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ABSTRACT

In this paper, we prove the existence of mild solutions of a class of fractional semilinear
integro-differential equations of order 8 € (1, 2] subjected to noncompact initial nonlo-
cal conditions. We assume that the linear part generates an arbitrarily strongly continu-
ous f-order fractional cosine family, while the nonlinear forcing term is of Carathéodory
type and satisfies some fairly general growth conditions. Our approach combines the
Monch fixed point theorem with some recent results regarding the measure of noncom-
pactness of integral operators. Our conclusions improve and generalize many earlier

related works. An example is provided to illustrate the main results.
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RESUMEN

En este articulo, probamos la existencia de soluciones leves de una clase de ecuaciones
integro-diferenciales fraccionales semilineales de orden 8 € (1,2] con condiciones no-
compactas iniciales no-locales. Asumimos que la parte lineal genera una familia coseno
de orden fraccional 8 arbitrariamente fuertemente continua , mientras que el término
no-lineal de forzamiento es de tipo Carathéodory y satisface algunas condiciones de
crecimiento bastante generales. Nuestro enfoque combina el teorema de punto fijo de
Monch con algunos resultados recientes sobre la medida de no-compacidad de oper-
adores integrales. Nuestras conclusiones mejoran y generalizan muchos trabajos ante-

riores relacionados . Se provee un ejemplo para ilustrar los resultados principales.

Keywords and Phrases: Cosine operator, fractional integro-differential operator, abstract dif-

ferential equation, noncompact nonlocal condition.
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1 Introduction

In recent years, the investigation of fractional differential equations in Banach spaces has attracted
many research works due to its applications in various areas of engineering, physics, bio-engineering,
and other applied sciences. Notable contributions have been made to both theory and applications
of fractional differential equations; we refer, e.g., to [1, 6, 13, 14, 15, 16, 18, 19, 25] and the refer-
ences therein. Actually, it has been found that differential equations involving fractional derivatives
in time are more realistic to describe many phenomena in practical situations than those of integer
order. The most significant advantage of fractional derivatives compared with integer derivatives
is that it can be used to describe the property of memory and heredity of various materials and
processes [5, 8, 22]. For more details about fractional calculus and fractional differential equations,

we refer the reader to [2, 4, 10].

In this paper, we are concerned with the existence of mild solutions of the following class of

fractional semilinear integro-differential equations:

cDlu(t) = Au(t)+ f(t, u(t), Gu(t), Su(t)), tel0,d],
u(0) = uo+q(u), (1.1)
u'(0) = wo+p(u),

where 8 € (1,2] and CDf is the standard Caputo fractional derivative of order 8. The operator A is

the infinitesimal generator of a strongly continuous S-order fractional cosine family {Cp(t) : ¢ > 0}
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in a Banach space F, f, q,p are suitably defined functions satisfying certain conditions to be

specified later, x¢, yo are given elements of E' and G, S are two linear operators defined by
Gu(t) = /Ot K(t,s)u(s)ds and Su(t) = /Oa H(t, s)u(s)ds, te€]0,al, (1.2)
where H € C'[[0,a] x [0,a],R"], K € C'[U,R*], and
U={(t,s)eR*:0<s<t<a}.

Here RT refers to the set of nonnegative real numbers. The problem of the existence of mild
solutions to (1.1) has been addressed by many investigators in the case where 8 € (0, 1]. We quote
for instance the contributions by Shu and Wang [21], Qin et al. [20], and the pioneering works of
Travis and Webb [23, 24]. However, only a few papers have been up to now devoted to the case
B € (1,2]. We quote the paper [25], where the authors proved the existence of mild solutions to
(1.1) with 8 € (1,2] when p and ¢ are compact. In many applications, nonlocal conditions are
not compact. Specifically, periodic p(u) = u(a), anti-periodic p(u) = —u(a), or multipoint discrete

nonlocal conditions p(u) = >0, cu(t;), 0 <ty < --- < t,, are not compact.

