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ABSTRACT

In this paper we give sufficient conditions on k € L'(R)
and the positive measures p, v such that the doubly-measure
pseudo-almost periodic (respectively, doubly-measure pseudo-
almost automorphic) function spaces are invariant by the con-
volution product {f = k x f. We provide an appropriate
example to illustrate our convolution results. As a conse-
quence, we study under Acquistapace-Terreni conditions and
exponential dichotomy, the existence and uniqueness of (u, v/)-
pseudo-almost periodic (respectively, (u,v)- pseudo-almost
automorphic) solutions to some nonautonomous partial evo-

lution equations in Banach spaces like neutral systems.

RESUMEN

En este articulo damos condiciones suficientes sobre k € L' (R)
y las medidas positivas u, v tales que los espacios de fun-
ciones pseudo-casi periédicas que duplican la medida (respec-
tivamente, pseudo-casi automorfas que duplican la medida)
son invariantes por el producto de convoluciéon (f = k x f.
Entregamos un ejemplo apropiado para ilustrar nuestros re-
sultados de convolucién. Como consecuencia, estudiamos bajo
condiciones de Acquistapace-Terreni y dicotomia exponen-
cial, la existencia y unicidad de soluciones (u,v)- pseudo-casi
periédicas (respectivamente, (u,v)- pseudo-casi automorfas)
de algunas ecuaciones de evolucién parciales no auténomas en

espacios de Banach como sistemas neutrales.
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1 Introduction

The existence and uniqueness of pseudo almost periodic and pseudo almost automorphic solu-
tions is one of the most powerful tools in the qualitative theory of differential equations due to
applications in mathematical biology, control theory and physical sciences. Recently, Diagana,
Ezzinbi and Miraoui [11] applied the abstract measure theory to define the notion of double-weight
pseudo almost periodicity (respectively double-weight pseudo almost automorphy) functions, and
thus the classical theory of u-pseudo almost periodic (respectively p-pseudo almost automorphic)
introduced by [4, 5], and double-weight pseudo almost periodicity [8] become particular cases of
this approach. See the section 2.1 for technical details about this concept of double-weight pseudo
almost periodicity (respectively double-weight pseudo almost automorphy) functions. We note
that for f € PAP(R x X, X, pu,v) or f € PAAR x X, X, u,v), k€ LY(R), k*x f =k* g+ kx ¢.
We have that k * g is almost periodic or almost automorphic function, but & % ¢ is not necessar-
ily in £(R, X, ,v). Then, the convolution invariance of the spaces PAP(R x X, X, u,v) (resp.
PAAR x X, X, u,v)) is equivalent to the convolution invariance of £(R, X, u, v).

During the last decade, many research results about pseudo almost periodic and pseudo almost
atomorphic was produce see [4, 5, 7, 9, 10]. Inspired by the work of Ezzinbi et al. [11] who studied
the translation invariance of PAA(R x X, X, u,v) (resp. PAP(R x X, X, p,v)) functions and the
recent work of Mbounja et al. [15] who gave some several hypotheses for convolution invariance of
PAPRx X, X, p) and PAA(R x X, X, i1), in this work we established new sufficient conditions on
w,v € M and k € L'(R) ensuring that, the space PAP(R, X, u1,v) of (i1, v)-pseudo almost periodic
functions and the space PAA(R, X, u,v) of (u,v)-pseudo almost automorphic functions are invari-
ant by the convolution product ¢ f = kx* f. Our obtained conditions are more general than [15] and
helped to show that the integral solution of some differential equations is a (u,v)-pseudo almost
periodic (respectively (u, v)-pseudo almost automorphic) solutions. To illustrate our investigation,
we show the existence and uniqueness of (u, v)-pseudo almost periodic (respectively (u, v)-pseudo

almost automorphic) solutions of the following nonautomous differential equations,

d

Zult) = A@u(t) + F(t,u(t), teER, (1.1)

and
d

7 (u(t) — G(t,u(t)) = A(t) (u(t) — G(t,u(t)) + F(t,u(t)), teR, (1.2)
where A(t) : D(A(t)) € X +—— X for t € R is a family of closed linear operators on a Ba-
nach space X, satisfying the well-known Acquitaspace-Terreni conditions developed in [1, 2], and
F,G : R x X — X are jointly continuous functions satisfying some additional conditions. The
study of equation (1.1) in an non-autonomous case is new even in the case of one measure, p = v.
Also, equation (1.2) is treated here.

The rest of this work is organized as follows. In section 2, we recall some basic results which will

be used throughout this work. In section 3, we state and prove main results about the convolution
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invariance. In section 4 we study the existence and uniqueness of (u, v)-pseudo almost periodic (re-
spectively (u,v)-pseudo almost automorphic) solutions to both equation (1.1) and equation (1.2)

which illustrate our new results.

2 Preliminaries

2.1 Notation and terminology

Let (X,]| -||) a Banach space and let BC(R, X) be the space of bounded continuous functions
f:R — X. The space BC(R, X), equipped with the supremum norm || f||s = supl|f(t)], is a
Banach space. <

We denote by B the Lebesgue o-field of R and by M the space of all positive measures ¥ on B
satisfying 9(R) = +o0 and 9([a,b]) < oo, for all a,b € R (a < b).

Definition 2.1 ([6]). A continuous function f : R — X is said to be almost periodic if for every
e > 0 there exists a positive number l. such that every interval of length l. contains a number T
such that:

lft+7)— ft)| <e, VteR.

