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ABSTRACT

Here we introduce the generalized Prabhakar fractional cal-
culus and we also combine it with the generalized Hilfer cal-
culus. We prove that the generalized left and right side Prab-
hakar fractional integrals preserve continuity and we find
tight upper bounds for them. We present several left and
right side generalized Prabhakar fractional inequalities of
Hardy, Opial and Hilbert-Pachpatte types. We apply these
in the setting of generalized Hilfer calculus.

RESUMEN

Introducimos el célculo fraccionario generalizado de Prab-
hakar y también lo combinamos con el calculo generalizado
de Hilfer. Demostramos que las integrales fraccionarias ge-
neralizadas de Prabhakar izquierda y derecha preservan la
continuidad y encontramos cotas superiores ajustadas para
ellas. Presentamos diversas desigualdades fraccionarias ge-
neralizadas de Prabhakar izquierda y derecha de tipos Hardy,
Opial y Hilbert-Pachpatte. Aplicamos estos resultados en el

contexto del calculo generalizado de Hilfer.
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1 Background

During the last 50 years fractional calculus due to its wide applications to many applied sciences
has become a main trend in mathematics. Its predominant kinds are the old Riemann-Liouville
fractional calculus and the newer one of Caputo type. Around these two versions have been built
a plethora of other variants and all of these involve singular kernels. More recently researchers

presented also new fractional calculi of non singular kernels.

The recent Hilfer fractional calculus unifies the Riemann-Liouville and Caputo fractional calculi and

the Prabhakar fractional calculus unifies both singular and non-singular kernel fractional calculi.

Finally the newer Hilfer-Prabhakar fractional calculus is the most general one unifying all trends
and for different values of its parameters we get the particular fractional calculi. In this article we
present and employ unifying advanced and generalized versions of Prabhakar and Hilfer-Prabhakar
fractional calculi and we establish related unifying fractional integral inequalities of the following
types: Hardy, Opial and Hilbert-Pachpatte. The advantage of this unification is the uniform action

taken in describing the various natural phenomena.

We are inspired by [7], [6] and [1]. We start by introducing our own generalized i-Prabhakar type of
fractional calculus, then mixing it with the ¢-Hilfer fractional calculus. Then, we prove a variety of
generalized Hardy, Opial and Hilbert-Pachpatte type left and right fractional integral inequalities

related to i-Hilfer ([8]) and t-Prabhakar fractional calculi. We involve several functions.

We consider the Prabhakar function (also known as the three parameter Mittag-Leffler function),

(see [4, p. 97]; [3]) N
Fap (@) = kz:% kT ((;zyl)ck+ B) &, (1.1)

where I" is the gamma function; o, 3,y € R:a,8 >0,z € R, and (7), =~v(y+1)---(v+k—1).

1
Itis B ,(2) = ——.
a, ( ) T (ﬁ)
Let a,b € R, a < b and z € [a,b]; f € C([a,b]). Let also ¢ € C! ([a,b]) which is increasing. The
left and right Prabhakar fractional integrals with respect to 1 are defined as follows:

(ks @ = [ W O@@ -0 @@ - OFfOd (12)
and

(7 £ ( / 00 (6 0) ¥ @) B [ () — v @) (e, (13)
where p, > 0; v,w € R.
Functions (1.2) and (1.3) are continuous, see Theorem 3.1.
Next, additionally, assume that 9’ (z) # 0 over [a, b] .

Let 1, f € CV ([a,b]), where N = [u], ([] is the ceiling of the number), 0 < 1 ¢ N. We define the
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1-Prabhakar-Caputo left and right fractional derivatives of order p as follows (x € [a, b]):

(D3 aet) @ = [ 00 0

N
E, o lw@ (@) = (1)"] <¢,1(t)jt) £ (t)dt, (1.4)

and

(D3t f) @) = =0 [ 0 0 — )

N
B w0 - @) () 0 (15
One can write (see (1.4), (1.5))
(D3 e ) @) = (3 et ) (@), (1.6)
and
(D) @) = DN (X P (@), (1.7)
where N . R
@ = 1010 = () 1@, (18)
vV x € la,b).