As a matter of fact, the first and major aim of this paper is to address the problem of existence
of mild solutions to (1.1) in the case where p and ¢ are not necessarily compact. Moreover, we
merely assume that the operator A generates an arbitrarily strongly continuous S-order fractional
cosine family, which is an extra interesting feature. Our approach combines the Monch fixed point

theorem with some recent results concerning the measure of noncompactness of integral operators.

The outline of the paper is as follows: In Section 2, we present the main technical tools which
will be used in this work. In Section 3, we investigate the existence of mild solution to problem
(1.1) by means of a fixed point method. Finally, in Section 4, we include an example to illustrate

our results.

2 Preliminaries and auxiliary results

In this section, we recall some background and collect several useful results which are crucial for
our further work. To do this, let (E, | - ||) be a Banach space and C([0,a], E) be the space of all
continuous functions defined on [0, a] with values in E, equipped with the standard sup-norm. Let
L(E) denote the space of all bounded linear operators on F endowed with the classical operator
norm. We first list some basic definitions and properties of the fractional calculus theory which

are used further in this paper.

Definition 2.1. [/] For 0 <y < 1, consider the function of Wright type defined by

NOEDS nIT( —— = i-/F/ﬂ‘l exp (p — zp7) dp, (2.1)

o —yn+1—7v) 2w
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where I" is a contour which starts and ends at —oo and encircles the origin once counterclockwise.

., (t) is a probability density function:
B() >0 for >0 and / . (t)dt = 1. (2.2)
0
Definition 2.2. [}] The Riemann-Liouville fractional integral of order 8 >0 of a function

f € LY([0,a]; E) is defined by

P F) = ﬁ/o (t— )P f(s)ds, >0, (2.3)

where T'(+) stands for the Gamma function.

Definition 2.3. [/] The Riemann-Liouville fractional derivative of order 1 < < 2 is defined by

2
D f(t) = S (), (24)

where f € LY([0,a); E) and DP f € L([0,d]; E).
Definition 2.4. [/] The Caputo fractional derivative of order 8 € (1,2] is defined by
"D} (1) = D} (£(t) = 1(0) = £'(0)1), (2.5)
where f € LY([0,a]; E) N CY([0,a); E) and D f € L'(]0, d]; E).
Consider the following problem
°DPx(t) = Ax(t), z(0) =n, 2'(0) =0, (2.6)

where 8 € (1,2], A: D(A) C E — E is a closed densely defined linear operator in Banach space
E.

Definition 2.5. [{] Let § € (1,2]. A family {Cs}lp>0 C L(E) is called a solution operator
(or a strongly continuous [-order fractional cosine family) for the problem (2.6) if the following

conditions are satisfied:

(a) Cs(t) is strongly continuous for t > 0 and Cs(0) = I,
(b) Cp(t)D(A) C D(A) and AC3(t)n = Cs(t)An for alln € D(A), t >0,

t (t—s)P1

(¢) Ca(t)n is a solution of x(t) =n+ [, ) Azx(s)ds for allm € D(A), t > 0.

In this case, A is called the infinitesimal generator of Cg(t).

Definition 2.6. [15] The fractional sine family Sz : R™ — L(E) associated with Cg is defined by

sﬁ(t)z/o Co(s)ds, >0, (2.7)
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Definition 2.7. [15] The fractional Riemann-Liouville family Pz : RT™ — L(F) associated with
Cp 1is defined by

Pat) = 1/ Cat) = 1)A%—M4%@w i3 0. 28)

TG 1
Definition 2.8. [4] The strongly continuous -order fractional cosine family Cs(t) is called expo-
nentially bounded if there are constants M > 1 and w > 0 such that

ICs(t) < M, ¢ (2.9)

An operator A is said to belong to CP (M, w), if the problem (2.6) has a strongly continuous 3-order
fractional cosine family Cjs(t) satisfying (2.9). Denote CP(w) = |J{CP(M,w); M > 1}.

Theorem 2.1. [/, Theorem 3.1] Let 0 < 8/ < 8 < 2, v = %, w>0. If A € C%w) then

AecC? (w%) and the following representation holds
Ca (t) :/ ©0i~(s)Cs(s)ds, t>0, (2.10)
0
where oy (8) ==t 7D, (st™7) and ®,(2) is defined by (2.1).

