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ABSTRACT

The principal aim of this paper is to establish the optimality
(i.e., sharpness) of the constants A(m,«) and B(m,a), m €
N, a € R, of the form

A(m mﬁ2]—1—a ,
j=1
B(m miﬁ%—l—a ,
k=1 j=1
J#k

in the power-weighted Birman—Hardy—Rellich-type inte-
gral inequalities with logarithmic refinement terms recently
proved in [41], namely,

/p dxxo‘|f(m)(x)|2 > A(m, ) /p dxxa_2m|f(x)|2
0 0

N ., k
a—2m — 2
Bm.a) Y ["doa™ " ]y (r/2)) 2 @)
k=170 p=1
F€C((0,p), m,N €N, a €R, p,y € (0,00), v = enp.
Here the iterated logarithms are given by
Iny(+) =In(-), Injpa(-) =In(n;(-)), JjEN,
and the iterated exponentials are defined via
j € No =NU{0}.

@A
eo=0, ejr1=¢€"7,

Moreover, we prove the analogous sequence of inequalities on
the exterior interval (r,00) for f € C§°((r,00)), r € (0, 0),
and once again prove optimality of the constants involved.

Accepted: 23 February, 2022
Received: 28 June, 2021

(D) BY-NC
(©2022 F. Gesztesy et al. This open access article is licensed under a

Creative Commons Attribution-NonCommercial 4.0 International License.


http://cubo.ufro.cl/
http://dx.doi.org/10.4067/S0719-06462022000100115
https://orcid.org/0000-0001-8554-9745
https://orcid.org/0000-0003-1697-2018
https://orcid.org/0000-0002-5262-8882
mailto:Fritz_Gesztesy@baylor.edu
mailto:imichael@lsu.edu
mailto:pangm@missouri.edu

Cubo

A Mathematical Journal

CUBO, A Mathematical Journal

Vol. 24, no. 01, pp. 115-167, April 2022
DOI: 10.4067/S0719-06462022000100115

RESUMEN

El objetivo principal de este articulo es establecer la optima-
lidad (i.e. la precisién) de las constantes A(m, ) y B(m, a),
m € N, a € R, de la forma

A(m mH2g—1—a ,
j=1
m m
B( mZH ]—1—0{ )
k=1 j=1
J#k

en las desigualdades integrales de tipo Birman—Hardy—
Rellich pesadas por potencias con términos de refinamiento

logaritmicos recientemente demostradas en [41], es decir,

/p da:aca|f(m)(x)|2 > A(m, ) /p dacaca_2m|f(x)|2
0

0
N
(m, ) Z/ dz %~ 2ml_[[lnp v/2)] 7% f (= |
k= p=1
f € Cgo((07p)) maN € N7 a € ]Ra Py € (0700)7 v = ENP.
Acd los logaritmos iterados estan dados por
Ini(-) =In(-), Injpa(-) =In(ni(-)), JjEN,
y las exponenciales iteradas estdn definidas por
e0=0, ej+1=e%, jeNyg=NU{0}.
Maés ain, probamos la secuencia analoga de desigualdades en
el intervalo exterior (r,c0) para f € C5°((r,00)), r € (0, 00),

y una vez mas probamos la optimalidad de las constantes

involucradas.
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1 Introduction and notations employed

Given the notation introduced in (1.4)—(1.8) we will prove in this paper that the constants A(m, «)
and the N constants B(m, «) appearing in the power-weighted Birman—Hardy—Rellich-type integral

inequalities with logarithmic refinement terms,

/pd:vxo“f(m)(:v)|2 > A(m, ) /pdxgco‘_2m‘f(:v)|2
0 0

2
)

N k
+Bm,a) Y [ deat = [y /o) 2| f(e) (11)
k=170 p=1

FeCs((0,p), m,NeN, a €R, p,y€(0,00), v = enp,

recently proved in [41], are optimal (i.e., sharp). Moreover, we prove optimality of A(m,a) and
the N constants B(m, «) for the analogous sequence of inequalities on the exterior interval (r, 00),

that is,

2

/OO dx:va‘f(m)(xﬂz > A(m, ) /OO dz ™| f ()|

2
)

N k
+ B(m, a) Z/ dx x*~ 2™ H[lnp(ac/l")]*z’f(x) (1.2)
k=1"T" p=1

feC((r,0)), m,NeN, acR, r,T" € (0,00), r > enT.

Of course, (1.1) (resp., (1.2)) extends to N =0, p = oo (resp., to N = 0, r = 0) upon disregarding
all logarithmic terms (i.e., upon putting B(m, a) = 0).

In their simplest (i.e., unweighted) form, the Birman—Hardy—Rellich inequalities, as recorded by

Birman in 1961, and in English translation in 1966 [19] (see also [45, pp. 83-84]), are given by

p 2 pp
o O () |2 [(2m — 1)1 2 () [2
| delrm@f = BT [Fanam g, (13)
feCy((0,p), meN, 0<p<oo.

The case m = 1 in (1.3) represents Hardy’s celebrated inequality [51], [52, Sect. 9.8] (see also [61,
Chs. 1, 3, App.]), the case m = 2 is due to Rellich [81, Sect. II.7]. The power-weighted extension
of (1.3) is then represented by the first line of (1.1) (i.e., by deleting the second line in (1.1) which

contains additional logarithmic refinements).

Even though a detailed history of the power-weighted Birman-Hardy—Rellich inequalities was
provided in the companion paper [41], we will now repeat the highlights of this history for matters

of completeness.

We start with the observation that the inequalities (1.3) and their power weighted generalizations,
that is, the first line in (1.1), are known to be strict, that is, equality holds in (1.3), resp., in the
first line in (1.1) (in fact, for the entire inequality (1.1)) if and only if f = 0 on (0, p). Moreover,
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these inequalities are optimal, meaning, the constants [(2m — 1)!1]2/22™ in (1.3), respectively,
the constants A(m,«) in (1.1) are sharp, although, this must be qualified and will be revisited
below as different authors frequently prove sharpness for different function spaces. In the present
one-dimensional context at hand, sharpness of (1.3) (and typically, its power weighted version,
the first line in (1.1)), are often proved in an integral form (rather than the currently presented
differential form) where f("™) on the left-hand side is replaced by F and f on the right-hand side
by m repeated integrals over F'. For pertinent one-dimensional sources, we refer, for instance, to
[14, pp. 3-5], [22], [24, pp. 104-105], [42, 49, 51], [52, pp. 240-243], [61, Ch. 3], [62, pp. 5-11],
[64, 72, 80]. We also note that higher-order Hardy inequalities, including various weight functions,
are discussed in [60, Sect. 5], [61, Chs. 2-5], [62, Chs. 1-4], [63], and [79, Sect. 10] (however,
Birman’s sequence of inequalities (1.3) is not mentioned in these sources). In addition, there are
numerous sources which treat multi-dimensional versions of these inequalities on various domains
Q) C R™, which, when specialized to radially symmetric functions (e.g., when € represents a ball),
imply one-dimensional Birman—Hardy—Rellich-type inequalities with power weights under various
restrictions on these weights. However, none of the results obtained in this manner imply (1.1),
under optimal hypotheses on a and v. We also mention that a large number of these references
treat the LP-setting, and in some references x € (a, b) is replaced by d(z), the distance of = to the
boundary of (a, b), respectively, 2, but this represents quite a different situation (especially in the

multi-dimensional context) and hence is not further discussed in this paper.

To put the logarithmic refinements in (1.1) (i.e., the second line in (1.1)) into some perspective
and to compare with existing results in the literature, we offer the following comments: originally,
logarithmic refinements of Hardy’s inequality started with oscillation theoretic considerations going
back to Hartman [53] (see also [54, pp. 324-325]) and have been used in connection with Hardy’s
inequality in [38, 43], and more recently, in [39, 40]. Since then there has been enormous activity
in this context and we mention, for instance, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12], [14, Chs. 3,
5], [16, 17, 18, 21, 23, 25, 26, 27, 28, 29, 31, 32, 33, 34, 35, 36, 37, 39, 44, 46, 47], [48, Chs. 2,
6, 7], [66, 57, 65, 66, 67, 68, 70, 71, 74, 76, 77|, [81, Sect. 2.7], [82, 83, 84, 88, 89, 90, 91]. The
vast majority of these references deals with analogous multi-dimensional settings (relevant to our
setting in particular in the case of radially symmetric functions), several also with the LP-context.
For m > 2 the inequalities (1.1) and (1.2) proven in [41] were new in the following sense: the
weight parameter o € R is unrestricted (as opposed to prior results) and at the same time the

conditions on the logarithmic parameters v and I' are sharp.

The issue of sharpness of the constants A(m, «) and B(m, «) appearing in (1.1) is a rather delicate

one and hence we offer the following remarks, the gist of which can be found in [41, Appendix A].

We start by noting that the smaller the underlying function space, the larger the efforts needed
to prove optimality. Many of the results cited in the remainder of this remark, under particular

restrictions on the weight parameter «, establish sharpness for larger classes of functions f which
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do not automatically continue to hold in the C§°((0, p))-context. It is this simple observation
that adds considerable complexity to sharpness proofs for the space C§°((0,p)). (The issue of
dependence of optimal constants on the underlying function space is nicely illustrated in [30].) By
the same token, optimality proofs obtained for C§° function spaces automatically hold for larger
function spaces as long as the inequalities have already been established for the larger function
spaces with the same constants A(m,a), B(m,«). This comment applies, in particular, to many
papers that prove sharpness results in multi-dimensional situations for larger function spaces such
as! C§°(B(0; p)) or (homogeneous, weighted) Sobolev spaces rather than C5°(B(0; p)\{0}). Unless
C5°(B(0; p)\{0}) is dense in the appropriate norm, one cannot a priori assume that the optimal
constants A(m, @) and B(m, &) (with & appropriately depending on n, e.g., @ = a+n —1) remain
the same for C§°(B(0;p)) and C5°(B(0; p)\{0}), say. At least in principle, they could actually
increase for the space C§°(B(0; p)\{0}).

Turning to a review of the existing literature, sharpness of the constant A(m,0), m € N (i.e., in
the unweighted case, oo = 0), corresponding to the space C§°((0,00)) has been shown by Yafaev
[91]. In fact, he also established this result for fractional m (in this context we also refer to
appropriate norm bounds in LP(R";d"z) of operators of the form |z|? |—iV| ™" 1 < p < n/B,
see [13, Sect. 1.7],[14, 55, 58, 59, 78, 86], [87, Sects. 1.7, 4.2]). Sharpness of A(2,0) (i.e., in
the unweighted Rellich case) was shown by Rellich [81, pp. 91-101] in connection with the space
C§°((0,00)); his multi-dimensional results also yield sharpness of A(2,n—1) forn € N, n > 3, again
for C§°((0,00)); in this context see also [14, Corollary 6.3.5]. An exhaustive study of optimality of
A(2,a) (i.e., Rellich inequalities with power weights) for the space C§°(Q2\{0}) for cones Q C R,
n > 2, appeared in Caldiroli and Musina [21]. The authors, in particular, describe situations where
A(2, @) has to be replaced by other constants and also treat the special case of radially symmetric
functions in detail. Additional results for power weighted Rellich inequalities appeared in [74, 75];
further extensions of power weighted Rellich inequalities with sharp constants on C§°(R™\{0})
were obtained in [69]; for optimal power weighted Hardy, Rellich, and higher-order inequalities on
homogeneous groups, see [82, 83]. Many of these references also discuss sharp (power weighted)
Hardy inequalities, implying optimality for A(1, @). Moreover, replacing f(z) by F(x) = fom dt f(t)
(or F(z) = [ dt f(t)), optimality of the Hardy constant A(1,0) for larger, LP-based function
spaces, can already be found in [52, Sect. 9.8] (see also [14, Theorem 1.2.1], [61, Ch. 3], [62, pp. 5—
11], [64, 72, 80], in connection with A(1,«)). We mention that Theorems 4.1 and 4.7, which assert
optimality of A(m,a) in (1.1) and (1.2), were already proved in [41, Theorem A.1] using a different
method.

