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ABSTRACT

This paper focuses on the investigation of a Kirchhoff-
Schrödinger type elliptic system involving a fractional γ(.)-
Laplacian operator. The primary objective is to establish
the existence of weak solutions for this system within the
framework of fractional Orlicz-Sobolev Spaces. To achieve
this, we employ the critical point approach and direct varia-
tional principle, which allow us to demonstrate the existence
of such solutions. The utilization of fractional Orlicz-Sobolev
spaces is essential for handling the nonlinearity of the prob-
lem, making it a powerful tool for the analysis. The results
presented herein contribute to a deeper understanding of the
behavior of this type of elliptic system and provide a foun-
dation for further research in related areas.

RESUMEN

Este artículo se enfoca en la investigación de sistemas elíp-
ticos de tipo Kirchhoff-Schrödinger que involucran un ope-
rador fraccionario γ(.)-Laplaciano. El objetivo principal es
establecer la existencia de soluciones débiles para este sis-
tema en el marco de espacios de Orlicz-Sobolev fracciona-
rios. Para lograrlo, empleamos el enfoque de punto crítico
y el principio variacional directo, que nos permiten de-
mostrar la existencia de dichas soluciones. El uso de espacios
de Orlicz-Sobolev fraccionarios es esencial para lidiar con
la nolinealidad del problema, convirtiéndolo en una herra-
mienta poderosa para el análisis. Los resultados presentados
contribuyen a una comprensión más profunda del compor-
tamiento de este tipo de sistemas elípticos y entregan una
base para investigación futura en áreas relacionadas.
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1 Introduction

The objective of this paper is to establish the existence of weak solutions for a non-local elliptic

systems, as described below:
K1

[
F1(u) + Υ1(u)

](
(−∆)sγ1

u+ a1(x)γ1(u)u
)
= Fu(x, u, v) in Ω,

K2

[
F2(v) + Υ2(v)

](
(−∆)sγ2

v + a2(x)γ2(v)v
)
= Fv(x, u, v) in Ω,

u = v = 0 on RN\Ω,

(1.1)

where Ω is a bounded open subset of RN with Lipschitz boundary ∂Ω, N ≥ 2, s ∈ (0, 1),

Fi=1,2,Υi=1,2 : Ei → R are two functionals, respectively defined by

Fi(w) =

∫
Ω2

Γi

( |w(x)− w(y)|
|x− y|s

)
dx dy

|x− y|N
, Υi(w) =

∫
Ω

ai(x)Γi(|w|)dx,

and Ki=1,2 are two bounded continuous Kirchhoff functions, F belongs to C1(Ω×R2) and satisfies

certain suitable growth assumptions, and Fu (respectively, Fv) is the partial derivative of F with

respect to u (respectively, v). Additionally, ai with i = 1, 2, are two continuous functions that

satisfy the following conditions:

(A1): ai ∈ C(Ω,R) and inf
x∈Ω

ai(x) ≥ a0 > 0.

(A2): meas(x ∈ Ω : ai(x) ≤ H) <∞, for all H > 0, where meas(.) denotes the Lebesgue measure

in Ω.

The stationary version of the Kirchhoff equation

ρ
∂2u

∂t2
−
(
P0

h
+

E

2L

∫ L

0

∣∣∣∣∂u∂x
∣∣∣∣2)∂2u∂x2

= 0, (1.2)

presented by Kirchhoff [19] in 1883. Later (1.2) was developed to form

utt −K

(∫
Ω

|∇u|2dx
)
∆u = f(x, u), x ∈ Ω. (1.3)

After that, many authors studied the following nonlocal elliptic boundary value problem

−K
(∫

Ω

|∇u|2dx
)
∆u = f(x, u), x ∈ Ω. (1.4)

In recent years, considerable research attention has been dedicated to investigating the existence of

solutions for elliptic problems within the fractional Sobolev space. This growing interest is evident

in the works of various researchers, such as those referenced in [8,9,18,24]. In a similar vein, Azroul

et al. explored the existence of a solution for the following fractional (p, q)-Schrödinger-Kirchhoff
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system type, as documented in [2].
K1

[
IMp

]
((−∆)spu+ a(x)|u|p−2u) = λFu(x, u, v) + µGu(x, u, v) in RN ,

K2

[
IMq

]
((−∆)sqv + a(x)|v|q−2v) = λFv(x, u, v) + µGv(x, u, v) in RN ,

(u, v) ∈W p ×W q,

(1.5)

where

IMr
(w) =

∫
RN×RN

|w(x)− w(y)|rMr(x− y)dx dy +

∫
RN

a(x)|w|rdx,

when we take Mr(x) = |x|−N−sr. In this case, problem (1.5) become
K1

[
Isr (u)

]
((−∆)spu+ |u|p−2u) = λFu(x, u, v) + µGu(x, u, v) in RN ,

K2

[
Isr (v)

]
((−∆)sqv + |v|q−2v) = λFv(x, u, v) + µGv(x, u, v) in RN ,

u = v = 0 on RN\Ω,

(1.6)

where

Isr (w) =

∫
Ω2

|w(x)− w(y)|r

|x− y|sr+N
dx dy +

∫
RN

a(x)|w|rdx.

In 2017, Bonder et al. in [17] made a significant advancement by introducing an extension of the

fractional Sobolev space, known as the fractional Orlicz-Sobolev space. This extension involved

the generalization of the conventional fractional Laplacian operator to the fractional γ(.)-Laplacian

operator, which is defined as follows:

(−∆)sγ(.)u(x) = p.v.