For more details regarding S-order fractional cosine families, we refer the reader to [4].

Definition 2.9. A function 1) defined on the set of all bounded subsets of a Banach space E with
values in R is called a measure of noncompactness (MNC in short) on E if for any bounded subset
M of E we have ¢(coM) = (M), where coM stands for the closed convex hull of M. An MNC is

said to be
(i) Full: (M) =0 if and only if M is a relatively compact set.
(i) Monotone: for all bounded subsets My and My of E, we have

M, C My = ’Q/J(Ml) < ’L/J(Mg)
(i1i) Nonsingular: (M U {z}) = (M), for every bounded subset M of E and for all x € E.

One of most important measures of noncompactness is the Hausdorff measure of noncompact-

ness defined by
X(M) =inf{r > 0; M can be covered by finitely many balls with radii < r},

for each bounded subset M of E. The Hausdorff measure of noncompactness is full, monotone

and nonsingular. Moreover, it enjoys the following additional properties.
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Lemma 2.1. [3]

(i) x(My + Mz) < x(M1) + x(Mz).
(ii) X(A\M) = [X|x(M), for all X € R.
(iti) x(€o(M)) = x(M).
(iv) (A +z) = x(A), ¥z € E.

(v) if B: E — E is a Lipschitz continuous map with constant k, then x(B(M)) < kx(M) for
all bounded subset M of E.

Lemma 2.2. [17, 9] If {un}nen C L'([0,a]; E) is uniformly integrable, then the function t —
X{un(t) tnen) fort € [0,a] is measurable and

X<{ /0 “”(S)ds}:o_l) = /0 (1) ds.

In the sequel, we use a measure of noncompactness in the space C(I; E) which was investigated

in [11, 12]. In order to define this measure, let us fix a nonempty bounded subset € of the space
C(I; E). Let
mod () = sup {modc(Q(¢t)) : t € I'},
where
mod ¢ (Q(t)) = %i_r}r(l) gsalelg {sup{|z (t2) —x (t1)| : t1,t2 € (t — 6,t+ )} },
and
Xoo(§2) = sup {x(Q(t)) : t € I},
where y denotes the Hausdorff measure of noncompactness in E. It is worth noticing that x., and
mod ¢ are monotone nonsingular MNCs on C(I; E) (see [3, 12]). From an application view point,

one of the main disadvantages of these MNCs is the lack of fullness. To overcome this problem,

we can define the function )¢ on the family of bounded subsets in C(I; E) by taking
Yo (Q) = Xoo(2) + mod ()

Lemma 2.3. [11, Lemma 3.1] ¢ is a full monotone and nonsingular MNC' on the space C(I; E).

Finally, we will make use of Monch’s fixed point theorem.
Theorem 2.2. [17] Let C be a closed, convex subset of a Banach space E with xo € C. Suppose
there is a continuous map T : C' — C with the following property:

D C C countable and D C co ({zo} UT(D))
imply that D is relatively compact.

Then, T has at least one fized point in C.
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Let F be a function from [0,4o00) into L£L(E). Suppose that F is continuous for the strong

operator topology, namely
The mapping [0, +00) > t — F(t)z € E is continuous for every = € E. (2.11)

Notice that from the uniform boundedness principle, we know that F is uniformly bounded on any

interval [0, al, i.e., My 1= supyc(g o) [|F ()| 2(z) < +oo. For later use, let us define the quantity

w(F(t)) = lim sup {||F (t2)z — F(t1) x| g :t1,ta € (t—0,t+0)}.
020 iz)<1

Recall that a family (F(t)):>0 is said to be equicontinuous if {F(-)x : x € 2} is equicontinuous at
any t > 0 for any bounded subset  C X. It is easily seen that a family (F(t)):>0 is equicontinuous
if and only if w(F(¢)) = 0 for any ¢ > 0.