Functions (1.6) and (1.7) are continuous on [a, b].

Next we define the i-Prabhakar-Riemann-Liouville left and right fractional derivatives of order u

as follows (x € [a,b]):

("Dt i 1) () = (@;‘;)N [ v 0w -vw

and

(D30 f) () = (—wl()di)N [ o 0@o v

E % o @ (t) = ()] f(t) dt. (1.10)
That is we have
("“Diart) (@) = (w,l(x) j)N (o s ) (@), (1.11)
and
(D7 f) (@) = (‘w'tm;;)]v( oW o= f) (@) (112)

V€ la,b].
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We define also the w-Hilfer-Prabhakar left and right fractional derivatives of order pu and type
0 < B <1, as follows

N
(DY i d) (@) = €, 3 et (wl( )d‘i) BN ) s (@) (1.13)
and
Hpyy 630 —vBiap L d\Y ap
( prtissb— f)( ) = € BN )b (_de> € (1-B)(N—pm) bt () (1.14)
Ve lab].

When 8 = 0, we get the Riemann-Liouville version, and when 5 = 1, we get the Caputo version.

We call £ = p+ 8 (N — ), we have that N -1 < p < pu+ (N —pn) <pu+ N —p= N, hence
[§1=N

We can easily write that

("D e f) @) = € 250 PEDLEN S (@), (1.15)
and

(D0, 1) @) = ey, DR (0), (1.16)
Ve lab.

2 Main results

We start with a left ¢)-Prabhakar fractional Hardy type integral inequality involving several func-

tions.

Theorem 2.1. Herei=1,...,m; fi € C([a,b]), ¥ € C* ([a,b]) and 1 is increasing. Let p;, p; > 0,
Yi,w; € R. Also let ri,r9,73 > 1 : % + % + % 1, and assume that p; > E + —, for all
i=1,....,m

Then

Vi f
Pispi Wi a+J
1=1

Ly ([a,b],%)

< 1 1
[Z “i_m+;+q_mr2}

(¥ (b) =4 (a) 1= 1 1
<r1r3 (fj i — m> +mirs + 1)“ (ﬁ (r1 (s — 1) + 1)) "

=1

{/ab Li </a$ |E3# [wi (¥ () — o (£))7]|™ dop (t)>] " N (x)}mlm

(H ||fi||Lr3([a,b],w>> - (2.1)
=1
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Proof. By (1.2) we have
(Gt @) = [0 SO B, W @) s ) f (B (22)
i=1,...,m;Vx € [a,b].

By Holder’s inequality and (2.2) we obtain

(F i fe) @] <

/ 0 (0 (@) — ()BT s (0 () — & (0)7]] 1 (8)] di <
( [ w@-vorea <t>)

([ @ -voran)” ([oree) = e

(¢ (2) = ¢ ()17
(r1(pi — 1)+ 1)

([ 183t o 0 @ = 5 @1 000 1l o

L

w"“

So far we have e
Vi ) < (Y () —w(a))’“_ m
(€5 s ) ] < (r1 (i = 1) +1)7

w"‘

([ 13 s 0 @) = 0017 a6 @) ™ 1 o (2.4)
a

YV x € [a,b], with p; > %—&—é, foranyi=1,...,m.

Hence it holds

m
1y, pi—mri+m
i=1

f (v -1+ )

[Hl </: | B i (8 (&) = ()] dy (t))] (H 1fill . (10,00, ) ’ (2.5)

Ve lab.

o o ()
/a (g](emﬁi,wi,wﬂ) (x)ﬂ) dwa:)s( (rl(ui—1)+1)>

b 1 - Hi—mriTm
V (W () — (@) &

e}

=1
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T1

a <t>)] e <x>]

1

E 2 (fz |( ad alz; wl))) ( [ - st B, (x)> 5
r1 (s — 1) + ‘

=1

<

1

{/ [H(/ B s lwi (¥ (2) =0 (£)”] Tzdw(t))rdw(x)}m(w(b)w(a))%_

=1

m
r1 > pi—mri+m+1l— %
i=1

(i1 |fz-||LT3<[a7b],m) @) - v (@)

(
i

whereul>—+— 1=1,.

