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RESUMEN

El presente articulo estd dedicado al estudio de una in-
clusion diferencial de primer orden impulsada por operadores
monoétonos maximales dependiendo del tiempo y del estado
con una perturbacién integral, en el contexto de espacios de
Hilbert. En base a un método de punto fijo, derivamos un
nuevo teorema de existencia para esta clase de inclusiones
diferenciales. A continuacién investigamos un problema de
control 6ptimo sujeto a dicha clase, considerando funciones
de control actuando en el estado de los operadores y de la
perturbacién integral.
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1 Introduction

Sweeping processes with integral forcing term or integro-differential sweeping processes have been
introduced in [8]. Later, the well-posedness result to the non-convex integro-differential sweeping
process has been shown in [20]. Recent investigations on this topic have been developed in [5-7].
More recently, differential inclusions with integral perturbation involving m-accretive operators
or subdifferentials or time-dependent maximal monotone operators have been studied in [4, 13,
14]. The aforementioned contributions find many areas of applications such as electrical circuits,

nonlinear integro-differential complementarity systems, optimal control, fractional systems, etc.

We are concerned, in this paper, with the following Integro-Differential Problem with time and

state-dependent maximal monotone operators A(t, u)

(IDP aeay) —u(t) € A(t,u(t))u(t) + TZ f(t,s,u(s))ds ae. tel:=][TyT],

u(Ty) = ug € D(A(Tp,uo)),

where H stands for a real Hilbert space, A(t,z) : D(A(t,z)) C H = H is a maximal monotone
operator whose domain is denoted D(A(t, z)), for each (t,z) € I x H,and f: IxIx H — H isa

single-valued map.

Our problem generalizes the Integro-Differential Problem with time-dependent maximal monotone

operators A(t)

(IDP ) —u(t) € A(t)u(t) + Tz F(t,s,u(s))ds ae. tel,

U(To) = Uug € D(A(To)),
stated in [14]. So, we aim to study a more general case, that is, when the operator depends on
both time and state variables.

Note that the evolution problem when a single-valued map f(-,-) instead of the integral perturba-
tion in (]DPA(t,u)) has been discussed in [1,28,34]. Here, we use Schauder’s fixed point theorem
(see also [1]) to establish our main existence result. For this purpose, we make use of the uniqueness
of the solution to (IDP 4(+)) and an estimate of the velocity. However, the papers [28, 34] have

followed a discretization method.

In the next part of the paper, we deal with the Optimal Control Problem

(OCP) min ¢[uv a, b] = ¢1 (U(T)) + /0 ¢2 (t7 u(t)7 a(t)7 b(t), ﬂ(t)7 d(t), b(t))dt7

on the set of control maps (a(-),b(-)) and the associated solutions u(-) of the Controlled Problem
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—a(t) € At alt) t/ftsb w(s))ds ae. t€0,T],

Py ) uld) € D(Ata®)). te.T]
(a(')vb(')) € W172<[07T]7Rn+m)>
a(0) = ag, u(0) =wug € D(A(0,ap)),

where the cost functional ¢; : R®™ — R and the running cost ¢y : [0,T] x R***2m 5 R satisfy

convenient conditions.

This investigation is inspired by the related one on the controlled integro-sweeping process in
[5], see also [10-12,17-19,21-23,29-32, 37|, among others, for further contributions on optimiza-
tion problems subject to controlled sweeping processes or control problems governed by maximal

monotone operators.

Let us give the two following motivating examples: the first-one consists of minimizing a Bolza-type

functional subject to the controlled differential inclusion of the form

(CPsap) —u(t) € Ne(aey) (u(t)) + fila / fa(b(s),u(s))ds ae. t€[0,T),

where A(t,(t)) = N¢(4(+)) is the normal cone of a moving set C(z(t)), (x(-),a(-),b(-)) are controls
acting in the moving sets, additive perturbations, and the integral part of the sweeping dynam-
ics (see [5]). The second example concerns an optimization problem subject to the controlled

differential inclusion described by

(CPra)  —ult) € Now(u) + fla(t),u(t)) ae. te€l0,T],

where C(t) = C + z(t) and (x(-),a(-)) are control maps (see [12]).

The considered problem (OCP) is new, since we minimize over the solution set to the controlled
integro-differential inclusion (CP,;), where the controls act in both the state of the (time and
state-dependent) operator and the integral perturbation. To the best of our knowledge, this topic

is new in the scientific literature.

The rest of the paper is organized as follows. After recalling some preliminaries in Section 2, we
handle (IDP 4¢)). Then, we develop the case (IDP 4(,,)). Section 4 applies the obtained results
to show the well-posedness of (CP, ;) and establishes the existence of optimal solutions to (OCP).
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2 Notation and preliminaries

Let I := [Ty, T] be an interval of R and let H be a real separable Hilbert space whose inner product
is denoted (-,-) and the associated norm by || - ||. Denote by By the closed unit ball of H and

Bp[z,7] its closed ball of center z € H and radius r > 0.

On the space Cy (1) of continuous maps x : I — H, we consider the norm of uniform convergence

on I, [|z]ec = sup [|lz(#)]]-
tel

By L¥,(I), for p € [1,+0o[ (resp. p = +00), we denote the space of measurable maps = : [ — H
such that [, [|2(t)|[?dt < 400 (resp. which are essentially bounded) endowed with the usual norm
2l e,y = (f; ||m(t)\|pdt)%, 1 < p < +o0o (resp. endowed with the usual essential supremum norm
| lzee(r)). Denote by WL2(I, H), the space of absolutely continuous functions from I to H with

derivatives in L% (1).
Recall the definition and some properties of maximal monotone operators, see [3,9, 36].

Let A: D(A) C H = H be a set-valued operator whose domain, range and graph are defined by

D(A)={x € H: Az # 0},
R(A)={ye H: 3z € D(A), y€ Az} =U{Az: 2 € D(A)},
Gr(A) ={(z,y) e Hx H: x € D(A), y € Ax}.