Sharpness results for A(m,«) and B(m,a) together are much less frequently discussed in the
literature, even under suitable restrictions on m and «. The results we found primarily follow upon

specializing multi-dimensional results for function spaces such as C§°(Q\{0}), or C§°(£2), 2 C R

THere B(0; p) C R™ denotes the open ball in R™, n > 2, with center at the origin z = 0 and radius p > 0.
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open, and appropriate restrictions on m, a, and n > 2, for radially symmetric functions to the one-
dimensional case at hand (¢f. the previous paragraph). In this context we mention that the Hardy
case m = 1, without a weight function, is studied in [1, 2, 5, 9, 20, 23, 26, 36, 50, 57, 65, 85, 89] (all
for N =1), and in [10, 28, 46] (all for N € N); the case with power weight functions is discussed in
[17, 47], [48, Ch. 6] (for N € N); see also [66]. The Rellich case m = 2 with a general power weight
on C§°(2\{0}) is discussed in [21] (for N = 1); the Rellich case m = 2, without weight function
on C§°(Q), is studied in [26, 27, 29] (all for N = 1), the case N € N is studied in [4]; the case of
additional power weights is treated in [47], [48, Ch. 6], [71]. The general case m € N is discussed
in [6] (for N = 1) and in [15, 47], [48, Ch. 6], [90] (all for N € N and including power weights,
but with additional restrictions). Employing oscillation theory, sharpness of the unweighted Hardy
case A(1,0) = B(1,0) = 1/4, with N € N, was proved in [43].

As will become clear in the course of this paper, the special results available on sharpness of the
N constants B(m, a) are all saddled with considerable complexity, especially, for larger values of
N € N. For this reason only sharpness of the constants A(m, «) was derived in [41, Appendix A]
and sharpness of A(m,«) and B(m,«) was postponed to this paper which therefore should be

viewed as a companion of [41].

In Section 2 (a very massive one) we establish all the preliminary results, culminating in Lemmas
2.13 and 2.14, required in the remainder of this paper. The methods used in this section are
adaptations of those in [15, Sect. 3]. The basic approximation procedure is introduced in Section
3, with Corollaries 3.12 and 3.13 summarizing the principal results. Our final Section 4 then
proves optimality of the NV + 1 constants A(m, «) and B(m, «) for the interval (0, p) in Theorems
4.1 and 4.2 and for the interval (r,00) in Theorems 4.7 and 4.8 based on Lemmas 2.13 and 2.14
and Corollaries 3.12 and 3.13. We also mention that Theorems 4.2 and 4.8 still hold if the repeated
log-terms In, (- ) (see (1.5) below) are replaced by the type of repeated log-terms used, for example,
in [15, 16, 17, 90].2

We conclude this introduction by establishing the principal notation used in this paper: for j € Ny
(with Ng = NU {0}) we define e; by

8020, 81:1, €j+1 :eej, jEN (14)

For N € N, v, p € (0,00), with v > pen, and 1 < j < N, we define In;(y/z), for 0 < z < p, by

oy (v/2) = In(y/x),  Injp(v/z) =n(n;(v/2)), 1<j<N-L (1.5)

For the rest of this paper we shall assume that N € NU {0}, m € N, a € R, v,p € (0,00), with

?Detailed proofs of Theorems 4.2 and 4.8 for the type of log-terms used in [15, 16, 17, 90] are available from the

authors upon request.
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v = pen+1. We shall write

A(m,a) =47 ]2 —1-0a)?, (1.6)
j=1
B(m,a) =47 J] @i-1-0a) (1.7)
k=1j=1,j#k
Note that if &« € R\{2j — 1}1<;j<m, one has
B(m,a) = A(m, « Z2j—1—a . (1.8)
j=1

We assume ¢ € C*°(R) satisfies the following properties:

(i) 4 is non-increasing, (1.9)
1, x<8p/10,

(i) P(x) = (1.10)
0, = > 9p/10.

For g € C*°((0, p)) we shall write

Inlg) = [ daatlg™ @) - Alm,) [ dzot gt
0 0
N ., k (1.11)
= Blma) Y [ a2 g) P [T nyty/) 2
k=170 j=1
provided that
P ) P
/ da:xo“g(m)(:c)‘ < 00, / dz x* 2™ |g(z)|* < oco. (1.12)
0 0
For j=0,1,...,N and 8 € R we introduce
oo(B)=(02m—1—a+f)/2,
(1.13)
o;(B)=—(1-p)/2, j=1,...,N.
For 0 < j <k < N and € = (g9,1,...,6Nn), Where €g,1,...,en > 0, we shall write
F ( F],k €0,€1,...,€ N)a
P
= [ doa e (/)] g )
0 (1.14)

X i (y/@)] 7 - [Ing (v /2)] 7
x e (/)] =5 - [ (y/2)] 5 [ ()]
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In particular, if N € N,

N

P
Toale) = [ dea % [T /a) ()
0 k=1
p k N
Poa(®) = [ doa = [Tima/a) = [T Mo/ = @P, k=1,
0 =1 p=k+1
(1.15)
p k N
Dua(e) = [ doa 0% [nata/m) 75 ] Mo/l @@, k=L,
0 =1 p=k-+1
o N
Pan(e) = [ doa™ 14 [Jlmer/o)l = (o).
0 (=1
For k € N we shall write Py for the polynomial
Py(o)=0(c—=1)---(c—k+1), oceR (1.16)
For B = (Bo, B1,- -, Bn), where B, B1,..., BN € R, we introduce
xo0(Bo) O<z<p, N=0,
v8(T) = Vgo,p1,....0n (T) = (1.17)
0(B0) [T, [Ine(y/2)] =), 0 <z < p, N €N,
and
fa(x) = fa0,p1,..0n (2) = vp(2)P(2), O0<2<p. (1.18)

If N € Nand gy = (e1,...,en), where e1,...,exy > 0, we define hye : (0,p) = R, £ € N,
iteratively by

N ‘
hie, () = hie,,... Z::ak €k 7];[1 In;(~/z)] 7Y, w19
hetie, () = xhy, (z), (€N
Note that, since v/ > v/p > eny1, one infers that
n;(y/z)] ' <1, O0<z<p, j=1,...,N. (1.20)
For 0 < j <k <N and fo,B1,...,0xn € R, we define a;1(8) = a;,x(Bo, B1, - - - Bn) by
a0,0(8) = [P (00(50))]” = A(m, a),
an.x(8) = o (By){ Pan(o0(80)) Pi (o0 (B0)) o (B) + 1] + [P (00 (80))] "o (Bw) }.
45.4(8) = 73 (8:){ Pon (00(80)) Pis (00(B0)) o5 (85) + 11 + [Pr,(00(B0)))*04(85) }
— B(m, ), 1<j<N-1, (121)
ao,;(B) = 20(B8;) Pm(00(B0)) Py, (00(5o)), 1<j<N,
a5(8) = 0x(B) { Pon (00(80)) Prn (00 (80))[205(85) + 1] + 2 [ Prn 00(80))] 75 (87) }

1<j<k<N.
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If NeN, Bo,B1,...,8n € R, and 1 < j <k < N, then we define b; x(3) = bj (8o, f1,---,BNn) b
bj,;(B) = ﬂp (90(B0)) Py (00(Bo)) + [P&(UO(BO))]Q] (B — B7) +a; ;(B),

I<j<N,

by (8) = a5(8) — 7 [Pon(o0(B0)) Pl (0(50) + [Phu(oo(0))]*] (1 — 26,1~ i),

1<j<k<N.

(1.22)

For the rest of this paper we shall assume that M € (0, c0) is fixed and that g, e1,...,enx € (0, M),
constants denoted by ¢;,j € N, will depend on N € NU{0}, v, p € (0,00) with v > peni1, m € N,
a€R, M e (0,00), and ¢ € C*®°(R), but will be independent of €9, 1,...,ex € (0, M).

2 Preliminary results

We mention again that the methods used in this section are adapted from [15, Sect. 3].

Lemma 2.1. Let j € {1,...,N + 1} and 8 € R. Then, for all 0 < z < p,
%[ma‘(v/w)]*ﬁ = B ing (v /)] 71+ iy (y/a)] ™ g (/)] 77 (2.1)
Proof. For j =1, (2.1) clearly holds. Suppose that (2.1) holds for j € {1,...,N}. Then
2 iy a(2/2)) " = < il (/)]

= Bl (/)] iy (/)] o))

g T L 22
= =By (y/2)) P lng (/)] (=12t [ e (y/2)]
k=1
H Ing(v/x)]~ 1n,+1(7/x)] 1-8
k=1
The result now follows by induction. O

Lemma 2.2.

(i) [Pun(oo(0))]" = A(m, ).
1

(i) +{ [P(0(0))]? ~ P(o0(0)) P 00(0))} = B(m. ).
Proof. Since (i) is clear, we only need to prove (ii). Since both sides of (i) are continuous in «,
we may assume that o € R\{1,3,...,2m — 1}. For 0 € R\{0,1,...,m — 1} one gets

o) = (0 —1)(0—2) (o —m+1)
+o(c-2)---(c—-m+1)+--4+0o(c—-1)---(c —m+2) (2.3)
=0 'Pu(o)+ (0 —1)"'Pplo) +--- 4 (0 —m+ 1) Py(0),
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hence .
P(o)[P = (e—-5)7", (2.4)
7=0
thus, differentiating both sides,
m—1
Pu(0) Py (0) = [Pr (o)) = WD (o= (2.5)
7=0

Put 0 = (2m — 1 — «)/2. Then o € R\{0,1,...,m — 1} if and only if o € R\{1,3,...,2m — 1}.
So, by (2.5), part (i), and (1.8), for & € R\{1,3,...,2m — 1}, one obtains

P (2m — 1 — ) /2)] = P2 — 1~ a)2)PL((2m — 1~ 0)2)
= [Pu((2m—1-a)/2) m_ (2””“1‘“—;), 20
that is,
[P, (00(O)]? — P (0)) PLs(0(0)) = 4P m 1w
ma)i@j—l—a (2.7)
- 43(m,oé)J_1

Remark 2.3. Let hye : (0,p) = R, £ €N, be as in (1.19). For all £ € N with £ > 3, there exists
c1(€) > 0 such that for all e1,...,eny € (0, M) one has

hee, ()] < cr(On(y/x)] 72, 0<z<p. (2.8)

Lemma 2.4. Suppose N € N. Let ve = Uy e, : (0,p) = (0,00) be defined as in (1.17). Then,
for T €N,