- 2.7)
(r1 (s — 1) + 1)) (m«3 S i — mryrs 4 mry + 1) "

" 4y <t>>] i <x>} .

The claim is proved. O

BN

Il
-

,’:13

(/ 1B o (8 (2) — 0 (6)”]

We continue with a right i¢-Prabhakar fractional Hardy type integral inequality involving several

functions.

Theorem 2.2. All as in Theorem 2.1. It holds

m
<
epuﬂuwub fl -
i=1

Ly ([a,b],%)

m
> pi—mA - }

(¢ (b> - (a)) L:l L T el T Tieg

(o (G e - (f -+ ) "
{/ lHU B s (0 () = (@))") ’“2d¢<t>>1rld¢<x>}@

m
(1_[1 ||fz| er»g([a’b],w)> . (2~8)

Proof. Similar to the proof of Theorem 2.1 and omitted. O

Next we apply Theorems 2.1, 2.2.

We give the related Hardy type inequalities:
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Theorem 2.3. Here i = 1,...,m; f; € CNi([a,b]), where N; = [u;], 0 < pi ¢ N; 0 :=
max {Ny,..., Ny}, ¥ € C%([a,b]) with ' # 0 and increasing. Let p; > 0, v;,w; € R. Also

let ri,79,m3 > 1 %—l—i—&—%:l, and assume that N; — p; > %—i—i,for alli=1,...,m. Then

i) N

<

C i
qu‘,,#i»wi7a+fi

Ly ([a,b],9)

Z(Ni_.ui)_m"r%"r%— L }
=1

(1 (b) *Z/J(a))[r 1 |
(mg (Z (N =) m) s 1>m (H (ri (N — i — 1) + 1))”

i=1

b[m z v 1 s
{/ lH (/ B, N, wi (0 (@) = (1)) dop (t))] dy (x)}
@ li=1 \Ve
m V]
<[[1 ‘ fup Lrs([a,b],w)> ) (29)
and
i)
CDZ:jllfi,wiybffi <
=t Ly, ([a,0]9)
(0 () — 1 (a)) LV
(mm (i (Ni — ;) — m) + mrs + 1) e (ﬁ (ri (N; —pi — 1) + 1)) "
i=1 i=1
b b - m v
{ / [H ( / E N wi (0 (8) = ()] dip (t))] dyp (3:)}
@ Li=1 \’?
T || v
(l:[l £ Lo (ol w)> : (2.10)
Proof. By (1.6), (1.7) and Theorems 2.1, 2.2. 0

We also present other Hardy type related inequalities:

Theorem 2.4. Here i = 1,...,m; f; € CNi([a,b]), where N; = [u;], 0 < p; ¢ N; 0 :=
max {Ny,..., Ny}, € C?([a,b]), ' #0, and ¢ is increasing. Let p; >0, vi,w; €R, 0< B <1,
& = i + Bi (N; — ;) . Also let r1,r9,r3 > 1: %—i—%—i—% =1, and assume that & — p; > %—l—%,

foralli=1,... . m.

Also assume that ®MD} IV fi, FEDIE DY € C (), i = 1.

Then
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m

Hpyr Bz

p17H17w%7a+fZ <

=1 Ly, ([a,b],%)

I\sE!

1 1
(G 2 -

(wwy—wme 1
(7"1713 <§L: (& — mi) — m) +mrs + 1) s (Zﬁ (ri (& —pi — 1) + 1)) 1

" 4y <t>)] i <x>} .

ugmww)’

B wi (¥ (2) — ¥ ()]

H RL 71(1 ﬁz) lbf
plv&lawla +J7

and

m
HID)’Yi,ﬁMZJ . f;

<
Pisli Wi,0—

Ly ([a;b],4)
S m m 1 1
(6 () - (a) |8 A A

dy (t)) ] dyp (CL’)} Tira

(2.12)

{ [ lﬁ ( [ et o @ - vy

. RL Y (1—53) 11;
D wj fl .
<}:[1 H pis&i,wi, ,,.3([a,b],w)>

Proof. By (1.15), (1.16) and Theorems 2.1, 2.2. O

From now on all entities are according and respectively to Section 1. Background.

