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ABSTRACT

In this paper, we consider an iterative system of singular two-
point boundary value problems on time scales. By applying
Holder’s inequality and Krasnoselskii’s cone fixed point the-
orem in a Banach space, we derive sufficient conditions for
the existence of infinitely many positive solutions. Finally,
we provide an example to check the validity of our obtained

results.

RESUMEN

En este articulo, consideramos un sistema iterativo de pro-
blemas de valor en la frontera singulares de dos puntos en
escalas de tiempo. Aplicando la desigualdad de Hélder y
el teorema de punto fijo cénico de Krasnoselskii en un es-
pacio de Banach, derivamos condiciones suficientes para la
existencia de una cantidad infinita de soluciones positivas.
Finalmente, entregamos un ejemplo para verificar la validez

de nuestros resultados.
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1 Introduction

The theory of time scales was created to unify continuous and discrete analysis. Difference and
differential equations can be studied simultaneously by studying dynamic equations on time scales.
A time scale is any closed and nonempty subset of the real numbers. So, by this theory, we can
extend known results from continuous and discrete analysis to a more general setting. As a
matter of fact, this theory allows us to consider time scales which possess hybrid behaviours (both
continuous and discrete). These types of time scales play an important role for applications, since
most of the phenomena in the environment are neither only discrete nor only continuous, but
they possess both behaviours. Moreover, basic results on this issue have been well documented
in the articles [1,2] and the monographs of Bohner and Peterson [6,7]. There is a great deal of
research activity devoted to existence of solutions to the dynamic equations on time scales, see for

example [8,9,13,16-19] and references therein.

In [14], Liang and Zhang studied countably many positive solutions for nonlinear singular m—point

boundary value problems on time scales,

(A1) +a®)f(v(t) =0, t € [0, %],
m—2
v(0) = Z a;v(&), VA (%) =0,

i=1

by using the fixed-point index theory and a new fixed-point theorem in cones.

In [12], Khuddush, Prasad and Vidyasagar considered second order n-point boundary value problem

on time scales,
VAV(1) + ANt)ge (vig1(t) =0, 1 <i <n, t € (0,0(a)]r,

VUn41 (t) = Ul(t)7 te (07 U(a)]'ﬂ‘,

and established existence of positive solutions by applying Krasnoselskii’s fixed point theorem.

Inspired by the aforementioned works, in this paper by applying Holder’s inequality and Kras-
noselskii’s cone fixed point theorem in a Banach space, we establish the existence of infinitely
many positive solutions for the iterative system of two-point boundary value problems with n—
singularities on time scales,
VIR (t) + At)ge(ves1(t) =0, 1< <m, te(0,F)r,
Um+1(t) = Ul(t), te (O,{S)'[r,

v(0) = v (0), 1< L <m,
V(%) = —v2(%), 1<l <m,
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where m € N, A(t) = Hle Ai(t) and each A;(t) € LY ([0, %]r) (p; > 1) has n-singularities in the
interval (0, %)y .

We assume the following conditions are true throughout the paper:
(H1) ge:[0,+00) — [0,400) is continuous.

(Hs) tlin? Ai(t) = 0o, where 0 < t, <tp_1 <---<t1 <%.
—ti

2 Preliminaries
In this section, we introduce some basic definitions and lemmas which are useful for our later
discussions.

Definition 2.1 ([6]). A time scale T is a nonempty closed subset of the real numbers R. T has
the topology that it inherits from the real numbers with the standard topology. It follows that the
Jump operators o,p : T — T, and the graininess p: T — [0,400) are defined by

o(t) =inf{t e T: 1> t},

p(t) =sup{t e T: 1<t}

and
u(t) = ot) —t,

respectively.

e The point t € T is left-dense, left-scattered, right-dense, right-scattered if p(t) = t, p(t) < t,
o(t) =t, o(t) > t, respectively.

o If T has a right-scattered minimum m, then T, = T\{m}; otherwise T, = T.
o If T has a left-scattered mazimum m, then T% = T\{m}; otherwise T* = T.