∫
RN

γ

(
|u(x)− u(y)|

|x− y|s

)
u(x)− u(y)

|x− y|s+N
dy, for all x ∈ RN , (1.7)

where γ : R+ → R+ is a non-decreasing and right continuous function, with

γ(0) = 0, γ(t) > 0 for t > 0 and lim
t→∞

γ(t) = ∞. (1.8)

The replacement of the γ(.)-Laplace operator with a fractional γ(.)-Laplacian operator raises the

question of what results can be achieved. Currently, there are only a few results available regarding

the fractional Orlicz-Sobolev spaces. For instance, in [9], we studied a nonlocal Kirchhoff type

problem within this space.
K1

[
F1(u)

]
(−∆)sγ1

u = Fu(x, u, v) in Ω,

K2

[
F2(v)

]
(−∆)sγ2

v = Fu(x, u, v) in Ω,

u = v = 0 on RN\Ω,

where Ki is the Kirchhoff function. In our problem (1.1), the function F is presumed to be
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a member of C1(Ω × R2) and complies with appropriate growth conditions, but notably does

not satisfy the well-known Ambrosetti-Rabinowitz condition. For further problems related to the

fractional Orlicz-Sobolev spaces, we refer to [6, 7, 10–16]. By setting Γi(t) = |t|r
r , our problem

(1.1) can be reduced to the fractional (p, q)-Schrödinger-Kirchhoff elliptic system given in (1.6).

In this paper, preceding works of the Kirchhoff-Schrödinger system are extended in fractional

Orlicz-Sobolev spaces.

This article is divided into four sections. In the second section, we offer a brief review of the

fractional Orlicz-Sobolev spaces, outlining their essential properties and results. Following that,

the third section presents the specific assumptions made on the data. In the fourth section, we

present our primary result concerning the existence of a weak solution and its proof, which relies

on a contradiction argument.

2 Some preliminary results and hypotheses

In this section, we will briefly introduce the definitions and fundamental properties of FOSS. For

detailed information and proofs, interested readers can refer to [1, 17,20].

We take notice of N the set of all N -functions. The function Γ ∈ N is defined for z ∈ R by setting

Γ(z) =

∫ |z|

0

tγ(t)dt.

We point out that Γ ∈ ∆2 if for a certain constant k > 0,

Γ(2z) ≤ k Γ(z), for every z > 0. (2.1)

We observe that Γ and Γ satisfy the following Young’s inequality:

rz ≤ Γ(r) + Γ(z) for all z, r ≥ 0 and x ∈ Ω. (2.2)

In the Orlicz space LΓ(Ω) is well-know, the Hölder inequality∫
Ω

|u(z)v(z)|dz ≤ ||u||Γ||v||(Γ) for all u ∈ LΓ(Ω) and v ∈ LΓ(Ω), (2.3)

where LΓ(Ω) is defined as the set of equivalence classes of measurable functions u : Ω → R such

that: ∫
Ω

Γ
(u(z)

τ

)
dz < +∞ for certain τ > 0.

where ||.||(Γ) is the Orlicz norm defined by

||u||(Γ) := sup
||v||Γ≤1

∫
Ω

u(z)v(z) dz.
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LΓ(Ω) is a Banach space under the following norm,

∥u∥Γ = inf
{
λ > 0 /

∫
Ω

Γ
( |u(x)|

λ

)
dx ≤ 1

}
.

We assume that:

(A0)

∫ 1

0

Γ−1 (t)

t1+
s
N

dt <∞ and (A∞)

∫ +∞

1

Γ−1 (t)

t1+
s
N

dt = +∞ for s ∈(0,1).

Under the hypotheses (A0) and (A∞), we can insert an N -function Γ∗, given by the following

expression of its inverse in R+:

(Γ∗)−1(t) =

∫ t

0

Γ−1(r)

r
N+s
N

dr for t ≥ 0. (2.4)

The fact that Γ ∈ ∆2-condition globally implies that:

uk → u in LΓ(Ω) ⇐⇒
∫
Ω

Γ(|uk − u|)dx→ 0. (2.5)

Now we set an useful lemma which we need in the proof.

Lemma 2.1 ([4]). Let Γ be the complementary of the N -functions Γ. Then we have

Γ(γ(t)) ≤ (n− 1)Γ(t), for all t > 0, (2.6)

where n = supt>0
t2γ(t)
Γ(t) .

We define the fractional Orlicz-Sobolev spaces as follows

W s,Γ(Ω) =
{
u ∈ LΓ(Ω) :

∫
Ω

∫
Ω

Γ
(λ|u(x)− u(y)|

|x− y|s
)
|x− y|−Ndx dy <∞ for some λ > 0

}
.

This space is equipped with the norm,

||u||s,Γ = ||u||Γ + [u]s,Γ, (2.7)

where [.]s,Γ defined by

[u]s,Γ = inf
{
λ > 0 :

∫
Ω

∫
Ω

Γ
( |u(x)− u(y)|

λ|x− y|s
)
|x− y|−Ndx dy ≤ 1

}
.

To deal with this problem, we choose

W s,Γ
0 (Ω) =

{
u ∈W s,Γ(RN ) : u = 0 a.e. RN \ Ω

}
,
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which can be equivalently renormed by setting ||.|| = [.]s,Γ and

Ei =
{
u ∈W s,Γi(RN ) :

∫
Ω

ai(x)Γi(|u|)dx <∞; u = 0 a.e. RN \ Ω
}
,

equipped with the following norm ||.||Ei,Γi
= [.]s,Γi

+ ||.||ai,Γi
, where

||u||ai,Γi = inf
{
λ > 0,

∫
Ω

ai(x)Γi

( |u(x)|
λ

)
dx ≤ 1

}
.

Throughout this paper Ω is a bounded open subset of RN and s ∈ (0, 1).

In W s,Γ
0 (Ω) we have the following Poincaré inequality

||u||Γ ≤ τ [u]s,Γ, ∀u ∈W s,Γ
0 (Ω). (2.8)

where τ is a positive constant.