Let AP (R, X) denote the collection of almost periodic functions from R to X. We recall that
(AP (R, X),||"llso) is & Banach space.

Definition 2.2 ([11]). Let u,v € M. A bounded continuous function f : R — X is said to be

(, v)-ergodic if
1

dim (=) r||f(t)HdH(t) = 0.

We denote the space of all such functions by E(R, X, u, v).

The space (E(R, X, y,v), ||.]l) is a Banach space for the supremum norm.

Definition 2.3 ([11]). Let u,v € M. A continuous function f : R — X is said to be (u,v)-pseudo

almost periodic if f admits the following decomposition:

=9+,

where g € AP(R, X) and ¢ € ER, X, p,v).
We denote the space of all such functions by PAP(R, X, i, v).
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We have AP(R, X) C PAP(R, X, ;1,v) C BC(R, X).

Let (Y,||]) a Banach space and let BC(R x Y, X) be the space of jointly bounded continu-
ous functions f : R x Y — X. The space BC(R x Y, X) equipped with the supremum norm

Ifllc = sup ||f(t, z)| is a Banach space.
teR,z€Y

Definition 2.4 ([12]). A jointly continuous function f: R xY — X is said to be almost periodic
in t uniformly with respect to x € Y, if for every € > 0, and any compact subset K of Y, there
exists a positive number Ik (€) such that every interval of length Ik (g) contains a number T such
that:

Nlft+71,2)— f(t,z)|]| <e, V(tz)eRxK.

We denote the space of such functions by APU(R x Y, X).

Definition 2.5 ([11]).  Let p,v € M. A continuous function f : R xY — X is said to be

(, v)-ergodic in t uniformly with respect to x € Y, if the following two conditions are true:

(1) f is uniformly continuous on each compact set K in'Y with respect to the second variable x.

(il) vz €Y, f(.,z) € ER, X, u,v).

The space of such functions is denoted by EUR x Y, X, p,v).

Definition 2.6 ([11]).  Let p,v € M. A continuous function f : R xY — X is said to be
(1, v)-pseudo almost periodic in t uniformly for x € Y, if f admits the following decomposition:
where g € APUR XY, X) and ¢ € EUR X Y, X, p, v).

The collection of such functions is denoted by PAPU(R XY, X, u,v).

We have APU(R x Y, X) C PAPU(R x Y, X, ,v) C BO(R XY, X, i, v).

Definition 2.7 ([16]). A continuous function f: R — X is said to be almost automorphic if for

every sequence of real numbers (s, )nen, there exists a subsequence (Sp)nen C (S),)nen such that:

lm f(t+ sy, —sm)=f(), for each teR.

n,m—0o

FEquivalently,

g(t) = lim f(t+s,) exists Vt€eR and f(t)= li_>m g(t —s,) VteR.

n—oo

We denote the space of such functions by AA(R, X).
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We recall that (AA (R, X), |||lec) is a Banach space.

Definition 2.8 ([11]). Let u,v € M. A continuous function f : R — X is said to be (u,v)-pseudo

almost automorphic if f admits the following decomposition:

f=9+¢,

where g € AAR, X) and ¢ € ER, X, p, V).
We denote the space of all such functions by PAA(R, X, u,v).

We have AA(R, X) C PAAR, X, u,v) C BC(R, X).
Definition 2.9 ([16]). A continuous function f: R x Y — X is said to be almost automorphic in
t uniformly for x € Y, if the following conditions hold:

(1) f is uniformly continuous on each compact set K in'Y with respect to the second variable x,
namely, for each compact set K in'Y, for all € > 0, there exists 6 > 0 such that for all

x1,22 € K, one has:
[21 = @2ll <6 = sup|[f(t,21) — f(t,22)[| <e.
teR
(ii) forallz €Y, f(,z) € AAR, X).
Denote by AAU(R x Y, X) the set of all such functions.

Definition 2.10 ([11]). Let u,v € M. A continuous function f : R xY — X is said to be

(s, v)-pseudo almost periodic in t uniformly for x € Y, if f admits the following decomposition:

f=9+9 (2.2)

where g € AAUR XY, X) and ¢ € EUR X Y, X, i, v).
The collection of such functions is denoted by PAAU(R x Y, X, u,v)

We have AAU(R x Y, X) C PAAU(R x Y, X, ju,v) C BC(R x Y, X, p,v)

2.2 Some useful results on the space functions

For € M and 7 € R, we denote by p, the positive measure on (R, B) defined by:

w(A)=p({a+7:a€ A}), VAeB.
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Now we introduce the following hypotheses on u,v € M.
(Hp): For all 7 € R, there exists ¢ > 0 and a bounded interval I such that

pr(A) <op(A), v (A) <ov(A), VAeB satisfied ANI=1{.

(Hy):

. w(l—=r,r
limsup ———% < oo.
el (=)

Remark 2.11.

i) Without assumptions on p and v, like (Hy), the decomposition (2.1) (resp. (2.2)) of the (u,v)-

pseudo almost periodic and automorphic functions is not unique, (see [11]).

ii) The spaces E(R, X, p,v), E(RXY, X, u,v), PAP(R, X, u,v), PAP(RXY, X, u,v), PAAR, X, u, v),
and PAAR x Y, X, u,v) coincides when p = v, with the spaces ER, X, u), ER x Y, X, u),
PAP(R, X, 1), PAP(R x Y, X, p1), PAA(R, X, u), and PAA(R x Y, X, 1).