The operator A : D(A) C H =% H is monotone, if (y; —y2, z1 —x2) > 0 whenever (z;,y;) € Gr(A4),
1 = 1,2. It is maximal monotone, if its graph could not be contained strictly in the graph of
any other monotone operator, in this case, for all u > 0, R(Iyg + pA) = H, where Iy stands for
the identity map of H. If A is a maximal monotone operator then, for every x € D(A), Ax is
non-empty, closed and convex. Then, the projection of the origin onto Az, A°(z), exists and is
unique.

Associated with any maximal monotone operator A is the so-called resolvent J f =g+ uA)fl,
1 > 0, which turns out to be a nice firmly non-expansive operator with full domain. Resolvents not
only provide an alternative view on monotone operators because one can recover the underlying
maximal monotone operator via (J,j‘)_1 — Iy but they also are crucial for the formulation of

algorithms for finding zeros of A (e.g., the celebrated proximal point algorithm).

Recall that the Yosida approximation of A of index p > 0 is defined by A4, = i([ H— J;f).
Yosida approximations are powerful tools to study monotone operators. They can be viewed
as regularizations and approximations of A because A, is a single-valued Lipschitz-continuous

operator on H and A, approximates A in the sense that A,z — A%(z) € Az as p — 0*.
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Let us summarize the following properties of these operators:

J;f‘a: € D(A) and A,(z) € A(Jl’?x) for every z € H, (2.1)
| A (z)|| < |A°(2)||  for every = € D(A).

The normal cone to a non-empty closed convex set S at € H denoted Ng(z) defined by
Ns(x)={ye H: (y,z—z) <0 VzeS} (2.2)

is a maximal monotone operator.

Let A: D(A) C H = H and B: D(B) C H =% H be two maximal monotone operators, then, we
denote by dis (4, B) (see [35]) the pseudo-distance between A and B defined by

i =su W-y.2' —x) x r 'y r
dis (A, B) = p{1+||y|+||y’|| : (z,y) € Gr(4), (2,y) e G (B)}

Clearly, dis (A, B) € [0,400], dis (4, B) = dis (B, A) and dis (4, B) =0 iff A = B.
Let us first recall some useful lemmas that will be used in what follows (see [27]).

The first one permits to prove some inclusions using a convergence in the sense of the pseudo-

distance.

Lemma 2.1. Let A,, (n € N), A be mazimal monotone operators of H such that dis (4,,, A) — 0.
Suppose also that x,, € D(A,,) with x,, — = and y,, € A(z,) with y,, — y weakly for some z,y € H.
Then, © € D(A) and y € A(z).

The next lemma deals with some modes of convergence in the sense of the pseudo-distance and

the element of minimal norm.

Lemma 2.2. Let A, (n € N), A be mazimal monotone operators of H such that dis (4,, A) =0
and || A% (z)|| < (1 + ||z||) for some ¢ >0, alln € N and x € D(A,,). Then, for every ( € D(A),

there exists a sequence ((,) such that

o € D(An), G — ¢ and Ap(Ga) — A°(C).

Another approach on how to prove some inclusions using an estimate involving the element of

minimal norm is provided by the following lemma.

Lemma 2.3. Let A be a maximal monotone operator. If x,y € H are such that

(A°(2) —y,z —2) >0 Vze D(A),
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then, x € D(A) and y € A(z).

In the last lemma, we provide an estimate by means of the pseudo-distance, the element of minimal

norm, and the resolvent.

Lemma 2.4. Let A, B be maximal monotone operators of H. Then, for p > 0 and x € D(A) one

has

Hx—Jf@WEHMA%@H+dEOLB%+¢MO+WAW@WdEOLB)

Recall the classical definition of Komlos convergence (see [16, p. 128]).

Definition 2.5. A sequence (u,) in L (I) Komlds converges to a function u € L, (I) if for any

subsequence (vy,) of (uy,), one has
li Ly i(t) = u(t
n;néoﬁzlv]( )=u(t) ae.
=

We also need the following theorem about the relationship between Komlés convergence and

bounded sequences in L}, (I) (see [25, Theorem 3.1]).

Proposition 2.6. Let (u,) be a bounded sequence in L (I). Then, there exists a subsequence

(vn) of (u,) and w € LY (I) such that
li Ly i(t) = u(t
n;ngcﬁzle( Y=u(t) ae.
=

for any subsequence (wy,) of (vy).

Let us recall the Schauder’s fixed point theorem (see [24]).

Theorem 2.7. Let C' be a non-empty closed bounded convexr subset of a Banach space E and let

f:C — C be a continuous map. If f(C) is relatively compact, then, f has a fized point.

The discrete version of Gronwall’s lemma (see [27]) is given as follows:

Lemma 2.8. Let (), (8i), (vi) and (n;) be sequences of non-negative real numbers such that
Niv1 < o+ Bilno +m + -+ +ni-1) + (L+v)m forieN.

Then,
k—1 k—1

M < 770+Zaj exp (4B +v4) for k € N*.
Jj=0 7=0

We end this section by recalling the Gronwall-like differential inequality proved in [6].
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Lemma 2.9. Let y : I — R be a non-negative absolutely continuous function and let hi,hs, g :

I — R, be non-negative integrable functions. Suppose for some e > 0

=

g(t) < g(t) +e+ hi(t)y(t) + ha(t)(y(t)) /0 (y(s))?ds a.e tel.

Then, for allt € I, one has

o0)+2)% oo ([ (1(5)+ )5

+2{</Otg(s)ds+€>2 — &% exp </Ot(h(r)+1)dr>}
+2/Ot (h(s)+1) exp(/:(h(mﬂ)dr) (/Osg(r)dr-i-a)éds,

where h(t) = max (hl(t), h2(t)> ae tel.
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3 Main result

We start this section by giving some important details to [14, Proposition 4.4] which asserts the

existence result to (IDP 4(;)). We succeed further to obtain the uniqueness of the solution and an

estimate of its derivative.

