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Caputo fractional Iyengar type Inequalities

GEORGE A. ANASTASSIOU

Department of Mathematical Sciences,
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ABSTRACT

Here we present Caputo fractional Iyengar type inequalities with respect to L, norms,
with T <p < 0co. The method is based on the right and left Caputo fractional Taylor’s

formulae.

RESUMEN

Aqui presentamos desigualdades de tipo Caputo fraccional Iyengar con respecto a las
normas L, con T < p < oo. El método se basa en las férmulas de Taylor fraccionales

de Caputo derecha e izquierda.

Keywords and Phrases: Iyengar inequality, right and left Caputo fractional, Taylor formulae,

Caputo fractional derivative.
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1 Introduction

We are motivated by the following famous Iyengar inequality (1938), [4].

Theorem 1. Let f be a differentiable function on [a,b] and |f' (x)] < M. Then

2 2
Sl\/l(b—a) _ (f(b) —f(a)) . ()
4 4M

b
J f(x)dx—%(b—a) (f(a)+f (b))

a

We need

Definition 2. ([1], p. 394) Let v > 0, n = [v] ([-] the ceiling of the number), f € AC™ ([a, b])
(i.e. T 1) is absolutely continuous on [a,b]). The left Caputo fractional derivative of order v is
defined as

DY, f(x) = ﬁj (x— 1" 0 (1) dt, (2)

V x € [a,b], and it exists almost everywhere over [a,b].
We need

Definition 3. ([2], p. 336-387) Letv >0, n = [v], f € AC™ ([a,b]). The right Caputo fractional

derivative of order v is defined as

— n b
DY _f(x) = % J (z—x)" YV (2) dz, (3)

V x € la,bl, and exists almost everywhere over [a,b].

2 Main Results

We present the following Caputo fractional Iyengar type inequalities:

Theorem 4. Let v > 0, n = [v] ([-] is the ceiling of the number), and f € AC™([a,b]) (i.e.
f=1) 4s absolutely continuous on [a, bl). We assume that DY f,Dy_f € Lo ([a,b]). Then

1)

b n—1
J f(x)dx — Z ﬁ {f(k) (@) (t— @) + (=% (b) (b _t)k+1} <
a k=0 .
max{”Dr“fHLoo“a»bU ’ HDg*fHLm([a,bJ)} VAT v
Fv+2) (=™ -y, ()

Vtela,bl,
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i) at t = %b, the right hand side of (4) is minimized, and we get:

<

b n—1 1 (b— a)k+1
L f(x) dx — 1;) TESITE [f(k) (@) + (1)< (b)}

maX{HDxa‘c”Lm([a,b]) ; HDkVJ—fHLm([a,b])} (b—a)"!
I'(v+2) 2v ’

ii) if ) (a) = f&) (b) =0, for all k = 0,1,...,n — 1, we obtain

be(x) dx| <

a

max {llDZafHLmua,bn ) HDﬁ—fHLm([a,bn} (b—a)"!
I'v+2) v

which is a sharp inequality,

iv) more generally, for j =0,1,2,..., N € N, it holds

Jb fa-y 1 (—b ~ “)W ) (@) + (=1)F (N =) (b)]|
k+D!I\U N

a k=0

M M +1
< maX{HD*ﬂf”Lm([a,b])’HDb—fHLoo([a,b])} <b—a)V [.VH (N

V1
= rv+2) N -,

v) if £ (@) =f) (b) =0, k=1,...,n—1, from (7) we get:

<

a

b
| roax- (b;“) 6 (a) + (N —3) f (b)]

maX{HDraf”Loo([a,b}) ) HDgJHLm([a,b])} (b — a)v’q {

sv+1 N_-V+]
Fv+2) N A (N=) }

§=0,1,2,..,N,

vi) when N =2 and j =1, (8) turns to

b
J ) dx— <b;“) (F(a) + £ (b))

a

<

maX{HDXGfIILm([a,bJ) ; HDrVJfHLOO([a,b])} (b—a)"!
I'(v+2) 2v ’

vii) when 0 < v <1, inequality (9) is again valid without any boundary conditions.
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Proof. Let v > 0, n = [v], and f € AC™ ([a,b]). Then by ([3], p. 54) left Caputo fractional

Taylor’s formula we have

(x—a)* = ﬁ J (x— )" DY (1) dt,

vV x € [a,b].

Also by ([2], p. 341) right Caputo fractional Taylor’s formula we get:

n—1
£09 (p) " 1 b —1 v
Fl) =)~ (x=b) = WL R
k=0
Vxe [(1, b].
By (10) we derive
-
y M@ M(x—cﬂv
: < )
2 F(v+1)
and by (11) we obtain
n—1 b
£5) (b) Pl rao
f(x)_Z o (X—b)k SF(T;[)Q)])“)—X)V)
k=0 )
Vxe [(1, bl.
Call
S L8] [NTERY)
ETTR )
and
Ll TIPS
Y2-= F(v+1)
Set
v :=max (y1,v2) .
That is
n—1
£ (a)
f(x) — Kl ) <v(x—a),
k=0 ’
and
n1
(<) (b)
=Y P - <y (-0,
k=0 ’

vV x € [a,b].

(10)

(13)
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Hence it holds
n—1 n_1
f(k) (a) f(k) (a)
> K (x—a)—y(x—a)" <f(x) < o x—a)+yx—a) (19)
k=0 ’ k=0 :
and : 1
n— n—
) (b) £00) (b)
o (XD =y (b= < f(x) < =By (b—x)Y,  (20)
k=0 k=0
vV x € [a,b].

Let any t € [a, b], then by integration over [a,t] and [t, b], respectively, we obtain

) (@) Kt 1 v N
DI A e L SLf(x)dxg
n—1 £(k) ((l) T v .
and ]
nolog(k) (b) e v . b
_ém(t_b) _m(b—t) SLf(x)dxg
n—1 (k)
_ > (fk+(]b))! (t—b)* + (V}; . (b, )

Adding (21) and (22), we obtain

n—1

k=0

b
(V];” [(t—a)v’q +(b—t)v+‘} gJ' f(x) dx <

——
3
L
—
L
—h
z
B
o
\_/7\'
+
|
—h
z
=
o
=
=
%
——
+

Y [(t— a)v+1 + (b . t)v+1} ) (23)
Vtela,b].

Consequently we derive:

b n—1
J f(x)dx — Z ﬁ {f(k) (@) (t—a)*"" + (=1 (b) (b _t)k+1} <
a k=0 i
A (e -0, (24)



CUBO

6 George A. Anastassiou
21, 2 (2019)

Vtela,b].

Let us consider
gt)=(t—a)"+ (b=t Vtelab].

Hence
g =+ [t—a) = (b—-1t)"] =0,

giving (t—a)' =(b—t) Y andt—a=b—t, thatis t = a“sz the only critical number here.

We have g (a) =g (b) = (b— a)VH, and g (%b) = (b_;liv)VH, which the minimum of g over
[a, b].
Consequently the right hand side of (24) is minimized when t = 232 with value Cza (bfg#
Assuming f*) (a) = ) (b) =0, for k = 0,1,...,1 — 1, then we obtain that
b v+1
vy (b—a)
f dx| < 25
L (x) x_(v+” v ) (25)
which is a sharp inequality.
When t = 42 then (24) becomes
b n—1 k+1
1 (b—a)
f - [ ~1)09 ()] | <
J, e X (@) + (=15 (0)] | <
y (b—a" (26)
(v+1) 2v

Next let N €N, j=0,1,2,...,N and t; = a+j (&%), that is to = a, t; = a+ 2%, .., tn = b.

Hence it holds

t—a=j (b_“>, (b—1t;) = (N—j) (b_a>, j=0,1,2,..,N. (27)

N N
We notice that
N N b— v+1 N
(= a0 = (252) [ i), (28)
j=0,1,2,...,N,
and (for k=0,1,...,n—1)

{f(k) (@) (t; — @)+ (=1)%F (b) (b — tj)k“} -
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b—a k+1
( ) [f“ﬂ (@) 4+ (=) (b) (N =) |, (29)

N
j=0,1,2,..,N.

By (24) we get

b n—1 k+1
e Y oo (580) [ @i + s myon -]

. Zk+ 1)1\ N
b—a\"" v+
S(VL)( Na) DAEICESINAE (30)

§=0,1,2,..,N.

If ) (@) =) (b) =0, k = 1,...,n — 1, then (30) becomes

b _
J f(x)dx—(bN“) 6 (a) + (N —§) £ (0] <
o v+1
(VL) (bN“) EEACE (31)

i=0,1,2,..,N.
When N =2 and j =1, then (31) becomes

b
J ) dx— <b;“) (F(a) + £ (b))

<

v 5 <b_a)v+1 B ( v (b— a)er] . (32)

(v+1) 2 (v 2v
Let 0 < v <1, then n = [v] = 1. In that case, without any boundary conditions, we derive from

(32) again that

)v+1

. 2 VD 2 (33)

b
Jf(x)dx—(b_a>(f(a)+f(b))‘g vy (b-a

The theorem is proved in all cases. O

We give

Theorem 5. Letv>1,n=[v], and f € AC™ ([a,b]). We assume that D} f,DY_f € L ([a,b]).
Then

<

b n—1
L f(x)dx — ];) ﬁ [f(k) (@) (t—a) " 4+ (=1)5) (b) (b — t)k+1}
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maX{HDraf”L] (ta,o0 > DT, ([a,b})}
Nv+1)

[(t—a)"+(b-1)"], (34)

vV tela,bl,
ii) when v =1, from (84), we have

b
|t ac=if@ - a ) -0 <
Hf/”I_]([a‘b]) (b—(l), Vte [(l,b], (35)
iii) from (85), we obtain (v =1 case)
b b—a ,
[ ro0ax— (252) (@) 100)] < 17, g0 (0 =), (36)

) att = a“sz, v > 1, the right hand side of (34) is minimized, and we get:

K+1
)

b ! 1 (b—a
L f(x)dx — 1;) TESIT {f(k) (a) 4 (—1)kfk) (b)}

<

max {IDYafIL, a0 D oy J (b — )

Fv+1) V-1’ (37)
v) if £%) (@) =f) (b) =0, for all k =0,1,...,n—1; v > 1, from (37), we obtain
b maX{HDlaf”L] (la,b])> ||D?3/—f"L1 ([a,b])} (b—a)”
Tx)ay| < e s (39)
which is a sharp inequality,
vi) more generally, for j =0,1,2,..., N € N, it holds
Jb f(x) dx — E () 109 (@) + (=1 (N =)< 09 ()]
a (k+1)! N
k=0
< max {”D:ath (la,b]) HD%/J:HL, ([a,b])} b—a)” [_V (N ,)V] (39)
= Tv+) N )V Vb

vii) if %) (a) = ) (b) =0, k =1,....,n—1, from (39) we get:

<

b J—
[ roax- (bN“) 6 (a) + (N —) f (b)]
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maX{HDl'afHL] (la,b]) HD%/J:HL, ([a,b])} b—a)” [,V H(N— ')V} (40)
Fv+1) N ) L
j=0,1,2,...,N,
viti) when N =2 and j =1, (40) turns to
b
b—
J o dx— P (@) 4 (b)) <
a 2
max {”DlafHL] (a0 > DT, ([a,bn} (b—a)” (41)
Mv+1) 2v—1
Proof. Here v > 1 and DY f,DY_f € L ([a,b]). By (10) we get
n—1
f(k) 1 [
o) — SO Ry (N AT
k! I'(v) a
k=0
(X a)v—] N
= T (V) ”D*afHL] ([a,b]) (42)
vV x € [a,b].
That is
n—1 v
f(k) (Cl) k ”D*afHL]([a bl) v—1
_ _ < I7xa Thitabl) o
HOEDN o (x—a)"| < e (x—a)” ', (43)
k=0
Vxe€lab].
By (11) we get
n—I1
£ (b 1 4 (°
f(x)— ( )(x—b)k < ——(b—x)" 1J |DY_f(z)|dz
k! I'(v) X
k=0
(Gl MR 44
r(v) || b— HL1([a,b})’ ( )
Vxe€lab].
That is H H
n—I1 v
£ (b) e _ 1P fllL, (10,01 1
_ _ < - UGS ()Y
F00 = Y g (o= )| < e latl (p T, (45)
k=0
Vxe€la,b].
Call D1
= *a’lILy ([a,b]) (46)

r) ’
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and
v
LR "
2' re)
Set
5 := max (81,02). (48)
That is :
n
£ v
f(x) — k,(“) x—a) <s(x—a) ", (49)
k=0 )
and :
no
(k) (b) _
fl)— Y o (x—b)*[<s(—x)""", (50)
k=0
vV x € [a,b].
As in the proof of Theorem 4, we get:
b n—I1 1
_ L II0Y kT 1yke(k) _ykH]] <
Lf(x)dx l;)(kJrU! (159 (@) (= )+ (=) (b) (b — )] | <
5 § v
= [(t—a)" + (-1, (51)
Vtela,b].
The rest of the proof is similar to the proof of Theorem 4. O

We continue with

Theorem 6. Let p,q > 1: %+
L4 ([a,b]). Then

T =1 v> ¢ n=[v];feAC" (la,b]), with DY,f,Dy_f €

1)
b n—1
J fx)dx—) ﬁ [f“<1 (@) (t—a)" "+ (=)™ (b) (b —t)k“} <
a k—0 .
max{HDl’afHLq([a,bJ) ) HD}V,JHLCI ([a,b])} {(t B a)”% b UH%} (52)
ro) (v+ 1) pv=1+17 !
Vtela,bl,

i) at t = 22 the right hand side of (52) is minimized, and we get:

b n—1 k+1
| roax= Y s B [ (@) + (1M ] <

| k+1
. Z (k+1)! 2
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maX{HDl'af”Lq (la,b]) " HDgJHLq ([a,bn} (b — a)v+%

g ) (53)
ro) (v+ ) pv=1+17 A
ii) if £ (a) = f%) (b) =0, for all k =0,1,..,1— 1, we obtain
b max {”DIafHLq ([a,b]) " ||Dg—fHL (la b])} (b— a)V’L%
[REERE alle, o (54)
a ro) (v+3) pv=1+1)7 A

which is a sharp inequality,

iv) more generally, for j =0,1,2,..., N € N, it holds

k=0

Jb f (x) dx—ni T (b_—“)kﬂ [ 109 (@) + (=1 (N =) 0 (b)]‘
“ k+1)!\ N

InaX{”D:afHLq([a,b]) ) ||D?3/—f"l_q(£a,b])} <b — a>v+$ [jv+% N —j)v+ﬂ ) (55)
ro (v+3) pv=1+17 N

v) if %) (a) =) (b) =0, k=1,...,n— 1, from (55) we get:

<

b
[ roax- (b;“) 5 (a) + (N —) f (b)]

a

maX{HD:af”Lq([a,b]) ) ||D?3/—f"Lq([a,b])} (b — a>v+% [_V_._l (N .)W%
v —) )

(56)
T
F(v)(v—k%)(p(v—])—H)v N
forj=0,1,2,..,N,
vi) when N =2 and j =1, (56) turns to
b J—
J f(x)dx—(b a) (f(a) +f(b)] <
a 2
maX{HD:af”Lq([a,b]) ) ||D?§—fHLq([a,b])} (b— a)v+% (57)
)

ro) (v+ ) pv=1+17 AR
vii) when 1/q < v <1, inequality (57) is again valid but without any boundary conditions.

Proof. Here v>0,n=[v],fe AC"([a,b]);p,q>1: % + % =1, with DY f,Dy_f € Lq ([a, b]).
By (10) we have

n—1 (k)
fx) -y 1 k,(a) (x—a)*
k=0 ’

1 * v—1 v
< WJ (x— 1) DY, f (1) dt <
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1 x (v—1) ek i
1 J (x— 1P gt J DY f(oat)’ <
I (V) a a

p(v—1)+1
1 (x—a)

FM pv=1+1)

Here we assume that v > % Sp(v—1)4+1>0. So, we get

HD:af”Lq([a,b]) : %)

<=

f(x) _E Rt (x—a)¥| < D% e o Fle-a) T, (59)
2T PV (plv—1)+1)7
VY x € [a,b].
By (11) we have
n—1
f(k) (b) K 1 b v—1 v
k=0
b v (b @
) q
1 J' (Z_X)p(vfﬂdz J' ‘D\b/ f(z)‘q dz <
rv) Uy < B
pv—1)+1
1 (b—x)" 7
DV,f . (60)
T tp v =1y 7 1F | e
So, we get
U TSI D X o
= k! FrV)(plv=1)+1)"
vV x € [a,b].
Call
- IDYafll, (ta,b) (62)
rv)(plv—=1+17
and
IDY ¢ (e
0= Lq([a,b]) . (63)
Frv)pv=1+1)7
Set
1
p :=max (p1,p2), mi:V—a>O. (64)
That is 1
= f® (a m
fx)— ) k!( )(X—a)k <plx—a)™, (65)
k=0
and = 0 (b) K
)= Y o (=B <p(b—x)"™, (66)
k=0 )
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vV x € [a,b].

As in the proof of Theorem 4, we obtain:

<

b n—I1
L f(x)dx — 1;) ﬁ [f(k) (a) (t— a)k+1 + (=)™ (b) (b _t)kﬂ}

(m‘—)k 0 [t ™ o™ =

max { HDIaf”Lq (la,b])> HDLfHLq ([a,b])}

r)pv=1+17 (v 1)

{(t—a)”% + (b—t)”ﬂ, (67)

Vtela,b].

The rest of the proof is similar to the proof of Theorem 4. O
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ABSTRACT

For any non-trivial Abelian group A under addition a graph G is said to be A-magic
if there exists a labeling f : E(G) — A — {0} such that, the vertex labeling f* defined
as fT(v) =3 f(uv) taken over all edges uv incident at v is a constant. An A-magic
graph G is said to be Zg-magic graph if the group A is Zx, the group of integers modulo
k and these graphs are referred as k-magic graphs. In this paper we prove that the
graphs such as path union of cycle, generalized Petersen graph, shell, wheel, closed
helm, double wheel, flower, cylinder, total graph of a path, lotus inside a circle and

n-pan graph are Zj-magic graphs.
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RESUMEN

Para cualquier grupo Abeliano no-trivial A bajo adicién, un grafo G se dice A-mdgico
si existe un etiquetado f: E(G) — A — {0} tal que el etiquetado de un vértice f+
definido como f*(v) = > f(uv), tomado sobre todos los ejes uv incidentes en v, es
constante. Un grafo A-mdgico G se dice Zi-mégico si el grupo A es Zg, el grupo de
enteros médulo k y estos se llaman grafos k-mdgicos. En este paper demostramos que
los grafos tales como la unién por caminos de ciclos, grafos de Petersen generalizados,
concha, rueda, casco cerrado, rueda doble, flor, cilindro, el grafo total de un camino,

lotos dentro de un circulo y n-sartenes son todos grafos Zi-magicos.

Keywords and Phrases: A-magic labeling, Z;-magic labeling, Zi-magic graph, generalized
Petersen graph, shell, wheel, closed helm, double wheel, flower, cylinder, total graph of a path,

lotus inside a circle, n-pan graph.
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1 Introduction

Graph labeling is currently an emerging area in the research of graph theory. A graph labeling
is an assignment of integers to vertices or edges or both subject to certain conditions. A detailed
survey was done by Gallian in [1]. If the labels of edges are distinct positive integers and for each
vertex v the sum of the labels of all edges incident with v is the same for every vertex v in the
given graph then the labeling is called a magic labeling. Sedlacek [10] introduced the concept of
A-magic graphs. A graph with real-valued edge labeling such that distinct edges have distinct
non-negative labels and the sum of the labels of the edges incident to a particular vertex is same
for all vertices. Low and Lee [9] examined the A-magic property of the resulting graph obtained
from the product of two A-magic graphs. Shiu, Lam and Sun [12] proved that the product and

composition of A-magic graphs were also A-magic.

For any non-trivial Abelian group A under addition a graph G is said to be A-magic if there
exists a labeling f : F(G) — A—{0} such that, the vertex labeling f* defined as f*(v) =Y f(uv)
taken over all edges uv incident at v is a constant. An A-magic graph G is said to be Zj-magic
graph if the group A is Zi, the group of integers modulo k. These Z;-magic graphs are referred
to as k-magic graphs. Shiu and Low [13] determined all positive integers k for which fans and
wheels have a Zp-magic labeling with a magic constant 0. Kavitha and Thirusangu [8] obtained
a Zi-magic labeling of two cycles with a common vertex. Motivated by the concept of A-magic
graph in [10] and the results in [9, 12, 13] Jeyanthi and Jeya Daisy [2, 3, 4, 5, 6, 7] proved that
some standard graphs admit Z;-magic labeling. We use the following definitions in the subsequent

section.

Definition 1.1. Let G1,Ga,...,Gy, n > 2, be copies of a graph G. Letv; € V(G;),i=1,2,...,n,
be the vertex corresponding to the vertex v € V(G) in the ith copy of G;. We denoted by P(n.G?)
the graph obtained by adding the edge v;v;+1, to G; and Giy1, 1 <i < n—1, and we call P(n.G")
the path union of n copies of the graph G.

Note, that up to isomorphism, we obtain |V (G)| graphs P(n.G"). This operation was defined
in [11].

Definition 1.2. A generalized Petersen graph P(n,m), n > 3, 1 < m < % is a 3-regular graph
with the vertex set {u;,v; 11 =1,2,...,n} and the edge set {u;v;, Uitit1,ViVipm : 1 =1,2,...,n},

where the indices are taken over modulo n.

