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1 Introduction

Fractional calculus has attracted the attention of many researchers, due to its wide range of
applications in modeling of various natural phenomena in different fields of sciences and engineering
including: physics, engineering, biology, finance, chemistry [3, 26, 31, 35, 38, 41, 43, 44, 45, 46, 47,
48]. For better understanding these phenomena, several definitions of fractional derivatives have
been introduced such as Riemann-Liouville and Caputo definitions, for more details we refer to
the books [31, 41]. Unfortunately, these definitions are very complicated to handle in real models.
However, in [30] a new definition of fractional derivative named conformable fractional derivative
was initiated. This novel fractional derivative is very easy and satisfies all the properties of the
classical derivative. The advantage of the conformable fractional derivative is very remarkable
compared to other fractional derivatives in many comparisons. Indeed, for example, in the work
[15] the authors gave the solution of conformable-fractional telegraph equations in terms of the
classical exponential function, however for the Caputo-fractional telegraph equations considered
in the very good papers [19, 20, 36], the fundamental solution cannot be given in terms of the
exponential function as in the conformable-fractional case, and therefore the authors have been
introduced the so-called Mittag-Leffler function. Another comparison, we notice that the constants
of increases of the norms of the control bounded operators W and W~ in the application of the
work [27] are given directly in a simple way in terms of the exponential function, contrary, for the
Caputo fractional derivative in the application of the nice work [51] these constants are given in
terms of the so-called Mittag-Lefler function. For more details and conclusions concerning the
uses and applications of conformable fractional calculus, we refer to the works [2, 4, 5, 7, 8, 10, 11,

12, 13, 14, 16, 17, 22, 23, 24, 25, 28, 29, 42, 49].

On the other hand, impulsive differential equations are crucial in description of dynamical processes
with short-time perturbations [6, 32, 50]. Actually, the Cauchy problem of impulsive differential
equations attracts the attention of many authors [1, 9, 33, 34, 37]. For example, Liang et al. [33]

have proved the existence and uniqueness of mild solutions for the Cauchy problem

() = Ax(t) + f(t,z(t), t€[0,7], t#ti,ta,... I,
2(0) = o + g(), (1.1)
z(t) =z(t;) + hi(z(t), i=1,2,...,n,

by using the following classical Duhamel formula:
t
x(t) =T (t)[xo + g(x)] + Z T(t—t;)hi(x(t;)) + / Tt —s)f(s,z(s))ds, (1.2)
0<t;<t 0

where (T'(t))¢>0 is the semigroup generated by the linear part A on a Banach space (X, || . ||) [40]
and z9 € X. The expression x(t]) = z(¢; ) + h;(t;) means the impulsive condition, with x(t;"),

x(t; ) are the right and left limits of z(.) at ¢t = t;, respectively. The condition z(0) = zo + g(z)



A class of nonlocal impulsive differential equations... 441

represents the nonlocal condition, which can be applied in physics with better effects than the
classical initial condition [18, 21, 39]. The functions f : [0,7] x X — X, h; : X — X and
g : C — X satisfied some assumptions, with C is the space of functions z(.) defined from [0, 7]
into X such that z(.) is continuous on each interval Jt;, ;1] and z(t), x(t;) exist.

The analogous of equation (1.1) in the frame of the Caputo fractional derivative have been consid-
ered by Mophou [37], when the author proved the existence and uniqueness of mild solutions for

the following fractional Cauchy problem

°Dx(t) = Az(t) + f(t,z(t)), t€[0,7], tF#ti,ta,....tn, O0<a <],
2(0) = zo + g(), (1.3)
‘T(t:_):x(tz_)—’—hz(‘r(m))? i:1727"'7n7

by using the following fractional Duhamel formula:

z(t) = T(t)lwo + g(@)] + Y T(t—ti)hi(a(ts)) (1.4)

0<ti<t

1

Z (ty — 8)* 1T (t — 5) f(s,2(s))ds
F(a 0<t; <t k-1

1 ! a—1 _
+I‘(a)/ (t—8)*""T(t—s)f(s,z(s))ds,

with T" is the Gamma function and *D*x(t) presents the Caputo fractional derivative.