Theorem 3.1. Let A(t) : D(A(t)) C H = H be a mazimal monotone operator for each t € I,
satisfying

(h1) there exists a function B(-) € WH2(I,R) which is non-negative on [Ty, T| and non-decreasing
with B(To) = 0 and B(T) < +o0 such that

dis (A(t), A(s)) < |8(t) — B(s)| for allt,s € I;
(ha) there exists a non-negative real constant ¢ such that
|A°(H)z|| < c(1+ ||z|)) for allt € I, x € D(A(L));
(h3) the set D(A(t)) is relatively ball-compact for any t € I.
Let f:IxIxH — H be a map such that

(1) the map f(-,-,x) is measurable on I x I for each x € H;
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(ii) the map f(t,s,-) is continuous on H for each (t,s) € I x I, and for every n > 0, there exists

a non-negative function &,(-) € Ly(I) such that for all t,s € I and for any x,y € Bg|0,7)

1f(t,s,2) = [t s, 9)] < &)z —yl;

(74i) there exists a non-negative real constant m such that for all (t,s,z) € I x I x H, one has

£t s, 2) | <m(l+ [z]).

Then, for all ug € D(A(Tp)), the Integro-Differential Problem (IDP 4(+)) has a unique absolutely

continuous solution u(-) that satisfies
o) < K(1+B(@1) ae tel, (3.1)
for the non-negative real constant K = (2(T — To)m + 3¢)(K1 + 1) + 2 where

K= (Huo\|+ (Z(T — To)ym + %c + 2) (T+5(T))> exp (((T — To)ym + §c> (T = To) + m(T + B(T))2) .

Proof. |14, Proposition 4.4] ensures the existence of a solution u(-). Our main concern is to find a

suitable estimate of u(-), then, to prove that u(-) is unique.
For any n > 1, define a subdivision of I by Ty =t <t} <--- <tp =T.

Set foranyn>1andi=0,1,...,n—1,
h?—&-l = t?+1 -7, '?+1 = /B(t'?-&-l) - B(t?)-

Suppose that
h? S h’?+17 Bn < 57,4»1

Define the function v(t) = ¢ + 5(¢), t € I. Choose the subdivision such that for alli =0,...,n—1

and n > 1,
V(T)
Viv1 = Bipr T hityr < T e (3.2)
Fix any integer n > 1. Let us start by setting uf := ug, for i =0,...,n — 1 and 7 €]t} ¢} ],

i—1

tiy 2
u?+1:Ji’L+1<uf—/tn {Z/tn f(r,s,uf ds+/ f(r,s,ul) }dT), (3.3)
i 7=0

n A(tL )
Ji =T T = (I + R At )T h

where
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In view of (2.1) and (3.3), observe that
ui'y; € D(A(t)), (3.4)

and

Uy (1 i1
uf—/ {Z/ f(r,s,uj ds+/fTsu)ds}d7’6u,+1+hz+1A(z+1) Uiy
t =0/t

Then, one writes

i—1

Uiy — U 1 [he (S i1
- e At} )uiy + / Z/ (7, 8,u} ds—l—/ f(r,s,ul) (3.5)
hL+1 hz+1 =0 t;b

Thanks to Lemma 2.4 and (3.3), one has

i —wil
i—1 t T
= ‘ Ji <uf - { / (7, 8,uj)ds + f(T,S,U?)dS}dT) —ul
= &
i— T
< ‘ Ji' (u { / (7,5, u})ds + f(7'7s7u?)ds}d7> i (ug)
e tn

1 () — |
i—1

74
<
e =07t

+dis (A(#), A(t41) +\/hz+1 (14 [[A% (& )uit [ )dis (A(t7), At )

tr T
/J f(r,s, uf Mds + f(r,s,ul)ds dT—l—hHlHAO(t;L)ufH
n t’TIV

Using the fact that vab < & (a +b) for all a,b € R, one has

ot < [ Z/ tmsasar s [ [Tt las
3
+ h1+1 | At || + dlS(A( i), A7) + h1+1

Next, combining (h1), (he) and (éii), one obtains

i—1
Juity — uif|l < Qh?HC(l + Jlui ) + BM + hiql +h2am Y R (U [l
7=0

e
+ / (r — t2)m(1 + Jul )
t

n
i
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along with (3.2) and the fact that 7 — ¢t < T — Tp, one simplifies

s = < s (0 = Toym o+ ) a4 22y (T = Topm+ Se+2)
i—1
+ hz+1mz Ry (1 + g ). (3.6)
7=0

Remember that h},; <, fori=0,...,n—1, and Z; Bh?ﬂ < T —Tp, along with (3.2), one gets

3 " n 3
R ((T = Tojm-+ e Il + 2t (27 = Toym + Je-+2)
+ nnmzhmnu"n

This yields

i—1

ol < (1 (€= Tom e+ 3e) ) It 4ot (2= Topm+ St 2) 4 m 3 gl
j=0
An application of Lemma 2.8, it follows that foralln > 1landi=1,...,n
uill < K7, (3.7)
with

Ki = <||u0|| + <2(T —Tyym+ gc + 2> W(T)) exp <((T —Ty)m+ §c> (T—Ty)+ m’yz(T)) .

Coming back to (3.6) with the help of (3.2), one gets
[uiys —w'l| < v K, (3.8)

with
3
K = (Z(T —To)m+ 20) (Ki+1)+2.