Remark 2.2. [.]s,Γ is a norm of W s,Γ
0 (Ω) equivalent to ||.||s,Γ.

Lemma 2.3 ([7]). The representation given by

Γi=1;2(t) :=

∫ |t|

0

rγi(r)dr for all t ∈ R, (2.9)

exists and it is an N -function where γi=1;2 verified (1.8).

3 Hypotheses

We use through our paper that Γi ∈ N defined in (2.9) and we suppose that Γi ∈ ∆2. Then by

lemma 2.1 in [23] we have for all t > 0 that

1 < li := inf
t>0

t2γi(t)

Γi(t)
≤ sup

t>0

t2γi(t)

Γi(t)
:= ni < N. (3.1)

Related to functions Γi, Ki and F our hypotheses are the following:

(ϕ1): The function t→ Γi(
√
t) where t ∈ [0,+∞) is convex.

(ϕ2): There exists 1 < ηi < li, such that

lim
t→+∞

|t|ηi

Γi(t)
= 0,

and the Kirchhoff function Ki : [0,∞) → (0,∞) is a nondecreasing continuous function such that:
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(A3): There exist α1, α2 > 0 such that:

α2 ≥ Ki(t) ≥ α1 for all t ∈ [0,∞).

And F satisfies:

(F1): F : Ω× R× R → R is a C1 function such that F (x, 0, 0) = 0 for all x ∈ Ω|Fu(x, u, v)| ≤ c1|u|r1−1 + c2|v|
r2(r1−1)

r1 ,

|Fv(x, u, v)| ≤ c1|u|
r1(r2−1)

r2 + c2|v|r2−1,
(3.2)

where ri ∈ (1, li).

(F2): There exist an open set Ω ⊂ RN with |Ω| > 0, and positive constants α0 ∈ [1, l1), β0 ∈ [1, l2),

c > 0 and ρ, σ ∈ R with ρ+ σ ̸= 0 such that

F (x, ρt, σt) ≥ c(|ρt|α0 + |σt|β0), for all (x, t) ∈ Ω× [0, 1).

Remark 3.1 ([17, Proposition 2.11]). W s,Γ
0 (Ω) is a separable and reflexive Banach space.

Lemma 3.2 ([5, Lemma 4.3]). The following properties hold true:

1) Fi

(
u

[u]s,Γi

)
≤ 1, for all u ∈ Ei \ {0}.

2) ζ0([u]s,Γi
) ≤ Fi(u) ≤ ζ1([u]s,Γi

), for all u ∈ Ei.

3) ζ0(||u||ai,Γi
) ≤ Υi(u) ≤ ζ1(||u||ai,Γi

), for all u ∈ Ei.

Lemma 3.3 ([5, Lemma 4.7]). Fi and Υi are two weak lower semi-continuous functions.

Lemma 3.4 ([7, Lemma 3.3]). Under assumption (ϕ1) we have that (E, ||.||Ei
) is a real uniformly

convex Banach space.

Now we state the embedding compactness result.

Theorem 3.5 ([5, Theorem 1.2.]). Let Γ be an N-function.

i) If (A0), (A∞) and (3.1) hold, then the embedding W s,Γi(Ω) ↪→ LΓ∗
i
(Ω) is continuous, and

the embedding W s,Γi(Ω) ↪→ LΦ(Ω) is compact for any N -function Φ ≪ Γi.

ii) If (A1), (A2) and (3.1) hold, then the embedding Ei ↪→ LΓi
(Ω) is continuous, and the

embedding E ↪→ LΦ(Ω) is compact for any N-function Φ ≪ Γi.

Remark 3.6. The assumption (ϕ2) implies that |t|ηi ≪ Γi, then by Theorem 3.5 the following

embeddings Ei → Lηi(Ω) are compact, i.e., there exist constants Cηi
> 0 such that

||u||ηi ≤ Cηi ||u||Ei,Γi for all u ∈ Ei. (3.3)
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4 Main results

In this section, we present the existence result.

Theorem 4.1. Assume that (A1)-(A3), (F1)-(F3), (3.1) and (ϕ2) hold true. Then system (1.1)

possesses a nontrivial weak solution.

In order to prove Theorem 4.1, we will use the following Lemma:

Lemma 4.2 ([22]). Let X be a real Banach space and J ∈ C1(X,R) satisfies (PS)-condition. If

J is bounded from below, then c = infX J is a critical value of J .

In fact, since

F (x, u, v) =

∫ u

0

Fp(x, p, v)dp+

∫ v

0

Ft(x, 0, t)dt+ F (x, 0, 0), ∀(x, u, v) ∈ Ω× R× R.

By (3.2) and the fact that F (x, 0, 0) = 0, we show that:

|F (x, u, v)| ≤
∫ |u|

0

|Fp(x, p, v)|dp+
∫ |v|

0

|Ft(x, 0, t)|dt

≤ c1

∫ |u|

0

|p|r1−1dp+ c2

∫ |u|

0

|v|
r2(r1−1)

r1 dp+ c2

∫ |v|

0

|t|r2−1dt

=
c1
r1

|u|r1 + c2|u||v|
r2(r1−1)

r1 +
c2
r2

|v|r2

≤ c1
r1

|u|r1 + c2
r1

|u|r1 + c2
r1 − 1

r1
|v|r2 + c2

r2
|v|r2

= c3|u|r1 + c4|v|r2 ,

(4.1)

where c3 =
c1 + c2
r1

and c4 =
c2r2(r1 − 1) + r1

r1r2
.

Now we have all tools to study our problem (1.1). For that we shall define our working space

W := E1 × E2 with the norm

||(u, v)|| := ||u||E1,Γ1
+ ||v||E2,Γ2

.