We recall the following six theorems proved in [11].

Theorem 2.12 ([11]).  Consider that p,v € M and k € L*(R) and f € PAP(R, X, u,v) (respec-
tively f € PAA(R, X, u,v). If (Hy) is valid then PAP(R, X, u,v) (respectively PAAR, X, u,v))

is translation invariant. Moreover,

{g(t) :t e R} C{f(t) : t € R}, (the closure of the range of f).

Theorem 2.13 ([11]).  If (Hp) is valid, then the decomposition (2.1) (resp. (2.2)) of PAP(R, X, u, v)
and PAA(R, X, ) is unique.

Theorem 2.14 ([11]).  If (Hy) holds, then (E(R, X, u,v), || - ||so) % a Banach space with respect

to the sup norm.

Theorem 2.15 ([11]).  Let p,v € M satisfy (Hy). If (Hy) holds, then PAP(R, X, u,v) and
PAA(R, X, u,v) are Banach spaces with respect to the sup norm.

Theorem 2.16 ([11]). Let p,v € M, F € PAPUR x Y, X,u,v) and h € PAP(R, X, u,v).
Assume that (H;) and the following hypothesis holds:

For all bounded subsets B of X, F is bounded on R x B.

Then t — F(t,h(t)) € PAP(R, X, u,v).

Theorem 2.17 ([11]).  Let p,v € M, F € PAAUR x Y, X, u,v) and h € PAAR, X, p,v).
Assume that for all bounded subsets B of X, F is bounded on R x B. Then t — F(t,h(t)) €
PAAR, X, p,v).
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2.3 Measure theory results

Let p,v € M; if f : R — X is a bounded continuous function, we define the following doubly-

weight mean, if the limit exists, by:

17O xdu(t).

-r

' 1
M(fopv) = lim T

Definition 2.18 ([17]). Let (E,B) be a Borel space. If pu and v are two measures defined on
(E,B), we say that:

(i) p and v are mutually singular, if there are disjoint sets A and B in B such that E = AU B

and

(i) v is absolutely continuous with respect to u, if for each A € B,
(1(A) =0) = (v(A4) = 0).

We recall the following theorems of measure theory.

Theorem 2.19 (Radon-Nikodym [17]).  Let (E, B, u) be a o-finite measure space, and let v be
a measure defined on B which is absolutely continuous with respect to p. Then there is a unique

nonnegative measurable function f such that for each set B in B we have:

v(B) = / fdu.
B
The function f is called the Radon-Nikodym derivative of v with respect of p.

Example 2.20.

Let p be a nonnegative B-measurable function. Denote by p the positive measure defined by:

u(A) = / p(t)dt, for AeB
A
where dt is the Lebesgue measure on R. The function p is the Radon-Nikodym derivative of p
with respect to the Lebesgue measure dt on R, i.e. du(t) = p(t)dt. In this case, p € M if and only
if its Radon-Nikodym derivative p is locally Lebesgue integrable on R and it satisfies

/+OO p(t)dt = +o0.

— 00
Theorem 2.21 (Lebesgue-Radon-Nikodym [17]).  Let (X, B,V) be a o-finite measure space, and
1 a o-finite measure defined on B. Then, we can find a measure pg, singular with respect to 1,
and a measure py, absolutely continuous with respect to ¥, such that p = po + p1. The measures

o and [y are unique.
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In this section, by using the previous theorem, we consider that for a given p € M, pu = po+ 1
where pg is the p-measure component which is absolutely continuous with respect to the Lebesgue
measure and its Radon-Nikodym derivative is p, that is dug(t) = p(t)dt and p; is the p-measure
component such that p; is singular to Lebesgue measure.

We give new general hypotheses on u,v € M and k € L*(R) such that:

+oo
€= [ ke-9fsds, e L® (23)
maps E(R, X, u, v) into itself.

In particular, our hypotheses on u, v € M and k € L*(R) will imply that for every f € (R, X, u, v),

the (u,v)-mean,

dp(t)
X

M(Cfpr) = tim s [ ] :Ok(tS)f(S)ds

T

exists.

3 Main results of convolution and translation invariance

3.1 Convolution invariance on £(R, X, u, )

Theorem 3.1. Let k € L'(R) and v € M. Consider that u € M, with Radon-Nikodym derivative
p with respect to dt and ¢ is defined in (2.3). Assume that p,u,v and k satisfy the following

requirements:

1
sup  —— [T[k(t — 5)|dp(t) < o0, (3.1.1)
\3|ST,7"E]R+p(5) ’

) (3.1)
slermer, P(5) JZ Rt = s)ldp(t) < oo, (3.1.2)
. 1 o )
Tl}iﬂ“m Joos (f—r|k(’f - S)Idu(t)) ds =0, (3.2.1) .

. 1 [e) T
Tgrfwmfj (f_r|k(tf s)|d,u(t)) ds=0. (3.2.2)

If f e ER, X, p,v), then (f € ER, X, p,v).

Proof. We adapt the proof in [15], Theorem 3.5. By the properties of convolution we have
that f € BC(R, X) implies that k * f € BC(R, X), Yk € L*(R). Then, in order to get that
kxfe &R, X,u,v) we must prove that M(Cf, u,v) = 0.