For each n > 1, we define the map u,(-) : I — H by: for t € [t?, 7, [[0<i<n—1

1

t— t” tha (12 i
u()—u?+hn (m uf +/ {Z/ I uf)ds + | f(mu) }dT)
38 =0

LS s [ s

i

Un(T) =upy,  un(To) = ug.
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It is clear that the function w,(-) : I — H is absolutely continuous for each n > 1, with u, (t7") = u?

and uy, (t},,) = uj, ;. Moreover, for all ¢ €]t}, 7]
1 ¢

1 i iz o
un(t):m(u?+1—u?+/f {Z/] (7,8, u} ds—l—/frsu }dT)
i+1 7 ; n

K 7=0

i—1 t;”
,Z/t f(t,s,uj dsf/ f(t, s ul (3.10)

7=0

Combining (7i7), (3.7), (3.8) and (3.9), it results
[Jun () = ui' | < lluiyy — ufll + 2(T = To)m(1 + K1)hily <9 (K +2(T — To)m(1 + K1),

along with (3.2) yields
[un () — ug | < L (3.11)

where

Fix s € [t7,t7 [ and t € [t7,¢7, [ with j > 4. Then, by (3.2), (3.8) and (3.11), one has

[[un () = un ()| < llun(t) = ufll + luf = wif|| + [lui" — un(s)|

< luf —ull + 2L < Y ufyprr — ulypll + 2Ln,
p=0

< K Z ’Yin—&-p-i-l + 2L77n =K (’Y(t?) - ry(t?)) + 2L77n

p=0
<K (y(t) =) +2Ln, = K (v(t) —v(s) +7(s) — (&) + 2Ln,
<K (y(t) = (s) +v(tiy) — (7)) + 2Ly,
= K (v(t) —(s)) + K7y + 2L,
< K (y(t) = () + (K +2L)n,

Then, for any n > 1 and Ty < s <t < T, one gets
[un(t) = un(s)| < K (v(t) = 7(s)) + (K +2L)n, = K (t — s + B(t) — B(s)) + (K + 2L)n,. (3.12)
Combining (3.4)-(3.5) and (3.9)-(3.10), it results that
—ti () € AGn(E))tn (6, (t)) + gn(t) ace. t €1, un(6a(t)) € D(A(5,(1))),

where g, (¢ fT ft,s,un(0,(s)))ds and the maps 6,,9, : I — I are defined by 6,,(Ty) = T,
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0, (t) =t if ¢ €]ty t7 1] and 0,,(To) = To, 0n(t) =t} if t €]t 17 ] for some i € {0,...,n —1}.

By Arzela-Ascoli theorem (with the help of (h3)), it is easy to show that the constructed sequence
(un(-)) uniformly converges to some u(-) € W2(I, H). To verify that u(-) is a solution of the
required integro-differential inclusion, we proceed as in Step 3 in the proof of [2, Theorem 3.2] with

appropriate changes.

Finally, passing to the limit in (3.12) as n — oo (noting that n, — 0) yields
la(t)|] < K(1+ B(t) ae. tel

Uniqueness. Let u;(-) and uz(-) be two solutions to (IDP 4()). Since A(t) is monotone then,

one has

t

Ld

sl =@l < ([ fles s -

f(t, s,u2(s))ds, ua(t) — ul(t)> . (3.13)

To

By the estimate of the velocity above, there exists a non-negative real constant n such that

lui(t)|] <n and ||Jua(t)|| <n, for each t € I, along with (i), there is &,(-) € Ly (1) such that

[f(t;5,u1(s)) = [t s, u2(s))]| < & (@)[[ur(s) —ua(s)|| for all (¢,5) € I < I,

so that coming back to (3.13), it follows that

1d

3 ile®) ~ O < Olate) ~m Ol [ ats) @)l

Hence, Lemma 2.9 with € > 0 arbitrary yields u; = us and guarantees the uniqueness of the

solution to (IDP 4))- O

Now, we are able to prove our main result concerning (IDP 4(,.))-

Theorem 3.2. Let A(t,z) : D(A(t,x)) C H == H be a mazimal monotone operator for each
(t,z) € I x H satisfying

(Hy) there exist a non-negative and non-decreasing real function o(-) € WH2(I,R) and a non-

negative real constant A < 1 such that

dis (A(t, ), A(s,y)) < |a(t) —a(s)|+ A|lz —y|| Vi, s el andVa,y € H;

(Hsz) there exists a non-negative real constant ¢ such that

1A°(t, @)yl < e+ ||zl + |lyll)  for all (t,2) € I x H and y € D(A(t,x));
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(Hs) for any bounded subset X of H, the set D(A(I x X)) is relatively ball-compact.

Let f: I xIx H— H be a map satisfying assumptions (i)-(i1)-(iii) of Theorem 3.1.

Put d = c(2+ |Jugl)), S = (2(T — To)m + 2d) (S1 + 1) + 2, where

S = (uo| + (2(T ~To)m + Sd+ 2) (T +(T) + 1))
exp ( ((T —Tyym+ ‘;’d) (T = To) + m(T + a(T) + 1)2).

If AS < 1, then, the Integro-Differential Problem (IDP a(.)) admits an absolutely continuous
solution u(-) that satisfies

le(®)] < @(t) ae tel, (3.14)
where ¢ : I — R is the absolutely continuous solution to

L

ot = T (1+6(0), 9(To) =0,

for the non-negative real constant L = (2(T — To)m + 3d) (Ly + 1) + 2, where

L= <||uo|| + (2(T ~Ty)ym + gd + 2) (T + o(T) + A))
exp < ((T —To)m + gd) (T —To) + m(T + o(T) + )\)2).

Proof. Observe that 1 — AL > 0 (in the differential equation) noting that AS < 1 by assumption

and since L < S then, A < %

Since ¢(-) is absolutely continuous, then, there exists some non-negative real constant ¢ > 0 such
that

T
/ P(s)ds < foralltel.
To

Let us just take § = 1 (for simplicity) and suppose that

T
/ o(s)ds <1 foralltel. (3.15)
To

Let us consider the convex bounded closed subset Y of the Banach space Cg (I) defined by

Y = {u € Cu(D) : ult) = uo +/ a(s)ds, |[a)] < ¢(t), t e 1} .

To

Let h € Y, and define the time-dependent maximal monotone operator By (t) = A(t, h(t)), t € I
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(as in [15, Lemma 5]). For all To <7 <t < T, one has using (H)

dis (Bn(t), Bn(1)) = dis (A(t, h(t)), A(7, h(7))) < a(t) — a(7) + A[[a(t) = h(7)|

fg/a@m&+a/HM@wss/[M@+Aw@ws=mw—ﬁvx

where 3(-) € WH2(I,R) is given by

B(t) = / [6(s) + Ap(s)] ds, Vtel.