We can show that W is a separable and reflexive Banach space. We observe that the energy

functional I on W corresponding to system (1.1) is

I(u, v) := K̃1

[
F1(u) + Υ1(u)

]
+ K̃2

[
F2(v) + Υ2(v)

]
−

∫
Ω

F (x, u, v)dx, ∀(u, v) ∈W.

Where

K̃(t) :=

∫ t

0

K(τ)dτ.
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Denote by Ii :W → R, i = 1, 2, the functionals I1(u, v) = (K̃oH)1(u) + (K̃oH)2(v) where

(K̃oH)i(w) := K̃i

[ ∫
Ω×Ω

Γi

(
w(x)− w(y)

|x− y|s

)
dx dy

|x− y|N
+

∫
Ω

ai(x)Γi(w)dx

]
and

I2(u, v) =

∫
Ω

F (x, u, v)dx.

Then

I(u, v) = I1(u, v)− I2(u, v).

Lemma 4.3. The function I is well define and it is C1(Ei,R) and we have

⟨I ′(u, v), (u, v)⟩ = K1

[
F1(u) + Υ1(u)

]( ∫
Ω×Ω

γ1(hu)huhu dµ+

∫
Ω

a1(x)γ1(u)uu dx
)

+K2

[
F2(v) + Υ2(v)

]( ∫
Ω×Ω

γ2(hv)hvhv dµ+

∫
Ω

a2(x)γ2(v)vv dx
)

−
∫
Ω

(Fu(x, u, v)u+ Fv(x, u, v)v)dx,

for all u, v ∈ Ei, where hu =
u(x)− u(y)

|x− y|s
and dµ =

dx dy

|x− y|N
(i.e, regular Borel measure on the

set Ω× Ω).

Lemma 4.4. The function I is well define and it is C1(Ei,R) and we have

⟨I ′(u, v), (u, v)⟩ = K1

[
F1(u) + Υ1(u)

]( ∫
Ω×Ω

γ1(hu)huhu dµ+

∫
Ω

a1(x)γ1(u)uu dx
)

+K2

[
F2(v) + Υ2(v)

]( ∫
Ω×Ω

γ2(hv)hvhv dµ+

∫
Ω

a2(x)γ2(v)vv dx
)

−
∫
Ω

(Fu(x, u, v)u+ Fv(x, u, v)v)dx,

for all u, v ∈ Ei, where hu =
u(x)− u(y)

|x− y|s
and dµ =

dx dy

|x− y|N
(i.e, regular Borel measure on the

set Ω× Ω).

Proof. First, we can see that

⟨(K̃oH)′i(u), v⟩ = Ki

[ ∫
Ω×Ω

Γi(hu)dµ+

∫
Ω

ai(x)Γi(u)dx
]

×
(∫

Ω×Ω

γi(hu)huhv dµ+

∫
Ω

ai(x)γi(u)uv dx
)
,

(4.2)

for all u, v ∈ Ei. It follows from (4.2) that for each u ∈ Ei, (K̃oH)′i(u) ∈ (Ei)
∗.

Next we prove that (K̃oH)i ∈ C1(Ei,R). Let {uk} ⊂ Ei with uk → u strongly in Ei, for v ∈ Ei
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we have hv ∈ LΓi(Ω× Ω, dµ) and by Hölder inequality∣∣∣∣ ∫
Ω×Ω

(γi(huk
)huk

− γi(hu)hu)hv dµ+

∫
Ω

(ai(x)γi(uk)uk − ai(x)γi(u)u)v

∣∣∣∣
≤ 2∥γi(huk

)huk
− γi(hu)hu∥LΓi

||hv||LΓi
+ 2||a||∞∥γi(uk)uk − γi(u)u∥LΓi

||v||LΓi
.

(4.3)

On the other hand, uk → u in Ei, then huk
→ hu in LΓi(Ω × Ω), so by dominated convergence

theorem, there exists a subsequence {hunk
} and a function h in LΓi

(Ω× Ω) such that

|γi(hunk
)hunk

| ≤ |γi(h)h| ∈ LΓi
(Ω× Ω) a.e. in Ω× Ω.

And

γi(hunk
)hunk

→ γi(hu)hu a.e. in Ω× Ω. (4.4)

Then by dominated convergence theorem we obtain that

sup
||v||s,Γi

≤1

∣∣∣∣ ∫
Ω×Ω

(γi(huk
)huk

− γi(hu)hu)hv dµ

∣∣∣∣ → 0. (4.5)

By same techniques we obtain that

sup
||v||Γi

≤1

∣∣∣∣ ∫
Ω

(γi(uk)uk − γi(u)u)v dx

∣∣∣∣ → 0. (4.6)

By (A1), (A2), (2.5), ii) in Theorem 3.5 and boundedness of sequence {uk, vk} and using similar

argument in the proof of Lemma 3.3 in [7] we show that

lim
n→∞

∫
Ω

ai(x)Mi

(
un

)
dx =

∫
Ω

ai(x)Mi

(
u
)
dx. (4.7)

According to the last equation and the continuity of Ki, we have

Ki

(∫
Ω×Ω

Γi(huk
)dµ+

∫
Ω

ai(x)Γi(uk)dx

)
→ Ki

(∫
Ω×Ω

Γi(hu)dµ+

∫
Ω

ai(x)Γi(u)dx

)
. (4.8)

Combining (4.5), (4.6) in (4.3) and with the fact (4.8) we get (K̃oH)′i is continuous. Now we turn

to prove that

⟨I ′2(u, v), (u, v)⟩ =
∫
Ω

(Fu(x, u, v)u+ Fv(x, u, v)v)dx for all (u, v), (u, v) ∈W. (4.9)
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By (4.1) and 3.3 we have∫
Ω

F (x, u, v)dx ≤
∫
Ω

|F (x, u, v|dx ≤ c3

∫
Ω

|u|r1dx+ c4

∫
Ω

|v|r2dx

= c3||u||r1r1 + c4||v||r2r2
≤ c3Cr1 ||u||

r1
E1,Γ1

+ c4Cr2 ||v||
r2
E2,Γ2

.