Definition 1.3. A shell graph S,,, n > 4, is obtained by taking n — 3 concurrent chords in a cycle

Cy. The vertex at which all the chords are concurrent is called an apex.

Definition 1.4. A wheel graph W,,, n > 3, is obtained by joining the vertices of a cycle C,, to an

extra vertex called the centre. The vertices of degree three are called rim vertices.
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Definition 1.5. A helm graph H,, n > 3, is obtained from a wheel W,, by adjoining a pendant

edge at each vertex of the wheel except the center.

Definition 1.6. A closed helm graph CH,, n > 3, is obtained from a helm H, by joining each

pendent vertex to form a cycle.

Definition 1.7. A double wheel graph DW,,, n > 3, is obtained by joining the vertices of two

cycles Cy, to an extra vertex called the hub.

Definition 1.8. A flower graph Fl,, n > 3, is obtained from a helm H, by joining each pendent

vertex to the central vertex of the helm.

Definition 1.9. A Cartesian product of a cycle C,, n > 3, and a path on two vertices is called a

cylinder graph C,OP;.

Definition 1.10. A total graph T(G) is a graph with the vertex set V(G) U E(G) in which two

vertices are adjacent whenever they are either adjacent or incident in G.

Definition 1.11. A lotus inside a circle LCy, n > 3, is a graph obtained from a wheel W, by

subdividing every edge forming the outer cycle and joining these new vertices to form a cycle.

Definition 1.12. An n-pan graph, n > 3, is obtained by attaching a pendent edge to a vertex of a
cycle C,,.

2 Zj-Magic Labeling of Path Union of Graphs

In this section we prove that the graphs such as path union of cycle, generalized Petersen graph,
shell, wheel, closed helm, double wheel, flower, cylinder, total graph of a path, lotus inside a circle
and n-pan graph are Zi-magic graphs.

Let v be a vertex of a cycle Cy., r > 3. According to the symmetry all P(n.C?) are isomorphic.
Thus we use the notation P(n.C,).

Theorem 2.1. Let r > 3 and n > 2 be integers. The path union of a cycle P(n.C,) is Zi-magic
for k >3 when r is odd.

Proof. Let the vertex set and the edge set of P(n.C;.) be V(P(n.C;)) = {’UZ 1<i<r1<j<n}
and E(P(n.C,)) = {vafH 1<i<r1<j<n}U{vlv]™: 1<j<n—1}, where the index i

is taken over modulo 7.

Let a, k be positive integers, k > 2a. Thus k > 3.
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For r is odd, we define an edge labeling f : E(P(n.C,)) — Zi — {0} as follows:

k—a, fori=1,3,...,r,

f(”z‘lvz‘l+1) = f(v;'nv;'n-ﬁ-l) = {

a, fori =2,4,...,r—1,

i k—2a, fori=1,3,...;r,j=2,3,...,n—1,
f(”i”iﬂ): . )
2a, fori=2,4,....,r—1,5=2,3,...,n—1,

f(v{v{Jrl) =2a, forj=1,2,...,n—1.

Then the induced vertex labeling f* : V(P(n.C,)) = Zx is f+(v) =0 (mod k) for every vertex v
in V(P(n.Cy)). O

An example of a Zjp-magic labeling of P(4.C5) is shown in Figure 1.

Figure 1: A Zjp-magic labeling of P(4.Cj).

Up to isomorphism there are two graphs obtained by attaching n copies of a generalized
Petersen graph P(r,m), r > 3,1 < m < "7 to a path P, to get a graph P(n.P(r,m)"). We deal

with the case when v is a vertex in the outer polygon of P(r,m).

Theorem 2.2. Letr > 3, m < % andn > 2 be positive integers. The path union of a generalized
Petersen graph P(n.P(r,m)"), where v is a vertex in the outer polygon of P(r,m), is Zy-magic
for k> 5 when r is odd.

Proof. Let the vertex set and the edge set of P(n.P(r,m)") be V(P(n.P(r,m)")) = {ul,v! : 1 <
i<r,1<j<n}and E(P(n.P(r,m)")) = {quf 1<i<r 1<y Sn}U{ufufH 11<i<r1<
j<n}U {u{u{Jrl :1<j<n-1}U {vazﬂm :1<i<r1<j<n}, where the index i is taken

over modulo 7.

Let a, k be positive integers, k > 4a. Thus k > 5.
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Define an edge labeling f : E(P(n.P(r,m)")) — Z; — {0} as follows:

f(vgvg+m):a, fori=1,2,...,r,7=1,2,...,n—1,
f(u{vf):k—2a, fori=1,2,...,r,7=1,2,...,n—1,
k—a, fori=1,3,...,r
1,1 ) 3Dy s 1y
W, U =
UG {3(1, fori=2,4,...,r—1,
f(u'zugﬂ):a, fori=1,2,...,7,j=2,3,...,n—1,

k—a,

a,

f(’Uan?er) = {

for n is odd,

for n is even,

Flumoh) 2a, for n is odd,
ulvl') =
v k —2a, for n is even,
a, fori=1,3,...,r and n is odd,
non k—3a, fori=24,...,r—1and n is odd,
f(uiuz-i—l) . .
k—a, fori=1,3,...,r and n is even,
3a, fori=2,4,...,r — 1 and n is even,
j o+ 4a, forj=1,3,... and j <n—1,
fluguy™) = ; .
k—4a, forj=24,... and j <n—1.

Then the induced vertex labeling f* : V(P(n.P(r,m)")) — Zy is f*t(u) = all
u € V(P(n.P(r,m)?)). Thus V(P(n.P(r,m)")) is a Zi-magic graph. O

An example of a Z35-magic labeling of P(5.P(5,2)") is shown in Figure 2.

Figure 2: A Z;5-magic labeling of P(5.P(5,2)").

Theorem 2.3. Let r > 4 and n > 2 be positive integers. The path union of a shell graph P(n.SY),
where v € V(S,.) is the vertex of degree v — 1, is Zx-magic for k > 2r — 3 when r is odd and for

k>r—1 when k is even.

Proof. Let the vertex set and the edge set of P(n.S?) be V(P(n.S?)) = {UZ 1<i<r1<j<n}
and E(P(n.SY)) = {vafﬂ 1<i<r1<j<niu{viv] :3<i<r1<j<niu{vlvlt 1<

j <n— 1} with the index i taken over modulo r.
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We consider the following two cases according to the parity of r.
Case (i): when r is odd.
Let a, k be positive integers, k > 2(r — 2)a. Thus k > 2r — 3.

Define an edge labeling f : E(P(n.S?)) — Z; — {0} as follows:

fjviy) =k—a, fori=23,...,r—1,
Flololth) = k—2a(r—2), forj=1,3,... andj<n-—1,
| 2a(r - 2), for j =2,4,... and j <n —1,

f(v{vf)za, fort=3,4,...,r—1,7=2,3,...,n—1,

(r—=3)a

P — fori=24,....7tr—1,7=2,3,...,n—1
’UJ’UJ — 2 )y 9 9 ] 9 9
fwvi) {k—% for i =3,5,....,7—2,j=2,3,...,n—1,

Flvd) = fwiv]) =k — T2 for j=2,3,...,n—1,

" n k—2a, fori=3,4,...,7r—1and n is odd,
fotof) =

2a, fort=3,4,...,7r—1 and n is even,

k —a, fornis odd,

fuivy) = fvfof) = {

a, for n is even,
Flmn ) = a, fori=2,3,...,r—1 and n is odd,
) +1/) — . .
Lo k—a, fori=2,3,...,7—1and n is even.

Then the induced vertex labeling f* : V(p(n.S?)) — Z is f*(u) = 0 (mod k) for all u €
V(P(n.SY)).

Case (ii): when r is even.

Let a, k be positive integers, k > (r — 2)a. Thus k > r — 1.
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Define an edge labeling f : E(P(n.S?)) — Z; — {0} in the following way.

foiv})y=a, fori=34,....r—1,
floivy) =k —a,
fvv1) = 2a,

a,

Fotely) - {

fori=2,4,...,r —2,

k—2a, fori=3,5,...,r—1,
f(v'jv'7+1)— k—a(r—2), forj=1,3,... and j <n—1,
e a(r —2), for j=2,4,... and j <n-—1,
f(v{vf)z%, fori=3,4,...,r—1,7=23,...,n—1,
%, fori=2,3,....7r—1,7=2,3,...,n—1land k=0 (mod 4),
fwlvl ) = %TH’ fori=2,4,....,r—2,7=2,3,...,.n—1land k=2 (mod 4),
3’3772, fori=3,5,....,r—1,7=2,3,...,n—1land k=2 (mod 4),
£ j) %, for j=2,3,...,n—1land k=0 (mod 4),
vivg) =
12 %, for j=2,3,...,n—1land k=2 (mod 4),
f(vjvj)— %, forj=2,3,...,n—1land k=0 (mod 4),
TV M2, forj=2,3,...,n—1land k=2 (mod 4),
Flwiun) = k—a, fori=3,4,...,7r—1 and n is odd,
Y ) a, for i =3,4,...,7 — 1 and n is even,
n n a, for n is odd,
vty ) =
florvz) {k—a, for n is even,
non k —2a, for n is odd,
vlol) =
forer) {2(1, for n is even,
k—a, fori=2,4,...,r—2andnis odd
" 2a, fort=3,5,...,7—1 and n is odd,
fviviy) = . .
a, fori=2,4,...,7— 2 and n is even,
k—2a, fori=3,5,...,7r—1 and n is even.

Then the induced vertex labeling f* : V(P(n.SY)) — Zy is fT(u) = 0 (mod k) for all u €

V(P(n.S?)). Thus P(n.S?)

is a Zp-magic graph for r is even.

An example of a Zq1-magic labeling of P(3.5%) is shown in Figure 3.

O

According to the symmetry of wheels there exist two non isomorphic graphs P(n.W?). We

deal with the case when v is a rim vertex, that is a vertex of degree three in W,.

Theorem 2.4. Let r > 4 and n > 2 be integers. The path union of a wheel graph P(n.W}), where
v € V(W,) is a vertex of degree 3, is Zy-magic for k > r when r is odd and for k > 2r — 1 when r
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Figure 3: A Z;;-magic labeling of P(3.5%).

s even.

Proof. Let the vertex set and the edge set of P(n.W?) be V(P(n.W?)) = {w;,v] :

1 1
j < n} and E(P(n.WY)) = {vafﬂ 1 <i<rl<j<ntU{wp :1<i<nrl<j

nyU{ujul™ :1 < j <n—1}, where the index i is taken over modulo .

IAINA

We consider the following two cases according to the parity of .
Case (i): when r is odd.
Let a, k be positive integers, k > (r — 1)a. This implies k > r.