N

’Ué‘r)(ib) _ xao(so)—'r H[ln] (’7/%)] o 5]){PT(O'O(50))

j=1
+ Pl(00(20)) 1 g, (%) + (1/2) P (00(20)) [ ¢, (2)]° + (1/2) P} (a0(20))hae, (x)  (29)
+ ET_E(;C)}, 0<z<p,

where E. () is of the form

ET,g(x) =FErcoer,en ()

Q(r) (2.10)
= Z Pr,j [hlél (‘T)]wtj'l U [hT,él (x)]wﬂjjv 0<z<p,
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for some Q(1) € Nyw,jr € NU{0} forall j e {1,...,Q(1)} and k € {1,...,7}, pr;j € R for all

j€{l,...,Q(7)}. Moreover, there exists co = co(7) > 0, independent of o, 1,...,n, such that
‘pm- [P1e, (@)t The e (:E)]w”‘| < eofln(y/2)]73, 0<x<p, (2.11)
forall j €{1,...,Q(7)}. Hence

|Ere(2)] < e2Q(m)In(y/2)] 7%, 0 <z <p. (2.12)

Proof. We prove this result by induction on 7 € N. For brevity we shall write o; = 0;(¢;),j =

0,1,..., N, in this proof. For 7 = 1 we have, by Lemma 2.1,

N
vi(x) = %! H[lnj(w/:v)]f"j (00 +hie, (@), 0<z<p. (2.13)
j=1
For 7 = 2 we have
N
vl (2) = 270 H[lﬂj (v/2)]77 (00 = 1+ hig, (2)) (00 + I g, (2))

N
a7 [Ty (/)] (2 hae (2)
NJ_
=272 [ [ n; (v/2)] =77 {o0(00 — 1) + (200 — Dh1 e, (2) + [h1 e, (@) + hag, (2)}. (2.14)

J=1

For 7 = 3 we have

N
V() = 27073 [ [ Iny (/)] (00 — 2+ ha ¢, (2)) {o0 (00 — 1)

+ (200 = Dhig, () + [hag, (2)]* + hag ()}
N
+ 277 [y (v/2)] 771 {(200 — Dhae, (x) + 2k ¢, (@)hoe, (x) + Dz, () }
i=1

N
= go03 H[lnj (’y/il?)]idj {P3 (UO) + Pé(o'o)hl,gl (.CC)

+ (1/2) Py (00)[h1 ¢, ()] + (1/2) P (90) ha g, () + Es,g(x)} (2.15)
where
Esc(z) = [hg, ()] + 3h1g, (2)hoe, (x) + hag, (@), (2.16)

hence the result holds for 7 = 3 by Remark 2.3 and (1.20). Next, we assume that the lemma holds
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for 7 € N. Differentiating (2.9) yields

N
’UéT-H)(,T) =701 H[lnj (v/2)]7% (00 — 7 + hie, (@) {PT(UO)

j=1

+Pl(00)h1 g, () + (1/2) P (00) [l g, ()] + (1/2) P/ (00) ha g, () + Eng(x)}

N
+ 27 [ ny (/)] {Pr/(f)’o)hlél (2)

Jj=1

+ P(00) 1., (@)hac, () + (1/2) P (00)hs ., () + 0B, () |

N
= goo—(T+1) H[lnj('y/x)]fdj {PT(UO)(UO -7)+ [PT(UO)

+ P(00)(00 — 7)]h1e, (x) + [(1/2) P} (00) (50 — T) + PL(00)] [l ¢, ()]?
+ [(1/2)P!(00)(00 — 7) + PL(00) | hae, (z) + Er+1,§(9€)}

N
= goo—(7+1) H[lnj (y/x)] % {Pr+1(00) + P7/-+1(00)h1-,§1 (z)

+(1/2) Py (00) [l g, ()] + (1/2) Py (00)ha g, (2) + Er+1,g(f1?)}7 (2.17)

where

Erp1c(z) = (1/2) P (00)[h1e, (2)]* + (3/2) P/ (00)hi e, (x)hac, (z)
+ (00 — T)ET,Q(‘T) + hl,gl (x)ET,g(gc) + (1/2)P7I-/(00)h3,§1 (z) + QCE;-;(‘T) (2.18)

Thus, by (1.19), Er41..(z) can be written in the form

Q(T+1)
Erj1e(z) = Z pra1jlhig (@) Ry g (@)] 0 (2.19)
=1

for some Q(7 +1) € Nywry1,56 € NU{0} for j € {1,...,Q(r + 1)} and k € {1,...,7 + 1},
pr41,; € Rfor j € {1,...,Q(r+1)}. By (2.18), (1.19), (1.20), and Remark 2.3, there exists ¢z > 0,
independent of €g,e1,...,en € (0, M), such that, for all 0 < z < p,

[Prstglhn g, @] [ (@)] P09 | < Glln(y/2)] . (2.20)
Hence the lemma holds for 7+ 1. O

Lemma 2.5. Suppose N € N. Let v = Ve eq,...en : (0,p) = (0,00) be defined as in (1.17),
fe = feoerren = (0,p) = [0,00) be defined as in (1.18), and, for 0 < j < k < N, a;i(e) =

ajr(€0,€1,...,en) be defined as in (1.21). Let G1c = G1(e0,€1,...,en) € R be defined by?

P P
/ dx xo‘|f§(m) (a:)|2 = / dx xo“vém) (a:)|2[1/1(x)]2 + G (2.21)
0 0

30ne notes that, since g > 0, (1.10) and Lemma 2.4 imply that the integrals in (2.21) are finite and hence G1 ¢

is well-defined.
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Then there exists c3 > 0, independent of €g,€1,...,en, such that
|G1e| < s, (2.22)

and

In-ilfe] = Gre + Z a;k (€)' k(€)

0<j<hkSN
) N (2.23)
+ [z TTiny /)] 2 G (@)
0 i
where Goe = Go.e.er,...en - (0,p) = R satisfies
’Gg_é(:zr)’ <es[ln(y/2)]73, 0<x<p. (2.24)

Proof. We shall write 0; = 0;(¢;), j =0,1,..., N, in this proof. By Lemma 2.4 we have

N
o) (@)]* [ (@)? = 220~ T liny (/)] 77 [ Pu(o0)

j=1
+ Py (00)h g, (2) + 5P(00)[h g, (2)]* + 5 P (00)hag, (%) + B g(2) )

N
= g?loo—m) H[lnj (y/x)] %7 { [P (00)] s 2P, (00) Py, (00)hi ¢, ()
j=1

+ | Pu(00) P21 (00) + [P (00)]| b1 o, (2)]2 + Pon(00) P (00, (@)

i Gg,a<:c>}w<w>]2, (2.25)

where, by Lemma 2.4, Goc = G2.c0.e1,....en : (0, p) — R satisfies

|Gac(2)] < calln(y/a) 2, 0 <z <p, (2.26)
for some ¢4 > 0 independent of €g,e1,...,en € (0, M). Direct computation shows
p N N
/ dr >0 T Iy (y/2)] > ha e, (2) [(2)]* = D 0,T0,4(e), (2.27)
0 i1 et
i 2(oo—m)+a " —20; 2 2 z 2
da x [Ty (v/2)] 27 (o, (@)P[(2)])* = D 03Ty5()
0 j=1 j=1
+2 > oodk(e), (2.28)
1<j<k<N
p N N
[ dmazerm e Tl /)b, @@ = 300,754
j=1 j=1
+ ) owljxle) (2.29)

1<j<k<N



128 F. Gesztesy, I. Michael & M. M. H. Pang

Combining (2.25) and (2.27)-(2.29) yields

/0 " du 2|0 (@) * [ (2)]? = [Pu(00)] Toy(e)

] =

+ > 2Py(00)P,,(00)o;T0 (g)

<.
Il
-

_|_

-

{ | Pn(00) Pl (00) + [Phy(00)]* % + Pm<ao>P,;;<ao>aj}rj,j<§>
1

J

+
(]

{2[Patou)Pion) + [Potou))*]oson + Pulon)Prtonton Tyu(2

1<j<k<N
o N
+ / dm“”o-mwj:r[lunm/x)]-%Gz,§<x>[w<w>12. (2.30)

Equation (2.23) now follows from (1.11), (2.21), and (2.30). Since

E(m) () = Z <m) Uémfj) (Iw(j)(x), (2.31)

B J
we have, by (1.10),

p P
G = al p(m) 2_ al,,(m) 2 2
Gr] ’/ a0 @) = [ dza ol o) (o)

[ L@ 3 (T e + (3 (1) e @) )

j=1 j=1
m (0.9)p
< 22 (m) / dx xo‘]vgm) (z)v{m=9) () )|w(x W,(J) ()]
=1 J (0.8)p B B
m (0.9)p
m\ [m s e
+ Z ( ) (k)/ dxa® ‘vém ‘7)(x)vé R ( Hw @ ()™ (z )] (2.32)
G k=1 J (0.8)p
Hence Lemma 2.4 implies that there exists ¢5 > 0, independent of eg,é1,...,ex € (0, M), such
that |G1,| < ¢5. Thus Lemma 2.5 is proved upon putting c3 = max{cs, ¢5}. O

Lemma 2.6. Let k € {0,1,...,N} and By, B1,..., 8k = 0. Then

p
/ drx 7P Ing (/)] 7P Ing (v /2)] 7P < o0 (2.33)
0
if and only if
ﬁo > 07
or Bo =0 and 5, > 0,
or fo=p1 =0 and 2 >0, (2.34)

or Bo=p1 == Pr_1 =0 and By > 0.
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Proof. This follows from Lemma 2.1 and (1.20). O

Lemma 2.7. Let 8 € (—oo,1). Then there exists c¢ = cg(B) > 0, independent of €9 € (0, M),
such that

/op da 50 lny (/)] P (@) < coey (2.35)

Proof. Writing 7 = € *[In(y/p)]~* > 0, and using the change of variables
—1
s =¢ey [In(y/x)] ! (i.e., T = yecos ),
B (2.36)
1,1 -2 . O G
ds =¢q o [In(vy/z)] " “dx (z.e., de =~vey s eEoSds),

one obtains

/ " da a0 n(y/2) P @) < / dw a1 in(y /)7 = 4oey + / s T

0 0 0
o0 -1
< (750/ ds s‘“%?)gg”ﬂ. (2.37)
0
O

Lemma 2.8. Suppose N > 2. Let 8 € (—00,1) and 1 < j < N — 1. Then there exists c¢; =
c7(B) > 0, independent of €; € (0, M), such that

Jj—1

/ " dw o T Mna(r/a)]~ g (/)] g (/)] (@) < ere 0. (2.38)

0 k=1

Proof. Writing 7 = aj*l[lnjﬂ(”y/p)]*l > 0, and using the change of variables

s=¢; [Inja(y/2)] 7, (2.39)
so that, by Lemma 2.1,
ds = e o™ in (y/2)] 7 Iy (v/2)] T g (v/2)] " da, (2.40)
one gets
/0” dea™" [T o (y/a)] ™ oy (/)] 7% [l (/)] =P (2)]
k=1
<€ /OT ds [l (7 /)]~ [l (v/2)]2 7. (2.41)
By (2.39) one has
(e;8)"" = In(In;(v/z)) (i.e., In;(y/z) = e%i® ) (2.42)
Hence
o j-1
/0 do ™" [T o (y/a)] ™ oy (/)] 7% [l (/)] =P (2)]
k=1
’ 88‘6%‘1 g:5) 28 - 86%8_2 B e 18
<[ asey <]>+<(/Od +)J . (2.43)
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Next, we need to introduce some more notation: For 7 € {0,1,...,N —1} and 7 < j < k < N we
write
o T J k
), = [ ac{ SICTTERS R I
' (2.44)

N
< 11 [lne<v/x>11-6fw<x>12}.

e=k+1
By Lemma 2.6, (I‘T(g))j_k is well-defined for 7 € {0,1,...,N — 1} and 7 < j < k < N as the
integral on the right-hand side of (2.44) is finite.