o A function f: T — R is called rd-continuous provided it is continuous at right-dense points in T
and its left-sided limits exist (finite) at left-dense points in T. The set of all rd-continuous functions
f:T = R is denoted by Crq = Crq(T) = Cra(T,R).

o A function f : T — R is called ld-continuous provided it is continuous at left-dense points in
T and its right-sided limits exist (finite) at right-dense points in T. The set of all ld-continuous
functions f: T — R is denoted by Cjq = C14(T) = C1q(T,R).

e By an interval time scale, we mean the intersection of a real interval with a given time scale, i.e.,

[a,b]T = [a,b] N'T. Other intervals can be defined similarly.
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Definition 2.2 ([5,11]). Let pa and pv be the Lebesgue A—measure and the Lebesgue V—measure
on T, respectively. If A C T satisfies ua(A) = pv(A), then we call A measurable on T, denoted
w(A) and this value is called the Lebesgue measure of A. Let P denote a proposition with respect
tot €T.

(i) If there exists I'y C A with pa(T'1) = 0 such that P holds on A\I'1, then P is said to hold
A-a.e. on A.

(i1) If there exists Ty C A with py(T'2) = 0 such that P holds on A\TI's, then P is said to hold
V-a.e. on A.

Definition 2.3 ([4,5]). Let E C T be a A—measurable set and p € R = R U {—o00,+00} be such
that p > 1 and let f : E — R be a A—measurable function. We say that f belongs to LY (E)
provided that either

/|f|p(s)As<oo if pel,+o0),
E

or there exists a constant M € R such that
[fI<M, A—ae onE if p=+oo.

Lemma 2.4 ([20]). Let E C T be a A—measurable set. If f: T — R is A—integrable on E, then
| 1eas = [ s+ 3 (ot =) 1)+ (4. D)
i€l

where
m(E)f(M), if W eT,
r(f, E) =
0, ifN¢T,

Ig:={iel:t;€ E} and {t;}icr, I CN, is the set of all right-scattered points of T.

Lemma 2.5. For any y(t) € Crq([0, Z]1), the boundary value problem,

VA +y(t) =0, t € (0,%)r, (2.1)
v1(0) = v(0), V() = ~VT(T), (2.2)
has a unique solution
T
o(t) = / R(t, T)y(T) AT, (2.3)
0
where
1 F—t+1)(o(r)+1), if o(r) <t,
R(t,T) = 3 (2.4)

F—-o(m+Dt+1), if t<T
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Proof. Suppose v is a solution of (2.1), then

t T

Ul(t) = —/ / y(Tl)ATlAT+A1t+A2
0o Jo
t
- —/ (t — o(0)y (VAT + Ayt + Ay,

0

where A; = v(0) and Ay = v1(0). By the conditions (2.2), we get

T
A=Ay = 24_%/0 (T—o(1)+ 1)y(1)AT.

So, we have

t T
() :/0 (t — o(1))y(t) AT + “% (5o + D1+ O30
:/T N(t, T)y(T)AT.
0
This completes the proof. [l

e+1

Lemma 2.6. Suppose (H,)-(Hz) hold. For e € (0,5 )r, let G(e) = T 1

the following properties:

< 1. Then N(t,T) has

(i) 0 < N(t,T) < N(7,7T) for all t,T € [0,1]r,

(it) G(e)X(t,T) < N(t,7) for allt € [¢,T —€]r and T € [0, 1].