To

Furthermore, one writes using (Hz) and (3.15)

1Bl = |4t hD)z] < (1 + A + ll=])
SCO+W0+A¢@@+MO

< e+ [luoll + =) < d(1 + [=]]),

for all t € I and = € D(A(t, h(t))), where d = c(2 + |lug]|)-

In view of Theorem 3.1, there exists a unique absolutely continuous solution uy : I — H to the

integro-differential inclusion

_in(t) € Ba(tyun(t) + / F(ts,un(s))ds ae tel, he,

(Zn) un(t) € D(Bu(t)) = DA h(1)), VieT
up(To) = uo € D(Bn(Tp)) = D(A(Th, uo)),

with
lin ()| < p(1+ a(t) + Ap(t)) ae. tel, (3.16)

for the non-negative real constant p = (2(T — Ty)m + 2d)(p1 + 1) + 2, where
p1 = (lluoll + (2(T —To)m + gd + 2) (T + ,B(T))>
exp ( <(T —Tyym+ 2d> (T = To) +m(T + ﬂ(T))?) .
Now, for each h € Y, let us consider the map ® defined on Y by
O(h)(t) == un(t), tel,

where up,(-) is the unique absolutely continuous solution to the latter integro-differential inclusion,

namely (Zp).
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Observe that p < L. Indeed, note by (H7) that «(-) is a non-decreasing and non-negative function,

along with the definition of 3(-), one writes

T T
B(T) = /T (6(6) + AB(s))ds < aT) 4 A [ 4(s)ds < alT) + A

using the fact that fTTo ¢(s)ds < 1 by (3.15). Then, from the definition of p; and L, this just
shows that p; < L;. We return therefore to the expression of p and L to compare.

Thus, coming back to (3.16), one writes
[an(®)]] < L1+ a(t) + Ap(t) = (1) (3.17)

As aresult, ®(h) €Y.

Also, note that using (3.15) for any h € Y, one gets
llun ()] < ||uoll + @(T") forallt e I. (3.18)

Let us prove that ®(Y") is relatively compact in Cg(I).

On the one hand, note by (3.18) that for any h € Y
h(t) € (lluoll + @(T)) B
On the other hand, since u(t) € D(A(t, h(t))) for each t € I then,
un(t) € D(AI x ([uoll + (7)) Bu)) N (luoll + (7)) B

Using the ball-compactness assumption in (H3), one deduces that for each ¢ € I, {®(h)(t), he Y}
is relatively compact in H, for any t € I. Moreover, (®(h)) is equi-continuous. By Arzela-Ascoli

theorem, ®(Y) is relatively compact in Cpy (I).

Now, we check that & is continuous. It is sufficient to show that: if (h,) uniformly converges
to h in Y, then, the sequence of absolutely continuous solutions wj, associated with h,, to the

integro-differential inclusion

t
—tp, (t) € A(t, hn(t))un, () + [ f(t, s,up,(s))ds ae tel, h, €Y,

To
up,, (To) = ug € D(A(To, uo)),

uniformly converges to the absolutely continuous solution wuj, associated with A to the integro-

differential inclusion (Z).
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As (up,, (t)) is relatively compact in H, for any ¢ € I (from above) and (uy,, ) is equi-absolutely con-

tinuous, along with the estimate (3.16), we may assume that there exists some map z € WH2(I, H)
such that

(up,, ) uniformly converges to z(-), (3.19)

and
(tp,,) U(L}{(I), L% (I))-converges to w € L}LI(I) with w = 2 a.e. (3.20)

Put 1 := |lug|| + ¢(T). Then, by (i), there exists a non-negative function &,(-) € L (I) such that
forallt,s el
[F (s s, un, () = F(t, 8, 2(s)]] < &g()[|un, (s) = 2(s)]-

This along with the pointwise convergence of (up, ) to z gives
T [1f(t 5, un, () = £ 8,5, 2(5)) | = 0. (3.21)
Note by (3.18) and (i4¢) that for any n and any ¢,s € T
1F(t; 55 un, ()] < m(1+n), (3.22)

along with (3.21), it follows from the Lebesgue dominated convergence theorem that

t t t
’ ; ft,s,un, (s))ds — ; flt,s,z(s))ds|| < ; I f(t,s,un,(s)) — f(t,s,z(s))|lds — 0,
as n — 0o.

Moreover, thanks to (3.22), we note that for any ¢,s € T

This along with the convergence above, the Lebesgue dominated convergence theorem yields

t

ft,s,up, (s)ds|| <m(T —Tp)(1+n). (3.23)

To

T gt t
lim f(t, s,up, (s))ds — f(t,s,2(s))ds|| dt = 0. (3.24)
n—oo J T, Ty
Define for any n > 1, the functions g,,g on I by
t t
gn(t) = f(t, s,up, (s))ds, g(t) = f(t,s,2(s))ds for any t € I.
To To

As up, (t) € D(A(t, h,(t))) for all t € I and uy,, (t) — 2(t), (A%(¢, hn(t))up, (t)) is bounded by (Hz)
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and the boundedness of the sequences (uy,) and (hy,,) in Cyx (1), for every t € I
dis (A(t, hn(t)), A(t, h(1))) < Allhn(t) — h(t)|| = 0, as n — oo, (3.25)

by (H;) and the uniform convergence of (h;,) to h in Cy(I). Thus, from Lemma 2.1, one deduces

that z(t) € D(A(t, h(t))), for each t € I.
Now, let us verify that z satisfies the integro-differential inclusion

—2(t) € A(t, h(t))z(t) + t f(t,s,2(s))ds ae. tel.
To

From (3.20) and (3.24), one deduces that (i, () +gn(-)) o (LY (1), L35 (1))-converges to () +g(-).