Lemma 2.9.

(i) There exists cg > 0, independent of €9,€1,...,en € (0, M), such that

N
coTo0(e) = > (1 —¢)To () + Gag, (2.45)
j=1
and for j=1,...,N,
N
801—‘0 j Z Ekl—‘k j Z (1- Ek)l—‘.j7k(§) +Gajes (2.46)
k=j+1
where
|Gse| <es,  |Gaje| <os. (2.47)

(i) Suppose N > 2. Let 1 < j < N — 1. Then there exists cg = co(j) > 0, independent of
€0,€1,.--,6N € (0, M), such that

i (Tj-1(8),, = Y, (L=er)(Ty-1(2));,, + Gs.je, (2.48)

where g; = (g5,...,en), and, for j + 1<k <N,

k N
ei(Tj1(8) ;== D ee(Uim1(0) 0y + D (1= (Tjm1(8)) o + Gojie,,  (2:49)
{=j+1 l=k+1

and where

|Gsje,| <co, |Gojne,| < co (2.50)

(iii) There exists c1p > 0, independent of €g,€1,...,enx € (0, M), such that

EOFOO - 2502 FOJ

N
=Y (e =) — > (1—2¢)(1 —er)Tjkle) + Gre, (2.51)
i=1

1<j<k<N
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where

‘G77§’ < C10- (252)
Proof.

(i) We observe

(o o (/)5 (/)] o))

dx
— 2% [l (v/2)]' 75 - [y (/)] 5N () ()
N N
= o 40 [Ty (/)] = W@ = (1 = ex)e 40 lima (/)] T g /)] [ )
N
—(L—en)z 't _H[lnj (v/2)) == [ (@))%, (2.53)

integrating both sides yields

N
G3 e = EQFO 0 Z 1 —&j FO 7 (254)
j=1

%( [Timsty/m)= T [ostr/a))" ww)
- k=j+1
J N
= 20% [ [lna(y/2)] ™ [T Mowly/a)]' =4 (a)e (2)
k=1 k=j+1
J N
= cor O [ e (/@)= [T Mow(v/a)]' ==+ (=)
k=1 k=j+1
J N
+erw oy (/)] [ oe(v/a)) 7 [T Mok(v/@)]' =+ o (2))?
k=2 k=j+1
J N
+eja o [T e/ 7= T ey /)] [0 ()]
k=1 k=j+1
J N
— (L= gje)a o [T Ink(y/2)] " g (v/)] 7= [T nw(y/2)] == ()
k=1 k=j+2
J N
— (I —en)a o [Tnp(y/@) = [T Mon(r/@)) = ()%, (2.55)

k=1 k=j+1
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integrating both sides yields

i N
Gaje=ceolo,(e) + Y exlhj(@) = Y (1—ep)ljk(e): (2.56)
k=1 k=j+1

By (1.10), there exists cg > 0, independent of &g, &1, ..., en € (0, M), such that

Gae| s, |Gugel <os. (2.57)
(i1) One has
d ( —&; al 1—ep 2 -5 . 1—eg /
(/@) [T o(y/a) [¢($)])—2[1nj(7/w)] o T Mo/ = () (@)
k=j+1 k=j+1
Jj—1 N
= ejet [T nn(v/2))  ing(y/w)) =TT Inw(y/)] == ()
k=1 k=j+1
Jj—1 ! N
— (1= ejen)a™t [T Mon(y/a)) oy (v/a)] 7% Mg (v/a)] 7= [T Mow(y/a)]' = ()
k=1 k=j+2
i-1 N
— (U —en)z ! [T me(v/a) g (v/2)] 5 T [w(y/a)) == [ ()], (2.58)
k=1 k=j+1

integrating both sides in (2.58) yields

N

Gse, =€i(im1(0),, = D 1—en)([i-1(9) (2.59)
k=j+1

Similarly one obtains, for j +1 < k < N,

(g /)] Mg (/)54 - /)] 5 [ @)
= 2l (/)] 5 [ /)] g (/)] )] N )y ()
j k N

=gt [[ne(v/@)) " Iy (y/2)] 77 [T Moe(y/@)) =TT Mmely /)= [ ()] +
(=1

l=j+1 (=k+1

j—1 k N
+epr! [T e(v/2)) 7 [ me(y/2)) 7 7% [T Mne(y/a)) == [ (@)]® = (1 = i)z
=1 1=j =k+1
Jj—1 k N
x [ Tme(y/@)) =t [ Ty /@)~ == g (v/@)] =0 T Ine(v/a)] = [ ()]~

=1 (=j 1=k+2

j—1 k N

— (1 —en)a™ [T me(v/@) [T Ime(y/@) 7= TT Mne(v/a)] == [ ()], (2.60)

=1 =j t=k+1
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integrating both sides in (2.60) yields

k N
Gé,jke, = ZEE(Fj71(§))g)k - Z (1- Ez)(Fj—l(é))M- (2.61)
—; t=kt1

y (1.10), there exists cg > 0, independent of €;,...,enx € (0, M), such that
}G5]E | < co, }Gﬁ,j,k,gj} < ¢y, (2.62)

forl<j<N-landj+1<k<N.

(ii) By (i) we have

N
EOFQO —25021—6JF03 = 021—5‘] FOJ +€0G35
j=1
N 7 N
—Z(l—aj){—ZakI‘m + Z 1—ep)l )+G4J5}+50G37§
j=1 k=1 k=j+1
N N N
=3 (—eparlii@ =Y. Y. (1—e)(1 —ex)ljk(e) +Gre, (2.63)
j=1k=1 j=1k=5+1
where there exists ¢19 > 0, independent of €g,e1,...,ex € (0, M), such that
‘G7,§’ < clo. (2.64)
Thus
N
ealo.0(e —25021—5J Ty (e Z (e) + Z (1 —ep)e;lu(e)
=1 1< <k<N
+ ei(l—en)lin(e) — > (1—ex)Tik(e) +Gre
1<j<k<N 1<j<k<N
N
= Z(EJ 53)PJ,7(5) - Z (1=2¢;)(1 —ex)lk(e) + Gre (2.65)
j=1 1<j<k<N
O
Lemma 2.10. Suppose N € N. Then there exists a constant c;1 > 0, independent of €g,€1,...,EN €

(0, M), with the following property: Given any fized e1,...,en € (0, M), there exists a decreasing
sequence {€0.¢}72; € (0,M) and Lo € R such that eg¢ | 0 as £ 1 oo, |Lo| < ci1, and, writing
Je = feorer,..en S defined in (1.18),

%#Ior(l) JN—I[fg] = Z ijq(O, Elye .- ,EN)(Fo(g))jﬂk + Lo. (266)
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Proof. We first note that by Lemma 2.7, there exists c¢12 > 0, independent of €g,e1,...,eny €
(0, M), such that for all eg,e1,...,ex € (0, M) we have

To,0(e) = /Op d ™0 g (/)] 75 - I (/)] 5N [ ()

P N
< /O dz ™' [Ing (7/$)]3/2{[1n1(7/1?)]1/2 kll[lnk (/)] } [v(x)]?

< cpoeg ™2 (2.67)

For j = 1,...,N, by Lemma 2.7, there exists ¢15 = ¢13(j) > 0, independent of €g,1,...,ex €
(0, M), such that for all €g,¢e1,...,ex € (0, M) we have

J N

Fos(e) = [ dram+ [T/l ] Bueto/al == loto)l
0 k=1 k=j+1
P N
za~iteoln z)]/2{ [In z)] /2 n x z)]?
< [ awamr /o) it/ I e 1wt
< cr3eg 2 (2.68)
Since we are fixing €1,...,e, € (0,M), for 0 < j < k < N, we shall consider a;i(e) =
a; k(€0,€1,...,6n) as functions of g € (0, M) only. Then
a070(50) = [Pm(do(éo))]z — A(m, a),
ag,0(€0) = Pm(00(£0)) Py (00(20)),
agyo(&'o) = %{PW(O'Q(E()))P#L(O'Q(E())) + [Prln(g'o(go))]z}’ (269)

k
i) =2 {2 (1Pnto)?

) } k=3,...,2m.
(T:O'()(Eo)

Similarly one has, for j =1,...,N,and k=2,...,2m — 1,

ag;(€0) = 20(5) Pm(00(c0)) Py (00(20)),
ag,;(€0) = 0’.7'(6.7'){ [Pr(o0(z0))]* + Pm(O’O(EO))PZ(O’O(EO))}a (2.70)

k
[

dten) =2 5] 2 (PP

Thus, by Lemma 2.2,

2m
1 - -
a0,0(0) —ao,o(0>+aa,o<0>so+5a3,0(0>63+53(§ (k)" ago(0)eg 3)

= Pr(00(0)) Py, (00(0))e0 + i{Pm(Uo(O))PLQ(O’o(O)) + [P%(O’O(O))f}fg
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Put
2m dk 9
—1lo—k k-3
Gleo) = S (k)12 {W([Pm(a)] ) . }go , (2.72)
k=3 o=00(0)
then there exists ¢4 > 0, independent of €g,e1,...,ex € (0, M), such that
|Gg £0 | C14, €g € (O,M) (273)
Similarly, for j =1,..., N,
2m—1
ao,j(20) = a0 ;(0) + af ;(0)e0 + > (k)™ &)
2
= 20(¢j)Pm(00(0)) Py, (00(0)) + 0 (Ej){ [Pra(00(0)]” + Pm(Uo(O))P#(Uo(O))}Eo
2m—1 dk
+ ( > (1) 2 os(e){ 1 (Pulo)P0) }’“) (2.74)
k=2 a=00(0)
For j=1,...,N, put
2m—1 dk
Gax@@n-§j<M>12“3”@@n{—7(RA@P;wU }%‘% (2.75)
’ do _
k=2 o=0¢(0)
then there exists ¢15 = ¢15(j) > 0, independent of g, e1,...,enx € (0, M), such that
‘Ggyj(ao,aj)’ < C15, jZl,...,N, €0,€5 € (O,M) (276)

Hence, applying Lemma 2.9,

ao,0(e)To0(e +Za03 e)lo,5(e

= P (00(0)) Py, (00(0))20T0,0() + E{Pm(ao(()))P;i(ao(O)) + [Pr(00(0))] }eiToo(e)

+ Gs(20)edToo(e +Z{2ag 5) P (00(0) P, (00 (0)To.5 (&)

+0;(5) ([P (00 (0))]” + P (00(0)) Pl (90(0)) ) 20T0,5 (&) + G520, €,)8 0,4 (0) |

N
= Pp(00(0)) P!, (50(0)) {EOFOO Z 1—¢;)To,(e }

1

7j=1
N
—+ Gg (EQ)EOFO ol&€ + Z G9 i 501 5])501—‘0 J( )

j=1

N
+ Z{Pm(cfo(o))Péi(Uo(O)) + [PMUO(O))}Q}{E?JFQO(@) —250) (1- Ej)Fo.,j(é)}
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= Pa(o0(0) Pl (00(0)Gsc + 1{ Plou(0) P (o0(0)) + [Ph(o0(0))]*}