Theorem 2.3. [7] Let F be a function from [0,4+00) into L(E). Suppose that F is continuous for
the strong operator topology. Then, for any bounded set Q2 C E and for any t > 0, we have

mod ¢ (F (1)) < w(F())x(9Q).
In particular, for any t € [0, a] we have

mod ¢ (F(t)2) < 2M,x ().
Now, we present two crucial results concerning the integral operator:

(Sof) () = /0 Ft— 9 f(s)ds  for t € [0.d]
where f € L*([0,a]; E) and F : [0, +00) — L(E) verifies (2.11).
Theorem 2.4. [7] Let {£,}°°, C L}([0,a]; E) be integrably bounded, that is,
| fu(®)]] < v(t) for alln=1,2,--- and a.e. t € [0,al, (2.12)

where v € LY([0,a]). Assume that
X {fn®)32) < a(t) (2.13)

for a.e. t €[0,a) where q € L'([0,a]). Then, for every t € [0,a] we have:

mod ¢ ({Sofu(D)}32,) < AM, / a(s)ds. (2.14)

Theorem 2.5. [7] Let {f,},—, C L'([0,al; E) be as in (2.12) Assume that (2.13) holds. Then

x {Sofn(®)}2)) < 2Ma/0 q(s)ds,  for all t € 0,al
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3 Existence results

In this section, we discuss the existence of mild solutions to the semilinear fractional integro-
differential equation (1.1). Before doing so, it is appropriate to clarify the definition of solution we

will consider.
Definition 3.1. Assume A € CP(M,w) and Cgs(t) is the solution operator. We say that
u € C[I, E] is a mild solution of (1.1) if u satisfies

u(t) = Ca(t) (uo +q(w)) + Sp(t) (vo + p(u))

+ fg Ps(t — s)f(s,u(s), Gu(s), Su(s))ds, tel. (3.1)

To allow the abstract formulation of our problem, we define the operator T : C([0,a]; E) —

C([0,a]; E) by
Tu(t) = Cp(t) (uo + q(u)) + Ss(t) (vo + p(u))

—|—/ Ps(t — s)f(s,u(s), Gu(s), Su(s))ds, t€[0,qa]
0

for all t € [0,a]. It is clear that u is a mild solution of (1.1) if and only if it is a fixed point of 7.

(3.2)

Our problem will be investigated under the following assumptions:

(C1) pyq:C(|0,a]; E) — E are continuous functions and there exist nonnegative constants k,
and kg, such that for all bounded subset D C C([0, a]; E), we have

Max(q(D)) + aMax(p(D)) < (Makg + aMaky)Xoo (D),

where Mo = sup,¢jg ) [1C8(0)[| ()

(C3) There exist nondecreasing continuous functions o1, 03 : Rt — R* such that

le()lle < o1 (ullsc),  forall ue C([0,a]; E),
[p()lle < o2 (lulles),  forall ue C([0,a]; E).
(Cs)

f:]0,a]l x Ex Ex E— FE is a Carathéodory function, i.e.,

(7) the map t — f(¢,u1,u2,u3) is measurable for all

(’U,l,’U,Q,U3) eEEXEXE,

(1) the functions uy — f(t,uy,us,us), uz — f(t, u1,uz,uz) and

us — f(t,u1,uz,u3) are continuous for almost ¢ € [0, al,

(C4) There exist functions p1, p2, p3 € L*((0,a); RT) and nondecreasing continuous functions

Ql, QQ, Qg : RT — Rt such that

3
£t ur,uz,us)l| e <Y pi()U(||uillz),  forall ¢ €[0,a] and u; € E.
1=1



gg(gg Mild solutions of a class of semilinear fractional ... 369

(Cs) There exist functions mi,ma,m3 € L*([0,a];RT) such that for all bounded subset
Di,Do, D3 C FE

3
X(f(t,D1,D2,D3)) <> mi(t)x(Di), for almost every t € [0,a].
1=1

M,aP1
L'(3)

m(s) = my(s) + akoma(s) + ahoms(s), ko = sup{ K (¢t, s); (t,s) € U},
ho = sup{H(t,s); (t,s) € U}, and U ={(t,s) eR?: 0< s <t <a}.

