — 6) + 4t + 2k — 5, ¢ is odd and k is odd,
[fijwer) =2Bm—7—1)+22m—1)(1 —2) +2(m —1)(2k —1) —4t — 2k — 1, i is even and k
is even,
[rijwer) =2B8m—75—1)+22m—1)(1 —2) +2(m — 1)(2k — 3) + 4t + 2k — 5, i is even and k
is odd,

o win) =2(j — 1)+ 2i — 1, 1<iandj<m-1,
f(wiv ;) =2(j — 1)+ 2i — 1, 1<i<m-1land2<j<m.
Therefore every subdivided grid graph is strongly odd harmonious. O

A strongly odd harmonious labeling of subdivided grid Py x Py is shown in Figure 9.

19, 154 11 L 7

20 17 1§ 13 14 _9 14

214 254 29, 33
23 27 31

28 o N R 34

a7 43} 39, ¢ 35

48 45 46 41 44 37 42

Figure 9: Strongly odd harmonious labeling of subdivided grid Py x Py
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