Define an edge labeling f : E(P(n.W})) — Z — {0} as follows:

f(wjvg):a, fori=2,3,...,r,j=1,2,....,.n—1,

fwjv])=k—(r—1)a, forj=1,2,...,n—1,
11 a, fori=1,3,...,r,
v;V; =
foivi) {k—2a, fori=2,4,....,r—1,
f(J J ) (T_Zl)a7 fOri:1,3,...7T7j:2,3,...7’”_1,
v U =
i k- e for i =24, r—1,j=2,3,...,n— 1,
n r—1)a, for n is odd,
Flwey =4 Y |
k—(r —1)a, for n is even,
£ ) k—a, fori=23,...,r and n is odd,
Wnv; ) = . .
a, fori=2,3,...,r and n is even,
k—a, fori=1,3,...,r and n is odd,
n 2a, fori=2,4,...,7—1 and n is odd,
foivi,) = . .
a, fori=1,3,...,r and n is even,
k—2a, fori=2,4,...,r—1 and n is even,
f(j j+1) a(r —3), for j=1,3,... and j <n-—1,
V]V =
! k—a(r—3), forj=2,4,... andj<n-—1

This means that for the induced vertex labeling f* : V(P(n.W})) = Zx is fT(u) =0 (mod k) for
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all w € V(P(n.WpY)).
Case (ii): when r is even.
Let a, k be positive integers, k > 2(r — 1)a.
Define an edge labeling f : E(P(n.W?)) — Z; — {0} in the following way.
Fwrv]) = f(wpef) =k — (r = )a,
fwv}) = f(w,ol) =a, fori=2,3,...,r,

a, fori=1,3,...,r—1,

L S o o A
fivie)) = Fvivi) {k—2a, fori=2,4,...,r,

f(wjv{)zk—2(r—1)a, for j=2,3,...,n—1,

flwjvl) =2a, fori=23,....r,j=2,3,...,n—1,
f(vag+l):k—a, fori=1,2,...,7,j=2,3,...,n—1,
f(v{v{Jrl) =ra, forj=12...,n—1

Then the induced vertex labeling f* : V(P(n.Wp)) — Zp is fT(u) = 0 (mod k) for all u €
V(P(n.Wy)). Hence f* is constant that means P(n.W,”) admits a Z;-magic labeling. O

v

An example of a Z12-magic labeling of P(3.W¢') is shown in Figure 4.

10

Figure 4: A Zj5-magic labeling of P(3.WY).

In the next theorem we deal with the path union of a closed helm graph P(n.CH?), where v

is a vertex of degree three in C'H,..

Theorem 2.5. Letr > 4 and n > 2 be integers. The path union of a closed helm graph P(n.CHY),
where v is a vertex of degree 3 in CH,, is Zr-magic for k > r when r is odd and for even k > r
when 1 is even.

Proof. Let the vertex set and the edge set of P(n.CH?) be V(P(n.CH?)) = {wj,v),ul : 1 <
r,1 <j<n}and E(P(n.CH?)) = {vafﬂ 1<i<n1 gjgn}u{u{u{H 1<i<r1<j
n}U{wjvg 1< <1 Sjgn}u{vfug 01 Sigr,lgjgn}u{u{u{“ :1<j<n-1},

where the index 7 is taken over modulo r.

<
<



CUBO

21, 2 (2019)

Z-Magic Labeling of Path Union of Graphs

25

Case (i): when r is odd.

Let a, k be positive integers, k > (r — 1)a. Thus k > r.

Define an edge labeling f : E(P(n.CH?)) — Zi — {0} as follows:

n—1,

oo,n—1,

, v =1,2...,n—1,

,r—1,7=12...,n—1,
?’r’
,’f'—l,

coon—=1,

fori=1,3,...,7,j=2,3,...,n—1,
fori=2,4,...,r—1,j=2,3,...,n—

L

..., and n is odd,

...,r and n is even,

n is odd,

n is even,

,7 and n is odd,
,7— 1 and n is odd,
,r and n is even,

,7— 1 and n is even,

,7 and n is odd,
,7— 1 and n is odd,
,r and n is even,

,7— 1 and n is even,

and j <n-—1,
and j <n—1.

f(wjv{):k—(r—l)a, forj=1,2,...,
f(wjvf):a, fori=2,3,...,r, j=1,2,
i (r—1a, fori=1,3,...
fwivi) {k—(r—l)a, fori=2,4,...
1 ) (r=1)a, fori=1,3,...
flustig) = {k —(r—2)a, fori=2.4,...
f(vguf):k—a, fori=2,3,...,r,j=1,2,
f(v{u{):k—(r—l)a, forj=1,2,...,n—1,
o (r—l)u,7
f(“gugﬂ): k_2(r73)a
2
r—1)a, for n is odd,
Fluwpy =Y |
k—(r—1)a, for n is even,
k—a, fori=2,3,
flwavit) =, {a, for i = 2,3,
non r—1), for n is odd,
fofuf) = ( ) .
k—(r—1)a, for n is even,
Folur) = a, forz::2,3,...,rand
k—a, fori=2,3,...,r and
k—(r—1)a, fori=1,3,...
n _J(r=1)a, fori=2,4,...
Foivi) = (r —1a, fori=1,3,...
k—(r—1)a, fori=2,4,...
k—(r—1)a, fori=1,3,...
non o~ )(r—=2)a, fori=2,4,...
Jlufuiyn) = (r — 1a, fori=1,3,...
k—(r—2)a, fori=2/4,...
- k—(r—1a, forj=1,3,...
Fluduty = {4 forg =
(r—1a, for j =2,4,...

Then the induced vertex labeling f* : V(P(n.CHY)) — Zi is fT(u)

V(P(n.CHY)).

0 (mod k) for all u €
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Case (ii): when r is even.
Let a be a positive integer and k > (r — 2)a be an even integer. Thus k > 7.
Define an edge labeling f : E(P(n.CH?)) — Zi — {0} such that

flwivy) =k = (r —1)a,

flwiv}) =a, fori=23,...,7

foiviy,) = (r=1)a, forz:=1,3,.,.,r—17
k—(r—1)a, fori=2/4,...,r,
f(uzluzl-',-l): (r—1a, fOI"Z::1,3,...,T—17
k—(r—2)a, fori=24,....r—1,
f(’U%U%):(T—l)GJ,
frul) =k —a, fori=23,...r,
flwwl) = folul) = folvl, ) =%, fori=1,2,...,r,j=2,3,...,n—1,

%, fori=1,2,...,r,j=2,3,...,n—1land k=0 (mod 4),
flulul ) =<2 fori=1,3,...,r—1,j=23,...,n—1land k=2 (mod 4),
k20 fori=2,4,...,r,7=2,3,...,n—land k=2 (mod 4),
" r—1)a, for n is odd,
Fluwgegy =4 Y !
k—(r —1)a, for n is even,
" k—a, fori=23,...,r and n is odd,
flwpvf') = - .
a, fori=2,3,...,r and n is even,
" n k—(r—1)a, fornis odd,
foiuy) = .
(r —1a, for n is even,
non a, forv=2,3,...,r and n is odd,
i) = . .
k—a, fori=23,...,r and n is even,
k—(r—1a, fori=1,3,...,r—1 and n is odd,
n (r—1a, for i = 2,4,...,r and n is odd,
fviviy) = . .
(r—1a, fori=1,3,...,r —1 and n is even,
k—(r—1)a, fori=2,4,...,r and n is even,
k—(r—1)a, fori=1,3,...,7—1 and n is odd,
" n (r —2)a, for i = 2,4,...,r and n is odd,
fuiuiy,) = . .
(r = 1a, fori=1,3,...,r —1 and n is even,
k—(r—2)a, fori=2,4,...,r and n is even,

f(u{ 1 =

-j+1) k—ra, forj=1,3,... and j <n—1,
w _
ra, forj=2,4,... and j <n—1.

Then the induced vertex labeling f* : V(P(n.CHY)) — Zj is fT(u) = 0 (mod k) for all u €
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Hence f* is constant equal to 0 (mod k). Therefore P(n.CH") is a Zi-magic
O

V(P(n.CH})).
graph.

An example of a Zg-magic labeling of P(3.C'HY) is shown in Figure 5.

Figure 5: A Zj3-magic labeling of P(3.CHY).

Theorem 2.6. Let r > 3 and n > 2 be integers. The path union of a double wheel graph

P(n.DWY), where v € V(DW,) is a vertex of degree 3, is Zi-magic for k > 5 when r is odd.

Proof. Let the vertex set and the edge set of C(n.DW?) be V(P(n.DW?)) = {vj,v],ul : 1 <i <
r,1 <j<n}and E(P(n.DWY)) = {vjvg,vjug 1<i<n1<j< n}U{vgng 1<i<rl1<
j<n}U {uZufH 1<i<r1<j<n}uU {u{u{“ :1 < j <n—1} with index ¢ taken over modulo
.

Let a, k be positive integers, k > 4a. Thus k > 5.
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For r is odd we define an edge labeling f : E(P(n.DWY)) — Z;, — {0} as follows:

viv!)=2a, fori=1,2,...,r,j=1,2,...,n—1,
Vg
f(vjug):k—Za, fori=1,2,...,r,7=1,2,...,n—1,
f(vaf+1):k—a, fori=1,2,...,7,7=1,2,....n—1,

£ ) k—a, fori=1,3,...,r,
uiu; ) =
s 3a, fori=2,4,...,r—1,

f(uguz+l):a, fori=1,2,...,7,5=2,3,...,n—1,

" k—2a, fori=1,2,...,r and n is odd,
funv]) = . .
2a, fori=1,2,...,r and n is even,
" 2a, fori=1,2,...,7 and n is odd,
fonug’) = . .
k—2a, fori=1,2,...,7 and n is even,
Fmon ) a, fori=1,2,...,7—1 and n is odd,
vl ] =
ER k—a, fori=1,2,...,7r—1 and n is even,
- a, for n is odd,
f(vrvl): .
k —a, for n is even,
a, fort=1,3,...,r and n is odd,
non k—3a, fori=2,4,...,r—1 and n is odd,
fuiuiy) = . .
k—a, fori=1,3,...,r and n is even,
3a, fori=2,4,...,7r —1 and n is even,
f(u{u{“): 4a, for]::1,3,... andj:gn—l,
k—4a, forj=2,4,... and j <n—1.

Then the induced vertex labeling f* : V(P(n.DWP)) — Zj is fT(u) = 0 (mod k) for all u €
V(P(n.DW?)). O

An example of a Zz-magic labeling of P(3.DWY) is shown in Figure 6.

Theorem 2.7. Let r > 3 and n > 2 be positive integers. The path union of a flower graph
P(n.F1?), where v € V(Fl,.) is the vertex of degree 4, is Zy-magic for k > 5 when r is odd and for

k > 3 when k is even.

Proof. Let the vertex set and the edge set of P(n.FI?) be V(P(n.FI¥)) = {w;, v}, ul : 1 <i <
r,1 <j<n} andE(P(n.FlZ{)):{wjvg :1§i§r,1§j§n}u{vfu5 1 <i<nr1<j<
n}U{wju'z:1§i§r,1§j§n}u{vgvg+1:1§i§r,1§j§n}u{v{1}{+l:1§j§n—1},

with index ¢ taken over modulo 7.