In the present work, we are interested in studying of equation (1.1) in the frame of the conformable
fractional derivative. Precisely, we will be concerned with the study of the existence, uniqueness,

and stability of mild solutions for the following conformable fractional Cauchy problem

dc;fit) = Ax(t) + f(t,z(t)), t€[0,7], t#t1,ta,....tn, 0<a<l,
2(0) =0+ g(a), (1.5)
x(t:r) =z(t; )+ hi(z(ts)), i=1,2,...,n,

d*z(t)

where is the conformable fractional derivative.

dte
The main novelty of this paper is to prove the analogous of Duhamel formulas (1.2) and (1.4) for

the Cauchy problem (1.5) as follows:

() =T <g) o +g(@)]+ Y T (ﬂ) hi(z(t;)) (1.6)

«
0<t; <t

+f Cgaip (fa ;Sa) £ (s, (s))ds.

Then, based on this conformable fractional Duhamel formula, we discuss some results concerning

the existence, uniqueness, and stability of the mild solution of the conformable fractional Cauchy

problem (1.5).
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This paper is organized as follows. In section 2, we briefly recall some tools related to the con-
formable fractional calculus. In section 3, we prove the main results. Section 4 is devoted to a

concrete application of the main abstract results.

2 Preliminaries

Recalling some preliminary facts on the conformable fractional calculus.

Definition 2.1 ([30]). Let o €]0,1]. The conformable fractional derivative of order a of a function
x(.): [0,400[— R is defined by

dex(t t4etl=) —2(t d~ dexz(t
2(t) = lim tte ) = a ), for t >0 and 2(0) = lim ad ),
dte e—0 € dte t—0+ dt®

provided that the limits exist.

The fractional integral I%(.) associated with the conformable fractional derivative is defined by

¢
I%(x)(t) = / sl (s)ds.
0
Theorem 2.2 ([30]). If z(.) is a continuous function in the domain of I%(.), then we have

d* (1% (x)(t))

Ta = z(t).

Definition 2.3 ([41]). The Laplace transform of a function x(.) is defined by
—+o0
L)) = / e Ma(t)dt, A >0,
0
It is remarkable that the above transform is not adequate to solve conformable fractional differential

equations. For this reason, we consider the following definition, which appeared in [2].

Definition 2.4 ([2]). The fractional Laplace transform of order a of a function x(.) is defined by

o0 o
Lo(z(t)(N) := / e~ Na g(t)dt, A> 0.
0
The following proposition gives us the actions of the fractional integral and the fractional Laplace
transform on the conformable fractional derivative, respectively.

Proposition 2.5 ([2]). If z(.) is a differentiable function, then we have the following results

r (52 0 = ato) - 500,

£ (220 00 = a0 - 0,

We end this preliminaries by the following remark.
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Remark 2.6 ([14]). For two arbitrary functions x(.) and y(.), we have

o (o (5)) 0 = £ttone.

(0%

e (f Loty (55 ) s ) ) = L) La 0NN

«

3 Main results

We first prove the conformable fractional Duhamel formula (1.6). To do so, for ¢ € [0, ¢;], we apply

the fractional Laplace transform in equation (1.5), we obtain
La(z()(A) = (A= A) " o + g(2)] + (A = A) " La(f(t, 2(1))) (V).

According to the inverse fractional Laplace transform and Remark (2.6), we get

2(t) =T <g> 2o + ()] + /Ot sl (ta - Sa) F(s,2(s))ds,

«

where (T'(t))¢>0 is the semigroup generated by the linear part A on the Banach space X, that
is, (T'(t))¢>0 is one parameter family of bounded linear operators on X satisfying the following

properties
(1) T(0) =1,
(2) T(s+1t)=T(s)T(¢t) for all t,s € RT,
(3) ltiﬁ)l | T(t)x — x ||= 0 for each fixed z € X,

T(t)xr —

(4) lim T Az, for x € X, provided that the limit exists.