We consider g € M and p its Radon-Nikodym derivative, v € M. In the first stage, we assume
that k(t) = 0 on R* . From v(R) = +o00, we deduce the existence of ro > 0 such that v([—r,7]) >
0, Vr > rg. Then by applying the Fubini’s Theorem, we deduce that for f € BC(R, X), Vr > rq.
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We notice that

T

M(Cfur) = lim s Sl xute)

i V(H )

Jim s // I £ x|t = 5) | dsdu(t

= i (100 bl ke - ) ) aute)
b ot (/ 1565 sl ke = 5) | ds ) e
1o ([ -t
o tim s [ b ([ 1= ) o)
150t [ (19 Tt as

+ TgrgmM/ 156 L | /|kt—s|du<>} p(s)ds

IN

IA

IN

. 1
< woo / ko =) B o [ )xpls)s
1 -7 r
" ||f|oorggle/ (/T|k<t—s>|du<t>)ds
< woo 5 [ =9l i s [ 1))

et [ o)

Using assumptions (3.1.1), (3.2.1) and the fact that f € E(R, X, u,v), we have proved that
M((f, p,v) = 0+0 = 0. This settles the first stage for every k € L!(R) such that k(t) = 0 on R* .
Now, in the second stage, proceeding similarly like in the first stage, we assume that k(¢) = 0 on

R* we obtain:

ML) = i s [ At
—+o0 r
< Hflloorgrfmmz (/_T|k(t—s)|du(t)>ds
1 s . 1
+ lS‘SST?TPE&H 7T|k(t — 8)|du(t) TETOO =X ||f( Mxdp(s).

Then, using the fact that f € &(R,X,u,v) and hypotheses (3.1.2), (3.2.2), we have that

M(Cf, pv) = 0.
In the general case of k, we deduce the result using the fact that k(t) = kxi>0(t) + kxi<o(?).

Theorem 3.2. Assume that u,v € M and (Hy) holds. Then the condition (3.2.1) (resp. (3.2.2))
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is valid for every k € LY (R) if and only if the following condition (3.3.1) (resp. (3.3.2)) is true:

o pl([=ro—r]) .
TETOO e = Y0 (3.3.1) s

alore)
TETOO (=) =0, VYo<0 (33.2).

Proof. We first prove that (3.3.1) = (3.2.1), for every k € L'(R).
In the first stage, we assume that k() =0 on R*. Let 0 =¢ — s > 0 fixed. From v(R) = +o0, we
deduce the existence of rg > 0 such that v([—r,r]) > 0, Vr > ry. In the sequel, for all r > rq, we

B:= 71/([_17“7 =) /_T (/_Oo | k(t —s) | ds> du(t).
Then, by applying the Fubini’s Theorem we deduce that:
1 r 400
B = ey L, 1) o
oo mln(a ) g du(t)
/0 ( ) | k(o) | do

_ (” —r min(o D“)D>|k(a)|da.

shall assume that

By using assumption (3.3.1), we have:

Since p([—r, min(o —r,7)]) < p([—r,r]) and the fact that (H;) holds, there exists 8 > 0 such that:

p([—r,min(c —r,r)])
o< (MR 2D ko) < 5 | ko)

where k € L'(R), Vo > 0. Then, by the Lebesgue dominated convergence Theorem, we obtain:

r—+400 v([-r,r

. Foo p([—r,min(o — r,7)]) B
lim ; < 7 )k’(o)da—O

This concludes this stage of (3.2.1).

Now, in the second stage, proceeding similarly like the first stage, we assume that k(t) = 0
on R%. Let 0 =t —s < 0 fixed. From v(R) = +o00, we deduce the existence of ro > 0 such that
v([-r,r]) >0, v([-r,r]) >0, Vr>rg. We set:
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Then, by applying the Fubini’s Theorem, we deduce that:

4 = ey (L 1menae)aney
- [ (et o

-/ O () 14 4

— 00

Like in the first part, we use assumptions (3.3.2), and the Lebesgue dominated convergence The-

orem. This concludes this second stage of (3.2.2).
Let us prove (3.2.1) = (3.3.1).
Let 0 =t — s, by (3.2.1) and Fubini’s Theorem we have that:

o~ s ([ s

[ (u([—r, min(o — r, )

r——+4o00 I/([*T, T]) ) | k(O’) | do.

Let 7 > 0 such that ¢ € [r,7 + 1] and r > g We have also [-r,7 —r] C [-r,0 — r] and

[—r,7 —r] C [—r, 7], that implies p([—r,7 — r]) < min{p([—r,o —7]), u([-7,7])}, ie.

pll=r,m —r]) _ pl[=r,min(o —r 7))

v([=rr]) T v([=r,7])

Let k(o) = X[r,r+1](0). We have that:

pllorr =) [
O = U / I

"+ y([—r,min(o — 7,7))
= / P

a

Then by (3.2.1):

. ,u([—r, T TD TH . T /J,([—ﬁ min(a -7 T)])
e S s e A=)
then:
)
r—+oo  v([—r,7])

=0.

So (3.3.1) is verified. In the second stage (3.3.2), we do the same proof as above.
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Remark 3.3. Hypothesis (Hy) was used only in the proof of the implication
(3.3.1) = (3.2.1).