N

x {Z@j SO - Y (- 25)(1 - ee)Tle) + Gm}
j=1 1< <k<N
+ Gg(EQ)EOFQ ole + Z Gg j EQ, EJ)EOFQ J( ) (2.77)

j=1

Put

Cro = Pra(0(0) Pl (00(0)) G + 1 { P (00(0)) Phs(0(0)) + [Ph(0(0))]” } G

(2.78)
+ Gs(e0)egTo,0(g) + ZGQJ (€0,€5)5T0,5(e)-
j=1

Then by Lemma 2.9, (2.67), (2.68), (2.73), and (2.76), there exists c¢1g > 0, independent of
€0,€1,.--,6N € (0, M), such that

|Groe| <cis,  €0,€1,...,6n € (0,M). (2.79)
Let {€0,¢}32, be any decreasing sequence in (0, M) with limgtoe €00 = 0. Applying Lemma 2.5,
(2.77), and (2.78), we have, with g9 = £¢ ¢,

N

In-1lfe] = Gre+ /p do = e T ny (v/2)]' =% Gao.e (@) [ (2)]
0 i=1
+ a0,0(€)T0,0(e ZaOJ e)lo,;(e Z ajk(£)5,1(€)
1<j<k<N
p N
= it n; (v/2)] " Gec (x x)]?
G+ [ Iinstr/2]' = Gaclolvte)
N
+ G+ 1{ Paonl0) P00 + [Phlon())* }{ 065 = 0560
j=1
- > (1—2sj)(1—sk)rj_,k(§)}+ > ajk(@lj(e)
1<j<k<N 1<i<k<N
= 1{Pu(e0(0) (0 (0)) + [P (omQ}{Z(eJ 014(0)
- Y )@ Gt Y el (@50)
1<j<k<N 1< <k<N
where
p N
Giie = Gi(eoe,€1,---,6N) +/0 da x~ 1 Te0 H[lnj(’Y/x)]lfsjG2,§($)[1/’(17)]2

+G10(607g,€1,...,€]v). (281)
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By (2.24) and Lemma 2.1 there exist ¢17, 18 > 0, independent of g, €1, ...,enx € (0, M), such that

N

[ asam = [ im0 a5 G (@) o)

1

P N
< / d:cchlunl(v/x)]3/2{[1n1<7/x>1“2H[lnj<v/x>1}w<x>12

j=2

< 7 /OP dr 2z~ Ing (”y/x)]fg/Q[d)(:c)]Q = c18 < 00. (2.82)

This, together with (2.22) and (2.79), implies that there exists ¢11 > 0, independent of g, £1,...,ex €
(0, M), such that

’Gll,g‘ <011, €0,€1,-.--,EN € (O,M) (283)
By compactness of [—c11, ¢11], there exist a subsequence {eq s, }Zozl and Lg € [—c11, ¢11], such that
lim Gll(&‘o_gp,&‘l,...,a]v) :Lo. (284)

ptoo '

We shall regard this subsequence as {eg¢}32;. For 1 < j < k < N we have, by monotone
convergence,

%#g Fj,k(ao.,lvglv s 7€N) = (Fo(é))j k(alv s 7€N)' (285)

Js

The lemma now follows from taking the limit £ 1 oo in (2.80) and using (2.81) and (2.83)—(2.85). O

Lemma 2.11. Suppose N > 2. Then there exists a constant ci9 > 0, independent of g, €1,...,eN €
(0, M), with the following property: Let p € {1,...,N —1} and let €pt1,...,en € (0, M) be fized.
Then there exist L, € R, with |L,| < c19, and a decreasing sequence {ep¢}7°, C (0, M) with
ep,e 4 0 as €1 oo, such that

%Hn Z bjyk(o,...,O,Epyg,Eerl,---aEN)(prl(é))j)k

oo
p<G<k<N

= D> b0, 0, en) (Th()  + Ly (2.86)
pHISG<hEN

Proof. By Lemma 2.2 one obtains

byp(0s 10,20 EpirseenrEn) = E{PW(UO(O))P#L(JO(O)) + [Phloo(0)]*} e —22)

(1= £){ P 00(0) P 0005 1+ 25) = [Ph(a00)] 51 - &) | - Blm. )

N =

P (00(0)) Pla(00(0)) = [Pra(00(0))]* bep = = Blm, a)ey, (2.87)

|
B~ =
— =
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and, for j =p+1,..., N, one gets

by (0, 0,Ep, Epits. ) = aj(aj){Pm(ao(O))P;g(ao(O))sp — [Pl (o0(0))] (1 — sp)}

575 { P(00(0)) P 00(0) — [Ph(00(0))]*}
= B(m,a)(1 —¢;). (2.88)

Thus, by Lemma 2.9,

N
bpp(0,...,0,6p,Epti,- .- EN) (I‘pfl(g))p_’p + Z bp,;(0,...,0,6p,Ept1,. .- ,EN)(Fp,l(g))

P,J
Jj=p+1
N
= ‘ - B(maa){fp(rp—l(é))pﬂp - > - Ej)(lﬂp—l(é))pyj}’ < 1, (2.89)
J=p+1
where ¢19 = B(m, a) max{cg(1),...,co(IN — 1)} > 0 is once again independent of €g,€1,...,en €

(0,M). Hence by compactness of [—cig, c19] there exist a decreasing subsequence {e, ¢}52, of

{3}52, and L, € [—ci9, c19] such that

Ly, =1imb,,(0,...,0,ep0,ps1,-.-.6n)(Dpo1(e))

JAReS) p,p
N
+ ) b0 0,8p i en) (Dpmr(9)),, - (2.90)
Jj=p+1
By monotone convergence
}iglo Z ijC(O,...,O,Ep)g,gp_,_l,...,EN)(Fp_l(Q))jyk
pHISISESN
= Y bjk(0,. -, 0, epr1, .y en) (Tp(€)) ;- (2.91)
pHISISESN
The lemma now follows from (2.90), (2.91). O
Lemma 2.12. We have
lim by n(0,...,0,en) = B(m, ). (2.92)
ENJ,O
Proof. We have, by Lemma 2.2
lim bN_N(O,...,O,EN) = lim CLNyN(O,...,O,EN)
enil0 ' end0
. 1 2
= Ehr?o —1(1 - aN){Pm(ao(O))P,’,;(ao(O))(l +en) — [Ph(c0(0)]"(1 = gN)}
N
1 2
= 1{ (Pr(o0)]? - Paton(@) Pro0(0) } = Bl (2.99)
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Lemma 2.13. Suppose N € N. Then given any n > 0, there exist €o,€1,...,en € (0, M) such
that if fe = feo,er,....en 5 as defined in (1.18), one has

o N -1
a—2m — 2
aaald| [ asar TG/l 2 @F | - Blma)| <o (294)
0 ;
J=1
Proof. Let ¢op = max{ci1,c19} > 0, independent of €g,e1,...,eny € (0, M), where ¢11 and c19 are

as in Lemmas 2.10 and 2.11. By Lemma 2.6 and monotone convergence one infers

o N-1
tim [ dra™ T g /a)] D /)] = @) = (2.95)

Thus, we can choose e € (0, M) sufficiently small such that

N-1

[ doa TL i) s /)=~ o) > 1, (2.96)
J=1
and
p N-1 —1
020[/ dea* H [n; (y/2)]  Iny (y/2)] 15N [ ()] <, (2.97)
j=1
and, by Lemma 2.12,
|ba,n(0,...,0,en) — B(m, )| <. (2.98)

Thus, for any Ry_1 € [—ca0, c20), one has

=2

-1

}{bN_’N(O,...,O,EN)(FN 1( ))NN+RN 1}{/0pdx;c1 [h}j("y/x)]*l

Jj=1

< [y (/)] [ww]  _Bm.a)

g |bN7N(O O EN) —B(m Oé)|

p N-1 —1
on [ [ T/ /) I-ENWW]
Jj=1
<2 (2.99)

Suppose first that N > 2. Then, by Lemma 2.11, there exist Ly_1 € [—c19, c19] and a decreasing
c (o,

sequence {en—1,0}92; M), with limgyee eny—1,¢ = 0, such that

gglo Z bjk(0,...,0,en—1,, EN)(FN*Q(Q))J‘,/@
N-1<G<k<N

= b N (0,...,0,en)(Tv-1(8)) vy + Lv-1. (2.100)
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By (2.96) and monotone convergence, and replacing {enx_1,}72, by a subsequence if necessary,

one can assume that

0 N—
/ { H I (/)] iy (/)] =5 [ (/)] [w<w>[2} >1, e,
= (2.101)

Combining (2.97), (2.100), (2.101), and (2.99) with Ry_1 = Ly_1, and using monotone conver-
gence, there exists ey—1 € (0, M) satisfying

H > bj,k(o,...,o,gN_l,gN)(rN_z(g))j_’k}

N-1<j<ksSN

P N—-2 —1
<(/ dm-ljljlunm:c)rlun]v1<v/x>r1-w1[1nN<~y/x>r1-%<x>P> - B(m,a)

< H Z b;x(0,.. '7075N—175N)(1—‘N—2(§))j7k
N—-1<j<ksN
N2

_ [bN)N(O, e O,EN)(I‘N_l(g))MN + LN_l] } [/Op drz™! 1:[ [n;(v/z)] !
x [ty -1 (y/2)] 7 75 I (y /)] 0 Wﬂﬂ)]z} h
+ ’ {bN,N(Oa - 7075N)(FN—1(§))N7N + LN—I} {/OP dx ™! ]fl:[Q[lnj(V/ff)]_l

X [lnN—l(V/x)]_l_aN1[1DN(7/55)]_1_6N[1/’($)]2:| - B(m, a)

< n+2n=3mn, (2.102)
and
o N—2 N -1
020[/ dra™! H n;(v/z)]~ H [In; (/)] 1~ [1/)(17)]2} <n, (2.103)
0 j=1 j=N-1
as well as
P N-2 N
/ dxx™ H (/)] H [In; (/)] % o (z))* > 1. (2.104)
0 j=1 j=N-1

One notes that by (2.102), (2.103), for all Ry_2 € [—c20, c20],

H Z bjk(0,...,0,en—1, EN)(FN—2(§))j_k + RN—2}
N-1<<k<N '
N

[/pd:ca: lj\i:[j [ (y/@)] ™" [ fogo/a)) W)(I)]z}l _ Bim.a)

j=N-1
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< H > bj)]g(o,...,O,EN_l,EN)(FN—Z(g))jyk}

N-1<<k<N

N—2 N -1
X [/ dea? H (/)] H [In; (/)] 1~ [w(ac)]z} — B(m,a)
0 j=1 j=N—1
o N-2 N ~1
+020</ drz™! H (/)] H [In; (/)] * % [1/1(96)]2)
0 j=1 j=N-1
<3n+n=4n. (2.105)

So we have chosen ey_1,ey € (0, M). If N — 1 > 2, then, by Lemma 2.11, there exist Ly_o €
C(