Case (i): when r is odd.



CUBO

21, 2 (2019)

Z-Magic Labeling of Path Union of Graphs

5
5
1
2
6, 5
5 2
6
2
1 1
6 A 2
R 6
6
5 1

Figure 6: A Z;-magic labeling of P(3.DWY).

Let a, k be positive integers, k£ > 4a. This means k > 5.

Define an edge labeling f : E(P(n.Fl?)) — Z — {0} as follows:

f(wjvg):f(vgug):a, fori=1,2,...,r,7=1,2,...,n—1,
f(ugwj):k—a, fori=1,2,...,r,7=1,2,...,n—1,
11 a, fori=1,3,...,r,
ViV ) =
J(oive) {k—3a, fori=24,...,r—1,
f(vgvgﬂ):k—a, fori=1,2,...,r,7=2,3,...,n—1,
n n k—a, fori=1,2,...,r and n is odd,
flwnv]') = f(vj'uy) = . .
a, fori=1,2,...,r and n is even,
n a, fori=1,2,...,r and n is odd,
f(uiwn) = - .
k—a, fori=1,2,...,r and n is even,
k—a, fori=1,3,...,7 and n is odd,
non 3a, fori=2,4,...,7r—1 and n is odd,
foivi,) = . .
a, fori=1,3,...,r and n is even,
k—3a, fori=2,4,...,r—1 and n is even,
f(v{v{“): k — 4a, for]::1,3,...and]:§n—1,
4a, forj=2,4,... and 5 <n—1.

Then the induced vertex labeling f* : V(P(n.Fi%)) — Zy is fT(u) = 0 (mod k) for all u €

V(P(n.FIY)).

Case (ii): when r is even.

Let a, k be positive integers, k > 2a. Thus k > 3.
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Define an edge labeling f : E(P(n.Fl?)) — Z — {0} as follows:

flwivy) = f(vyuy) = 2a,

flujwr) =k — 2a,

f(vgvgﬂ):k—a, fori=1,2,...,r,7=2,3,...,n—1,
f(wjvg)zf(vfug)za, fori=2,3,...,r,7=1,2,...,n—1,
f(wjug):k—a, fori=2,3,....,r,j=1,2,...,n—1,

n n n k —2a, for nis odd,
f(wnvl)_f(vlul)_{

2a, for n is even,
" 2a, for n is odd,
wpuy) =
Ul 1) {k — 2a, for n is even,
" non k—a, fori=23,...,7r and n is odd,
flwnv]') = f(vi'ug') = . .
a, fort=2,3,...,7 and n is even,
n a, fori=2,3,...,r and n is odd,
k—a, fori=23,...,r and n is even,
non a, fori=1,2,...,r and n is odd,
fviviy) = . .
k—a, fori=1,2,...,r and n is even,

k—2a, forj=1,3,... and j<n-—1,
2a, forj=2,4,... and j <n—1.

Floluit) = {

The induced vertex labeling f* : V(P(n.FlY)) — Zgis fT(u) =0 (mod k) for allu € V(P (n.FI?)).
o

An example of a Zj9-magic labeling of P(4.F1Y) is shown in Figure 7.

Figure 7: A Zjp-magic labeling of P(4.F3).

Let v be a vertex of a cylinder graph C,.0PFP,, r > 3. According to the symmetry all
P(n.(C.0OPy)?) are isomorphic. Thus we use the notation P(n.(C,.OP,)).

Theorem 2.8. Let r > 3, n > 2 be integers. The path union of a cylinder graph P(n.(C,0OPy)) is
Zi-magic for k > 5 when r is odd.
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Proof. Let the vertex set and the edge set of P(n.(C,[0P,)) be V(P(n.(C,0P))) = {v!,u!
i<r,1<j<n}and E(P(n.(C,0PR,))) = {ulv] : 1<z’§r,1§j§n}u{ufuf+l.1§2§r,1§
j< n}U{va 1<i<rl<j<nlu{uwu]™ :1<j<n—1}, with index i taken over
modulo r.

Let a, k be positive integers, k > 4a. Thus k > 5.

For r odd we define an edge labeling f : E(P(n.(C,.0P,))) — Z; — {0} as follows:

f(v! uf):k—2a, fori=1,2,...,r,7=1,2,...,n—1,
valﬂ =aq, fori=1,2,...,r,5=1,2,...,n—1,
k—a, fori=1,3,...,r,
u’LuZ+1 = .
3a, fori=2,4,...,r—1,
f(ul z+1 =q, fori=1,2,....,r,7=2,3,....,n—1,
{k a, for n is odd,
U’LU’L+1 = .
a, for n is even,
~J2a, for n is odd,
|k —2a, forniseven,
fori=1,3,...,r and n is odd,
k: 3a, fori=2,4,...,r—1and n is odd,
u uH—l : i
fort=1,3,...,7 and n is even,
fori=2,4,...,r — 1 and n is even,

fluful) = forj=13,..,j<n-1,
k-t for j=2,4,...,5<n—1.

Then the induced vertex labeling f+ : V(P(n.(C,0P))) — Zi is fT(v) = 0 = k for all v €
V(P (n.(C.0OP,))). Hence f7 is constant and is equal to 0 = k. O

An example of a Zg-magic labeling of P(3.(C70P,)) is shown in Figure 8.

Figure 8: A Zo-magic labeling of P(3.(C70P,)").



32 YP. Jeyanthi, K. Jeya Daisy and Andrea Semanicovd-Feriovéikovd CU(BO)
21, 2 (2019

Theorem 2.9. Let r > 5 and n > 2 be positive integers. The path union of a total graph of a path
P(n.T(P,)"), where v € V(T(P,)) is a vertex of degree two, is Zy-magic for k > 3.

Proof. Let the vertex set and the edge set of P(n.T(P,)") be V(P(n.T(P,)")) = {ul : 1 <i <
r1<j<nju{v:1<i<r—1,1<j<n} andE(P(n.T(PT)”)):{ugug_ﬂ:1§i§r—1,1§
J<nyu{vivl, i 1<i<r—2,1<j<n}U{ul v/:1<i<r-1,1<j<n}U{ufv] :1<i<
r—1,1<j<n}u{ufu]t™:1<j<n-1}.

We consider the following two cases according to the parity of r.
Case (i): when r is odd.
Let a, k be positive integers, k > 2a. Thus k£ > 3.

Define an edge labeling f : E(P(n.T(P,)")) = Zr — {0} as follows:

11, Ja, fori=1,3,...,
f(uzu”l)_{za, fori=2,4,...,r—3,

flup_yup) = f(vivy) = a,

Ftely) - {

T,

2a, fori=3,5,...,r,

a, fori=24,...,r—1,

fluyv) = a,
flugvy) =k —a,
fulv}) =k —2a, fori=3,4,...,r—2,
flup_qv; 1) =k —a,
fojuz) = k — 2a,
f(vz-lu%Jrl):k—a, fori=2,3,...,r—1,
f(u{vlj):f(ugv{):a, for j=2,3,...,n—1,
f(u{ug):f(ui_lul)zk—a, for j=2,3,...,n—1,
f(uguz+1):k—2a, fori=2,3,...,r—2,j=2,3,...,n—1,
flvl ) =k—2a, fori=12...,r-2;j=273...,n-1,
f(ugvf):f(ug+1vf)=2a, fori=2,3,....r—2,j=2,3,...,n—1,
fivl_ )= ful_w! )=a, forj=23....,n—1,
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fluur™) 2a, forj=2,4,... and j <n—1.
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Then the induced vertex labeling f* : V(P(n.T(P,)?)) — Zi is f*(u) = 0 (mod k) for all u €
V(P(T(P)")).
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Case (ii): when r is even.

Let a, k be positive integers, k > 2a. Thus k > 3.

Define an edge labeling f : E(P(n.T(P,)")) — Zr — {0} as follows:

k—a, fori=1,3,...,r—1,
k—2a, fori=2,4,...,r,

f(’U%’LL%) =k— a,
folul)=a, fori=2,3,...,r—1,
folui,) =2a, fori=1,2,....r—2,
f(U71‘—1u71‘) =a,
(jj): (jj): for 7 = 2.3 1
fuqvy f(uyvy a, forj R TN ) ,
f@iu) = ful_yul) =k —a, forj=23...,n-1,
fulul ) =k—2a, fori=23...,r—2j=23,...,n—1,
flvl ) =k—2a, fori=1,2....r—2j=273,...,n—1,
wol) = fud, 0)) = a, fori=23,...,r—2,5=2,3,...,.n—1,
Tyl Jovl)=2a, f 2,3 2,j=2,3 1
f(uzvifl):f(urflvi 1)—&, forj:2,3,...,n—1,

fort=1,3,...,7—1 and n is odd,

a7
2a, for i =2,4,...,r and n is odd,
ulu = f(vlv =
fluiuien) = F0ivi) k—a, fori=1,3,...,r—1andn is even,
k—2a, fori=2,4,...,r and n is even,
a, for n is odd,

k —a, for n is even,

k—a, fori=2,3,...,7—1and n is odd,

a, fort=2,3,...,7—1 and n is even,

k—2a, fori=1,2,...,r—2 and n is odd,

2a, fori=1,2,...,7r — 2 and n is even,

k —a, for nis odd,

a, for n is even,

Fludut) = 2a, for j=1,3,... and j <n — 1,

k—2a, forj=2,4,... and j <n-—1.

[
<
=3
£
T
i
~—
I
—N — —

Then the induced vertex labeling f* : V(P(n.T(P,)")) = Zi is fT(u) = 0 (mod k) for all u €
V(P(n.T(P.)")). Hence P(n.T(P,)") is a Zp-magic graph. O
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An example of a Zs-magic labeling of P(5.7(Ps)") is shown in Figure 9.

Figure 9: A Zs-magic labeling of P(5.T(Fs)").

Theorem 2.10. Let r > 3 and n > 2 be integers. Let v is a vertex of degree 2 in LC,.. The path

union of a lotus inside a circle graph P(n.LCY), is Z,-magic for k > r.

Proof. Let the vertex set and the edge set of P(n.LC?) be V(P(n.LCY)) = {w;,v},ul : 1 <i <

r,1 <j <n}and E(P(n.LCY)) = {w,;v] : 1 <i<r1<j Sn}u{vgug 1 <i<r1<j<
n}U{v{uLl:1§i§7’,1§j§n}U{u?u?+l:lgigr,lgjgn}u{u{ufrl:lgjgn—l},

where the index 7 is taken over modulo r.

We consider the following two cases according to the parity of .

Case (i): when r is odd.