Corollary 3.4. Let u,v € M be such that the nonnegative B-measurable function p be the Radon-
Nikodym derivative of p. Assume that for all k € L'(R) the requirements (3.1) and (3.2) are

satisfied. Then E(R, X, u,v) is convolution invariant.

Corollary 3.5. Consider that pu,v € M, such that the nonnegative B-measurable function p be
the Radon-Nikodym derivative of . Assume that (Hy) holds and the requirements (3.1) and (3.3)

are satisfied. Then E(R, X, u,v) is convolution invariant.

Example 3.6.

We check that Theorem 3.1 and Corollary 3.5 hold.
Let

1
—e7 2t for t € [0, +o0f
k(t) =< 10

0, for t €] — 00,0].

oo
We take duy,(t) = e“tdt + 1 Z €74y, where 0 < 0 < 2, 1> 0 and J,, denotes the Dirac

measure at the integer n (> -

n=—oo

e?™d,, is a ’generalized Dirac comb’, it is called a Dirac comb
when o = 0). Then p,, € M and its Radon-Nikodym derivative is py,, (t) = €*. Let vy, = Yfion,
where v > 0. Then v, , € M.

First, if for |s| <r, r > 0, we write:

Jon(r,s) = pl() [ 1t =9l diat)

we must prove that:

sup  Jon(r,s) < oo.

[s|<r, r>0
In fact,
1 - —s) 0 —2(n—s) ,on
Tralrs) = /56 2(t-3), tdtﬂmzqe 2(n-9),
1 "
- —(2-0)(t—s) —(2—0)(n—s)
_10/86 Vdt+n Y emo)ns
s<n<r
- i /T*S 67(2ig)udu+77 Z 67(270)(717[8]*1)
10 0 , _
[s]<n<|r]

where we applied the change of integral w = ¢t — s in the integral and we denoted [z] the integral
part of the real number z. We next apply the change of index m = n — [s] in the latter sum; this

implies:
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r—s [r]—[s]
1
Trafrs) < g5 [ [ e gt 3 et

m=0

Then:

sup  Joy (1, 8) / -0 gy 1 20§ (- (2-om
|s|<r, r>0 K 10 0 7;)

1 o o 1
10(1 — e~ (=9))

IA
| =
/

< 00.

This proves the estimate (3.1.1).

Secondly, we shall show that for all a > 0, we have:

N (s
S P ()

=0.

It actually suffices to prove this estimate when « is a positive integer. In fact,

/a_T eatdt + n Z o

.UJJJI([_T’ o — T]) _ - —r<n<a—r
VUJI([_r? TD r
v / estdt+n Y e
-r —r<n<r
l (ea(a—r) _ e—or) + n Z eon
ag

—[r]-1<n<a—[r]

IN

1
J— or __ —Oor on
= (e e~oT) + 1 E e

—[r]<n<[r]
1 a+1
Zeor (eo _ | —o([r]+1) om
e (e ) +ne mz::o e
1 2[r] ’
_ (eor — p—oOT —o|r] om
v (e =) e mz::()e

where we applied the change of index m = n + [r] + 1 on the numerator and the change of index
m = n + [r] on the denominator. So

1 eolot2)
Zem0T (g0 _ ] —o([r]+1)
fon([=T,a —1]) < O'e (e )+ e’ —1 €

IU’UJI([frv TD 60(2[T1+1) -1 ’

lear (1 _ 67207’) + ’)/77670[7“] -
o er —

The estimation (3.3.1) easily follows.
Thirdly, we show that (H;) holds.

o A 1
lim sup Hon\\ 7T T1) a([=r7]) =—- < o0.

roo Voy([=rr])

Then, Theorem 3.1 and Corollary 3.5 hold.
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3.2 Translation invariance and convolution invariance of PAP(R, X, i, v)
and PAA(R, X, p,v)

Theorem 3.7.  Assume that p,v € M and (Hy) holds. If the space E(R, X, u,v) is translation

invariant, then E(R, X, p,v) is convolution invariant.

Proof. Let f € E(R,X,u,v). Let us prove that if f(t —7) € ER, X, pu,v), for 7 € R,
then ¢f € ER, X, u,v), i.e. M((f,u,v) = 0. By the properties of convolution we have that
f € BC(R, X) implies that k x f € BC(R, X), Vk € L*(R). By the Fubini’s Theorem we have,

M(Cfov) = lim %D / W flLxdutt

r——4o00 y([

i [ O ([ - llxauto) as

r—+oo |_ o v([-r 7T

IN

Since f is invariant by translation we have for all s € R:

. L _
Tl}gloo (=rr]) 7T||f(t — 5)||xdu(t) = 0.

Since (Hj) holds for all s € R, we have that:

o< kG

< o [ = lxaute)ds < B

where k € L'(R). Then by the Lebesgue dominated convergence Theorem, we obtain that
M(Cf, p,v) = 0.

Theorem 3.8. Let (H;) holds. If the space PAP(R, X, u,v) (resp. PAAR, X, u,v)) is transla-

tion invariant, then E(R, X, p,v) is convolution invariant.
Proof. For f € AP(R,X) or f € AA(R, X), then f is invariant by ¢ i.e. (f € AP(R,X) or

C(f € AA(R, X). We use the previous theorem to conclude.

Corollary 3.9. Let (Hy) and (Hy ) hold. Then E(R, X, u,v), PAP(R, X, u,v) and PAA(R, X, p,v)

are convolution invariant.

