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1 Introduction

Fractional calculus has been extensively developed during the last few decades as the techniques
of this branch of mathematics considerably improved the mathematical modeling of many scien-
tific phenomena, for instance, see [16, 17]. In particular, fractional-order nonlocal boundary value
problems are found to be of significant interest for many researchers. Much of the literature on this
class of problems is based on Riemann-Liouville or Liouville-Caputo type fractional order differen-
tial equations. For details, we refer the reader to some recent works [27] and the references cited
therein. In addition to Riemann-Liouville and Caputo type derivatives, there is another kind of
derivative, which contains logarithmic function of arbitrary exponent in its definition. This deriva-
tive is known as Hadamard derivative [14] and its construction is invariant in relation to dilation
and is quite suitable for the problems with semi-infinite domain. For example, Lamb-Bateman
integral equation is the one containing Hadamard fractional derivatives of order 1/2 [8]. In [11],
a modified Lamb-Bateman equation involving Hadamard derivative and fractional Hyper-Bessel-
type operators was studied. One can find application details of Hadamard fractional differential
equations in the articles [12, 20]. For some recent results on Hadamard type fractional differential
equations, for instance, see [2, 4, 5, 10, 18, 19, 21, 22, 23, 25, 26]. In a recent monograph [3], one can
find a detailed description of initial/boundary value problems and inequalities involving Hadamard
fractional differential equations and inclusions. New multiple positive solutions for Hadamard-type
fractional differential equations with nonlocal conditions on an infinite interval were studied in [28].
In [6], the authors studied a coupled system of Caputo-Hadamard type sequential fractional differ-
ential equations supplemented with nonlocal boundary conditions involving Hadamard fractional
integrals. A Caputo-Hadamard fractional turbulent flow model was studied in [24]. However, the
Hadamard-type fractional boundary value problems are not sufficiently studied in the mainstream

literature.

In this paper, motivated by aforementioned work on Hadamard fractional differential equations, we
introduce and study a nonlocal multipoint boundary value problem involving a nonlinear sequential
Hadamard fractional differential equation to enrich the related literature. Precisely, we investigate

the existence criteria for the following problem:

("D + XD N z(t) = f(t,2(t), 1<a<2, 1<t<T,
(1.1)

where D) denotes the Hadamard fractional derivative of order o, f : [1,T] x R — R is a
continuous function, A € R*, ¢;, j = 1,2,...,m, are given points with 1 <#; <... <t,, <T, and
B; are appropriate real numbers. An existence and uniqueness result is proved via Banach’s fixed
point theorem and also two existence results are established by using Krasnosel’skii’s fixed point

theorem and Leray-Schauder nonlinear alternative.
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The remaining part of the paper is structured as follows: In Section 2 we recall the related back-
ground material and establish a lemma regarding a linear variant of the problem (1.1), useful to
transform the problem (1.1) into an equivalent fixed point problem. Section 3 contains the main
results for the problem (1.1). An example illustrating the existence and uniqueness result is also

included.

2 Preliminaries

We introduce notations and definitions of fractional calculus.

Definition 2.1. (/3, 17]) The Hadamard fractional integral of order ¢ € C, R(q) > 0, for a
function g € LP[a,b], 0 < a <t < b < oo, is defined as

o) = 5 [ (1og§)q_1@ds,

I g(t) = %q)/tb (1og§)q_1 %S)ds.

Definition 2.2. (/3, 17]) Let [a,b] C R, § =t and AC}la,b] = {g : [a,b] = R : 6" (g(t)) €
AC[a,bl}. The Hadamard derivative of fractional order q for a function g € AC§}la,b] is defined as

PLat) = S0 = (1) [ (mﬁ)n_q_l o),

DI glt) = (—5)"(I:q)(t)=%<—t%)n /tb (1o 2)" " 22y,

(n—q) t

where n —1 < g < n, n = [¢] + 1 and [q] denotes the integer part of the real number q and
log(-) = log, ().

For more details of the Hadamard fractional integrals and derivatives, we refer the reader to Section

2.7 in the text [17].