Next we give Opial type inequalities related to Prabhakar fractional calculus.

A left side one follows:

Theorem 2.5. Let p,g > 1:
r

[ ww - i, e w - v )1 a o]
([ 17w o e dw)3 , .13)

1,1 _
5-&-5—1. Then

(egjllf,w,a+f) (w)‘ |f (w)] ¥ (w) dw < 9~

|~

V€ la,b].
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Proof. By (1.2), using Holder’s inequality, we have
T i f) /w VB L (6 (5) — 1 ()] 1f ()] dt
< (/ W (@) = )"V B, [w (@ (z) - w(ﬂ)ﬂn”dt)’l’
( [ wals <t)|>qctt); | (2.14)
Call .
qs(x):/a W' ()1 O dt, 6 (a) (2.15)
Thus
¢ (@) = (@ (@) |f @))) (2.16)
and
(¢ (2))7 =& (@) |f (2)| 20, Va€lab].
Consequently, we get
(350 s ) ()| 9" () I ()] <
( [ ww - e 5, e ) - s ) dt) ’
(6 (w) ¢ (W)T, Ywe [a,b]. (2.17)
Then, by applying again Hélder’s inequality:
L () @17 @)1 () < (218)
/a ' { / (6 (1) — ¥ (1) B, [ (6 (w) —w@»”ﬂ”dt};’
(¢ (w) &' () dw <
[ I { | ww - v ore B, o w - v <t>>”]|pdt} dw] ’
(/aw«é(w)dsb(w))i -
[ I { [ - e B, e ) - s 0 dt} dw];
(cﬁ 2(96)) T _ g1
[ I { | ww - w05, e w ) - s ) dt} dw] ’
( [ wwls (wquw)i | (2.19)
The theorem is proved. O
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The right side Opial inequality follows:

Theorem 2.6. Let p,g > 1: %

/: (350 o) ()] 1 () ' () duwo < 27

b
< [ () (¥ (w))" dw) : (2.20)
V€ lab].

Proof. As it is similar to the proof of Theorem 2.5, is omitted.

We continue with more interesting Opial type Prabhakar-Caputo fractional inequalities:

Theorem 2.7. Let p,g > 1:

r

[ v -vor e o - sorf afw]

1,1 _
5—&-5—1. Then

i)

(CDIK%HJC) (w) ‘LE,N] (w)‘ ¢ (w)dw < 27

9 () (o (w»"dw) 7 (2.21)

and

/b
l/zb {/wb (W (1) _w(w))p(N—u—l) ‘E_]V—u W (1 (£) — 1 (w))’] pdt} dw] P

(f

(OD8 1) ()| |7 ()| 0 () < 274

2
q

(W' (w))" dw) : (2.22)

q

£ (w)

V€ la,b].
Proof. By Theorems 2.5, 2.6 and (1.6)-(1.8).

Next come -Hilfer-Prabhakar left and right Opial type fractional inequalities:
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Theorem 2.8. Let p,g > 1: % % = 1. Additionally here assume that

RLDV(l B); "bf’RL D’Y(1—5)§¢'f cC ([a’ b]) .

p&w,a+ p,&,w,b—
Then
L1030 r) )| (DR ) )] @ ) < 273
S v or 2, e - v o] a %
([ 1(eopezesy ol <w>>qdw)g , (223)
and
i) b
/L, (HDZ:E,;;p,b ) ‘ ‘(RL Zglwillbf) (w )‘ P (w) dw < 2 4
[/: {/; (¢ (t) — ) (w>)1)(€—u—1) ‘Ep_gﬁu [ (1 (t) — (w))p]‘p dt} dw] »
</: (ppezis) wl o <w>>qezw) B (024
vV x € [a,b].
Proof. By Theorems 2.5, 2.6 and (1.15), (1.16). 0

Next we give several Prabhakar Hilbert-Pachpatte fractional inequalities. We start with a left side

one.