Hence, (4p, (-) + gn(-)) Komlos-converges to 2(-) + g(-), and there is a negligible set V' such that
forte I\V

n

1

S =3 n, (1) + 95(1) = £(8) + (1), (3.26)
and
—p, (t) € A(t, hn(t))un, (t) + gn(t). (3.27)

Let © € D(A(t, h(t))). From (Hs) and (3.25) along with Lemma 2.2, there is a sequence (z,) such
that z,, € D(A(t, hyn(t))),

r, =z and  A(t, hp(t)z, — A°(t, h(t))z. (3.28)
In view of (3.27), by the monotonicity of the operators A(t, h,,(t)) for each n and t € I, one has
(in,, () + gn (), un, () — 2n) < (A°(t, hy(8)) 20, T — up,,, (1)) - (3.29)
Note that

(tn, (t) + gn(t), 2(t) — 2) = (Un,, (t) + gn(t), un, (t) — o)
+ (tn, (8) + gn(t), 2(t) — up, (t)) + (in, () + gn(t), 2, — ),
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Hence, combining (3.17), (3.23) and (3.29), one deduces that

3l 1)+ 50, 20) = ) < = S (A s ()5 =, 1)
+ (@) + (T = Tohm(1 +1)) Zn (0 =, O+ 5 Y lloy — 2

Passing to the limit when n — oo, using (3.19), (3.26), (3.28), this last inequality yields
(2(t) 4+ g(t), 2(t) — ) < (AL, h(t))z,z — 2(t)) a.e. Vo € D(A(t, h(t))).
It results from Lemma 2.3 that
—2(t) € A(t, h(t)z(t) + g(t) ae. t€,

with z(Ty) = ug € D(A(Tp,up)) and by uniqueness z = uy,.

Therefore, one just checks that ®(hy) — ®(h) — 0in Cy(I) as n — oco. Consequently, & : Y — Y
is continuous from the bounded convex closed subset Y of the Banach space Cy(I) with ®(Y) is
relatively compact. Applying Schauder’s fixed point theorem (see Theorem 2.7) there exists h € Y
such that h = ®(h), that is, h(t) = up(¢). Furthermore, the estimation (3.14) holds true on I. The

proof of the theorem is then complete. O

We derive from Theorem 3.2, the particular case of the sweeping process, that is, A(t,2) = Ne(ta),

for (t,x) e I x H.

Corollary 3.3. Let C': I x H = H be a set-valued mapping satisfying:

(Hi) For each (t,y) € I x H, C(t,y) is a non-empty closed convex subset of H.

(HY) There exist a non-negative real constant X < 1, and a function « € WH2(I,R) which is

non-negative on [Ty, T[ and non-decreasing such that

|d(z, C(t,u)) — d(z,C(s,v))] < |a(t) — a(s)| + Ajv —u|| Vt,se€l, Vr,v,uc H.

(H4) For any bounded subset X of H, the set C(I x X) is relatively ball-compact.

Let f: 1 x1x H — H be a map satisfying assumptions of Theorem 3.2.
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Choose any d > 0 and put S = (2(T — To)m + 3d) (S1 + 1) + 2, where

Sy = (u0|| + (Q(T —To)m + 2d+2> (T+ a(T) + 1)>
exp < ((T —Ty)m+ §d> (T = To) + m(T + a(T) + 1)2).

If AS < 1, then, the integro-differential sweeping process

t
—u(t) € Nerugeyult) + ft,s,u(s))ds a.e tel,
To

u(Ty) = uo € C(To,up),
has an absolutely continuous solution u(-). Moreover, an appropriate estimate of () holds true.

Proof. We follow the arguments used in the proof of [33, Corollary 8§].

Let A(t,x) = N¢(t,a), for each (t,z) € I x H. Then, for any (t,z) € I x H, A(t,x) : D(A(t,x)) C
H = H is a maximal monotone operator with D(A(¢,z)) = C(t,z) and since the projection of
the origin onto Ne(¢,.)y equals 0 then [|A°(¢,z)y|| = 0 for any (t,2) € I x H and any y € C(t, )
(keeping in mind (2.2) and (Hjp)). So, (Hz) holds true for any non-negative real constant c.

Moreover, it is easily seen that (Hs) is satisfied. Let us verify (H;).

On the one hand, from [26], one has

dy(C(t,u),C(s,v)) = :IEIB |d(z, C(t,u)) — d(z,C(s,v))], (3.30)

where dg (-, -) denotes the Hausdorff distance between two closed subsets of H.

On the other hand, it is known from [35] that since C(¢,u), C(s,v) are convex closed sets, then
dis (Ne(t,u), No(s,w)) = du (C(t, u), C(s, ). (3.31)

Combining (3.30) and (3.31) with (H}), then, (H;) holds true.

Hence, all assumptions of Theorem 3.2 are satisfied. The latter ensures the existence of a solution

to the integro-differential sweeping process under consideration.

Furthermore, in view of (3.14), an appropriate estimate of % is obtained. O
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4 An optimal control problem

In this section, we focus on the Optimal Control Problem (OCP).

First, let us prove the existence and uniqueness of the solution to problem (CP, ).

Proposition 4.1. Let H = R" and I := [0,T]. Fiz a couple (a(-),b(-)) € WL2(I,R"*™). Assume
that for any (t,y) € I x R™, A(t,y) : D(A(t,y)) C R™ = R" is a mazimal monotone operator
satisfying assumptions (Hy)-(Hz). Let f : I x I x R™™™ — R™ be a map such that f(-,-,z,y) is
measurable on I X I for each (x,y) € R™™, f(t,s,-,-) is continuous on R™*™ for each (t,s) € Ix I

and satisfying the following assumptions

(i) there exists a non-negative real constant M, for any b(-) € WH2(I,R™) such that

| f(t,s,0(s), )] <||b(s)|| + M| x|, ¥t,sel, VzreR"

ii) for a mon-negative real constant n and any b(-) € WL2(I,R™), there exists a non-negative
g n Y ) ) g

real constant | such that

Il f(t,s,b(s), 1) — f(t,s,b(s),xa)|| < ll|x1 — 22|, Vt,s €I, V1,22 € Bral0,7].