Lemma 2.3. Let x € CZ([1,T],R) and g € C([1,T],R). The (integral) solution of the linear

Hadamard fractional boundary value problem:

("D + XD Nz(t) =g(t), 1<a <2, 1<t<T,
(2.1)
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is given by
t i Bi tj_/\ t; s o2
x(t) = %(t_’\/l 1 (logs)a_zds){ig(la_ 0 /1 s’\_l(/l (1og§) %T)dr)ds
- T s s\*=2g(r (2.2)
_r(z_n/l s 1(/1 (k’g?) %)d’”)ds}

—A ¢ s s\a2¢g(r
e [ ()

where it is assumed that
t’.

T m J
= T_’\/ s 1 (logs)*2ds — . B; t;)‘/ s* 1 (log s)*2ds # 0. (2.3)
1 j=1 1

Proof. The linear Hadamard fractional differential equation in (2.1) can be rewritten as
Hpe=1tD 4+ Nx(t) = g(t), t€[1,T). (2.4)
Applying the Hadamard fractional operator I%~! on both sides of (2.4), we get
(D + ?)x(f) =t (cl(logt)o‘_2 + Io‘_lg(t)),
which can be rewritten as
D(t’\:c(t)) = e, t* (logt)*~2 + 111 g (1), (2.5)
Integrating (2.5) from 1 to t, we get
z(t) = cot ™ + et /t s (logs)*2ds + /t 17 g(s)ds, (2.6)
1 1

where ¢;, (i = 0, 1) are unknown arbitrary constants. Using the initial condition (1) = 0 in (2.6)

implies that ¢y = 0, which leads to
t t
z(t) = clt_’\/ 21 (log s)*~2ds + t_’\/ 17 g(s)ds. (2.7)
1 1

Now using the condition z(T) = Y 8; z(¢;) in (2.7), we have
j=1

T T
el / 21 (log s)*2ds + T_)‘/ LI g(s)ds
1 1

=0 Z B; t;A / 21 (log s)*2ds + Z B; t;A / A1 g(s)ds,
j=1 ! j=1 1
which, on solving for ¢; together with (2.3), yields

01:;[26jt.jA‘/1 L1 g(s)ds — T ’\/1 AT 1g(s)d31.
j=1

Substituting the above value of ¢; in (2.7), we get the desired solution (2.2). The converse of the

lemma follows by a direct computation. This completes the proof. [l
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The following lemma contains certain estimates that we need in the sequel.

Lemma 2.4. For g € C([1,T],R) with ||g|| = sup |g(t)|, we have

te[1,T]
NN s s\a—2g(r) (logT)*
Q) |¢ A/l A </1 (log;) Tdr)ds gml\gll-
(ii) zt”/1 5" (log 5)*ds| < %

Proof. Note that

t s a—2
< sup t_’\/ M1 / (1ogs) g(r)d ds
te[1,T) 1 1 r
t 1 a—1
< gl sup i [ ot (LB,
te[1,T) 1 (a—1)
< lgliogT)*
- ala-1)

3 Existence and uniqueness results

Let G = C([1,T],R) denote the Banach space of all continuous functions from [1, 7] to R endowed
with the usual norm ||z|| = sup{|z(¢)| : t € [1,T]}, and C§([1,T],R) denotes the Banach space of
all real valued functions g such that 6"g € G.

Using Lemma 2.3, we can transform the problem (1.1) into a fixed point problem as x = Px, where

the operator P : G — G is defined by

(Pa)(t) = %(ﬂ /1 s (1ogs)a*2ds)
Zﬁjti* tio s s\e=2 f(r, z(r
x{m/l s 1(/1 (log;) wdr)d‘s

—A T s s\a=2 f(r, z(r
_%/1 SH(/l (log;) f(f())dr)ds} (3.1)
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For computational convenience, we set

(log T)a—l j;l 1851 (1Og T)a (log T)a (log T)a

A:|7|(o¢—1) T(a+1) Tat)| Tty

(3.2)

In the next theorem, we prove the uniqueness of solutions for problem (1.1) via Banach’s fixed

point theorem.

Theorem 3.1. Let f: [1,T] x R = R be a continuous function and there exists a constant L > 0

such that:
(Hl) |f(t,1?) - f(tay” S L|J7 - y|a vt € [17T] and T,y € R.

Then, problem (1.1) has a unique solution on [1,T] if LA < 1, where A is given by (3.2).