tl0

As in [37], we assume that the solution of equation (1.5) is such that at the point of discontinuity

tr, we have x(t, ) = x(t). Hence, one has

ott) =7 (L) o+ ot + [ 507 (B2 a6,

«

For t € (t1,t2], using the fractional Laplace transform in equation (1.5), we obtain

2(t) =T (ta ;t?) 2(F) + /tt 1T (ta ;Sa> F(s,2(s))ds

_7 (ta ;t?) (7)) + b (2(t1)] + /t 1T <ta - Sa) F(s,2(s))ds.

t1 &

Replacing x(t; ) by its expression in the above equation, we get

o) =T <ta - t?) [T <§> (20 + 9()) + /Otl 17 <ﬁ) F(s,(s))ds + b (2(t1)

(0% (0%

+f so-iT (t“ ;Sa) £ (5, (s))ds.
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By using a computation, the above equation becomes

o

2(t) =T (%) w0 + g(2)] + T (ta ;t?) I (2(t1))] + /Ot oI (ta — Sa) F(s,2(s))ds.

«

In particular, for ¢ = t;, one has

(6%

o) = (2 ) oo+ 9o+ 7 (L5 ot + [ ey (20 stsatonas

(0%

As the same, for t € (t2,t3], we obtain

2(t) =T (ta ;t%) 2(t5) + /t 1T (ta ;Sa> F(s,2(s))ds

2]

=1 (S5 teg) + hatotta] + [ e (55 sts.atonas.

o to o

Hence, replacing x(t; ) by its expression, we have

o) =7 (S22 [1(2) ot g+ 7 (2 ) i)

«

- *gomip (tg - ) (s, (s))ds + hz(x(ta))}

a
+ /t s (ta ; Sa) f(s,z(s))ds.

Using a computation, we get

(6%

2(t) =T (%) w0+ g(z)] + T ( ) h(2(t)] + T (
; / sir <ta - ) F(5,2(s))ds.

«

to — g > — tg

) atalea)

Repeating the same process, we obtain the following conformable fractional Duhamel formula

o(t) =T <g> wo+ (@) + 3 T (ta - t?) ha(a(t) + /Ot I (ta - Sa) F(s,2(s))ds.

« «
0<t; <t

Definition 3.1. A function © € C is called a mild solution of conformable fractional Cauchy

problem (1.5) if

st =T (g) wo+g@)+ S T (ta - t?) ha(w(t)) + /Ot oI (ta - Sa) F(s, 2(s))ds.

a «
0<t; <t
In the rest of this paper, we endow the space C with the norm | z |.:= sup || z(¢) ||. It is well
t€[0,7]
known that the space (C,| . |.) becomes a Banach space. We also denote by |.| the norm in the

space L(X) of bounded operators defined form X into itself.
To prove the main results, we need to use the following assumptions:

(Hy) The function f(¢,.) : X — X is continuous and for all » > 0 there exists a function

pr € L([0,7],RT) such that sup | f(t,2z) [|< p,(t), for all t € [0, 7].

lzll<r
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(Hz) The function f(.,z) : [0,7] — X is continuous, for all z € X.
(Hs) There exists a constant Ly > 0 such that || g(y) — g(z) ||[< L1 |y — x|, for all z,y € C.
(H4) There exist constants C; > 0 such that || i (y(¢;)) —hi(z(t:)) < Ci |y—z |, for all z,y € C.

Theorem 3.2. If (T'(t))i>0 is compact and (Hy) — (Hy) are satisfied, then the conformable frac-
tional Cauchy problem (1.5) has at least one mild solution, provided that

n ta
(Ll—i-ZCi) sup T(EN < 1.
i=1

tel0,7]

Proof. Let B, ={z €C, |z |.<r}, where

sup
te(0,7]

e - T
(2] [n o |+ 1 90) |+ 3 1 ha(0) |+ | s |Lm<[o,ﬂ,R+>]
=1
n ta
1-— <L1 + ;Cl> sup |T (E)‘

telo,7]
In order to use the Krasnoselskii fixed-point theorem, we consider the following operators I'; and

T’y defined by

to — o

«

Ty(z)(t) =T (g) [zo+g@)+ > T (

o<t; <t

) hi(z(t:)), x € By,

«

Ty (2)(t) = /Ot s <ta - Sa) (s, 2(s))ds, @ € B,.