Remark 3.1. It is easy to prove that for every t > 0, we have

(CG) Makq + aMakp +2 ||mH1 <1,

where

MyaP1
sup 1Ss)le(s) < aMa  and  sup [|[Ps(t)||ze) < (3.3)

te(0,a te(0,a] 1—‘(6)

In light of this, we shall show that operator T fulfills all conditions of Theorem 2.2. This will

be done in a series of lemmas.

Lemma 3.1. T : C([0,a]; E) — C([0,a]; E) is continuous.

Proof. Let (u,) C C([0,a]; E) be a sequence which converges to u € C([0,a]; E'). Then

[Tun —Tullos < Mal\qg@) —q()|le + aMql|p(un) — p(u)l| &
+ 2= [0 1/ (s, un(s), Gun(s), Sun(s))
— f(5,u(s), Gu(s), Su(s))|| pds.

With assumptions (C7) and (C3) in mind, the continuity of G and S entails

lim f(s,un(s), Gun(s), Sun(s)) = f(s,u(s), Gu(s), Su(s)).

n—00
Since (uy,) is convergent then there exists » > 0 such that |[uy|lec < 7, for alln € N and |Juf|eo < 7.
So by (Cy) we have

1£ (s, un(s), Gun(s), Sun(s)) = f(s, u(s), Gu(s), Su(s))| e
<2 (pl (S)Ql (T‘) + pg(S)Qg(akQT) + p3(s)Q3 (ahor)) .
Using the dominated convergence theorem, we deduce that 7" is continuous. O

Lemma 3.2. Assume that

L a(r)  a’~tQ(r)
Mﬂl}ggf( . + T(3) r ) <1, (3.4)

where o(r) = o1(r) + aos(r) and
Q(r) = Qa(r)llprller + Qa(akor)||p2llr 4+ Qs(ahor)| psl|Lr-
Then, there is a ro > 0 such that T' selfmaps the closed ball

By, ={u € C([0,a]; E) : [lulloc <70}
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Proof. For u € B, and t € [0, a], we have

[(Tuw)@)e < [1Cs(E) (uo + q(w)ll 5 + [155(t) (vo + p(u))l
+ Hf(f Pt — s)f(s,u(s), Gu(s), Su(s))dsHE
< Ma(Jluollg + o1(r)) + aMa (|[vollp + o2(r))
A [0 (r)pa ()
+Qq(akor)p2(s) + Q3 (ahor)ps(s)ds.

We claim that there exists 19 > 0 such that Tuw € B,, whenever u € B,,. If is not the case, then
for each r > 0 there exists u € B, such that Tu ¢ B,., that is

MyaP1
r < |[Tulloc < Ma ([Juollp + o1(r)) + aMa ([[voll 5 + 02(r)) + T(B)

which implies when dividing by r that

Q(r),

| Malluollp + aMalwlls |, o), Maa (1)
r r r(B) r

Taking the liminf as r — oo, we obtain

L or) a7t Q(r)
Mt (70 + 45 ).

which contradicts the assumption (3.4) Therefore, there exists r9 > 0 such that
ITu||0o < 7o, for all |jul| < 7.

Thus, Tu € By, for all u € B,,. O

Lemma 3.3. Let ro be as in Lemma 3.2 and let xg € B,,. Let D be a countable subset of B,,.
Then D C @ ({xo} UT (D)) implies that D is relatively compact.

Proof. Let D = {uy},-, be any countable subset of B, such that
D C e ({zo} UT(D)). (3.5)
We show that D is relatively compact. Notice first that for each ¢t € [0, a], we have
X(T'(D)(t)) < x(Cp(t)(uo + q(D))) + x(Sa(t)(vo + p(D)))

X ({ / Pt - s)f(s,un<s>,Gun<s>,Sun<s>>ds}oo ) |

n=1

Since

[I.f (5, un(s), Gun(s), Sun(s))|le < Qu(ro)p1(s) + Qa(akoro)p2(s) + Qa(ahoro)pa(s)
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and p1, pa, p3 € L*([0,a]; R+), then, in view of Theorem 2.5 and Lemma 2.2, we obtain the following

estimates:

x(T(D)(t))
Max(a(D)) +aMax(p(D))

+2M§?5 Jo ma(s)x(D(s)) + ma(s)x(G(D(s))) + ma(s)x(S(D(s)))ds
(Maky + aM,k ) (D)

+2AF(5 Jo ma(s )X(D( )) + akoma(s)x(D(s)) + ahoms(s)x(D(s))ds
(M g + Mk, + 238 | )XW(D).