Proof. Let us define M be finite number given by M = sup |f(¢,0)|, and show that PB, C B,
te[1,T]

MA
where B, = {x € C[1,T] : ||z|| < r} with r > 1-IA

For € B,, t € [1,T], using (H;), we get

[f@ @)l = [fE () — f(£,0) + f(£,0)]
[f(t, () — f(2,0)] + | f(2,0)]
Lijz|| + M < Lr+ M.

IN

IN

Then

t
[P(x)(t)] < sup i(t*A/ 571 (log S)Q’st)
te[1,T) ol 1

Z 18545 s\e=2|f(r,x(r
(a—l)/ 1(/1 (log ) £ T())Idr)ds
o o )
A ¢ s 5\ 7, o(r
e [ ()

(lOg T)ocfl jgl 1851 (1Og T)a (10g T)a (10g T)a
s M T\ T Ter ) e+ ) T et
< ALr+M)<r

In consequence, |Pz| < r, for any « € B,, which shows that PB, C B,.

Now we prove that the operator P is a contraction. For (z,y) € C([1,T],R) and for each ¢ € [1,T7,
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we obtain

|(P2)(t) — (Py)(®)

< (o [ )
ilmjtjik' tj . s s\Ne2|f(r,z(r)) — f(r,y(r
B P ([ (e ) St
A T s s\e=2|f(r,z(r)) — f(r,y(r

+F(z_1)/l SH(/l (10g2) " Llrzo) = >>|dr)d81
e / o / (10g 22210~ SC00D ds}

< (log T)>—t é'ﬂf‘(k’gﬂa (log T)“ (log T)“

- [v](ac — 1) MNa+1) MNa+1) MNa+1)

< LA[z—y].

By the given condition LA < 1, it follows that the operator P is a contraction. Thus, the conclusion
of the theorem follows by the contraction mapping principle (the Banach fixed point theorem). The

proof is complete. O

The following existence result is based on the Leray-Schauder nonlinear alternative.

Theorem 3.2 (Nonlinear alternative for single valued maps [13]). Let E be a Banach space, C

a closed, convex subset of E, U an open subset of C and 0 € U. Suppose that F : U — C is a

continuous, compact (that is, F(U) is a relatively compact subset of C) map. Then either

(i) F has a fived point in U, or
(i) there is a w € QU (the boundary of U in C) and v € (0,1) with uw = vF (u).

Theorem 3.3. Let f : [1,T] x R = R be a continuous function such that the following conditions
hold:

(H2) There exists a function k € C([1,T],R") and a nondecreasing function ¥ : Rt — RT such
that | f(t,2)| < k(@)U (||z]]) for all (¢t,x) € [1,T] x R;

(H3) There exists a positive constant S > 0 such that

L>1
U(S)klA "

where ||k|| = sup |k(t)| and A is defined by (3.2).
te[1,T)

Then problem (1.1) has at least one solution on [1,T].
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Proof. Firstly, we shall show that the operator P defined by (3.1) maps bounded sets into bounded
sets in C([1,T],R). For a number r > 0, let B, = {x € C[1,T] : ||z|| < r} be a bounded set in
C([1,T],R). Then, by assumption (Hz), we obtain

|(Pz)(t)] < sup {|'1y| (t A/lt st (logs)“*st)

te[1,T)

i‘ﬁjt]ﬂl EE s s\e=2|f(r,y(r
X ]l:(ai—l)/l s 1(/1 (log;) 2Mdr)ds
A T s s\~ r,z(r
+%/1 SH(/l (10g7) QMd’”)dsl

—A ¢ s 5\ 7, o(r
N

(log 7)1 121 18;1 (log T')* (log T)" (log T)*
[v|(a = 1) INa+1) INa+1)

IN

(llz[IIE]

and consequently,

[Pa] < AW(r)[|K].

Next we show that P maps bounded sets into equicontinuous sets of C'([1,T],R). Let 7,72 € [1,T]

with 71 < 75 and x € B,.. Then, we have

(Pa)m) = (P < wOIIRI |( D [ o) s

T2
+T5A/ M1 (1ogs)o‘_2d5>
T1
S 181167 pr s a-21
=1 A-1 2
Vo [ () (ros2) ™ ar)a
T T sye—21
HNCE) / i ( / (tog7) " dr)ds
|T1 — T A| e 1 a=21
Y / 1ogr) dr)d

A

+I‘(;27—1)/n s* 1(/1 (log )a 21dr)d.s

Obviously the right-hand side of the above inequality tends to zero independently of x € B, as

79 — 71 — 0. Therefore, by the Arzela-Ascoli Theorem, the operator is completely continuous.