Proof. (i) is evident. To prove (ii), let t € [¢,% — €] and ¢ < T. Then

N(t,T) t+1 S e+1

N(t,1) Tt+1 - T+1 g(e)-
For t <,
N(t, T T—t+1 e+1
(L) _ NS RN
R(1,1) T—-14+1 7 TH1
This completes the proof. [l
Notice that an m—tuple (v1(t),v2(t),v3(t),...,Vm(t)) is a solution of the iterative boundary value

problem (1.1)—(1.2) if and only if

vel(®) :/0 R(t, DA(D)ge(Vess (1) AT, £ € (0,%)r, 1< 0<m,

Umt1(t) =v1(t), t € (0,%)r,

i.e.,

v1(t) 2/01 N(t,T1)A(T1)g1 (/01 N(Tl,’fg))\(’fg)gz(/ol N(To,T3) - - -
X 8m-1 (/01 N(Tm—hTm)}\(Tm)gm(vl(Tm))ATm) "'AT3>AT2>AT1.
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Let B be the Banach space Crq((0, T)7, R) with the norm [jv]| = 1{1&){) [u(t)]. For e € (0, %)T, we
+€(0,%)r
define the cone K. C B as

Ke = {v € B:v(t) is nonnegative and  min  v(t) > g(a)|v(t)||} .
t€le, T—elr

For any v, € K., define an operator €2 : K. — B by

(Qui1)(?) _/01 N(t,Tl)A(Tl)g1</OlN(Tl,Tg)A(TQ)g2</OIN(T%Tg)...
X Em—1 (/01 N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm> ~-~AT3>AT2>AT1.

Lemma 2.7. Assume that (H)-(Hz) hold. Then for each e € (0,%),., QK.) C K. and Q : K. —

‘]1‘ )
K. are completely continuous.

Proof. From Lemma 2.6, X(¢,7) > 0 for all ¢,t € (0,%)r. So, (Qv1)(t) > 0. Also, for v; € K., we

have
Q01 = InaXT/OlN(t,Tl)A(Tl)g1</01N(Tl,Tg)A(TQ)g2</OlN(TQ’TB,)...

te(0,%)

X Em—1 (/01 N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm) ~-~AT3>AT2>AT1

/01 N(TlaTl)A(Tl)&(/Ol N(Tl,m)?\(Tg)gg(/ol N(T2, T3) - -

X Em—1 (/01 N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm) ~-~AT3>AT2>AT1.

Again from Lemma 2.6, we get

IN

min {(@0)(0)} zg(g)/olN(Tl,rl)ml)gl(/01N(TI,TQ)A(Tg)gQ(/OIN(Tg,rg)---

tefe,T—¢]
1
X gm1</ N(Tm1,Tm)7\(Tm)gm(v1(Tm))ATm> ---ATg) ATQ) AT;.
0

It follows from the above two inequalities that

min  {(Qu1)(t)} > G(e)[|Qu1]|.

tele,T—elr
So, Qu; € K. and thus Q(K.) C K.. Next, by standard methods and the Arzela-Ascoli theorem, it

can be proved easily that the operator 2 is completely continuous. The proof is complete. O

3 Infinitely many positive solutions

For the existence of infinitely many positive solutions for iterative system of boundary value prob-

lem (1.1)—(1.2), we apply following theorems.

Theorem 3.1 ([10]). Let £ be a cone in a Banach space X and let My, Mo be open sets with
0EM, M CMy. Let A: EN (Mg\Ml) — & be a completely continuous operator such that
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(a) |Av|| < Jjv]|, v € ENOMy, and || Av|| > ||v||, v € EN My, or

(b) || Av]| > |lvl, v € ENMy, and || Av|| < ||v]], v € €N OMa.

Then A has a fized point in € N (Mz\M1).

Theorem 3.2 ([7,15]). Let f € L (J) withp > 1, g € LY(J) with ¢ > 1, and 5 + ¢ = 1. Then
fg € Ly(J) and || fgliry < |Ifllzzllgllry, where

[[1sr6a)” peR,
inf{MGR/|f|§MA—a.e. onJ}, p = 00,

£l :

and J = [a, b)T.

Theorem 3.3 (Holder’s inequality [3,4,15]). Let f € LX(J) with p; > 1, fori=1,2,...,n and

> % = 1. Then Hle gi € LL(J) and HHle gi|| < Hle lgillp;- Further, if f € LY\(J) and
' 1

9 € LR(J), then fg € Lx(J) and |[fgly < [[fl1]glloc-

We need the following condition in the sequel:
(H3) There exists &; > 0 such that A;(t) > 6; (¢ =1,2,...,n) for t € [0, F]r.