Proof. Combine Theorem 2.12 and Theorem 3.8.
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4 Existence, Uniqueness results and Applications

This section is similar to section 3 in [11], but here we applied our new results obtained in the

above section.

4.1 Evolution Families and Exponential Dichotomy

(Hz): A family of closed linear operators A(t) for ¢ € R on X with domain D(A(t)) (possibly
not densely defined), is said to satisfy the so-called Acquistapace-Terreni conditions, if there exist

constants w € R, 0 € (5, 7), K, L >0 and po,vp € (0,1], with 1 < pg 4 v such that

20 U{0} € plA(1) — ) 3 A, [ RO, A1) )] < - f| n (4.1)
and
1At) — @) RO A(t) — w)[R(w, A(t)) — e, As))]|| < 212 (4.2)

Ao
for t,s e R, A € By :={A € C/{0} : |arg)| < 6}.
For a given family of linear operators A(t), the existence of an evolution family associated with it
is not always guaranteed. However, if A(t) satisfied Acquistapace-Terreni conditions, then there

exists a unique evolution family
U={U(t,s):t,seRt>s}
on X associated with A(¢) such that U(t,s)X C D(A(t)) for all t,s € R with ¢ > s, and,

i) U, r)U(r,s) =U(t,s) and U(s,s) =T ¥t >r > s and t,r,s € R;

ii) the map (¢,s) — U(t, s)x is continuous for all z € X, ¢ > s and ¢, s € R;

iii) U(.,s) € C((s,00), B(X)), %—Z:(t,s) = A(t)U(t, s) and

JA@) Ut s)|| < K(t—s)"
for0O<t—s<1,k=0,1.

Definition 4.1 ([3]). An evolution family (U(t,s))s>s on a Banach space X is called hyperbolic (or
has exponential dichotomy) if there exist projections P(t), t € R, uniformly bounded and strongly

continuous in t, and constants N > 1, 6 > 0 such that

i) U(t,s)P(s) = P()U(t,s) fort > s;

i) the restriction Ug(t,s) : Q(s)X — Q)X for U(t,s) is inversible for t,s € R and we set
Ug(t,s) =U(s,t)71;
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iii)

[2d(t, s)P(s)]| < Ne 0= (4.3)

and

(s, )Q(D)]| < Nem¢=*) (4.4)

fort>s andt,s € R, where Q(t) := I — P(t)

4.2 Existence Results

To study the existence and uniqueness of (u,v)- pseudo-almost periodic (respectively, (u,v)-
pseudo-almost automorphic) solutions to equation (1.1), we also assume that the next hypoth-
esis holds:

(Hs) The evolution family U generated by A(.) has an exponential dichotomy with constants
N > 1, 6 > 0 and dichotomy projections P(t).

We recall the following sufficient conditions to fulfill the assumption (Hs).

(Hs.1) Let (A(t), D(A(t)))ier be generators of analytic semigroups on X of the same type. Sup-
pose that D(A(t)) = D(A(0)), A(t) is inversible, sup, .cg [|A(t)A(s) || is finite, and

IA@)A(s) ™" = 11| < Lolt — s

for t,s € R and constants Ly > 0 and 0 < puy < 1.
(Hs2) The semigroup (eTA(t))TZO, t € R, are hyperbolic with projection P, and constants N,¢§ >
0. Moreover, let
IA@) (T OP)| < W(r), JA@) (A VQu)| < ¥(-7)
for 7 > 0 and a function ¥ such that R 3 s — ¢(s) := |s|*¥(s) is integrable with
Lollellzr @) < 1.

We introduce here the defnition of the mild solution of equation (1.1).

Definition 4.2 ([3]). A continuous function u : R — X is called a bounded mild solution of
equation (1.1) if:

t
u(t) = U(t, s)u(s) —|—/ U(t, 7)F(T,u(r))dr, Vt,s € R,with t> s. (4.5)
Theorem 4.3 ([11)). Assume that (Hz) and (Hs) hold. If there ezists 0 < Kp < 5% such that
[1F @, u) = F(t,v)|| < Kpllu -,

for allu,v € X and t € R, then the equation (1.1) has a unique bounded mild solution u : R — X
given by
u(t) = / D(t, 5)F (s, u(s))ds, € R,
R



Convolutions in (p, v)-PAP and (p, v)-PAA Functions 79

where the operator family T'(t, s), called Green’s function corresponding to U and P(-), is given by

[(t,s) =U(t,s)P(s), Vt,s € R with t>s,
L(t,s) = —Ug(t,s)Q(s), Vt,s e R with t<s.

Denote by I'y and I's the nonlinear integral operators defined by,
t
(Tyu) (1) ::/ U(L, 5)P(s)F (s, u(s))ds,
and

+oo
(Tou)(t) = /t Uo(t, $)Q(s)F (s, u(s))ds.

In the rest of this work, we fix u,v € M to satisfy (Hy).

4.3 Existence of (u,v)-pseudo-almost periodic solutions

In addition to the previous assumptions, we require the following additional ones:
(H4): R(w,A(.)) € AP(R, L(X)).
(Hs): We propose F : R x X — X belongs to PAP(R x X, X, i, v) and there exists Kr > 0 such
that
[1E(t,u) = F(t,0)| < Kpllu —of,

for all u,v € X and t € R.

The following Lemma plays an important role to prove the main results of this study.