The result will follow from Theorem 3.2 once it is established that the set of all solutions to
equations z = vPzx for v € (0,1) is bounded. Let x be a solution of problem (1.1). Then, for
€ [1,T], as in the first step, we can find that

]l = sup {v(Pz)(t)} < AV(|[z[)]E],

te(1,T]
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which leads to

el _,
AT (2] =

By condition (Hs3), there exists S > 0 such that ||z]| # S. Let usset U = {x € C([1, T],R) : ||z]| <
S}. Note that the operator P : U — C([1,T],R) is continuous and completely continuous. From
the choice of U, there is no z € QU such that x = vPzx for some v € (0,1). Consequently, we
deduce by Theorem 3.2 that P has a fixed point 2 € U, which is a solution of problem (1.1). This
completes the proof. O

Our final existence result is based on Krasnosel’skii’s fixed point theorem.

Theorem 3.4. (Krasnosel’skil’s fixed point theorem) Let M be a closed convexr and nonempty

subset of a Banach space X. Let A,B be the operators such that

(i) Az + By € M whenever z,y € M,
(ii) B is a contraction mapping,

(iii) A is compact and continuous.

Then there exists z € M such that z = Az + Bz.

Theorem 3.5. Let f: [1,T] Xx R = R be a continuous function satisfying the condition (Hi). In

addition, we assume that:
(Hy) |f(t,2)| < plt) for all (t,7) € [1,T] x R, p € O([1,T], &),

Then, the boundary value problem (1.1) has at least one solution on [1,T), provided that

(log T)*
L(A - m) <1, (3.3)

where A is given by (8.2).

Proof. Consider B, = {z € G : ||lz|| < p}, ||pl| = sup |u(t)], with p > [|u||A. Then we define the
te0,1]

operators Py and P2 on B, as

(Piz)(t) = %(t_’\ /1t s* 1 (log s)o‘_st)

'§1 Bj t;k tj . s S\ a— r,x(r
X{%(T_l)/l A (/1 (log;) 2wdr)ds
_F(zijl)/lTS/\1(/15(1og;)a_2Mdr)dS}, teLT],

(Paz)(t) = I‘(;ijl)/ltﬁl(/ls (logf)aﬂMdT)dS, te[l1,T].
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As in 3.1 we can prove that ||Piz + Poy|| < ||n]|A < p, and thus, Piz + Py € B,. By using
condition (3.3) it is easy to prove that P; is a contraction (see also 3.1). Moreover the continuous
operator P is uniformly bounded, as

(log T')*

< -—= 7

and equicontinuous as

A

(Pa)(r) - Panr)l < T [T o[ (10g2) " Lar)as
—A -

+1"(;27_1) /ﬁ2 S,\1(/ls (1og§)a_2%dr)ds.

Hence, by Arzeld-Ascoli Theorem, P; is compact on B,. Thus all the assumptions of 3.4 are
satisfied and the conclusion of 3.4 implies that the boundary value problem (1.1) has at least one

solution on [1,T]. The proof is completed. O

Example 3.6. Consider the boundary value problem for Hadamard fractional differential equations

(HD7/4 42 HD3/4Ya(t) = f(t,x(t), €[l €],

3 (3.4)
z(1) =0, z(e) = ; Bj x(t;).

Here, 0427/4, /\:2, TZG, 7’TL:37 51 = 1/3, 52 = 1/9,53: 1/27, t1 25/4, to 23/2, ts3 =

|
7/4 and f(t,z) = + + logt.
/ o) = 575 Todl+ e tr2 %

Clearly, L =1/65 as |f(t,z)— f(t,y)| < (1/65)|x—y|. Using the given data, we have |y| ~ 0.691358
and A = 1.104500. Then LA ~ 0.016992 < 1. Thus, by 3.1, the boundary value problem (8.4) has

a unique solution on [1,e].
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