Consider the following three possible cases for A; € L (0, %)y :
-1 -1 - 1

— <1, — =1, —>1.
; pi ; pi ; bi

n
1
Firstly, we seek infinitely many positive solutions for the case Z — < 1.

— Pi

i=1
Theorem 3.4. Suppose (Hy)—(Hg) hold, let {,}52, be such that 0 < g1 < ¥/2, ¢ | t* and
0 <t* <tp. Let {T'v}22, and {A,}32, be such that

Iy < Glep)Ar <A <OA, <Ty, r €N,

where
k T—El
0= max{ [Q(al) H 51-/ N(T,T)AT

Assume that g satisfies

(C1) ge(v) <M, Ve (0,%)r, 0<v<T,, where

. —1
|N||LQAH|)\1’|LPA;| ;
i=1

(C2) ge(v) > 0A, Ve[, T—crr, Gler)Ar <V <A,

N <
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Then the iterative boundary wvalue problem (1.1)—(1.2) has infinitely many solutions
72"

(ol ol ee | such that v (t) > 0 on (0,%)r, £=1,2,...,m and r € N.

Proof. Let

M,={veB:|v]| <}, Mo, ={veEB:|v| <A}

be open subsets of B. Let {,}22, be given in the hypothesis and we note that

<
t*<tT+1<sT<tr<§,

for all » € N. For each r» € N, we define the cone K., by

K%:{UGBAW)ZQ“*QgEHMQEQ@HW@W}

Let v1 € Ko, NOM; ;. Then, vy(t) < T, = |[vq| for all T € (0,%)r. By (C1) and for 7,1 €
(0,%)T, we have

T T
/ON(Tm_l,Tm)A(Tm)gm(Ul(Tm))ATmg/o R( Ty, Trn )M (T ) & (V1 (T ) ) AT,

T k
g%n/amﬂMHM%mm.
0

=1

I 1
There exists a ¢ > 1 such that — + E — =1. So,
— DPi
i=1

k
[

<
| s A gm0t A < T N
0 =1

pq
LA

k
< ST gy T[Nl < T
i=1
It follows in similar manner (for t,,_2 € (0, %)), that

T T
/0 N(Tmz,Tml)A(Tmngml( / N(m1,Tm)A<Tm)gm<v1<Tm>>mm)mm1
T
S/ N(Tm—%Tm—l))\(Tm—l)gm—l(FT)ATm—l
0

T
< / N(Tm—laTm—l))\(Tm—l)gm—l(FT)ATm—l
0

< k
< mlrr/ N(Tm*hTm*l)H}\i(Tm—l)ATm,1
0 =1
k
<ML R] g [T Il < T

=1
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Continuing with this bootstrapping argument, we get

(Qui1)(?) _/OT N(t,n);\(n)g1</OTN(Tl,TQ)A(TQ)g2</OTN(TQ,Tg)...
X gm1</0‘3 N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm) . ~AT3>AT2>AT1

<T,.
Since I, = ||v1]| for v1 € K., N OMy -, we get
[Qui]l < [lual]- (3.1)
Let t € [e,, T — &;]1. Then,

A=l 20> min | vi(6)> G vl > Gle)A-

By (C2) and for T,,,—1 € [, % — &,]1, we have

T T—ep
/0 N(Tm,l,Tm)A(Tm)gm(vl(Tm))ATm2/ R(Trn—1, T )A (T )8 (V1 (Tin) ) AT,

r

T—e,
> g(ar)eAT/ R( Ty, Tr )A (T ) AT,
TT—ET k
> g(gT)eAr/ R (T, Tm) [T M () AT
Er i=1

k 5—81
> g(EI)GArnéz/ N(TmaTm)ATm
i=1 €1

> A,

Continuing with the bootstrapping argument, we get

(Qu1)(t) :/j N(f,rl)x(rl)gl(/;N(Tl,mx(@)gg(/;N(Tz,m)...
X gm—1</0T N(Tm—hTm)}\(Tm)gm(Ul(Tm))ATm) ---AT3)AT2)AT1

>A,.