IN

IN

IN

Thus,

M,aP1

W”mHl Xoo (D). (3.6)

Xoo(T(D)) < [Makq + aMky + 2

On the other hand, referring to Theorem 2.3, Theorem 2.4, and Lemma 2.2, we can see that

mod ¢ (T(D)(¢))

IN

mode(Cp (1)g(D)) + mod (S5 (H)p(D))
HAMRG [y mls)X(D(s))ds
2(Makq + aMakp)Xoo (D) + 40 F(,B) ”mHlXOO(D)-

IN

Thus

M,aP1

mod ¢(T'(D)) < |2(Mkq + aMk,) + 4W

[mfl1| Xoo (D). (3.7)

Combining (3.5) and (3.6), we arrive at Xoo (T'D) = Xoo(D) = 0. By (3.7) we get mod ¢(T'(D)) =0
and therefore T'(D) is equicontinuous. Going back to (3.5) we deduce that D is equicontinuous

and so relatively compact in C([0, a]; E). This achieves the proof. O

Theorem 3.1. Assume that (C1) — —(Cs) hold. Then, the nonlocal problem (1.1) has at least one
mild solution in C([0,a]; E), provided that (3.4) holds.

Proof. Invoking Theorem 2.2 together with Lemmas 3.1, 3.2, and 3.3, we infer that T" has at least

one fixed point in B,, which is, in turn, a mild solution of (1.1). O
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4 Application

To illustrate the application of the theoretical results of this work, we consider the following

integro-differential equation:

cDfu(t,a) = 9 o) (it 2)) + polt) o (J7 Gl )ds)

+p3(t) f3 (fol gw(s,x)ds) , telI=10,1], z €[0,7],

w(t,0) =w(t,m) =0, tel,

w(0,z) = wo(z) + Y cw(si,z), z€[0,7], (4.1)
i=1

§1<82<...<8m, t; €1, ¢; €R,

ow(t, x) n

5 limo = W0(@) + X diw(ti,), @ € 0,7,

th<tao<...<ty, t; €1, d; R,

where 8 € (1,2], the functions p; : I — R and f; : E — FE for i € {1,2,3} satisfy appropriate

conditions which are specified later.

To allow the abstract formulation of (4.1), let E = L?([0, 7]; R) be the Banach space of square
integrable functions from [0, 7] into R. Define the operator A: D(A) C E — E by Aw = w” with

domain
D(A) ={w € E : w,w are absolutely continuous ,w” € E,w(0) = w(n) = 0}.

It is well known that A is the generator of strongly continuous cosine functions {C(t) : t € R}

on E. Moreover A has a discrete spectrum whose eigenvalues are —n?, n € N with corresponding
2 .
2n(T) = 4/ — sin(nT1),
T

(a) {zn :n € N} is an orthonormal basis of E.

normalized eigenvectors

and the following properties hold:

(b) If z € B, then Az = =" n® <z, z, > 2.

(c) For z € B, C(t)z = >, cos(nt) < z, 2, > z,, and the associated sine family
is S(t)z = Y00, Mmoo > 2, S(t) is compact for every ¢ € T and ICH)lcey =

n=1 n

1St)|lz(zy < 1, for every t € R.

For 8 € (1,2], since A is the infinitesimal generator of a strongly continuous cosine family
C(t), from the subordinate principle (Theorem 2.1), it follows that A is the infinitesimal generator

of a strongly continuous exponentially bounded fractional cosine family Cs(t).
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With u(t) = w(t, ), Equation (4.1) may be written in the abstract form:

cDPu(t) = Au(t) + f(t, u(t), Gu(t), Su(t)), t € I,
u(0) = ug + q(u), (4.2)
u/(0) = vo + p(u),

where the function f: I x Fx E x E — E is given by

ft2,y,2) = pi(6) (@) + pa(t) f2(y) + p3(t) f3(2).