Lemma 4.4 ([13]). Assume that (Hz)-(Hy) hold. Thenr — T'(t+r, s+r) belongs to AP(R, L(X))
for all t,;s € R, where we may take the same pseudo periods for t,s with [t —s| > h > 0. If
f € AP(R,L(X)), then the unique bounded mild solution u(t) = [, T'(t,s)f(s)ds of the following
equation

u'(t) = At)u(t) + f(t), tEeR,
is almost periodic.
Lemma 4.5. Assume that (Hs)-(Hs) hold. If (3.1) and (3.2), or (3.1) and (3.3) hold, then the

integral operators T'y and Ty defined above map PAP(R, X, u,v) into itself.

Proof. Let u € PAP(R, X, u,v). setting h(t) = F(t,u(t)), using the assumption (Hs) and
Theorem 2.16 it follows that h € PAP(R, X, p,v). Now write h = Uy + ¥y where ¥; € AP(R, X)
and Uy € E(R, X, pu,v). That is, ['1h = Z(¥y) + Z(Vs) where

EV,(%) ::/ Ul(t,s)P(s)W¥;(s)ds, for i€ {1,2}.
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From Lemma 4.4, we have Z(¥;) € AP(R, X). To complete the proof, we will prove that Z(¥s) €
E(R, X, u,v). Now, let r > 0. From equation (4.3), we have:

1 " - )
s [ el < e [ v pe s

s [ e s

Since p and v satisfy (3.1.1) and (3.2.1), (3.1.1) and (3.3.1), with k() = e~%, then by Theorem
3.1 or Corollary 3.5, we conclude that:

IA

s | " IEW)®ldu(t) = 0.

e v =) S,

The proof for T'su(.) is similar to that of T';u(.) except that one makes use of equation (4.4) instead

of (4.3), (3.1.2) and (3.2.2), or (3.1.2) and (3.3.2).

Theorem 4.6. Assume that (Hs)-(Hs) hold. If (3.1) and (3.2), or (3.1) and (3.3) hold, then
equation (1.1) has a unique (u,v)-pseudo almost periodic mild solution whenever K is small

enough.
Proof. Consider the nonlinear operator K defined on PAP(R, X, u,v) by
t 400
Ku(t) = / Ul(t,s)P(s)F(s,u(s))ds — / Ug(t,s)Q(s)F(s,u(s))ds, VteR.

—o0 t
By Lemma 4.5, it follows that K maps PAP(R, X, u, v) into itself. To complete the proof one has
to show that K is a contraction map on PAP(R, X, u, v).
Let u,v € PAP(R, X, ui,v). Firstly, we have that:

T2 (0)(#) = Ti(w) @] < / [U(t,5)P(s)[F(s,0(s)) = F(s,u(s))]||ds

—00

t

< NKF/ e 9= |u(s) — u(s)]|ds
— 0o

< NEpé v —ul -

Next, we have that:

+oo
IT2(v)(t) = Ta()(@)] < /t 1Uq(t, $)Q(s)[F(s,v(s)) — F(s, u(s))]llds

IN

+oo
NKp / e 0= |u(s) — u(s)]|ds
t

IN

+oo
NEps v —uloo / e 0= s
¢

= NEKpé v — oo
Finally, combining previous approximations it follows that:

Ko — Kulloo < 2NKpd ™ |v — | so-
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Thus if K is small enough, that is, Kr < 6(2N)~!, then K is a contraction map on PAP(R, X, u, v).
Therefore, K has a unique fixed point in PAP(R, X, u, v), that is, there exists a unique function
u satisfying Ku = u, which is the unique (u, v)-pseudo almost periodic mild solution to equation

(1.1).

Theorem 4.7 ([11]). Assume that (Hs)-(Hs) hold. If (Hy) holds, then equation (1.1) has a unique

(u, v)-pseudo almost periodic mild solution whenever K is small enough.

4.4 Existence of (i, v)-pseudo-almost automorphic solutions

In this section we consider the following assumptions:
(Hg): R(w,A(.)) € AA(R, L(X)).
(H7): We propose F : R x X — X belongs to PAA(R x X, X, u,v) and there exists Kr > 0 such
that
[E(t,u) = F(t,v)|| < Kpllu =,

for all u,v € X and t € R.

Lemma 4.8 ([14]). Assume that (Hz), (Hs) and (Hg) hold. Let a sequence (s))ien C R there is

a sub-sequence (8;)ien such that for every h >0
IT(t+ s; — sk, s+ 81— sk) — T, s)|| — 0, k,I— oo.

Lemma 4.9. Assume that (Hz), (H3), (Hg) and (H7) hold. If (3.1) and (3.2) or (3.1) and (3.3)
or (Hy) hold, then the integral operators T'y and Ty defined above map PAA(R x X, X, p,v) into
itself.

Proof. Let u € PAA(R, X, u,v). Setting g(t) = F(t,u(t)), by assumption (H;) and Theo-
rem 2.17 we obtain that g € PAA(R, X, u,v). Now write g = u; + ug where u; € AA(R, X) and

us € E(R, X, p,v). That is, I'1g = Suy + Sug, where
t

Suq(t) ::/ U(t,s)P(s)ui(s)ds, Susa(t) ::/ U(t,s)P(s)uz(s)ds.

—c0 —00
From equation (4.3), we obtain:

[Sur (B < N6~ Hualloo,  NSu2(t)]] < N6 uzlloo, VEER.