It is very easy to justify that the operator ' := I'; 4+ I'y is well defined, that is, I'(z) € C for all
x € C. The rest of the proof will be given in four steps:

Step 1: Prove that I'y(x) 4+ I'2(y) € B,., whenever x, y € B,.

Let x, y € B,., we have

D@0 + 1200 =7 (5 )l + g0+ ¥ 7

o<t; <t

+f Cgeip (555 rtsntens

o —

(0%

) ot

Then, we obtain

[ T1(2)(t) + Ta(y)(8) || < sup

g (gﬂ [F@o I+ 11 g(0) | + 1| 9(=) — g(0) I|]

te(0,7]
ta
T swp T(—) S 10 Ra0) |+ [ Rae(t:)) — a(0) ]
t€[0,7] CJ ost<t
ta ¢ a—1
+osup [T ()] [ s s, us)) | ds.
t€[0,7] « 0
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By using assumptions (Hy), (H3) and (Hy), we get

[ T1(2)(t) + La(y)(t) | < sup

T<§>}[|| 2o |+ 1 9(0) | +Ix | 2 |]

tel0,7]
tOé
+ sup [T (—) Z [l Ri(0) || +C5 | = | ]
t€[0,7] Y o<t
t t
+ sup |T (—) | |L°°([0,T],R+)/ s lds.
t€[0,7] @ 0

According to the fact that x, y € B,, we conclude that

[ T1(2)(t) + Ta(y)(t) [| < sup

7 (S)| o+ 190) 1 +20r)

t€[0,7]
tOt
+ sup |T <—> [l Ri(0) || +Cir]
te(0,7] « 0<tz<t
a t
+ sup |T (—)‘ | tr | Loo(0,7],R+) / s 1ds.
tc[0,7] « 0
Taking the supremum, we get
tOé
ITa(o) + Tl o < s [7 () ] 20 1|+ 1| (0) Il +Lar]
tel0,7] «
)\ | —
+ s |7 (5 Y00 00§+
t€[0,7] « ;
e T a—1
+ sup |T'( — ||| pr [L=qorre) [ 87 ds
te0,7] « 0
tOt
= s [7(5)| ool + 1 900) | +24r)
te(0,7] @
2\ | —
+ sup T<—) [l Ri(0) || +Cir]
t€[0,7] « ;
ta TOt
+ sup [T — ||| pr |zoo([0,r)RT) —
t€(0,7] « «
<r

Hence, the above inequality combined with the continuity of the function I'y(z)(.) + T2(y)(.) on
[0, 7] show that I'1(x) + I'2(y) € By, for all z, y € B,.

Step 2: Prove that I'; is a contraction operator on B;.

For z,y € C, we have

)0 -0 =7 (5 ) o)~ ot + 3 7 (CE ) mutotn)) - it

0<t; <t
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Consequently, one has

[ T(y)(#) = T(x)(t) | < sup

te(0,7]

7 ()| 1t - st |

(S| 5 mtote) ~ et 11
Using assumptions (Hs) and (Hy), we get

o<t; <t
I T - D)) 1< <L1+Zci> s [7(5) | 1y

tel0,7]

to
T( )"y_:t'c
(0%

+ sup
te(0,7]

Taking the supremum in above equation, we obtain

| D(y) = T'(2) |< <L1 + ch> sup
i=1

tel0,7]

This implies that I'; is a contraction operator on B,..
Step 3: Prove that I's is continuous.

Let (z,) C B, such that 2, — « in B,. We have

Do(x,)(t) — Ta(x)(t) = /0 s (ta — Sa> [f(s,zn(s)) — f(s,2(s))]ds.