Theorem 2.9. Let p,g > 1: %—i—% =1;i=1,2. Let [a;,b;] C R, ¢; € C*([a;,b;]) and strictly
increasing, fi € C ([ai,bi]); pispi > 0, Y5, w; € R. Then

/bl /b2 (0 1) @O | (12702 2 ) (22)] dardzy
f*l{wl 1) =91 (1)1 EYL M[m(%(m)wmwl]|}‘“dt1}+

[ff;{(fﬂz(fz) P2(t2))H2™ 1|E,,2 1o wz(%(m)—wz(tz))”]|}th2]
q

< (b1 —ar) (b2 = a2) [ full, 1 foll, - (2.25)

Proof. We have that (i =1,2)
i (L2)
(ezz'::fuwi,ai+fi) (l‘z) =

/ W) (k) (i (1) — s ()T ED Twi (i (23) — 5 (8))™] fi (t:) dts, (2.26)
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Y x; € [ai, b;], where p;, p; > 0; v, w; € R.

Then

[0 o) = 0 B e (0 ) = s )P U )l e, (220
i=1,2,Vux; € [a“bl]

By appying Hélder’s inequality twice we get:

H
‘ (631’#:7w17a1+f1> (331)‘ <

3 =

U:{Wl (1) =1 (1)) T |ERE y [wr (1 (1) — 40 (tl))m]y}pdtl}

1

(/ (Wi ) [ ) ) (2.28)

\ T € [al,bﬂ s and
‘(ezzizj;wz,az+f2> (‘TQ)‘ <

Q=

[/:2 {(1/12 (22) — ¥ (£2))"* 7 EX2 . [wa (92 (22) — 1o (tQ))Pz”}thQ}

( | when <t2>>”dt2) " (2.29)
Va9 € [ag,bg} .

Hence we have (by (2.28), (2.29))

Y159
‘ (6pi,ui,w1,a1+f1) (5’31)’

Y259
(6P§7M§7w27a2+f2) (172)‘ <

3=

U ¢1 21) =1 (00))" T ER L, lwor (¥ (21) — ¥ (tl))m”}p dtl}

1
q

|:/ 77[12 .’Ez 102 t2 MQ ! ’Epz o OJQ (wQ (1’2) — d)g (tz))p2]|}th2:|
1 full, 12 f2ll, < (2.30)

(using Young’s inequality for a,b > 0, avbi < 24 g)

_|_

{ [f;ll {(7/’1 (1) — o1 (t1))" |E,11 ur w1 (Y1 (z1) — P (h))le}p dtl}
p

U;;z {(wz (z2) — b2 (t2))1**™ ! |EZ,§ 1 (W2 (P2 (22) — 1o (tQ))pQH}q dtg] }
q

[ fllg 19221,
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VZL'Z' S [ai,bi],i: ].,2
So far we have

Y1591 Y232
‘(eplaulawlaa1+fl> 1 ‘ ‘(eﬂzyuzwzﬂz-‘rfé) (‘IQ)’

[f:ll{(wl(ﬁ) 1 (t2))H17 llEpl “1[wl(dJl(xl)—‘ﬁl(tl))pl]‘}pdh] n

< Wifillg llafell, . (2.31)

(22 {(¥2(2)— 2 (t2))"2 1|Ep2 a2 (V2 (2)— 2 (12))72] | } dts |
q

YV ax; € [ai,bi],izl,Z.

The denominator in (2.31) can be zero only when z1 = a1 and 2 = az. Therefore we obtain (2.25)

by integrating (2.31) over [a, b1] X [ag, ba] . O

It follows the corresponding to (2.25) right side inequality.