Then, this couple control generates a unique solution u(-) € WH2(I,R™) to the Controlled Problem

(CPqyp). Moreover, one has for a.e. t € I

< K(1+B(t) + 1+ L)C, (4.1)

alt) + /0 F(t 5, b(s), uls))ds

la()]| < K(1+ 5(t)), (4.2)

where { = max (||bHL1 (I),TM), L = ||ug|| + KfOT(l + B(s))ds, and the function (3 is defined by

RrR™

B(t) = / (6(s) + Ma(s)[lds, tel,

and K is a non-negative real constant which depends on ||uol|, ||aoll, ¢, ¢, T, and 5.

Proof. For any t € I and any fixed a(-) € WY2(I,R"), define the time-dependent maximal mono-
tone operators B, (t) := A(t, a(t)) and proceed as in the first part of the proof of Theorem 3.2.

Let 7,t € I such that 0 <7 <¢ <T. Then, one has by (H)

dis (Ba(t), Ba(7)) = dis (A(t, a(t)), A(7, a(7))) < B(t) = B(7),
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and clearly 8(-) € W12(I,R) is defined by
¢
5(0) = [ lals) + NaGs)lds, tel.
0
Now, in view of (Hz), there exists a non-negative real number ¢ such that for t € I, z € D(A(¢, a(t)))

1Ba(t)zll = 1 4°(t, a()z]| < c(1 + [la(t)l| + [12])) < e (1 + |ao +/O a(s)ds

+ ||z||) < (1 4]z,

where ¢1 = ¢(1 + [lao|| + [ [|a(s)||ds).
Hence, the operator B,(t) satisfies (h1)-(hs) of Theorem 3.1.

Next, for b(-) € WH2(I,R™) fixed, define the function f, on I x I x R™ by
fo(t,s,u) = f(t,s,b(s),u) forall (¢,s,u) € I x I xR"

It is clear that the function fj(-,,u) is measurable on I x I for any fixed u € R™, by assumption

and by continuity of b(-). Moreover, from () one gets
1£o(t, 5, w)l| < [1o(s)| + Mlull < ¢(1 + [[ul]), (4.3)

for all (¢,s,u) € I x I x R"™, where ¢ = max(||b||o0, M).

Now, by (ii) for a non-negative real constant 7), there exists a non-negative real constant [ such
that
Ifo(t, s,u1) = folt s, u2)ll < Uluy —uall, VEEI, Vui,uz € Bra[0,7)].

Thus, the map f; satisfies assumptions of Theorem 3.1. Consequently, it follows the existence and

uniqueness of the solution to the considered integro-differential inclusion.

Furthermore, in view of (3.1) and (4.3) along with the absolute continuity of u(:), estimates (4.1)-
(4.2) hold true. The velocity ©(-) is clearly in L2, (I), and u(-) € W12(I,R"™). The proof of the

proposition is therefore finished. O

We are going to impose convenient assumptions that guarantee the existence of (global) optimal
solutions to the Optimal Control Problem (OCP) subject to the solution set of the Controlled
Problem (CPgp).

Theorem 4.2 (Existence of optimal solutions). Assume that for any (t,y) € I x R™, A(t,y) :
D(A(t,y)) C R®™ = R™ is a mazimal monotone operator satisfying assumptions (Hy)-(Hz). Let
f:IxIxR™™ 5 R™ be a continuous map satisfying assumptions of Proposition 4.1. Suppose
that the terminal cost functional ¢1 : R — R is lower semi-continuous, while the running cost

bo : I x R¥T2m 5 R s lower semi-continuous with respect to t and is majorized by a summable
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function on I along reference curves. Moreover, assume that ¢2(t,-) is bounded from below on

bounded sets for a.e. t € 1. Let the running cost ¢o be convex with respect to velocity variables 1,
a, b, and that there is a minimizing sequence (u*(-),a®(-),b¥(-)) of (OCP), which (a*(-),b*(-)) is
bounded in WL2(I,R"*™). Then, the Optimal Control Problem (OCP) admits an optimal solution
in the space W12(I,R?"+m),

Proof. From Proposition 4.1, one deduces that the set of feasible solutions to the Optimal Control
Problem (OCP) is non-empty. Let us fix the minimizing sequence of feasible solutions (u*(-), a*(-),
b*(.)) for (OCP) (from the statement of the theorem), which is bounded in W2(I, R?"*™). This
implies in particular that there exists a couple (ag, by) € R"*™ such that (a*(0),b%(0)) — (ag,bo)
in this space as k — oo, while the triple (ug, ag,bo) = (u(0),a(0),b(0)) clearly satisfies the initial
conditions. It is readily seen that the sequence (a*(-),b*(-)) is bounded in L2, (I). Then, up to

a subsequence that we do not relabel, there exists a couple (v*(-),v"(+)) € L2,1..(I) such that
(a*(-),0%(-)) weakly converges in L2, .. (I) to (v(-),v(-)).
Define now the functions

(a(t),b(t)) = (ao, bo) —l—/o (v%(s),v%(s))ds, for all t € I,

and observe that (&(t),f)(t)) = (v(t),v(t)) for a.e. t € I, and that the couple (a(-),b(-)) belongs
to the space WH2(I,R**™). It follows from above and the estimates of Proposition 4.1 that the
sequence of the corresponding solutions (u*(-)) is uniformly bounded and equi-continuous on I.
By Arzela-Ascoli theorem, up to a subsequence that we do not relabel, (uk( -)) uniformly converges
on I to some 4(-) € Cgrn(I) which is absolutely continuous on this interval. It follows from (4.2)
that (u*(-)) is bounded in L2, (I) and hence it weakly converges in L2, (I) up to a subsequence,

to some function w(-) with 4(t) = w(t) for a.e. t € I, that is,

(i (-)) weakly converges in L2, (I) to i(-). (4.4)

Q>

The next step is to check that the limiting triple 2(-) = (a(-),a(-), b(-)) satisfies the differential

inclusion (CPqp).