Thus, if v € K., N Ky, then
[Quil = [Jva]]- (32)

It is evident that 0 € My, C Mo C My . From (3.1)—(3.2), it follows from Theorem 3.1 that the
operator §) has a fixed point v[lr] € K., N (My,-\Mz,,) such that v[lr] (t) >0on (0,%)r, and r € N.
Next setting v, 11 = V1, we obtain infinitely many positive solutions {(U[lrl,v[;], . ,vm)}f‘;l of

(1.1)—(1.2) given iteratively by

T
ve(t) = /0 R(t, DOANT)ge(Ve41(T))AT, t € (0, %), L=m,m—1,...,1.

The proof is completed. O
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n

1
For E — =1, we have the following theorem.
— Pi
i=1

Theorem 3.5. Suppose (Hy)—(Hs) hold, let {,}52, be such that 0 < g1 < ¥/2, ¢ | t* and
0 <t* <tyn. Let {T}2, and {A,}22, be such that

Iy < Glep)Ar <A <OA,. <Ty, r €N,

where

0= max{ lg(al) H

Assume that g satisfies (Ca) and

(C3) gj(v) <N, ViEe (0,%)r, 0<v <T,, where

k —1
Oy < min l|N||Lg°H||7\i|LPAi] .0
=1

Then the iterative boundary wvalue problem (1.1)—(1.2) has infinitely many solutions
72"

{(v[lr],v[;], .. ,v%])}jfozl such that ULT](t) >0o0n (0,7, £=1,2,...,m and r € N.

Proof. For a fixed r, let My ,. be as in the proof of Theorem 3.4 and let v, € K., N OMa .. Again
vi(t) < T = ol

for all T € (0,%)r. By (C3) and for ty—1 € (0,%)r, we have

T T
/ON(Tm_l,Tm)A(Tm)gm(vl(Tm))ATmg/o R( Ty, Trn )M T ) 8 (V1 (T ) ) AT,

T k

gmlrr/ (T, ) [ [ Ai(Tm) AT,
0 i=1

k

IR

=1

<on ]

Pi
LA

k
<D 8]z [ Il < T
=1
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It follows in similar manner (for T,,_o € [0, 1]1), that

T <
/0 N(Tmz,rml)x(mngml( / N(m1,Tm)A<Tm)gm<v1<Tm>>mm)mm1
T
S/ N(Tm—%Tm—l))\(Tm—l)gm—l(FT)ATm—l
0

T
< / N(Tm—laTm—l))\(Tm—l)gm—l(FT)ATm—l
0
T k
S mlrr/ N(Tmflvafl) H}\i(Tmfl)ATmfl
0 i=1
k
<D Nzx [T Il <D
=1

Continuing with this bootstrapping argument, we get

(Q1)(t) :/OT N(t,T1)A(T1)g1 (/OTN(Tl,Tg))\(Tg)gg(/OTN(T%H) .
X gm1</0T N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm) . ~AT3>AT2>AT1

<T,.
Since I, = ||v1]| for v1 € K., N OMy -, we get
[Qui]l < [Jua]]- (3.3)

Now define My, = {v1 € B: ||u1]| < A,}. Let vy € K., N OMa, and let T € [e,, T — &,]7. Then, the

argument leading to (3.2) can be done to the present case. Hence, the theorem. [l

1
Lastly, the case — > 1.
Theorem 3.6. Suppose (Hy)—(Hs) hold, let {,}52, be such that 0 < g1 < ¥/2, ¢ | t* and
0 <t* <tp. Let {T'v}22, and {A,}32, be such that
[ry1 <Gle)Ar <A <OA, <Tp, r €N,

where
T*El
0= Inax{ lg(el) 1T 51-/ N(T, T)AT

Assume that g satisfies (Ca) and

-1
(C4) g5(v) <M,V t € (0,T)p, 0 < v < Ty, where Ny < min { (1IN 2z T Il | ,e} .