[—c19, c19] and a decreasing sequence {en—2,}9°, 0, M) with limgteo en—2,¢ = 0 such that

z%g Z bjk(0,...,0,en—2,0.en—1,6n)(TN-3(8)) ;
N—2<j<h<N

= Z bj_,k(O,...,O,aN,l,sN)(FN 2( )) + Ly_o. (2.106)
N—-1<j<k<N

By (2.104) and monotone convergence, and replacing {en_2¢}72, by a subsequence, if necessary,

one can assume that

o N-
/ dxx™ H [In; (/)] Iny—2(y/z)]~ten-2e
j=1

N
X H [Inj(v/z)) S (@) >1, £eN. (2.107)
=N-1

Combining (2.103), (2.106), (2.107), and (2.105) with Ry_2 = Ly_2, and monotone convergence,
there exists eny—2 € (0, M) satisfying

H > bik(0,...,0,en 2 En 1, EN)(FNg(g))j)k}

N—2<j<k<N

[/pd:ca: 1]\1—[3 [l (y/)]~ ﬁ [l (v /)] === [1/)(17)]2} - — B(m,a)
j=1 j=N—2

< H Z bix (0, .. '70,6N—27€N—1,EN)(FN—3(§))J-7,€

N-2<j<k<N

_[ S b0, 0,en1,en) (Tva(e)), , + L 2]}

N-1<j<k<N

x [/OdeI:hjmJ " J—lilzlnj o) ”ﬂ'[w(@f}l

+H 3 bj,k(o,...,o,aN_l,sN)(rN_Q(g))j_’k+LN_2]

N-1<<k<N

N-3 N -1
X [/0 dea? H n;(v/z)]~ J:E[ 2111] (v/)] 1_51[1#(;5)]2} — B(m, )

< n+4n = 5n, (2.108)
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and
o N-3 N -1
020[/ dra™! H n;(v/z)]~ H [In; (/)] =% [ (2)]? <n, (2.109)
0 =1 j=N—-2
as well as
N-3 N
/ dra™! H n;(v/z)]~ H [In;(v/z)] % (2))* > 1, (2.110)
0 =1 j=N—-2

such that for all Ry_3 € [—cap, cao] one infers

H > bik(0,...,0,en—2.en-1,6n) (Tv-s(e ) ;x T By 3}

N—2<j<k<N

N-3 N -1
X [/ dra™! H [n;(y/z)]~ H [In;(y/z)] 1~ [1/)(17)]2} — B(m,a)
0 j=1 j=N—2
< H Z bix (0, .. -70,6N—27€N—1,EN)(FN—3(§))J-7,€}
N—2<j<k<N
N-3 N -1
X [/ dea? H (/)] H [ (/)] 1_Ej[¢($)]2:| — B(m,«a)
0 j=1 j=N-2
P N-3 N 1
+020[/ drx~! H o, (vy/z)]~ H [, (/)] l_af[w(:v)]z}
0 =1 j=N-2
< 5y +n = 6. (2.111)

Repeating the argument above N — 1 times (or if N = 1) one arrives at the following fact: there

exist €1,...,en € (0, M) such that

-1

H Z bjk(0:e1,-- - en) (Tole)), }[/pdx:v J_lJ_V[llnj (v/2)] 7% [ ()

1<G<kEN (2.112)
and
o N -1
[ [ et Tl /o= v <o (2.113)
as well as
o N
[z Tl el > 1. (2.114)
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so that for all Ry € [—caq, co0] one obtains

H D bil0enem) (To@)  + RO}

1<<kEN
an dmlj_fv[lunij)]“j (o Bima)
< H 1<%ﬂ:@vbj,k(o,gl, . ,EN)(I‘O(Q))J._’]C} [/Op de ! j_lj‘v[l[mj(w/x)]—l_aj
-1 P N —1
<W@P| - Bma)| | [Mdoa [t ol
< (2N —1)p+n = 2N7. (2.115)

Then, by Lemma 2.10, there exist Ly € [—ca0, c20] and a decreasing sequence {g¢¢}72, € (0, M)

with limgjes €0,¢ = 0 such that

%iTmJN_l[fEO’Z,EI,MEN]: Z ijC(O,El,...,EN)(Fo(g))j_’k—l—Lo. (2.116)
= 1<G<k<N

By (2.114) and monotone convergence, and replacing {e¢ ¢}72, by a subsequence if necessary, we

can assume that
N

/P do 1 Teo H[lnj(v/x)]flfsj [(x)]* >1, LeN. (2.117)

0 o1

Combining (2.112), (2.113), (2.115) with Ry = Lo, (2.116), (2.117), and monotone convergence,

there exists g9 € (0, M) satisfying
N

Inalfevenn]| [ dea 5 TLms /o) 5 (P  Bima

Jj=1

<HJN_1[fEO,51,,,,,5N]—{ > bj,k(O,al,...,En)(l—‘o(g))jyk+Lo}}

1<G<hEN
N

P -1
| [Mwam [/ = o
i=1
+‘{ Z bj,k(oaalv"'aan)(ro(é))j)k—i_LO}
1<i<kEN
o N -1
«| [Mwamrm [T/l =@ | - Bona)
0 =1
<n+2Ny= (2N +1)n. (2.118)
O
Lemma 2.14. Suppose N =0 and let f., be as defined on (1.18). Then
p 5 p -1
lirflo dz 2| ™) ()| [/ drx® 2™ |f. (2)]2| = A(m,a). (2.119)
€00 Jg 0
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Proof. By (1.10) we have

p (0.8)p
1im/ dx 272" f, (2)]* > lim drz™ 1T = 0o, (2.120)
EOJ,O 0 EOJ,O 0
In addition, one has
fs(;”)(x) = E (m) Pj(00(g0))x0 ) =ip(m=0) (2} 0 <z < p. (2.121)
; J
Jj=0

Thus, for all 0 < z < p,

|t = 3 () () Prtonteon Pulan(eayan 201 im0

= [Pn(00(c0))] "2~ [1)(2)]? + Gra(eo, )
= A(m,a —go)x T [up ()] + Gra(eo, 1), (2.122)

where, again by (1.10),

|Gi2(e0,2)| < c21, €0 € (0, M), 0 <z < p, (2.123)
for some co1 > 0, independent of €g,e1,...,en € (0, M). Hence,
/p dx :Co“fs(;”) (:v)|2 = A(m,a — €g) /p dx x~ e (x)]? + /P dz G12(g0, ), (2.124)
and the 1Oemma follows by dividing both side(; of (2.124) by i
J T e (2.125)
and applying (2.120), (2.12?(:). i O

3 The approximation procedure

We start with some more notation. For the remainder of this paper we shall assume €q,¢1,...,en €
(0, p/20), that is, we shall assume M = p/20. Let fz = feyer....en De as defined in (1.18). Then
for § € (0, p/20), we shall write, recalling € = (g¢,€1,...,eN),

0, r<dorp<ux,
fo)e(@) = (3.1)
fe(z), d<z<p.

We shall let h € C*°(R) satisfy the following properties:

(i) h is even on R, (3.2)

(i) h(z) >0, z€R, (3.3)

(122) supp(h) € (—1,1), (34)
op

(iv) /_1d:ch(:v) _1, (3.5)

(v) h is non-increasing on [0, 00). (3.6)
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For € > 0 we write
he(x) = e ‘h(z/e), z€R. (3.7)

For ¢ € (0,p/20) and € € (0,0/4], we write

f6.0).e = f8).2 * e (3.8)
Remark 3.1.
(i) Since h is even, we have
foe)e(@) = /O; dte h(t/e) fis)e(x —t) = /O:o dt e h(—t/e) fis)(w —t)
= /_Z due™ h(u/e) fis) e (x +u) = /_Z dre h((r — z)/€) f5) 2 (r)
= /g:a dre 'h((r —z)/e)f5)e(r), x€R. (3.9)

(ii) Since e € (0,0/4], supp(f(s.e).c) € [36/4,73p/80]. Hence,
fse).e € C57((0,p)). (3.10)

(iti) Let g € L®(R),z € R,7 € R\{0}. For 0 <e < d/4 < p/80, let g = h. * g. By the sequence

of change of variables in (3.9), we have

el 1) =) = [ dr o) — 0 = 1)) = bl - 2)/2)} )
—— [ o) W (e = = Mar /gl
— e /O; dr B ((r — & — Mz, r, 7)7) /€)g (), (3.11)
where
0< Az,r,7) <1, a,rcR. (3.12)

Since b/, g € L*(R) and, for -1 <7< 1

supph/([+ —x — Na, -, 7)7]/e) Clx —e— 1,2+ + 1], (3.13)
applying the dominated convergence theorem we get
g(z) = lim 77 ge (2 + 7) — ge ()]
T—=0

:_nmg*?/jo dr b ((r —x — Ma,r,7)7)/2)g(r)

T—0

r+e+1
= —¢21lim drh'((r—a— Xa,r,7)71)/)g(r)

T—0 r—e—1

xr+e+1 z+e
= —572/ dri/((r—x)/e)g(r) = —572/ dr i/ ((r—x)/e)g(r). (3.14)

—e—1 —€
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Let 6 € (0,p/20). For technical convenience, so that we can use the general theory of convo-

lution, we shall write ]?(5)_@ for a function in C§°(R) satisfying:

(’L) ﬁé),g(x) = f(5),§a Tz 55

3.15
(ii) fisye(a) 20, —oo < < o0 (3.15)

Constants denoted by vj,j € N, will depend on N € NU {0}, v, p € (0,00) with v > pen1,
m €N, a €R, hyop € C°(R), and eg,¢1,...,en € (0,p/20), but are independent of § €
(0,p/20) and € € (0,5/4). o

Lemma 3.2. For all k € NU{0} there exists 11 = v1(k) > 0 such that

| f9)(2)| < ppaBim=R=tmerl/l/2 g < ¢ < p. (3.16)

Proof. This lemma follows from Lemma 2.4, the product rule

k
k . .
¥ (z) = Z ( _)Uék_<7)(:v)w(<7)(:v), 0<x<p, (3.17)
e L\ ;)b
Jj=0
and that, for all 3 > 0, the function t — t~#In(t) is bounded on (1, c0). O

Lemma 3.3. Forj=1,...,m, and x € [36/4,55/4], we have, writing = §/4,
J

F @) =3 (=10 ERED (5 - 2)/0) £ F(0) + 6~ / drh((r —)/0)f3) .(r). (3.18)

k=1

Proof. For 35/4 < x < 55/4 we have, by (3.14)

x+0

Ty (@) = =07 /_9 dr 1 ((r — 2)/8) fis),(r)
warG
= _9*2/5 drh'((r —x)/0) f(5),(r)
x+0
E—. /5 dr %[h((r —2)/0)] f(5),(7)
x+0 x+0
) _/5 drh((r—x)/@)f((;)é(?‘)}

x+6
- —91{ —H((E = )/0) 0.0~ [ drn((r - I)/H)f{(s),g(r)}

- —e‘l{h((r —x)/0) f5),£(r)

x+6
= 07 h((6 — 2)/0) f5),£(5) + 6~ /5 dr h((r = )/0) f15) (). (3.19)

Suppose j € {1,...,m — 1} and that for all x € [35/4,50/4] one has

J z+6
= SR (G =)o) @+ [ (= a)/0) 8, 0), (320)

k=1
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then, by (3.14), one concludes

x+0

FEeh@) = D (=) 07R(=1/0)h® (0 - 2)/0) £ P (0)
k=1
d B z+60 ;
+£(9 ! /m . drh((r—:v)/é’)f((a))é(r))
J x+0
= > (=)o EORB (5 — ) /0) 1L P (0 )—9% / dr 1 ((r — 2)/0) £3) (r)
k=1
Jj+1 .
= S G- - g [ (e - 00530
k=2
AR 1—k 1
=3 (=DFHEERED (5 — @) /0) (16 5{h (0= 2)/0)f(3 ]
k=2

[ e - wms e >}

0

_Z+:(_1)k+19kh(k V(65— 2)/0)f] U“ ’“)(5)+$h(( )/9)f(5>5()
e [ - wmsgh e

:j+1(_1)’€+19—’“h<’“‘”(( )/0)f G2 (0)
P
+$/;+9 drh((r — 2)/0)f 50 (7).