«

Then, by using a computation, we obtain
to T
T (S| [ s 1 st - fts.0e) s

Using assumption (H;), we get || s 1[f(s, 2, (5)) — f(s,2(s))] ||< 2p-(5)s*~1 and

f(s,2n(s)) — f(s,2(s)) as n — +o0.

| Po(#n) — T2(2) [c< sup
te(0,7]

According to the Lebesgue dominated convergence theorem, we conclude that

lim | Ty(z,) —Ta(z) |=0.

n—>-—+oo

Thus, the operator I's is continuous.
Step 4: Prove that I's is compact by using the Arzela-Ascoli theorem.

Claim 1: We prove that I'y(B,) is equicontinuous.

Let t1,ts € [0, 7] such that ¢; < t2. Then, we have

Paaen) ~ ety = [0 [r (B2 - T(
R s YO
() w( )
o [ (BT st

)} F(s,2(s))ds
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By using a computation and assumption (H;), we obtain

ta
T (E)‘ | b | Lo ([0,7], )

«

sup
t€[0,7]

| T2 (2)(t2) = Ta(2)(t1) [|<

{(tg‘ —t) + 7

(55
«

ts —tf
According to [40], the compactness of (T'(t))+>o assures that lim |T (g) - I’ = 0. Hence,

to—>t1 «
combining this fact with the above inequality, we conclude that I's(x), = € B, are equicontinuous

on [0, 7].

Claim 2: We prove that the set {T'2(z)(t), € B,} is relatively compact in X.
For some fixed t €]0, 7] let € €]0,t[, € B, and define the operator I'§ as follows
e« (ta—"fa)é 1o g _ g
5(x)t) =T (—) / s <7> f(s,z(s))ds.
[ 0 [

Since (T'(t))¢>0 is compact, then the set {I'5(z)(¢), « € B, } is relatively compact in X. By using

ta
(%)

o
Therefore, we deduce that the {I'2(z)(t), € B,} is relatively compact in X. For ¢t = 0 the set
{T2(x)(0), = € B,} is compact. Thus, the set {I's(x)(t), x € B,} is relatively compact in X for

a computation combined with assumption (Hy), we get

EOt

IT3(@)(8) = Da(@)() <] e [ qo.ryze) s

0,7]

all ¢t € [0, 7]. By using the Arzela-Ascoli theorem, we conclude that the operator I'y is compact.

In conclusion, by the above steps combined with the Krasnoselskii fixed-point theorem, we conclude
that I'; + I'; has at least one fixed point in C, which is a mild solution of conformable fractional

Cauchy problem (1.5). O

To obtain the uniqueness of the mild solution, we need the following assumption:

(Hs) There exists a constant Ly > 0 such that || f(t,y) — f(t,z) |[< L2 ||y —x ||, for all z,y € X
and ¢ € [0, 7].

Theorem 3.3. Assume that (Hz) — (Hs) hold, then the conformable fractional Cauchy problem

(1.5) has an unique mild solution, provided that

<L1 + Zci + %I&) sup

i=1 te[0,7]

Proof. Define the operator I : C — C by:

v =1 (5 oo+ 3 1 (S nor+ [ eor (20 ssntoas

(6% (6%
o<t; <t
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o —
«

)6 - 10 =7 (5 ) o) - o) + 3 7

0<t; <t

) haly(t:)) — ha(a(t:)]

N / ST (ta . ) [F(s,9(s)) = f(s,(s)))ds.

Then, we obtain

w0 -t 1< s |7 (%) 1) - o)
# o [7(5)] 2 1mo) - na
s (1 ()] [ o) = 165000 )

According to assumptions (Hs), (Hs) and (Hs), we conclude that

e
T<_>‘ ly —z .
«
e
T<_>‘ |y_$|c
(0%

tOl
T (—) ’ < 1 then I is a contraction operator on the Banach
@

| D)) - D)) 1< (Ll £ 0+ ;L> sup

i=1 te[0,7]

Taking the supremum, we obtain

| D(y) = T'(@) < <L1 + Z Ci+ %Lg) sup

i—1 tel0,7]

i—1 te(0,7]
space (C,| . |.). Hence, by using the Banach contraction principle, we conclude that the operator

Since (Ll + Z C;+ T—Lg) sup
o

I" has an unique fixed point in C, which is the mild solution of the conformable fractional Cauchy

problem (1.5). O

Now, we are in position to prove the continuous dependence of the mild solution to the initial

condition. Precisely, we have the following result.