Let a, k be positive integers, k > (r — 1)a. Thus k > r.
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Define an edge labeling f : E(P(n.LC?)) — Zy, — {0} in the following way.

f(wjv{):k—(r—l)a, for j=1,2,...,n—1,
wiv!) =a, fori= R - R
f( J ‘z]) ) f . 2737 9 7j 1725 ) 17
f(v{u{):(r—Z)a, forj=1,2,...,n—1,
flul)=k—2a, fori=2,3,...,r,5=1,2,...,n—1,
f(vfugﬂ):a, fori=1,2,...,r,j=1,2,...,n—1,
k—a, fori=1,3 r
1,1 ’ ) s 1y
Us U =
Jlustiny) {2a, fori=2,4,...,r—1,
, k=D fori=1.3,...,r,7=23,...,n—1
uju — 2 b b b) b ) b) b b b)
fluiuie) {“*21)“, fori=2,4,....,r—1,j=2,3,...,n—1,
f(ujl-ujlﬂ): k—(r—3)a, for]::1,3,...,]:§n—1,
(r —3)a, for j=2,4,...,5<n-1,
Flwa?) = (r —1a, for n ?s odd,
k—(r—1)a, for n is even,
k—a, fori=23,...,r and n is odd,
flwnvi') = . .
a, fori=2,3,...,r and n is even,
S k— (r—2)a, fornisodd,
fviuy) = .
(r —2)a, for n is even,
non 2a, forv=2,3,...,r and n is odd,
fviug') = . .
k—2a, fori=2,3,...,r and n is even,
Frur,) k—a, fori=1,2,...,r and n is odd,
vl =
R a, fori=1,2,...,r and n is even,
a, fori=1,3,...,r and n is odd,
non k—2a, fori=2,4,...,7—1 and n is odd,
f(uiui+1): . .
k—a, fori=1,3,...,r and n is even,
2a, fori=2,4,...,r — 1 and n is even.

Then the induced vertex labeling f* : V(P(n.LCY)) — Zi is f*(u) = 0 (mod k) for all u €
V(P(n.LCY)).

Case (ii): when r is even.

Let a, k be positive integers, k > (r — 1)a. Thus k > r.
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Define an edge labeling f : E(P(n.LC,)) — Z;, — {0} as follows:

flwv}) =k — (r = 1)a,
flwv}) =a, fori=23,...,r,
viul) = (r—2 a,
1%
fojul) =k—2, fori=23 ... r
f(vilu'}+l) =a, for i = 1727 . Ty
k—a, fori=1,3,...,r—1
1,1 ’ [ ) )
UU: =
fluitis) {2@, fori=2,4,...,r,
Fluwgo!) = a, forz::1,3,...,T—'1,j:2,3,...,n—1,
k—a, fori=2,4,...,r,j=2,3,...,n—1,
f(j i) k — 2a, fori=1,3,...,r—1,7=2,3,...,n—1,
VU =
vt k—a, fori=2,4,...,r,j=2,3,...,n—1,
- a, fori=1,3,...,r—1,5=1,2,...,n—1,
fluy,) = , .
2a, fori=2,4,...;r,7=1,2,...,n—1,
P k— fori=1,3,....,.r—1,7=23,...,n—1
f(uzu_erl): a/’ Or/L.i ) ) 7T 77.7 ) ) 7n )
a, fori=2,4,...,r,j=2,3,...,n—1,
Pl = (r—1)a, for n %s odd,
kE—(r—1)a, for n is even,
n k—a, fori=2,3,...,r and n is odd,
flwnvi') = . .
a, fori=2,3,...,r and n is even,
non k—(r—2)a, fornisodd,
foiut) = .
(r—2)a, for n is even,
" 2a, fort=2,3,...,7 and n is odd,
f(viuz): . .
k—2a, fori=2,3,...,r and n is even,
Frur,) k—a, fori=1,2,...,7 and n is odd,
VU ) =
A a, fori=1,2,...,r and n is even,
a, fori=1,3,...,r — 1 and n is odd,
non k—2a, fori=2,4,...,r and n is odd,
fuiuiy,) = . .
k—a, fori=1,3,...,7—1and n is even,
2a, for i =2,4,...,r and n is even,

'j+1) k—ra, forj=1,3,...,7<n—-1,
U =
ra, forj=2,4,...,7<n-—1.

Then the induced vertex labeling f* : V(P(n.LCP)) — Zi is fT(u) = 0 (mod k) for all u €
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V(P(n.LC?)). Hence f* is constant and is equal to = 0 (mod k). O

An example of a Zj9-magic labeling of P(3.LCY) is shown in Figure 10.

Figure 10: A Zjp-magic labeling of P(3.LCY).

In the last theorem we deal with the path union of an r-pan graph P(n.(r-pan)”), where v is

a vertex of degree two in an r-pan graph.

Theorem 2.11. Let r > 3, n > 2 be integers. The path union of an r-pan graph P(n.(r-pan)’),

where v is a vertex of degree two in an r-pan graph, is Zip-magic for k > 5 when r is odd.

Proof. Let v be a vertex of degree two in an r-pan graph. Let the vertex set and the edge set of
P(n.(r-pan)?) be V(P(n.(r-pan)?)) = {w;,v! : 1 <i < r,1 < j < n} and E(P(n.(r-pan)”)) =

%

{vafﬂ 1<i<r 1<y Sn}U{v{wj 01 §j§n}u{w{w{+1 :1 < j <n-—1}, where the index

i is taken over modulo r.
Let a, k be positive integers, k > 2a. Thus k£ > 5.

For r odd we define an edge labeling f : E(P(n.(r-pan)¥)) — Z; — {0} as follows:

k—a, fori=1,3,...,r,
f(”ilvz'1+1) = f(vi'viq) :{

a, fori=2,4,...,r—1,

i k—2a, fori=1,3,...,r,j=2,3,...,n—1,
f(vivi+1): . .
2a, fore=2,4,...,7r—1,5=2,3,...,n—1,

fojwy) = f(vfwn) = 2a,
f(vlwj) =4a, forj=2,3,...,n—1,
fwlwl™) =k —2a, forj=1,2,...,n—1.

Then the induced vertex labeling f* : V(P(n.(r-pan)?)) — Z; is f*(u) = 0 (mod k) for all
u € V(P(n.(r-pan)?)). This means that P(n.(r-pan)’) is a Zi-magic graph. O

An example of a Zg-magic labeling of P(4.(5-pan)?) is illustrated in Figure 11.
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Figure 11: A Zg-magic labeling of P(4.(5-pan)?).
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ABSTRACT

In this paper, we study slant submanifolds of a para-Kenmotsu manifold. We prove
that totally umbilical slant submanifold of a para-Kenmotsu manifold is either invariant
or anti-invariant or dimension of submanifold is 1 or the mean curvature vector H of

the submanifold lies in the invariant normal subbundle.

RESUMEN

En este paper estudiamos subvariedades inclinadas en variedades para-Kenmotsu. De-
mostramos que una subvariedad inclinada en una variedad para-Kenmotsu totalmente
umbilical es invariante, o anti-invariante, o una subvariedad de dimensién 1, o el vector

de curvatura media H de la subvariedad vive en el fibrado normal invariante.
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1 Introduction

The study of submanifolds of an almost contact manifold is one of the utmost interesting topics
in differential geometry. According to the behaviour of the tangent bundle of a submanifold
with respect to action of the almost contact structure ¢ of the ambient manifold, there are two
well known classes of submanifolds, namely, invariant and anti-invariant submanifolds. Chen [4],
introduced the notion of slant submanifolds of the almost Hermitian manifolds. The contact
version of slant submanifolds were given by Lotta [12]. Since then many research articles have

been appeared on the existence of different contact and lorentzian manifolds (See. [1, 3, 7, 14, 15]).

Motivated by the above studies, in the present paper we study slant submanifolds of almost
para-Kenmotsu manifold and give a classification of results. Also we prove that totally umbilical
slant submanifolds of para-Kenmotsu manifolds are totally geodesic.

The paper is organized as follows: In section 2, we review some basic concepts of para-Kenmotsu
manifold and submanifold theory. Section 3 is the main section of this paper. In this section we
give the classification result of totally umbilical slant submanifolds of para-Kenmotsu manifold.
Further, we prove that totally umbilical slant submanifolds of a para-Kenmotsu manifold are totally

geodesic.

2 Preliminaries

Let M be a (2m + 1)-dimensional smooth manifold, ¢ a tensor field of type (1,1), & a vector field
and 1 a 1-form. We say that (&, &,m) is an almost para contact structure on M if [18]

o6& = 0, n-d =0, Tank(d)):zma (2'1)
P = I-meE nE) =1 (2.2)

If an almost paracontact manifold admits a pseudo Riemannian metric g of signature (m + 1, m)
satisfying
9(¢ b)) =—g+n®@n (2.3)
called almost para contact metric manifold. Examples of almost para contact metric structure are
given in [6] and [9].
Analogous to the definition of Kenmotsu manifold [10], Welyczko [17] introduced para-Kenmotsu
structure for three dimensional normal almost para contact metric structures. The similar notion

called p-Kenmotsu structure appears in the Sinha and Sai Prasad [16].

Definition 2.1. An almost para contact metric manifold M (o, &;n, g) is para-Kenmotsu manifold

if the Levi-Civita connection N of g satisfies

(Vxd)Y = g(dX, Y)E —n(Y)dX, (2.4)
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for any X, Y € x(M), (where x(M) is the set of all differential vector fields on M.).

From (2.4), we have
Vxé =X —n(X)E. (2.5)
Assume M is a submanifold of a para-Kenmotsu manifold M. Let g and V be the induced
Riemannian metric and connections of M, respectively. Then the Gauss and Weingarten formulae

are given respectively, by
VxY = VxY+o(X,Y), (2.6)
VxN = —AnX+VgN, (2.7)
for all X, Y on TM and N € T+M, where V+ is the normal connection and A is the shape operator

of M with respect to the unit normal vector N. The second fundamental form ¢ and the shape

operator A are related by:

Now for any X € T(TM) and V € T(T+M), we write
dX = PX+FX, (2.9)
OV = pV+1V. (2.10)

For X,Y € T'(TM), it is easy to observe from (2.1) and (2.9) that
g(PX,Y) = —g(X, PY). (2.11)

The covariant derivatives of the endomorphisms ¢, P and F are defined respectively as

(Vxd)Y = VxdY—oVxY, VX, Y e I(TM), (2.12)
(VxP)Y = VxPY—PVxY, VXY e (TM), (2.13)
(VxF)Y = VxFY—FVxY, VX,Y € I(TM). (2.14)

The structure vector field & has been considered to be tangential to M throughout this paper, else
M is simply anti-invariant [12]. Since & € TM, for any X € I'(TM) by virtue of (2.5) and (2.6), we

have

Vx&=X—-n(X)& and o(X,&) =0. (2.15)

Making use of (2.4), (2.6), (2.7), (2.9), (2.10) and (2.12)-(2.14), we obtain
(VxP)Y = po(X,Y) +AryX + g(PX, Y)E —n(Y)PX, (2.16)
(VxF)Y = fo(X,Y)—o(X,PY) —1(Y)FX. (2.17)

A submanifold M of an almost para contact metric manifold M is said to be totally umbilical if

where H is the mean curvature vector of M. Further M is totally geodesic if o(X,Y) = 0 and

minimal if H=0.
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3 Slant submanifolds of an almost contact metric manifold

For any x € M and X € T,M such that X, are linearly independent, the angle 0(x) € [0, T]
between ¢X and TyM is a constant 0, that is 8 does not depend on the choice of X and x € M. 0 is
called the slant angle of M in M. Invariant and anti-invariant submanifolds are slant submanifolds
with slant angle 0 equal to 0 and 7, respectively [5]. A slant submanifold which is neither invariant
nor anti-invariant is called a proper slant submanifold.