(4.10)

Then I2 is well defined in W . Now by (3.2), (3.3) and the similar argument in [23, Lemma 3.1] we

see that (4.9) holds.

Lemma 4.5. Suppose that (ϕ1) is fulfilled. Moreover, we assume that the sequence (uk) converges

weakly to u in E1 and

lim
k→∞

sup⟨(K̃oH)′1(uk), uk − u⟩ ≤ 0. (4.11)

Then (uk) converge strongly to u ∈ E1.

Proof. Since (uk) converges weakly to u in E1, then ([uk]s,Γ1) and (||uk||a1,Γ1) are bounded se-

quences of real numbers. That fact and relations 2) and 3) from Lemma 3.2, imply that the

sequences (Fi(uk)) and (Υi(uk)) are bounded. This means that the sequence (K̃oH)1(uk) is

bounded. Then, up to a subsequence, (K̃oH)1(uk) → c. Furthermore, Lemma 3.3 implies

(K̃oH)1(u) ≤ lim
k→∞

inf(K̃oH)1(uk) = c. (4.12)

Since (K̃oH)1 is convex, we have

(K̃oH)1(u) ≥ (K̃oH)1(uk) + ⟨(K̃oH)′1(uk), uk − u⟩. (4.13)

Therefore, combining (4.11), (4.12) and (4.13), we conclude that (K̃oH)1(u) = c.

Taking into account that uk+u
2 converges weakly to u in E1 and using again the weak lower semi-

continuity of (K̃oH)1, we get

c = (K̃oH)1(u) ≤ lim
k→∞

inf(K̃oH)1

(uk + u

2

)
. (4.14)

We argue by contradiction, and suppose that (uk) does not converge to u in E1. Then, there exists

β > 0 and a subsequence (ukr ) of (uk) such that

∥∥∥ukr
− u

2

∥∥∥
a1,Γ1

≥ β.
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By 2) and 3) in Lemma 3.2 we infer that

(K̃oH)1

(uk + u

2

)
≥ ζ0

(∥∥∥ukr − u

2

∥∥∥
a1,Γ1

)
+ ζ0

([ukr − u

2

]
s,Γ1

)
≥ ζ0

(∥∥∥ukr − u

2

∥∥∥
a1,Γ1

)
≥ ζ0(β).

On the other hand, the ∆2-condition and relation (ϕ1) enable us to apply Theorem 1.2 in [21] to

obtain

1

2
(K̃oH)1(u) +

1

2
(K̃oH)1(ukr )− (K̃oH)1

(ukr + u

2

)
≥ (K̃oH)1

(ukr − u

2

)
≥ ζ0(β), (4.15)

for all r ∈ N.

Letting r → ∞ in the above inequality, we get

c− ζ0(β) ≥ lim
r→∞

sup(K̃oH)1

(ukr
+ u

2

)
≥ c. (4.16)

That is a contradiction. It follows that (uk) converges strongly to u in E1.

Similary we can obtain that, vk → v in E2. Therefore {(uk, vk)} → (u, v) in W .

Lemma 4.6. If a sequence (uk, vk) converges to (u0, v0) in W weakly, then∫
Ω

(
1

α1
Fu(x, uk, vk)−

1

α2
Fu(x, u0, v0)

)
(uk − u0)dx→ 0 (4.17)

and ∫
Ω

(
1

α1
Fv(x, uk, vk)−

1

α2
Fv(x, u0, v0)

)
(vk − v0)dx→ 0. (4.18)

Proof. By (3.2), remark 3.6 and Hölder inequality we have:∫
Ω

(
1

α1
Fu(x, uk, vk)−

1

α2
Fu(x, u0, v0)

)
(uk − u0)dx

≤
∫
Ω

∣∣∣∣ 1α1
Fu(x, uk, vk)−

1

α2
Fu(x, u0, v0)

∣∣∣∣ |uk − u0|dx

≤ 1

α1

∫
Ω

|Fu(x, uk, vk)||uk|dx+
1

α1

∫
Ω

|Fu(x, uk, vk)||u0|dx

+
1

α2

∫
Ω

|Fu(x, u0, v0)||uk|dx+
1

α2

∫
Ω

|Fu(x, u0, v0)||u0|dx

≤ c1
α1

∫
Ω

|uk|r1dx+
c2
α1

∫
Ω

|vk|
r2(r1−1)

r1 |uk|dx+
c1
α1

∫
Ω

|uk|r1−1|u0|dx

+
c2
α1

∫
Ω

|vk|
r2(r1−1)

r1 |u0|dx+
c1
α2

∫
Ω

|u0|r1−1|uk|dx+
c2
α2

∫
Ω

|v0|
r2(r1−1)

r1 |uk|dx

+
c1
α2

∫
Ω

|u0|r1dx+
c2
α2

∫
Ω

|v0|
r2(r1−1)

r1 |u0|dx
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≤ c′1

(∫
Ω

|uk|r1dx
)
+ c′2

(∫
Ω

|uk|r1dx
) 1

r1
(∫

Ω

|vk|r2dx
) r1−1

r1

+ c′1

(∫
Ω

|uk|r1dx
) r1−1

r1
(∫

Ω

|u0|r1dx
) 1

r1
+ c′2

(∫
Ω

|u0|r1dx
) 1

r1

×
(∫

Ω

|vk|r2dx
) r1−1

r1
+ c′1

(∫
Ω

|u0|r1dx
) r1−1

r1
(∫

Ω

|uk|r1dx
) 1

r1

+ c′2

(∫
Ω

|uk|r1dx
) 1

r1
(∫

Ω

|v0|r2dx
) r1−1

r1
+ c′1

(∫
Ω

|u0|r1dx
)