Hence, Lemma 3.3 follows by induction.
Corollary 3.4. There exists vo > 0 such that for all 6 € (0,p/20),

’f((s 5/4)5 z)| < ol T1mat /D2 35 /4 < 0 < 55/4.

Proof. Let
Ky =sup {[hP@)|| 1<t <1, k=0,1,....,m}.

By Lemmas 3.2 and 3.3 we have for = € [3§/4,50/4],

‘f(é‘ 5, 5 Z 4k kaVl (m k)(s[?k 1—a+(e0/2)]/2
k=1

+457 (8 - 6K, sup{‘f(é)8 r)| |6 <r<65/4}

4F K vy (m — ksl 1o (e0/2)/2

Eqs

b
Il
—

+ 2K,,,v1(m) sup {r[717°‘+(50/2)1/2 |6 <r<66/4}

(3.21)

(3.22)

(3.23)
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X, ( S 4 (m k)) ((4/3)-1-0HE0/DI/2 y (4)5)1=1=o+Co/2)/2)
k=1

o gl 1=at(c0/2)]/2

+ 2K, (m){(4/5)[—1—a+(50/2)]/2 4 2[—1—0¢+(50/2)]/2}x[—l—a+(60/2)]/2

= pypllmetE0/2)/2,

where

= Km(ZALkl/l(m _ k)) {(4/3)[ 1—at(e0/2)]/2 (4/5) 1—a+(80/2)]/2}
k=1

+ 2K, (m){(4/5)[*1*04+(60/2)]/2 + 2[*1*0¢+(50/2)]/2}.

Lemma 3.5. There exists vs > 0 such that for all § € (0, p/20) we have

’f((;?/zl) 5( )‘ < pgplmimat(e/2l/2) 50/4 <z < p.

Proof. We first note that, for 56/4 < = < 73p/80,

w+6/4
Jospn ol / r (4/8)h(A(r — 2)/6) fis) £ (7)

§/4

z+6/4 ~
_ / r (4/8)h(A(r — £)/0) fis) £ (r)
z—45/4

= (hsja * fi5)c) (@),

hence

5 5/4) a (h5/4 * f(a) a) x)
46~

z+6/4 ( )
/ dr h(4(r - 2)/8)] 5 (1)
z—58/4

z+6/4 )
/ dr h(4(r — z) /0) f L (r),

5/4

therefore, by Lemma 3.2,

17574 (@) < sup {[ £ |2 = (5/4) <7 < v+ (5/4))

< v (m) sup {10 2172

N

v1(m) sup {T[717Q+(60/2)]/2 | 32/4 < r < 5z/4}

<y (m){(3/4)[717a+(so/2)]/2 + (5/4)[71704+(so/2)]/2}I[flfa+(so/2)]/2.

&= (35/4) <7 <+ (5/4)}

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

By Remark 3.1 (i7), supp(f(s,5/4),e) € [36/4,73p/80]. So (3.26) holds for = € [73p/80, p], completing

the proof.

O
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Lemma 3.6. On any compact interval [a,b] C (0, pl, f(((??/4)_5 converges to fé(m) uniformly as

010.

Proof. Choose 69 € (0, p/20) such that 0 < 59/4 < a. Then for all 0 < § < §p and x € [a, b],

z+5/4
J5.6/4).¢ / dr h(4(r —x)/6) f(5),(r)

5/4

z+5/4
/ dr h(4(r —x)/9) f(s),£(T)

5/4

z+6/4 N
— / d’l’h ’I’ — x)/d)f((;o)@(r)
z—58/4
= (hsja * Jioo).e) (@)- (3.30)
Since f(;o € C°(R),
f((;?/@ L) = (h6/4 * JT(E;T))Q) (), x € [a,b],

f(50) (z)  uniformly for x € [a, ],

- é<m> (). (3.31)

Corollary 3.7. We have

2

. r al p(m) 2 r o m)
lim ; dx x ‘f(6)5/4)7§(:c)‘ =/, dz x ‘fé (:17)’ .

i (3.32)

Proof. Let vy = max{va,v3} > 0. Then by Corollary 3.4 and Lemma 3.5, we have, for all § €
(0, p/20),
a‘f(zs 5/0).¢( (@)]° <pdam @D o<z <p. (3.33)
By Lemma 3.6 we have
2 _ ol p(m) 2
%1&)11‘ ’f56/4)6(x)‘ =z fIM(@)]", 0<z<p. (3.34)

Since & — vy~ 11(0/2) js integrable on (0, p), the corollary now follows by dominated convergence.

O

Lemma 3.8. There exists vs > 0 such that for all § € (0, p/20) we have

| f(6,5/),e ()]  wsplPmmtmoteo/2l/2 35 /4 < o < 56/4. (3.35)
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Proof. For 35/4 < x < 55/4 we have

z+5/4
Fosare(@)] = \451 /5 dr h(A(r — 2)/5) fi5) (1)

<sup{[fs)e(r)] |6 <7 < 60/4} = sup{|fo(r)| |0 <7 < 30/2}
< v1(0) sup {T[2m7170c+(50/2)]/2 ’5 <r< 35/2}

< v (0){(4/5)Bm—1-a+(e0/DI/2 4 gl2m—1-at(eo/2)/2) pl2m—1-0a+(0/D]/2 (3 36)
(|
Lemma 3.9. There exists vg > 0 such that for all 6 € (0,p/20) we have

| F5.6/a),e(@)] < voalPm=tmotE/212 0 55/4 < o < p. (3.37)

Proof. For x € [5§/4, p) we have
z+5/4
fisomloll =137 [ drhate = 0aia 0
z—0/4
<sup{|f() (M)l |2 = 6/4 <r <w+5/4}
< v1(0) sup {r[2m_1_0‘+(5°/2)]/2 | 3z/4 < r < 5z /4}

<y (O){(3/4)[2m—1—a+(60/2)]/2 + (5/4)[2m—1—a+(50/2)]/2}I[Zm—l—a+(80/2)]/2. (338)
[l

Lemma 3.10. On any compact interval [a,b] C (0, pl, f(s5,5/4),c converges to f. uniformly as ¢ ] 0.

Proof. Choose 0 € (0, p/20) with 0 < 5d9/4 < a. By (3.30), for all 0 < ¢ < Jp, we have

Fo.6/2)2(x) = (hsja* foye) (@), a<a<b. (3.39)

Since ﬁgo)é € C§°(R), we have

Foo/2.2(x) = (hsa* fisy).e) (@)

a) f(60),e(x)  uniformly for z € [a, D]

= fo(x). (3.40)

Corollary 3.11. For k € {0,1,..., N} we have

p k p k
tim | dwat =" [Ty (/)] fsam (o) = / da 2" ]y (v/)] 2| fel@)]. (3.41)
Jj=1 j=1
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Proof. Let v7 = max{vs,vs} > 0. By Lemmas 3.8 and 3.9 we have, for all 6 € (0,p/20) and
a € (0, p),

k k
2072 [Ty (/@) 2| Fo,/0).2 (@) < w3a= 0D [T iny (v/2) 2 (3.42)

j=1 j=1
By Lemma 3.10 we have for = € (0, p),

k

k
tima 2 iy (/)2 s @) = 0> T /) 2| £l

Jj=1 J=1

. (3.43)

Since x + 2~ 1H(=0/2) (H?_l[lnj(y/:c)]Q) is integrable on (0, p), the corollary now follows by

dominated convergence. O

Corollary 3.12. Suppose N € N. Then there exists a family {gs.c}se(0,0.05)) S C5°((0,p)) such
that

0 N -1
i tv-slos.) ([ dza [Ty /) ?Jos.to)]?
= (3.44)

—salpd ([ dwaren T, SR

J=1

Proof. For § € (0,p/20) put gs. = fs5,5/4),e- Then gs. € C5°((0,p)) by Remark 3.1 (ii). The

result now follows from Corollaries 3.7 and 3.11. O

Corollary 3.13. Suppose N = 0. Then there exists a family {gs.c}se(0,0.05)0) S C5°((0,p)) such
that

lim pdxa:a’ (m)(a:)’2 /pdxa:O‘*Qm’ (a:)’z -
510 J, g(s,g 0 9s.e

p p -1
= dz 2| £ (x 2( dx 2™ fo(x 2> .
[ awsr sl ( fo(a)]

Proof. The proof of this corollary is the same as that of Corollary 3.12. O

(3.45)

4 Principal results on optimal constants

In our final section we now prove optimality of the constants A(m,«) and B(m, «).
Starting with the interval (0, p), we first establish optimality of A(m,a) in (1.1).

Theorem 4.1. Suppose that N = 0. Then, given any n > 0, there exists g € C5°((0, p)) such that

pdxaro‘|g(m)(x)|2 pdma—%\g(x)f 71—A(m,a)
J J |

In particular, the constant A(m,«) in (1.1) is sharp.

<) (4.1)
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Proof. Given any n > 0 there exists ¢ € (0, p/20) such that

p p -1
\ [Caser @ | [M e @F| - )| <o (12)
0 0

by Lemma 2.14. With this value of g € (0, p/20), Corollary 3.13 implies that there exists g €
C§°((0, p)) such that

-1
[etamia] [
0 0
-1
_ /p dxxa’f&ggn)(x)f {/p da::co‘Qm\fso(a?)fz]
0 0

Theorem 4.1 now follows from (4.2), (4.3). O

<n/2. (4.3)

Next, we prove optimality of the N constants B(m,«) in (1.1):

Theorem 4.2. Suppose that N € N. Then for any n > 0, there exists g € C§°((0, p)) such that

2

H/Op dz 2®|g"™ (2))* = A(m, @) /Op dz 222" | g ()|

N-1 ,p )k
_B(m,a);/o dx x ’g(:v)’ pl;[l[lnp(v/x)] ]

o N -1
a—2m — 2
x [ [ dwaen [, (o/) 2 gte) ] ~ B(m,a)| <n. (1.4)
0 .
j=1
In particular, successively increasing N through 1,2,3,..., demonstrates that the N constants

B(m,a) in (1.1) are sharp. Together with Theorem 4.1, this theorem asserts that the N + 1

constants, A(m,a) and the N constants B(m,«), in (1.1) are sharp.
Proof. Given any n > 0 there exist €g,&1,...,en € (0, p/20) such that, writing fe = feo.e1..en

vl [ dwann T, (/)| o) C Bma| <nf2 (45)

j=1

by Lemma 2.13. With these values of €g,e1,...,enx € (0, p/20), Corollary 3.12 implies that there
exists g € C§°((0, p)) such that