Theorem 2.10. All as in Theorem 2.9. Then

71,1111 Y2592
b b2 Plalt17w1 b1—f1) 1 ’ ‘ (692»H27w27b2—f2> (xQ)’ dxlde
f“

{1 (t)—vr (@)1~ B M[mwl(n)fwl(m))f’l]\}pdn]+

(122 { (2 (2)~ 2 (w2)) 2~ 1|E,,2 iy 02 (2 (82) — 2 (2))72]| } a2

q
< (b1 — a1) (b2 — a2) [¥1 full, W5 foll, - (2.32)
Proof. As similar to the proof of Theorem 2.9 is omitted. O

We continue with applications of Theorems 2.9, 2.10.

Theorem 2.11. Let p,g > 1: 3+ 1 = 1,4 =1,2. Let [a;,b] C R, ¢; € C™>N0N2) ([ay,b])
Yh # 0, and strictly increasing; f; € CNi (la;, b)), where N; = [u;], 0 < p; ¢ N. Here p; > 0;

Yi,w; € R. Then

CD%’#ll w1 ¢11+f1) xl ’ ‘(CD’YZ #22 w2, a2+f2) (‘r2) dzdxs

bl b2
/ / [ {wen—nenMmn e k@) —e @y fan]

[J22{ (wa(wa)—pa(ta)) V202 |Ep N 1z w02 (V2(2) —2(82))72]| } "o
q

/f[N2]

< (b1 —ay) (b2 — ag) 24pn

o

(2.33)

Proof. By Theorem 2.9 and (1.2), (1.6). O

We also give
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Theorem 2.12. All as in Theorem 2.11. Then

/b1 /b2 C Zi:li/bjll’wl,bl fl) (.I )’ ‘(CD’ngﬁ;wz,bz*fQ) (332)
f’“l{(wl(m $a(@))M1 B M[wlwl(m)—wl(m))m]\}pdtl]+

dmldxg

[0z {(wa(ta)—pa(wa)) V22" \EN 2 (2 (t2) —a (22))2]| } ata]
q

< (b1 — ar) (b2 — a2) [0 A1)

1 p[N2]
s

(2.34)
Proof. By Theorem 2.10 and (1.3), (1.7). O

We present

Theorem 2.13. Let p,g > 1 : Z%Jré =1;i=1,2. Let [a;,b;] C R, p; € C™*N1.N2) ([g; b]),
Yh # 0, and strictly increasing; f; € CNi ([a;,b;)), where N; = [u;], 0 < p; ¢ N. Here p; > 0;
Yiswi € R and & = p; + B (N; — i), i = 1,2, where 0 < 8; < 1. Then

dl‘ldl‘g

/bl /bz ("D 31,51121,a1+f1) )| | (D i o) (22)
f” (1 (1) =t (b2))1 41 1\Ep1”gf1M[wl(wl(xl)—wl(m)“])}”dtl]+

[f;;{(lbz(iz) P2(t2))%2 742" 1’E,,2’y2§2Mz[W2(1/12(w2)—1/12(t2))p2]‘}qdh}

q
< (=) (o —ao) |[0f ORI us FOREE R @)
Proof. By Theorem 2.9 and (1.15). O

We also give

Theorem 2.14. All as in Theorem 2.13. Then

H B3y H ,B2;9
e DY 1) @] | (TR o) (@)
f”l

{1 (t) =1 (@)1 7~ I)EpjgflM[m(%(tl)—wl(wl))m]|}”dt1]+

dl‘ldl‘g

(122 { (pa(te)—a(w2))s2 12~ I‘Ep;i-fz“2[wz(l/iz(tz)—#}z(lﬂz))pg]’}thz]
q

(bl _al) (b2 —GQ H'l// RLD’Yl(l B1); wlf H "¢/ RL ’Yz 1 ,32) '/JZf H (236)