+ c′2

(∫
Ω

|u0|r1dx
) 1

r1
(∫

Ω

|v0|r2dx
) r1−1

r1
. (4.19)

Since (uk, vk) ⇀ (u0, v0) in W , it is clear that uk ⇀ u0 in E1 and vk ⇀ v0 in E2, then {||uk||E1}
and {||vk||E2

} are bounded. By remark 3.6, there exists G > 0 such that

||uk||E1 , ||vk||E2 , ||uk||r1 , ||vk||r2 ≤ G, for n ∈ N. (4.20)

Combining (4.19) and (4.20), then we have

∫
Ω

(
1

α1
Fu(x, uk, vk)−

1

α2
Fu(x, u0, v0)

)
(uk − u0)dx ≤ c′1||uk||r1r1 + c′2||uk||r1 ||vk||

r2(r1−1)
r1

r2

+ c′1||uk||
r2(r1−1)

r1
r1 ||u0||r1 + c′2||u0||r1 ||vk||

r2(r1−1)
r1

r2 + c′1||u0||
r2(r1−1)

r1
r1 ||uk||r1

+ c′2||uk||r1 ||v0||
r2(r1−1)

r1
r2 + c′1||u0||r1r1 + c′2||u0||r1 ||v0||

r2(r1−1)
r1

r2

≤ c′1G
r1 + c′2G

r2(r1−1)
r1

+1 + c′1G
r2(r1−1)

r1
+1 + c′2G

r2(r1−1)
r1

+1 + c′1c
′
2G

r2(r1−1)
r1

+1

+ c′2c
′
1G

r2(r1−1)
r1

+1 + c′1G
r1 + c′2c

′
1G

r2(r1−1)
r1

+1. (4.21)

Using again Remark 3.6, then for any positive ϵ, we can choose n0 ∈ N such that

(∫
Ω

|uk − u0|r1dx
) 1

r1
< ϵ for all n > n0.

Furthermore,∫
Ω

∣∣∣∣ 1α1
Fu(x, uk, vk)−

1

α2
Fu(x, u0, v0)

∣∣∣∣ |uk − u0|dx

≤
(∫

Ω

∣∣∣∣ 1α1
Fu(x, uk, vk)−

1

α2
Fu(x, u0, v0)

∣∣∣∣
r1

r1−1

dx
) r1−1

r1
(∫

Ω

|uk − u0|r1dx
) 1

r1

≤ C
(∫

Ω

|Fu(x, uk, vk)|
r1

r1−1 + |Fu(x, u0, v0)|
r1

r1−1 dx
) r1−1

r1
ϵ

≤ ϵC
(∫

Ω

(
(c1|uk|r1−1 + c2|vk|

r2(r1−1)
r1 )

r1
r1−1 + (c1|u0|r1−1 + c2|v0|

r2(r1−1)
r1 )

r1
r1−1

)
dx

) r1−1
r1
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≤ ϵC
(∫

Ω

(
c

r1
r1−1

1 |uk|r1 + c
r1

r1−1

2 |vk|r2 + c
r1

r1−1

1 |u0|r1 + c
r1

r1−1

2 |v0|r2
)
dx

) r1−1
r1

≤ ϵC
(
c

r1
r1−1

1 Gr1 + c
r1

r1−1

2 Gr2 + c
r1

r1−1

1 Gr1 + c
r1

r1−1

2 Gr2
) r1−1

r1
. (4.22)

for all n > n0. As ϵ is arbitrary, combining (4.21) with (4.22), we conclude that (4.17) holds. With

a similar discussion as above, we can prove that (4.18) holds.

Lemma 4.7. I(u, v) is coercive on W , that is, I(u, v) → +∞ as ||(u, v)|| → +∞.

Proof. Using (A3), (4.1), Remark 3.6, and Lemma 3.2 we obtain

I(u, v) = (K̃oH)1(u) + (K̃oH)2(v)−
∫
Ω

F (x, u, v)dx

≥ α1(F1 +Υ1)(u) + α1(F2 +Υ2)(v)−
∫
Ω

F (x, u, v)dx

≥ α1 min{[u]l1s,Γ1
, [u]n1

s,Γ1
}+ α1 min{∥u∥l1a,Γ1

, ∥u∥n1

a,Γ1
}

+ α1 min{[v]l2s,Γ2
, [v]n2

s,Γ2
}+ α1 min{∥v∥l2a,Γ2

, ∥v∥n2

a,Γ2
} − c1

∫
Ω

|u|r1dx− c2

∫
Ω

|v|r2dx

= α1

(
[u]l1s,Γ1

+ ∥u∥l1a,Γ1

)
+ α1

(
[v]l2s,Γ2

+ ∥v∥l2a,Γ2

)
− c3||u||r1E1,Γ1

− c4||u||r2E2,Γ2

≥ α1

2l1−1
∥u∥l1E1,Γ1

+
α1

2l2−1
∥v∥l2E2,Γ2

− c3||u||r1E1,Γ1
− c4||v||r2E2,Γ2

.

Since ri ∈ (1, li), then the last inequality implies that I(u, v) → +∞ as ||(u, v)|| = ||u||E1,Γ1
+

||v||E2,Γ2 → +∞.

Lemma 4.8. Assume that li = ni, (3.1), (4.11) (ϕ1)-(ϕ2) and (F1) hold. Then the energy func-

tional I satisfies (PS)-condition.