We mention the following results for later use.

Theorem 3.1. [1] Let M be a submanifold of an almost contact metric manifold M such that
& e TM. Then, M is slant if and only if there exists a constant A € [0,1] such that

PZ=-ANI—-1®E). (3.1)
Further more, if 8 is the slant angle of M, then A = cos?0.

Corolary 1. [1] Let M be a slant submanifold of an almost contact metric manifold M with slant
angle 8. Then, for any X;Y € TM, we have
g(PX, PY) = —cos?0(g(X, Y) —n(X)n(Y)), (3.2)
g(FX, FY) = —sin?0(g(X, Y) —n(X)n(Y)). (3.3)
Theorem 3.2. Let M be a totally umbilical slant submanifold of a para-Kenmotsu manifold M.
Then either one of the following statements is true:
(i) M is invariant;
(i) M is anti-invariant;
(iii) M s totally geodesic;
(iv) dimM= 1;
(v) If M is proper slant, then H € T'(n);

where H is the mean curvature vector of M.
Proof. Suppose M is totally umbilical slant submanifold, then we have
o(PX, PX) = g(PX, PX)H = cos?0{—||X|* + n?(X)}H.
By virtue of (2.6), one can get
cos?0{—||X||* + n%(X)}H = VpxPX — VpxPX.
From (2.9), we have

cosZ0{—||X||* + n*(X)IH = VpxdX — VpxFX — VpxPX.
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Applying (2.7) and (2.12), we get

cos20{—||X[|2 + n2(X)H = (Vpx D)X + dVpx X + ApxPX — Vi FX — Vpx PX.
Using (2.4) and (2.6), we obtain

cos”B{—|IX[I> +n*(X)H = g(dPX,X)& —n(X)PPX + (VpxX + o(X, PX))
+AExPX — Vi FX — Vpx PX.

From (2.9), (2.11), (2.18) and the fact that X and PX are orthogonal vector fields on M, we arrive

at

cos?O{—|X||Z +n2(X)H = —g(PX,PX)& —n(X)P2X —n(X)FPX + PVpxX + FVpx X
+ArxPX — Vi FX — Vpx PX.

Then applying (3.1) and (3.2), we obtain

cos?O{—|IX[|? +n*(X)IH = cos6{||X||* —n*(X)}& + cos*On(X)}{X —n(X)}E —n(X)FPX
+PVpxX + FVpxX + ApxPX — Vix FX — Vpx PX. (3.4)

Taking inner product with PX in (3.4), we get
0 = g(PVpxX, PX) + g(ArxPX, PX) — g(VpxPX, PX). (3.5)
By virtue of (3.2), the first term of (3.5) can be written as
9(PVexX, PX) = —cos?0{g(VpxX, X) —n(X)g(VpxX, &)} (3.6)

We simplify the third term of (3.5) as follows
- 1
g(VexPX,PX) = ¢g(VpxPX,PX) = zPXg(PX, PX).
1
= 5PX[=cos?0{(g(X,X) —n*(X))}

- —1cosze[PXg(x,X)—P(X)(g(X, &)g(X, &)l

2
= —%cosze[PXg(X,X) —n(X)P(X)g(X, &)]
= _%COSZG[ZQ(@PXX» X) = 2n(X)}{g(VexX, &) + g(X, Vex &),

Using (2.5), (2.6), (3.6) and the fact that X and PX are orthogonal vector fields on M, we derive

g(VexPX,PX) = —c0s?8[g(VexX,X) —n(X)g(VexX, &)
—n(X)g(X, PX —n(PX)¢&)]
= —cos?8[g(VpxX, X) —1(X)g(VpxX, &)]
— g(VpxPX,PX) = g(PVpxX,PX).
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Using this fact in (3.5), we obtain
0 = g(ArxPX, PX) = g(o(PX, PX), FX).
As M is totally umbilical slant, then from (2.18) and (3.2), we obtain
0 = —cos6{||X||* —n*(X)}g(H, FX). (3.7)

Thus from (3.7), we conclude that either 0 = Z that is M is anti-invariant which part (ii) or the
vector field X is parallel to the structure vector field &, i.e., M is 1-dimensional submanifold which
is fourth part of the theorem or H L FX, for all X € I'(TM), i.e., H € I'(n) which is the last part of
the theorem or H =0, i.e., M is totally geodesic which is (iii) or FX =0, i.e., M is invariant which

is part (i). This completes the proof of the theorem. O

Theorem 3.3. Fvery totally umbilical proper slant submanifold of a para-Kenmotsu manifold is

totally geodesic.

Proof. Let M be a totally umbilical proper slant submanifold of a para-Kenmotsu manifold M,
then for any X, Y € I'(TM), we have

Vx Y — VXY = g(dX, Y)E —n(Y)X.
Using equations (2.6) and (2.9), we get
VxPY + VxFY — ¢(VxY 4+ (X, Y)) = g(PX, Y)& —n(Y)PX —n(Y)FX.
Again from (2.6), (2.7) and (2.9), we obtain

g(PX,Y)E —n(Y)PX —n(Y)FX = VxPY +o(X,PY) — AryX
+VxFY — PVxY — FVxY — da(X, Y).

As M is totally umbilical, then

g(PX,Y)E —n(Y)PX —n(Y)FX = VxPY + g(X,PY)H — ApyX + VLFY
—PVxY — FVxY — g(X, Y)$H. (3.8)

Taking the inner product with ¢H in (3.8) and from the fact that H € T'(i), we obtain
g(VxFY, oH) = —g(X, Y)[[H]%.
Applying (2.7) and the property of Riemannian connection the above equation takes the form

g(FY, Vx dH) = g(X, Y)|[H||%. (3.9)
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Now for any X € I'(TM), we have

47
Vx¢dH = (Vx$)H + ¢VxH.
Using the fact H € T'(n) and by virtue of (2.4), (2.7) and (2.9), we obtain
— ApnuX + VxdH = —PALX — FARX + ¢V H. (3.10)

Also for any X € T'(TM), we have

g(VxH, FX) = g(VxH, FX) = —g(H, VxFX).
Using (2.9), we obtain

g(VEH, FX) = —g(H, VxdX) + g(H, VxPX).

Further from (2.6) and (2.12), we derive

g(VxH, FX) = —g(H, (Vx$)X) — g(H, dVxX) + g(H, o(X, PX)).

Using (2.4) and (2.18), the first and last term of right hand side of the above equation are identically

zero and hence by (2.3), the second term gives
9(ViH, FX) = g(oH, VxX).
Again by using (2.6) and (2.18), we obtain
9(VxH, FX) = g(bH, H)[|X[|* =o0.

This means that
VxH € T(w).

Now, taking the inner product in (3.10) with FY for any Y € T'(TM), we get
g(Vx dH, FY) = —g(FARX, FY) + g($ Vi H, FY).
Using (3.11) and from (3.3) and (3.9), we obtain
9(X, V)[H||* = sin?6{g(AnX, Y) = n(V)g(AnX, £)}.
Hence by (2.8) and (2.18), the above equation reduces to

g(X, Y)[[H||* = sin?6{g(X, Y)|[H||* —n(Y)g(a(X, Y), H)}

(3.11)

(3.12)

(3.13)

Since for a para-Kenmotsu manifold M, o(X, &) = 0 for any X tangent to M, thus we obtain

9(X, Y[[H? = sin®6{g(X, Y)[H]1*.
Therefore, the above equation can be written as

cos0g(X, Y)|[H||* = 0.

(3.14)

Since M is proper slant submanifold, thus from (3.14) we conclude that H = 0, i.e., M is totally

geodesic in M. This completes the proof.

O
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The perimeter of a flattened ellipse can be estimated
accurately even from Maclaurin’s series
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ABSTRACT

For the perimeter P(a,b) of an ellipse with the semi-axes a > b > 0 a sequence @, (a,b)
is constructed such that the relative error of the approximation P(a,b) ~ Qn(a,b)
satisfies the following inequalities
_ _ 2 \n+1
(o P@b)-Quab) _(1-¢)
- P(a,b) T (2n+4+1)2

1 2
— n+1
ST

true for n € Nand ¢ = £ € [0,1].

RESUMEN

Para el perimetro P(a,b) de una elipse con semiejes a > b > 0, se construye una sucesién
Qr(a,b) tal que el error relativo de la aproximacién P(a,b) = Q,(a,b) satisface las
siguientes desigualdades
_ _ 2\n+1
Lo P@b) - Quab) _ (-
- P(a,b) ~ (2n+1)

1 2
— n+1
ST

vélidas paran € Ny g = % €1[0,1].

Keywords and Phrases: approximation, elementary, ellipse, estimate, Maclaurin series, mathe-

matical validity, perimeter, simple.
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1 Introduction

Injective parametric equations of the border of an ellipse having semi-axes of lengths ¢ and b < a
are given as x = z(t) = acos(t), y = y(t) = bsin(t), where ¢t € [0,27). Its perimeter P(a,b) is
determined as

Pty = [ PO TR dt 1 / T e (1) + ot (1) i

0

:4@/2 V1—€2cos?(t) dt = 4a/ \/1— €e2sin?(1)(— dr).
0

t—7r/2—’r

Thus, the perimeter P(a,b) of an ellipse having semi-axes of lengths a and b < q, is given as

P(a,b) = 4a E(e), (1.1)

E(e) :/O%\/l—@sinQ(T)dT (1.2)

is complete elliptic integral of the second kind and

eim/1- (2)’ = /25E € o,1), (1.3)

is the eccentricity of an ellipse.

where

For b ~ 0 it is intuitively evident that P(a,b) > 2 X 2a = 4a. Moreover, since the functions
¢ = 1 — ¢?sin*(T) are decreasing on the interval [0,1] for any T € [0,7/2], the function E(e) is

decreasing too. Therefore, we have
E ™
1 :/ cos(t)dt = E(1) < E(e) < E(0) = oL
0

for 0 < e < 1. Consequently, due to (1.1),

= < = . .
OérgiaP(a b) = 4a < P(a,b) < P(a,a) = 2am (1.4)

The first exact formula for an ellipse perimeter was presented 277 years ago by Collin Maclaurin

[24], given as the sum of infinite series:

P(a,b) _2mi(%> 1 - 2k)e (1.5)
_2mi< ok 1)2 >2(2;6—2?