p1,€1,w1,b1— Pz7§27w27bz—

Proof. By Theorem 2.10 and (1.16). O
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3 Appendix
We give the following important fundamental results:
Theorem 3.1. Let p,u > 0; v,w € R; and ¢ € C'([a,b]) increasing, f € C([a,b]). Then
(pywa+f) (puwb f) ([aVbD
Proof. We only prove (EZEﬁ,w,a n f) € C ([a,b]). We skip the proof for the other is similar.
We consider the power series
E Z ()| 2 zeR. (3.1)
2 kI (pk + 1) (pk + )
We form
[Coremy [y+E|
R_l — kh (k-‘rl)’F(p(k—f|—(1);f—p|b)(p(k+1)+u) _ kh (k+1)F(p(k+1);ru)(p(k'+1)+u) _ (3.2)
—00 vy —00 —_—
BT (pk+ 1) (ph i) T(pk+u)(pk+p)
lim [y + KIT (pk + ) (pk + 1) _
e (k4 1) T (p (k+ 1) + ) (p (k + 1) + 1)
T
lim ( [y + KT (ok + 1) ) lim (p’C“‘) = (5). (3.3)
koo \ (K + 1) T (p(k+1) +p) ) k=oo \ (pk + 1) + p
Notice that
k
lim (ML) -1 (3.4)
koo \ (pk + 1) +p

From (1.1) we have that its radius of convergence is

|9,

1
R= lim — 0k Toky g, R DTk D b))
k=00 [oremy k—oo ____Iytkl koo |y + k[T (pk + p)
F+DIT (p(k+1)+1) (k+1)T(p(k+1)+p)

because (1.1) is an entire function.

Therefore, we have that
i Y+ kT (pk+p)
im =
koo (k+1)T (p(k+ 1)+ u)

Consequently by (3.3), (3.4), we get that (£) = 0. Thus R ' =0 and the radius of convergence of

=7 : B .
E,, (2), see (3.1), is R = oo, hence (3.1) is convergent everywhere.

Consequently it holds

i (Nl (] (8 (@) = ¥ (a)))"

= KT (pk + p) (pk + ) =0
Vxelab.
We notice that
PRIEL. / v =9 @) @)t <
k'F (pk + 1)

k=0

(3.5)
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wl® z) — 9 (a)) T

()] (@] (@ () =9 (@)")" 3.9
£l (0 ( Z w T

Consequently, by [5, p. 175], we derive

(Fhuact) @) 2 [0 O @@ -0 (Z At (0 () - <t>>ﬁ>’“> o

S (’7)]@ wk ¢ ’ (pk+p)—1
e | V()@ (z) ¥ (1)) f(t)dt, (3.7)
kzzo kI (pk + 1) /a
Vx€lab].
By [2, p. 98], we obtain that the function
A () = [0 0 @) = 0 0) 7 ot

x € [a, b], is absolutely continuous for pk+ u > 1 and continuous for pk +p € (0,1); ¥ € C* ([a, b])

and increasing.
That is always )\E,ITBL (If],z) € C([a,b]), for all k =0,1,...

By (3.5), one can derive that
Z | \w| A
<

()l (] (0 () — v (a)))"
| £l oo (4 Z k;'F (pk + 1) (pk + )

< . (3.8)
Notice that

ALl a8 = [ W 0@ - e ol
(0 (b) = ¢ ()"

< ||fHOO ok + ) ,k=0,1,... (3.9)
And even more we get:
Dellel” |y ’ (il ol o (Ufl.2) <
EIT (pk + p) Ao - k'F (pk + ) Ao
()l lwl® \ 1l (@ (0) = 9 (@) 5T N .
(M (pk—l—u)) T =My, k=0,1,...; (3.10)

and by (3.8) that Y M} < oo, converges.
k=0

By Weierstrass M-test we get that Z ﬁ%)\(k) (f, z) is uniformly and absolutely convergent

for x € [a,b].

Consequently by (3.7) we derive that ( €p a+f) C ([a,b]) . The proof is completed. O
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Corollary 3.2. All as in Theorem 3.1. We have that
k+p
it (Nl w]” (@ (b) = ¥ (a))”
0 e (Z W pk T £l < +o0. (3.11)

That is eZ’:/’w at(b—) @€ bounded linear operators and positive operators if ~v,w > 0.

Proof. By (3.7), (3.8).
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