Proof. Let {(uk, vk)} be any (PS)-sequence in W for I. It follows from Lemma 4.7 that sequence

{(uk, vk)} is bounded in W . Therefore, going if necessary to a subsequence, we can assume that

(uk, vk) ⇀ (u0, v0) in W . Then uk ⇀ u0 in E1 and vk ⇀ v0 in E2 respectively. Since (uk, vk) is a

(PS)-sequence, there is c ∈ R such that

I(uk, vk) → c as j → ∞ and ⟨I ′(uk, vk), (ϕ, ψ)⟩ = 0 for all ϕ, ψ ∈ C∞
c (Rn), (4.23)

which follows that,

ok(1) =

〈
1

α1
I ′(uk, vk)−

1

α2
I ′(u0, v0), (uk − u0, vk − v0)

〉
=

1

α1
K1

(
F1(uk) + Υ1(uk)

)( ∫
Ω×Ω

γ1(huk
)huk

huk−u0dµ+

∫
Ω

a1(x)γ1(uk)uk(uk − u0)dx
)

+
1

α1
K2

(
F2(vk) + Υ2(vk)

)( ∫
Ω×Ω

γ2(hvk)hvkhvk−v0dµ+

∫
Ω

a2(x)γ2(vk)vk(vk − v0)dx
)
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− 1

α1

∫
Ω

(Fuk
(x, uk, vk)(uk − u0) + Fvk(x, uk, vk)(vk − v0)) dx

− 1

α2
K1

(
F1(u0) + Υ1(u0)

)( ∫
Ω×Ω

γ1(hu0
)hu0

huk−u0
dµ+

∫
Ω

a1(x)γ1(u0)u0(uk − u0)dx
)

− 1

α2
K1

(
F1(u0) + Υ1(u0)

)( ∫
Ω×Ω

γ1(hu0
)hu0

huk−u0
dµ+

∫
Ω

a1(x)γ1(u0)u0(uk − u0)dx
)

+
1

α2

∫
Ω

(Fu0(x, u0, v0)(uk − u0) + Fv0(x, u0, v0)(vk − v0)) dx

Using (A3) we infer that

ok(1) ≥
(∫

Ω×Ω

γ1(huk
)huk

huk−u0
dµ+

∫
Ω

a1(x)γ1(uk)uk(uk − u0)dx
)

+
(∫

Ω×Ω

γ2(hvk)hvkhvk−v0dµ+

∫
Ω

a2(x)γ2(vk)vk(vk − v0)dx
)

− 1

α1

∫
Ω

(Fuk
(x, uk, vk)(uk − u0) + Fvk(x, uk, vk)(vk − v0)) dx

−
(∫

Ω×Ω

(γ1(hu0)hu0huk−u0dµ+

∫
Ω

a1(x)γ1(u0)u0(uk − u0)dx
)

−
(∫

Ω×Ω

γ1(hu0
)hu0

huk−u0
dµ+

∫
Ω

a1(x)γ1(u0)u0(uk − u0)dx
)

+
1

α2

∫
Ω

(Fu0
(x, u0, v0)(uk − u0) + Fv0(x, u0, v0)(vk − v0)) dx

=
(∫

Ω×Ω

(γ1(huk
)huk

− γ1(hu0
)hu0

)huk−u0
dµ+

∫
Ω

a1(x)(γ1(uk)uk − γ1(u0)u0)(uk − u0)dx
)

+
(∫

Ω×Ω

(γ2(hvk)hvk − γ2(hv0)hv0)hvk−v0dµ+

∫
Ω

a2(x)(γ2(vk)vk − γ2(v0)v0)(vk − v0)dx
)

−
∫
Ω

(
1

α1
Fu(x, uk, vk)−

1

α2
Fu(x, u0, v0)

)
(uk − u0)dx

−
∫
Ω

(
1

α1
Fv(x, uk, vk)−

1

α2
Fv(x, u0, v0)

)
(vk − v0)dx.

Furthermore, last inequality, Lemma 4.6 and strictly monotone of the operator I ′1 implies that∫
Ω×Ω

(γ1(huk
)huk

− γ1(hu0
)hu0

)huk−u0
dµ = ⟨F ′

1(uk)−F ′
1(u0), uk − u0⟩ → 0 (4.24)∫

Ω×Ω

(γ2(hvk)hvk − γ2(hv0)hv0)hvk−v0dµ = ⟨F ′
2(vk)−F ′

2(v0), vk − v0⟩ → 0 (4.25)∫
Ω

a1(x)(γ1(uk)uk − γ1(u0)u0)(uk − u0)dx = ⟨Υ′
1(uk)−Υ′

1(u0), uk − u0⟩ → 0 (4.26)

and ∫
Ω

a2(x)(γ2(vk)vk − γ2(v0)v0)(vk − v0)dx = ⟨Υ′
2(vk)−Υ′

2(v0), vk − v0⟩ → 0. (4.27)
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By Remark 3.6, (4.24) and (4.25) we have

uk(x) → u0(x) a.e. x ∈ Ω,

and

vk(x) → v0(x) a.e. x ∈ Ω.