Here p; : I — R is integrable on I, f; : E — E is a Lipschitz continuous function with a Lipschitz

constant L;, the functions p,q: C(I,E) — E are given by

m
q(u) :Zciu(si), 0<s1 <8< < s, <1,
i=1

and

pu) =Y diu(t;), 0<t <ty <---<t,<l,

1

where h,o = ko = 5
In order to obtain a mild solution, our strategy is to apply Theorem 3.1. First, by (¢) we have
IC)zry < 1, for every t € RY. In view of Theorem 2.1 and (2.2) we see that there exists a real
number M, = 1 > 0 such that [|Cy(t)||z(z) < M, for t > 0. Observe further that the function

f:IxExFExE— FEis given by

ft2,y,2) = pi(6) (@) + p2(t) f2(y) + p3(t) f3(2),

where p; : I — R is integrable on I and f; : E — E is a Lipschitz continuous function with a
Lipschitz constant L; (i = 1,2,3). This shows that (C3) is satisfied. On one hand,

lg(w)lls < <Z Icz|> [ulloo = o1 (llulls) (4.3)
and

Ip(w)]e < <Z|d |> [ulloe = oa([[ufloo), (4.4)

=1
where o1(r) = (312, |ei|)r and o2(r) = (301 |d;|) 7. In addition, it is easily seen that for any
bounded subset D of C([0,1], E) we have

) < Z |ci| x (D <Z |Cl|> Xoo(D) = kqxoo(D) (4.5)
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and

Z il x (D <Z Idil> Xoo(D) = kpXoo(D). (4.6)
Thus

Max(q(D)) +aMyx(p(D)) < (Makq + aMaky)xoo(D), (4.7)

for any bounded subset D of C([0,1]; E). This shows that (C;) and (C3) are satisfied. Moreover

the function f satisfies

£t ur,uz, us)l|l e < [pr @] fr(u)ll e + o2l f2(u2) |2 + |p3 (O] f3(us)| £
< 1O f1(O)e + Lalluille) + |p2(®)|([[f2(0)]| & + La[luz|l£)
+ o3 (D)1 fs(0)[| 2 + Lallus| )
< |pr®[ 2 ([[urllg) + [p2(8)|Qa([uzl[£) + [p3(1) Qs ([[us] £)

3
< 1pi(®)1 (luil ),
i=1
where Q;(||u;||g) = || fi(0)||g + Li||us|| . By virtue of Lemma 2.1, (v) we have

X(f(t, D1, D2, D3)) < [p1()[x(f1(D1)) + |p2(8)[x(f2(D2)) + [ps(t)[x(f3(D3))
< lpr(8)|Lix(D1) + |p2(t)[ Lax (D2) + [ps(t)| Lsx (Ds)
i=1
for any t € [0,a] and for any bounded subsets Dy, D2, D3 of E. Thus, (C4) and (Cs) are satisfied.
Now the condition (Cg) is given by taking

28 (Lallls + 3 alpals + 3 Eallsli ) + (ks + adaky) < 1

because, we have

m(s) = ml(s) + Gkomg(s) + ahomg(s)
1 1
= Lilpa(s)| + 5 Lalpa(s)| + g Lslos (o))
Then
1 1
lmlly = Lallpallzr + 5 L2llp2ller + 5 Lsllps o

Finally, for
Q) = u@)lpllz + Q2(ak07°)|\P2||L1 + QS(GhOT)HPSHLl
= ()lprllr + Q257) 2l + Qs(57)[|psl L1,

we have

o Qr 1 1
tim 20— Lol + L Lalloales + 3 Lolloslon.
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and for o(r) = 01(r) + aoa(r) = (kg + ak,)r, notice that

o(r)

r11>120 " = kq + aky.
Then
Mo liminf, o (22 4755 22)
= LM (Luflpalp + SLallpall o + SLsllpslln) + (Makq + aMaky)
—1
< 290 e (Ll + ALallpallin + ALsllpsllin) + (Maky + aMoky)

< 1

Thus, all conditions of Theorem 3.1 are fulfilled. Therefore Equation (4.1) has a mild solution.
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