Then the iterative boundary wvalue problem (1.1)—(1.2) has infinitely many solutions
{(U[lr]vv[;]a e ,Um) o | such that Uy] (t) >0 on (0,9, £=1,2,.

r=1

..,m andr € N.

Proof. The proof is similar to the proof of Theorem 3.4. So, we omit the details here. O
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4 Example

In this section, we present an example to check validity of our main results.

Example 4.1. Consider the following boundary value problem on T = R.

vy (t) + A(t)ge(vega(t) =0, £=1,2,

(4.1)
v3(t) =v1(t),
v(0) = vy(0),
(0) =vy(0) -
(1) = v},
where
A(t) = M (1)A2(t)
in which
1 1
M(t) = — and  A(t) = —
|t - Z|2 |t — Z' p)
1 x 1074, b € (104, +00),
25><10 (4r+3) _ _><10 ar 4
10-(rF3) —10—4r ( — 10 T)—|—
% x 10~ 87", v E [10—(4r+3) 10_4r] ’
B(v) =ga) =4 2 x 10_(4T+3) V€ ( x 10~ (@r+3) 10—(4r+3))
25x 10~ (4r+3) — :><10 8r (4r14)
7><10 (4r+3) _10— (47‘+4)( - 10 r )—|—
; ) (4r+4) L —(4r+3
5><107“ (10 r 75><10(r )}
0 v=0.
Let )
31 1 1
— — _— r= 5 (lr +try1), =1,2,3,...,
4 ;4(k+1)4’ er = gtr +trg1), 7
then
Lo 1 15
17327 648 T 32
and
1
tr+1 < Er < t’ra Er > g
Therefore,
Er + 1 Er + 1 1
o - ) =1,2,3,...
It is clear that
15 1 1
th=—<-=, t.—t =1,2,3,...
Rty T

1 ™
S. _— = —
ince 321 o 90

7.‘.4

360

47

— — = (0.4637941914
64 ’

z:47°—i-1
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A1, Ag € LP[0,1] forall 0<p<2, and & = &y = (4/3)"/%,

G(e1) = 0.7336033951.

T—eq I—Eﬂ-i 2 _ 1
/ N(T, T)AT = / o Wdr — 0.04918197801.
e 15

15 1
1 327 648

Thus, we get
-1

y

0= max{ [g(gl) f[l 5; /:51 R(t,7)VT

1
=maxq ————— 1
{0.04166167167 }

= 24.00287746.

Next, let 0 < a < 1 be fixed. Then A1,Ay € L179[0,1] and an > 1 for 0 < a < 1. It follows that
k
[T Al = 7 —In(7 - 4v3),
i=1
and also |[R]ls = 2. So, for 0 < a < 1, we have
i -1
N < [|N||Oo 1T |Ai|LpAi] ~ 0.2597173925.
i=1

Taking 91 = %. In addition if we take
I, =107%, A, =104+,

then
1
[pyp = 1070+ < = % 1076 +3) < Ge,)A, < A, = 10733 <1, =107,

OA, = 24.00287746 x 10~ ¢4+ < L1074 =9I, r = 1,2,3,. .., and g1, g» satisfy the following

growth conditions:
1
gi(v) = go(v) <M, = 1% 107%, velo,107*],
1
g1(V) = ga(V) >0A, = 24.00287746 x 10~ W3y e = % 10~ Wr+3) 10 Wr+3) |

Then all the conditions of Theorem 3.4 are satisfied. Therefore, by Theorem 3.4, the iterative
boundary value problem (1.1) has infinitely many solutions {(v[lr],v[;]) ©° , such that vy] (t) >0

on [0,1], £=1,2 and r € N.
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