Theorem 3.4. Assume that the conditions of Theorem (3.3) are satisfied. Let xg, yo € X and

denote by x and y the solutions associated with o and yg, respectively. Then, we have the following

estimate
asup |T|—
te(0,7] «@
ly—z < - — | yo — o | -
a— sup |T (—) <aL1 + ZaCi + L27a>
te(0,7] « i—1

Proof. For ¢ € [0, 7], we have

(0%

) =) =7 (5 ) o —an o)~ g0l + 3 7 (52 Bututto) - miGote)

0<t; <t

+f Cgeir (t“ - ) (5 ()) — F(s 2(5))]ds.

«
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Then, by using a computation combined with assumptions (H;), (Hs) and (Hy), we obtain

o Lot &
T(g)H|yo—$o||+<Ll+ : +;ci>|y—x|c].

[ y(t) —2(t) [|< sup
tel0,7]

Taking the supremum, we get

te LQTa .
T(— — L C; - || -
(a)Hm $0||+<1+ Ty >|y x|]

Thus, we deduce the desired estimate
tOé
()
@

|y —x[.< sup
te(0,7]

« sup
tel0,7]
ly—z < o - | yo — o | -
a— sup |T (—) alq + ZaCi + Lot
te[0,7] « i—1

4 Application

We consider the nonlocal impulsive partial differential equation with conformable fractional deriva-

tive of the form

O2u(t,§) _ Q*u(t,&) " |cos(u(t —s,€))] 1
EYEa 7 -|—/0 1+|Sin(u(t—s,§))|ds’ (t,€) € [0,1]x]0,7[, t+# =,

2
u(t,0) =u(t,m) =0, tel0,1],
u(0,§) = %[U(tu&) + 2u(te, §) + 3ults, §) + -+ + nu(tn,§)], € €[0,7],

n
A N ju(d,€)|
Elllf%+u (§+E,§>—Ehr%+u<§—€,€)+m, SE[O,W],

where n € N such that 3 <nand 0 <t <te <t3<---<t, <1 are given real constants.

Let X = L?([0,7],R) and define the operator A as follows

9%()

A=

D(A) ={p e X : ¢, ¢ are absolutely continuous, ¢ € X and ¢(0) = ¢(7) = 0}.

It is well known that the operator A generates a compact semigroup (T'(¢));>0 on X such that

sup|T'(¢)| < 1.
>0

Next, we consider the change z(t)(§) = u(t, §) and the following notations

B b cos(z(t — s))|
F(t,2(t) = /0 1+ |sin(x(t — )| ds,
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Then, equation (4.1) becomes as follows:
dzx(t
0 — ety + f(tat) € 01) £ 3,
2
4.2
20) = gl@), (42)
Jr —
o(3) =2z ) +hl(3)
1+24+3+--- 1 t
In this concrete application, we have L1 = ret :— tn _— + ,C1 =—and sup |T (—) ‘
n 2n n te[0,1] «
sup ‘T(2\/¥)‘
t€(0,1]

Now, returning back to Theorem (3.2), we obtain that

r(5)] - (5 3) s revi = Bt 2 2

Li+Cy) s
(L1+Ch) sup « 2n n) telo,1 2n n 2n

t€[0,1]

Hence, we conclude that the above equation has at least one mild solution.

Conclusion

<1

In this work, we have proved the Duhamel formula, existence, uniqueness, and stability of mild

solutions of a class of nonlocal impulsive differential equations in the frame of the conformable

fractional derivative. The main results are obtained by using the semigroup theory combined with

some fixed point theorems. The ideas of this paper can be extended to other models in physics,

biology, chemistry, economics and so forth.
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