Since f is continuous by assumption along with the preceding modes of convergence above, then,

one has

f(t, 5,05 (s),uF(s)) = f(t,s,b(s),0(s)) ask—oco, tsel.

By (i), one has
1F(t, 6% (s), u ()| < [0°(s) | + Mt ()], ts €l
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which is uniformly bounded since (b*(+)) and (u*(-)) are bounded in Cp ().

From the Lebesgue dominated convergence theorem, it results

=0.

k K S
k=00 5))d3_/0 f(t,5,0(s),a(s))ds

lim ‘

Moreover, note that

t
Hﬁmw%><wsqum+ngNp

is uniformly bounded, then, the Lebesgue dominated convergence theorem yields

T pt t A
/ﬂmﬁ@ﬁ@Wf/N@WM®m
0 0

Observe that u*(t) € D(A(t,a"(t))), a*(t) — a(t), u*(t) — a(t), for all t € I, the sequence
(A°(t, a®(t))u*(t)) is bounded by (Hz) for all t € I, and

2
dt = 0. (4.5)

lim
k— o0 0

dis (A(t,a"(t)), A(t,a(t))) < N|a*(t) — a(t)| = 0, when k — oo, (4.6)

using (H;). Then, from Lemma 2.1 one deduces that 4(t) € D(A(t, a(t))), vVt € I.

Now, we are going to verify that 4(-) satisfies the integro-differential inclusion

_i() € A, /f i(s))ds ac. tel.
Define the maps g* and g on I by
t t .
:/ f(t,s,b%(s),uf(s))ds, g(t) :/ f(t,8,b(s),0(s))ds, foranyt e I.
0 0
In view of (4.4) and (4.5),
(i (-) 4+ ¢"(-)) weakly converges in L. (I) to a(-) + g(-).

Hence, (4" (-) 4 ¢*(-)) Komlés-converges to i(-)+g(-) (see Proposition 2.6). So, there is a negligible
set Y such that for t € I\ Y: @*(-) + g*(-) = @(-) + g(-) Komlos, that is,

gﬁf ( ‘/ftsw uP(s))d ):a /ftsb ($)ds,  (47)

and
t

—a(t) € Alt, ak(t))uk(t) + f(t, s, bk(s),uk(s))ds.
0
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Let y € D(A(t,a(t))). Applying Lemma 2.2 to the maximal monotone operators A(t, a*(t)) and

A(t,a(t)) that satisfy (4.6), ensures the existence of a sequence (y*) such that y* € D(A(t,a"(t)))
y* — y and A%(t,a"(t))y" — A°(t,a(t))y. (4.8)

Since

uk(t) € A(t,a* / f(t,s,b"(s),uk(s))ds a.e.,

and A(t,a*(t)) is monotone, one has
(@* (1) + g" (), u"(t) — y") < (A°(t, a"(O)y", 4" — (1)), (4.9)
Note that

(@ () + g (), a(t) — y) = (@" (1) + (), " (t) = y") + (@" (1) + ¢ (1), a(t) — u* () = (y — ¥")),

Thus, one gets using (4.9)

k
Z Aotap NP, y* —up(t)>

el
w\r—‘

k k

SO0 + g0, (1) —y) < 3 D0 (@0 + (0,97~ )
k

S () + (1), ) — wP (1)

A passage to the limit as k — oo with the use of (4.7)-(4.8), the boundedness of (a?(-) + ¢?(+)) in

R"™, and the preceding modes of convergence above, yields

ﬂ / f(t, a(s))ds,a(t) —y) < (A°(ta(t))y,y —at)) ae.

Hence, Lemma 2.3 guarantees that

—a(t) € A(t, /ftsb (s))ds ae. tel,

with 4(t) € D(A(t,a(t))) for all t € I. By uniqueness, it follows that @ is the unique solution
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to (CP, ;) associated to the couple control maps (a(+),b(-)). To justify further the optimality of
(a(-),a(-),b(-)) in (OCP), it is sufficient to show that

ol a,b) < 1ikH_1)ioIolf¢[uk,ak7bk] (4.10)

for the Bolza-type functional in (OCP). The latter (4.10) readily follows from the assumptions on
the cost functions ¢; and ¢5 due to the Mazur weak closure theorem and the Lebesgue dom-
inated convergence theorem. Indeed, Mazur’s theorem ensures that the weak convergence of
{uk,ak,bk} to {ﬁ,d,l;} in L§2,L+m (I) yields the L]izﬁm (I) strong convergence of convex combi-
nations of (u*,a", bk) to (12, a, I;), and thus the a.e. convergence of a subsequence of these convex

combinations on I to the limiting triple.

Employing finally the assumed convexity of the running cost ¢, with respect to the velocity vari-

ables verifies (4.10) and hence completes the proof of the theorem. O

We derive from Theorem 4.2, the particular case of the controlled sweeping process.

Corollary 4.3. Let C': I x R"™ = R” be a set-valued map with non-empty closed convex values.
Suppose that there exist a non-negative real constant X\ < 1, and a function B € WH2(I,R) which
is non-negative on [0, T[ and non-decreasing with B(T) < oo and B(0) = 0 such that

|d(u, C(t,y)) — d(u, C(s, 2))| < [B(t) = Bls)| + Ally — 2| Vi, s €], Vu,y,z € R™

Let f: I xIxR™™ 53R ¢ :R” = R and ¢o : I x R 2™ 4 R be defined as in Theorem 4.2.

The optimal control problem is

T
min QS[U, a, b] = ¢1 (U(T)) + /O ¢2 (ta u(t)7 a(t)v b(t)v it(t), d(t), 5(t>)dta

on the set of controls (a(+),b(+)) and the associated solutions u(-) of the controlled integro-sweeping

process
—u(t) € Nog,a@)u(t) + /Ot f(t,s8,b(s),u(s))ds a.e tel,
u(t) € C(t,a(t)), tel,
(a(-),b(-)) € WH2(I,R™+™),
a(0) = ag, u(0) =1up € C(0,ap).

Then, the minimizing problem above admits an optimal solution in the space W12(I, R?n+m),
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