Then Su;(t), Sua(t) € BC(R, X). Now, we prove that Su;i(t) € AA(R, X). Since u; € AA(R, X),

then for every sequence (7;,)nen € R there exists a subsequence (7, )nen such that:

v1(t) ;== lim uy(t + 75), (4.6)
n—oo
is well defined for each ¢t € R, and
lim vy (t —7,) = ui(t), Vt € R. (4.7

n— oo
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Set for t € R,

t

M(t) = / U(t,s)P(s)ui(s)ds, and N(t) ::/ U(t, s)P(s)v1(s)ds.

—0o0

Now, we have

t+7n t

3 Ut + 7, 8)P(s)ui(s)ds — [ U(t,s)P(s)v1(s)ds

M@+71,)—N(t) =
Ut +7n,s+ 7m)P(s+ mn)ui(s + 7,)ds

U(t,s)P(s)v1(s)ds

|
8

t

— T T
8

Ut + T, s+ 7o) P(s + ) [ui(s + ) — vi(s)]ds

+ [U(t+ T, s+ 7)P(s+ 1) — U(t, s)P(s)]vi(s)ds.

— 00

8

N

Using equation (4.3), equation (
follows that:

.6) and the Lebesgue’s Dominated Convergence Theorem, it

t
lim H/ Ut~ 7n, s+ ) P(s+ ) [ur(s + 1) —v1(s)]ds|| =0, for t € R. (4.8)
-0

n—+oo

Similary, using Lemma 4.8 it follows that:

t
EIE H/ [U(t+ T, s+ 7)P(s+ 1) — U(t, s)P(s)|vi(s)ds|| =0, for te€R. (4.9)
n o oo
Therefore, we have that:
N(t):= lim M(t+7,),Vt € R, (4.10)
n—oo
Using similar ideas as the previous ones, then:
M(t) := lim N(t—7,),Vt € R. (4.11)

n—0o0

Therefore, Suq(t) € AA(R, X). Arguing as in Lemma 4.5, we get that Sus(t) € E(R, X, i, v). The
proof for T'au(.) is similar to that of T'yu(.) except that one makes use of equation (4.4) instead of

equation (4.3) and, (3.1.2) and (3.2.2), (3.1.2) and (3.3.2).

Theorem 4.10. Under assumptions (Hz), (Hs), (Hs) and (H7), if (3.1) and (3.2) or (3.1) and
(3.3) or (Hp) then equation (1.1) has a unique (u,v)-pseudo almost automorphic mild solution

whenever Kg is small enough.

Proof The proof of Theorem 4.10 is similar to that Theorem 4.6 except that one makes use

of Lemma 4.9 instead of Lemma 4.5.
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4.5 Neutral Systems

In this subsection, we establish the existence and uniqueness of (u,v)-pseudo almost periodic
(respectively (u,v)-pseudo almost automorphic) solutions for the nonautonomous neutral partial
evolution equation (1.2). For that, we need the following assumptions:
(Hg): We suppose G : R x X — X belongs to PAP(R x X, X, u,v) and there exists Kg > 0
such that:

1G(t,u) - G(t,v)| < Kellu— o]l

for all u,v € X and t € R.
(Hg) We suppose G : R x X — X belongs to PAA(R x X, X, u,v) and there exists K¢ > 0 such
that:

[G(t,u) = G(t,v)|| < Kgllu = v,

for all u,v € X and t € R.

Definition 4.11. A function v : R — X is said a mild solution of (1.2) on R if :

t

+oo
o) = G(t, v(t)) + / U(t, s)P(s)F (s, v(s))ds — /t Uo(t, $)Q(s) F(s, v(s))ds,

— 0o

for allt € R.

Theorem 4.12. Assume that assumptions (Hz)-(Hs) and (Hg) hold. If (3.1) and (3.2) or (3.1)
and (3.3) or (Hy) hold, and (Kg+2NKrd~1) < 1, then equation (1.2) has a unique (j1,v)-pseudo

almost periodic mild solution.

Proof. We consider the nonlinear operator W defined on PAP(R, X, u,v) by:
t “+ o0
Wo(t) = G(t,v(t)) + / U(t,s)P(s)F(s,v(s))ds — Ug(t,s)Q(s)F(s,v(s))ds
—o0 t
for all ¢t € R. From (Hg), Theorem 2.16, and Lemma 4.5 it follows that W maps PAP(R, X, u,v)
into itself. To complete the proof we need to show that W is a contraction map on PAP(R, X, u, v).

For that, letting u,v € PAP(R, X, u,v), we obtain:
W — Wul|oo < (Kg +2NKrd™)||v — uloo,

which yields W is a contraction map on PAP(R, X, u,v). Therefore, W has unique fixed point in
PAP(R, X, u,v). Therefore, equation (1.2) has unique (u, v)-pseudo almost periodic mild solution.

Theorem 4.13. Assume that (Hz), (Hs),(Hs), (Hz) and (Hy) hold and (Kg +2NKpé~1t) < 1.
If (3.1) and (3.2)or (3.1) and (3.3) or (Hy) hold, then equation (1.2) has a unique (u,v)-pseudo

almost automorphic mild solution.

Proof. Similarly, we can show, by using the assumption (Hg), Theorem 2.17 and Lemma 4.9,

that the equation (1.2) has a unique (p, v)-pseudo almost automorphic mild solution.
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