‘ng] [ ma e (/2] oo’ h

Jj=1

~axalpd| [ dwarn T, (/) o) h

J=1

Theorem 4.2 now follows from (4.5), (4.6). O
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Writing

one infers that

and thus,

Then for all g € C§°((p, ),
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Next we turn to analogous results for the half line (r,00). We start with some preparations.
_ 2_(1—a)2 2_(3 a)? 2_(2m—1—a)2
o (- ) )
m 2m
_ 2 (2j-1-0a)° _ ¢
= H (/\ T = ko(m, ) (4.7)
j=1 £=0
(Z) kgjfl(m, Oé) = O, j = 1, e,y (48)
(i1) koj(m, @) = (=1)"|kg;(m, @), j=0,1,...,m, (4.9)
Quma(X) = > (1) |ky; (m, a) N (4.10)
7=0
Lemma 4.3 ([41, Sect. 2 and proof of Theorem 3.1 (7)]). Suppose p > en41 anda € R\{1,...,2m—
1}. For g € C§°((p,00)) let w = wy € C§°((In(p), 00)) be defined by
g(et) = elCm=1=a/2ltyy (1)t € (In(p), 00). (4.11)
m > - j 2
|t g P = [ a3 ey (maa) w0
- A (4.12)
|ty = [ et
b In(p)
and, if N € N, one also has, fork=1,... N,
o k k—1
(") H In, (e)] 72 = e t|w(t)*t 2 H[lnp(t)]_Q, t € (In(p), o0). (4.13)
p=1 p=1

Hence, if N € N,

U,, Ayy°lg | ‘A(mva)/poodyya g(y))?
N-1 k
B(m a)/p dy y® 2" g(y)|? > Q[lnp(y)] 2]
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— {/ dt Z|k2j(m,o¢)|‘w(j)(t)|2—A(m,a)/ dt |Jw(t)|?
In(p)  —o In(p)

— B(m, ) /100 dt |w(t)|*t~2 NZ li[ In,(t) }

n(p) P
o N-1 -1
x { /1 . dt |w(t) [t pl;[l [1np(t>]2} . g€ C((p,00)). (4.14)

Corollary 4.4. Lemma 4.3 holds for all o € R, that is, it holds without the restriction a €
R\{1,...,2m —1}.

Proof. We first note that by (4.7), for £ =0,1,...,2m, k¢(m, a) is a polynomial in « and so it is
continuous in a. For g € C§°((p, 00)), to emphasize that the definition of w = wy, € C§°((In(p), 0))

in (4.11) depends also on «, we shall write, for all & € R,
wa (1) = e 1M1= Rlig(eh) -t € (In(p), 00). (4.15)

Then, for j =0,1,...,m, one gets

w (t ZS gk, a,t)g®(el), te (In(p),o0), (4.16)
k=0

where, for j € {0,1,...,m}, k€ {0,1,...,7}, and t € (In(p), ), a > S(j,k, a,t) is continuous in
«. We also note that, for g € C§°((p, 00)),

supp(wa) = {t € (In(p), 00) | €' € supp(g) } (4.17)

is independent of « € R. Now let @ € {1,...,2m — 1}. Then, by dominated convergence, for
g9 € C5°((p, 0)),

s o m 2 > (07 m
lim [ dyy®|g"™ ()| =/ dyy*|g"™ )|",
B—a b p

oo oo (4.18)
tiw [ dyy? g = [ dyy o)
p=alp b
and, if N € N, one obtains
oo N-1 k oo N—-1 k
i [ gy’ lg)P S [T = [ vy lgwP 3 T[]
P k=1 p=1 P k=1 p=1
_ - _ N (4.19)
lim / dyy* 2" g(y) T] Moy ()2 = / dyy*=2™g()|2 T[mp ()2
“Jp p=1 P p=1
Similarly, for g € C5°((p, 0)),
lim [ dt D [kai(m, B)|[wf ()] = / dt " ka; (m, )| [wl (1)],
B=ra Jin(p) =0 In(p) 5o (4 20)

o0 o0

dy [ws (B = A(m, a) / dy [wa ().

In(p)

lim A(m,ﬂ)/
foa In(p)
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and, if N € N, one has

o N—1k—1
tim Bm,8) [ dtfuws()Pt > S [ my(o)
e In(p) k=1 p=1
o N—1k—1
:B(m,a)/ dt |we () ?t2 Z H [In, (t) (4.21)
In(p) k=1 p—1
e’} N-1 oo N-1
i [ dtfws ()22 T ()] 2 = / dt fwa ()22 T iy (1))2. (4.22)
B=a Jin(p) i In(p) i
The corollary now follows from (4.18)—(4.22) and Lemma 4.3. O

Lemma 4.5 ([41, Sect. 2 and proof of Theorem 3.1 (iii)]). Suppose 1/p > eny1 and a €
R\{1,...,2m —1}. For g € C§°((0,p)) let u = uy € C3°((In(1/p), 00)) be defined by

gle™t) = e7[@m=1=a)/20ty (1)t € (In(1/p), 00). (4.23)

Then, for all g € C§°((0,p)),

d (m) /OO dt - ko , (.j)t 2
/O wld Wl = [ Sk mal |0

- §=0 (4.24)
P oo
/ dyy " g () = / dt Ju(t) .
0 In(1/7)

and, if N € N, we also have, for k=1,...,N,

k k—1
()" g(e Ump - =et|u(t)|2t_2U[lnp(t)]_z, te(In(1/p),00).  (4.25)

Hence, if N € N,

P p
[/ dyy° g™ (v)|” - A(m,a)/ dyy*>"g(y)|?
0 0

P N-1 k
—B(m,a)/ dyy* 2™ |g(y)|? Hlnp 1/y)]~ }
0

k=

—

_
S

X [/Oﬁdyy"‘ "g(y) ]J:V[hlp /91~ }_1
[ S ol - ame) [ o

n(1/p) j=0 In(1/p)
o N—1k—1
— B(m,« dt |u(t t_2 [, (
ma) [ ottt 3 [ ot )
%) N-1 —1
| [ auope? [Tm @1 . ge o, (4.26)
In(1/p) p=1



156 F. Gesztesy, I. Michael & M. M. H. Pang

Corollary 4.6. Lemma 4.5 holds for all o € R, that is, it holds without the restriction o €
R\{1,...,2m —1}.

As the proof of this corollary is very similar to that of Corollary 4.4 we shall omit it.

At this point we are ready to establish optimality of A(m,«) on the interval (r,00) in (1.2).

Theorem 4.7. Suppose that N = 0. Let r € (1,00). Then, for any n > 0, there exists ¢ €
C§((r,00)) such that

‘/TOO da::co“(p(m)(x)f{/roo dma—%ww?}l — A(m, )

In particular, the constant A(m,a) in (1.2) is sharp.

<. (4.27)

Proof. Put p =1/r so that 1 > p. Applying Theorem 4.1, there exists g € C§°((0, p)) such that

[ P [ [ aneiaor] - o) <o (1.28)
0 0
By Corollary 4.6, writing
u(t) = elm=1=0)/tg(e=t) ¢ e (In(1/p), 00), (4.29)
one obtains
o) m 00 —1
‘/ dtZ|k2j(m,a)|‘u(j)(t)’2[/ dt|u(t)|2] — A(m, )| <. (4.30)
In(1/p) =0 In(1/p)
Introducing
p(x) = 217 2y(In(2)), @ € (1/p,00) = (r,00), (4.31)

Corollary 4.4 implies

‘/TOO dzx 2 ™ (z)|* [/TOO dxxa—2m|<p(x)|2} o Alm, o)

concluding the proof since ¢ € C§°((r, 0)). O

<, (4.32)

Next, we prove optimality of the N constants B(m, «) in (1.2):

Theorem 4.8. Suppose that N € N. Let r,I" € (0,00) satisfy r > 'enyy1. Then, for any n > 0,
there exists ¢ € C§°((r,00)) such that

H / a0 @) = Am.) [ drat o)

k
(m,« Z/ dx 272 p(x) Hlnp /)]~ }

-1

X uwdma m () ﬂlnp (x/T)]~ } — B(m,a)| <. (4.33)
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In particular, successively increasing N through 1,2,3..., demonstrates that the N constants

3

B(m,a) in (1.2) are sharp. Together with Theorem 4.7, this theorem asserts that the N + 1

constants, A(m,a) and the N constants B(m,«), in (1.2) are sharp.

Proof. Put p = I'/r so that 1 > pent1. Applying Theorem 4.2 with v = 1, there exists g €
C§°((0, p)) such that

p P
H/ dyy°*1g"™ (y)|” —A(mﬂ)/ dyy* " g(y)|?
0 0

p N—-1 k
- Blma) [yl Y Hunp<1/y>]-2]

k=1 p=1

o N -1
X [/ dyy* > g(y) H In,(1/y)]™ } — B(m,a)| <. (4.34)
0 :
By Corollary 4.6, writing
u(t) = el@m=1=0)/2tg(e=t) ¢ € (In(1/p), 0), (4.35)
one has
H [ty ks ma)|[u @) - Ama) [ dtfu(o)?
In(1/p)  ;>o In(1/p)
S N—-1k—
_ B(m,a)/ dt |u(t) Z H [In, (¢) }
In(1/p) k=1 p=1
oo N-1 -1
X [ / dt [u(t)*t ] [mp(t)]—?} — B(m, )| <. (4.36)
In(1/p) p=1
Introducing
(&) = BT Pu(In(g)), € € (1/p,00), (4.37)

Corollary 4.4 implies

H [ agepmi@l - Ama) [ age e
1/p 1/p

fTiucer ]

1 p=1

2

-1

_B(m7a)/1/ dggoz 2m| |2
P

b
I

X {/1/,) dgga—zm|95(§)|2pl:[l[lnp(g)]ﬂ} — B(m,a)| <. (4.38)

Putting

(p(.%‘) = &(‘T/P)v x € (F/p, OO) = (r, 00), (4'39)
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one infers
HFzmo‘l{/ da:xo‘}tp(m)(x)}Q—A(m,a)/ dx 272" p(x)|?
) N-1 k
- B(m,a)/ dx z® 2™ |p(x) Z H In,(z/I)]~ H
e8] N -1

X [FQmo‘l/ dx 272" |p(x) H [In, (/)] ] — B(m,a)| <, (4.40)
finishing the proof since ¢ € C§°((r, 00)). O
Remark 4.9.

(i) Theorem 4.1 (resp., Theorem 4.7) extends to p = oo (resp., r = 0) upon disregarding all

logarithmic terms (i.e., upon putting B(m,«) = 0), we omit the details.

(i) The sequence of logarithmically refined power-weighted Birman—Hardy—Rellich inequalities
underlying Theorems 4.1, 4.2, 4.7, and 4.8, extend from C§°—functions to functions in ap-
propriately weighted (homogeneous) Sobolev spaces as shown in detail in [41, Sect. 8]. In
the course of this extension, the constants A(m,«) and the N constants B(m,a) remain the

same and hence optimal.

(iii) We note once more that Theorems 4.1 and 4.7 were proved in [41, Theorem A.1] using a

different method.

(tv) Both Theorems 4.2 and 4.8 still hold if the repeated log-terms Iny(-) are replaced by the type
of repeated log-terms used in [15, 16, 17, 90]. Detailed proofs of Theorems 4.2 and 4.8 for the
type of repeated log-terms used in [15, 16, 17, 90] are available upon request from the authors.
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