Using Fatou’s Lemma we have∫
Ω×Ω

Γ1(hu0
)dµ ≤ lim

k→∞
inf

∫
Ω×Ω

Γ1(huk
)dµ, (4.28)∫

Ω×Ω

Γ1(hu)dµ ≤ lim
k→∞

inf

∫
Ω×Ω

Γ2(hvk)dµ, (4.29)∫
Ω

a1(x)Γ1(uk(x))dx ≤ lim
k→∞

inf

∫
Ω

a1(x)Γ1(u0(x))dx, (4.30)

and ∫
Ω

a2(x)Γ2(vk(x))dx ≤ lim
k→∞

inf

∫
Ω

a2(x)Γ2(v0(x))dx. (4.31)

Moreover,

lim
k→∞

⟨F ′
1(uk), uk − u0⟩ = lim

k→∞
⟨F ′

1(uk)−F ′
1(u0), uk − u0⟩ = 0, (4.32)

lim
k→∞

⟨F ′
2(vk), vk − v0⟩ = lim

k→∞
⟨F ′

2(vk)−F ′
2(v0), vk − v0⟩ = 0. (4.33)

By using Hölder inequality and (2.6) we have

⟨F ′
1(uk), uk − u0⟩ =

∫
Ω×Ω

γ1(huk
)huk

huk−u0dµ

≥ l1

∫
Ω×Ω

Γ1(huk
)dµ−

∫
Ω×Ω

Γ1(γ1(huk
)huk

)dµ−
∫
Ω×Ω

Γ1(hu0
)dµ

≥ l1

∫
Ω×Ω

Γ1(huk
)dµ− (n1 − 1)

∫
Ω×Ω

Γ1(huk
)dµ−

∫
Ω×Ω

Γ1(hu0
)dµ

=

∫
Ω×Ω

Γ1(huk
)dµ−

∫
Ω×Ω

Γ1(hu0
)dµ. (4.34)

Again using Hölder inequality and (2.6) we have

⟨F ′
2(vk), vk − v0⟩ =

∫
Ω×Ω

γv(hvk)hvk
hvk−v0dµ

≥ l2

∫
Ω×Ω

Γ2(hvk)dµ−
∫
Ω×Ω

Γ2(γ2(hvk)hvk
)dµ−

∫
Ω×Ω

Γ2(hv0)dµ

≥ l2

∫
Ω×Ω

Γ2(hvk)dµ− (n2 − 1)

∫
Ω×Ω

Γ2(hvk)dµ−
∫
Ω×Ω

Γ2(h20)dµ

=

∫
Ω×Ω

Γ2(hvk)dµ−
∫
Ω×Ω

Γ2(hv0)dµ. (4.35)
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According to (4.28), (4.32) and (4.34) we infer that

lim
k→∞

∫
Ω×Ω

Γ1(huk
)dµ =

∫
Ω×Ω

Γ1(hu0)dµ. (4.36)

And by (4.29), (4.33) and (4.35) we have that

lim
k→∞

∫
Ω×Ω

Γ2(hvk)dµ =

∫
Ω×Ω

Γ2(hv0
)dµ. (4.37)

Also, by (4.7) we have

lim
k→∞

∫
Ω

a1(x)Γ1(uk)dx =

∫
Ω

a1(x)Γ1(u0)dx, (4.38)

lim
k→∞

∫
Ω

a2(x)Γ2(vk)dx =

∫
Ω

a2(x)Γ2(v0)dx. (4.39)

In conclusion, estimates (4.36), (4.37), (4.38) and (4.39) get the result.

Lemma 4.9. There is a point (u, v) ∈W such that I(u, v) < 0.

Proof. Let u0 = ρw0 and v0 = σw0 where w0 ∈ C∞
0 (Ω)\{0} with w0(x) ≥ 0, supp(w0) ⊂ Ω and

||w0|| ≤ 1. Without loss of generality, we can assume that ρ ̸= 0. It is clear that (u0, v0) ∈W (see

[3, Theorem 3.7]). When t is small enough by (A3), (F2) and Lemma 3.2 we have

I(tu0, tv0) = (K̃oH)1(tu0) + (K̃oH)2(tv0)−
∫
Ω

F (x, tu0, tv0)dx

≤ α2

(∫
Ω×Ω

Γ1(htu0
)dµ+

∫
Ω

a1(x)Γ1(tu0)dx
)

+ α2

(∫
Ω×Ω

Γ2(htv0
)dµ+

∫
Ω

a2(x)Γ2(tv0)dx
)
−

∫
Ω

F (x, tρw0, tσw0)dx

≤ α2

(
max{[tu0]l1s,Γ1

; [tu0]
n1

s,Γ1
}+max{ ||tu0||l1a1,Γ1

; ||tu0||n1

a1,Γ1
}
)

+ α2

(
max{[tv0]l2s,Γ2

; [tu0]
n2

s,Γ2
}+max{ ||tv0||l2a2,Γ2

; ||tv0||n2

a2,Γ2
}
)

−
∫
Ω

c(|tρw0|α0 + |tσw0|β0)dx

≤ α2[tu0]
l1
s,Γ1

+ α2[tu0]
n1

s,Γ1
+ α2||tu0||l1a1,Γ1

+ α2||tu0||n1

a1,Γ1

+ α2[tv0]
l2
s,Γ2

+ α2[tv0]
n2

s,Γ2
+ α2||tv0||l2a2,Γ2

+ α2||tv0||n2

a2,Γ2

− ctα0

∫
Ω

|ρw0|α0dx− ctβ0

∫
Ω

|σw0|β0dx

≤ α2t
l1 ||u0||l1E1,Γ1

+ α2t
n1 ||u0||n1

E1,Γ1
+ α2t

l2 ||v0||l2E2,Γ2
+ α2t

n2 ||v0||n2

E2,Γ2

− ctα0

∫
Ω

|u0|α0dx− ctβ0

∫
Ω

|v0|β0dx.

Hence α0 ∈ [1, l1) and β0 ∈ [1, l2), we can choose t0 > 0 small enough such that I(t0u0, t0v0) <

0.
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Proof of Theorem 4.1. Let X = W and J = I. By Lemma 4.4, Lemma 4.7, Lemma 4.8 all

conditions of Lemma 4.2 hold. Then system (1.1) possesses a critical point (u, v) ∈ W which is a

weak solution of system (1.1) satisfying I(u, v) = infW I. Lemma 4.9 implies that (u, v) ̸= 0. Thus

system (1.1) possesses at least one nontrivial weak solution.
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