X T1 [2k\]7 ek
_2”“{1_§[47<k>} 2k—1}’

o~
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valid for 0 < € < 1, where ¢ = (1 — b2/a2) 1/2, called the eccentricity1 of an ellipse. This series
originates from the integral (1.2). Later, Ivory [13] discovered a faster converging series for the
integral (1.2), which was later significantly improved by Gauss and Kummer. Additionally, Gauss
developed very efficient, swiftly convergent method of arithmetic-geometric means for computation
of the integral (1.2), see [1]. Subsequently, a lot of approximations of the ellipse perimeter have
been found. For example, among them is very popular Ramanujan’s “extraordinarily unusual and
exotic” approximation [2]. Motivated by the Barnard-Pearce-Schovanec approximations [3] and
Villarino’s contribution on the accuracy of a Ramanujan’s approximation [29] and his paper [28],
we shall derive elementarily? an asymptotic estimate of the ellipse perimeter, based on the oldest

Maclaurin series expansion. The result obtained surpasses most of the previous approximations.

2 Background
2.1 The binomial approximation
Using Taylor’s formula (see for example [15, p. 111] with 2o =0, h =2 and p = n),

xn-{-l

n!

@ , 1
f(z) = f(0)+ Z f Z_|(0) '+ /O (1 —t)" f D¢z dt
i=1 ’

1
(true for a,b € R, a < b, n €N, z € [a,b] and f € C"[a, b]) for the function f(z) = (1+ )2, we
obtain3

Nl
N[

(1+xz)

~

:Hé(')xi

+ "t /01(1 —t)" <n

valid for z € (—1,1] and n € N.

_|- N[—=

1) (n+1)(1+tx)2 "1 dt, (2.1)

Introducing w;, called the i-th Wallis ratio, for? i > 0,

1We have € = /1 — g2, where q := b/a is called the aspect ratio of an ellipse.

2not using complex analysis and absolute and uniform convergence of a series, as was used, for example, in [18]
) 1 1,

3considering the identity f((z) = (f)(z')(l +z)27"

4H§L:7n x; := 1, for m > n; consequently wo =1
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we obtain

(%) (G ) NS B e (CT )
i 2 e

1 2j — 1 L w
— (—1)* 1 = (=1)* 1 K .
(=1) 21’—1H 27 (-1) 29 —1

Jj=1

Thus, thanks to (2.1), replacing = by —z, we get

with the remainder

1 n
n 1—t¢ dt
ra() = —a"t L (1) / -,
2n+1 o \1—tz (1—tx)2

estimated, for = € (0, 1), as

Tl Wnt1 Lrot1—¢\"
0< —rp(z) = . 1 dt
< (@) (1_13)% 2n+1(n+ )/0 (1—tx)

< Wn+1 xn+1
(1—2)2(2n+1)

1—t
1—tx?

Lr1—¢\" 0 1— ! 1—
[ () = [ (-t o= [0 e

S e 1
</0 A T Ao

1—t
l1—tx

Indeed, using the substitution T = ie t=

2.2 Wallis ratios estimates

The integrals
3
I, = / sin” (z) dz (n>0),
0
satisfy the recurrence relation

1
L="""1,,  forn>2,
n

where, obviously, we have Iy = § and I; = 1. Consequently, by induction we find

i

27—1 « s
I = D=y =
2= 1 2; 2~ "'y

j=1

we have (considering z € (0,1))

(2.3)

(2.6)
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and
i

2j 1
2t Jl;[l 2%j+1  (2i+ Du; (28)

Obviously, we estimate
0 < sin®*2(z) < sin® ™! (x) < sin®(z) < 1,

for z € (O, %) and ¢ € N. Integrating, we obtain
0 < 12i+2 < 12i+1 < Iy < 1,

for all ¢ € N. Hence, thanks to (2.7)—(2.8), we get

2141 T s < 1 < s
Wi = Wi 5 < e < Wit
2i+2 ' 2 9T @i+ Dy 2
Consequently,
2 1 , 2 1
Z. 2 o 2 i € N). 2.9
F o Wi r o UEN) (29)

We remark that there exists a huge literature on useful, more accurate estimates for w,, e.g.
[4, 5, 6,7, 8,9, 10, 11, 12, 14, 16, 17, 19, 20, 21, 22, 23, 25, 26, 27, 31]. However, for our needs,
there suffice rather rough estimates (2.9).

2.3 Some logarithmic formula expansion

For p>1and —1 <t <1 we have

p=1 201 2(p—1) 2(p—1)
R W R S ]
Jj=0 k=0 k=0
11—t 1 (—t)21’ !
1t 1+t
Consequently, integrating from 0 to x € (—1,1), the first and the last part of these equalities, we
obtain
p—1l 9511 z @ 42p—1 z z 42p—1
2y = :/ dt—/ dt+/ —dt+/ dt
3202‘7+1 0 1-—t¢ 0 1-—t 0 1+t 0 1+t
:—ln(l—:v)—l—ln(l—i—x)—/z ! L t2r—1q¢.
o \1—t 1+¢
=R;(z)
Thus,

142 P 2i-1 §
ln<1_x> _22 S+ @), (2.10)
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with the remainder Ry (z),

Toot2p v
Ri(x) = / o dt > / 2. (0<a<1),
0 0

estimated as

22p+1 22p+1

R e N, 0 1 2.11
2p—|—1< p(x)<(1—:1:2)(2p+1) (peN, 0<a<l) ( )
From (2.10)—(2.11) we end up with the expansion
142 > 2i-1
1 =2 —_— 2.12
n(l—x) 25T (2.12)

i=1
true for z € (0,1) and, consequently, also for z € (—1,0].

3 The Maclaurin series

3.1 Derivation

Referring to (2.4)—(2.5) and (2.6)—(2.7), we have, for any n € N,

/ 1-Esin?(n)dr=~ -y =€ sin2 (1) dt + 77 (¢)
0 N—_—— 2 i—1 2:—1 0

Hence

/gm 2gin?(t)dt = — [ 1 zn: W) 5 (e) (3.1)
— €2 81N = — — € T, (€ .
. ° 2 < 20— 1 n\€)

where w; is the i-th Wallis’ ratio and the error term 77 () := |

o7 rn (€2 sin? (1)) d is estimated,
due to (2.5) and considering (2.6)—(2.7), as

2n+2 5
€ w .
0< —ri(e) < s sin?" 2 (1) dt
- 2n+1),
62n-ﬁ-2 W1 T

Ta-_—ent1) Uty
Thus, according to (2.9),

2 2n+2
T 1 w 1 €
0< —rp(e) < o= Indl 2nd2 o

2 1—-€ 2n+1 S1- (@n+1)2°

(3.2)

This estimate is not usable for € &~ 1, i.e. for b = 0 (for a very flattened ellipse).
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As w? <1, we have nhﬂngo rn(€) = 0 for any € < 1, which is always true for ordinary ellipse, due

to the equivalence € = 1 < b = 0. Hence, there holds the so-called Maclaurin series expansion®

s oo 2 )
/02 V1= esin(x)de = <1 - e%) , (3.3)

valid for 0 < € < 1. In addition, the series on the right is convergent also for e = 1 due to (2.9).

2
1 . . . . [e%) w;
< 7, which implies the convergence of the series .~ 57 .

w}
2i—1

Indeed, we have

Remark 3.1. About fifty years after Maclaurin’s book [24], including the series (3.3), Ivory pub-
lished article [18], where he presented the expansion

3 b) w? - a—b
1— 2 w2 dt = 7T(CL+ 1 [ 21 —
/0 1/ e2sin“(T)dT BVTE +;7(2i— E A A )

where the series on the right converges slightly faster than the series in (3.3).

Applying (2.9) for the partial sums

" ow? .
pn(€) = ST e (neNU{oo}), (3.4)
i=1

we shall estimate the series po(€) figuring in (3.3).

3.2 Approximating /i (€)

Using (2.9) we estimate,

2 w? 2

3

T2 DEiT1]) 21 w212

(i eN). (3.5)

Therefore .
2621

uw(e>%;7‘f’(2i—l)(2i—|—1) (0§6<1).

oo
This idea produces the next theorem.

Theorem 3.2. We have
fioo(€) = M (€) + dn(e), (3.6)

where

M, (e) = A(e) + By (e), (3.7)

Ae) = % Ke— %) mGJ_rz) +2] € (0,1), (3.8)

5The coefficients of the original Maclaurin series [24] have a visually more complicated form.
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Bn&)FZEj(“f“ﬁ@;+1))2:f1’ (3.9

i=1

and 0 2n+2

0<dp(e) <0y (e) = AT

(3.10)

valid for any integer n > 1 and every 0 < e < 1.

The basic function A(e) is strictly increasing having the range (0,1), where léiﬁ)lA(e) =0
and lelTHllA(e) = L. Both sequences, n — By(€) and n — 6,(€), are strictly increasing, for every
e€ (0,1).

The sequence n — M, (€) converges strictly increasingly to poo(€), for any e € (0,1). Addi-

tionally, for every n € N, the functions e — M, (e) and € — 0,(€) are strictly increasing on the

interval (0,1).

Figure 1 shows, on the left, the graph® of the basic function A(e), and, on the right, the graphs

of the functions M7 (€) and ps(€). As an example, we present Bj(e) and §}(e) as follows:

« 1 1 1
&@F4%—%ﬁ“ghi—%V”56%—%ﬁ“yX%@ 55)€"

~ 0.037 793 409 €* + 0.004 433 682 ¢* + 0.001 342 114 €° + 0.000 576 077 €®,

51(6) < 250 < 0.00786 €19 e=1/1-(2)°
=81 N @ '
030} 035
025} ggg’ '/

7 25 M1 ~ tel®) /)
2 1 ;
020 020} /
015| .
010} 010
005| 005}

02 04 06 08 10 02 04 06 08 10

Figure 1: The graph of the basic function A(e) (left) and the graphs of the functions Mi(€), too(€)
and A(e) (right).

Proof of Theorem 3.2. We have, for 0 < e < 1,

o'}
2

D wig

i=1

i 2%

E: (20— 1)( 2z+1) (8:11)

z:12(21—1 (2z’—12)(2¢+1))62i+5n(6),

6All the graphics and calculations in this paper are made using the Mathematica [30] computer system.
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where
2

nle)= 2 (w? B 7r(2i2+ 1)) T (3.12)

Moreover, using (2.12), we have

- 2 2%
Z; T2i-1)(2i+1)°

o0

1 1 ;
_EZ<2Z—1 z’+1>62
0 62i— 1 0 62i+1
< '2;21'—1_%'2;2@41)
€ 1+e€ 1 1+e¢
{5111(1—6)_%(111(1—6)_26)}
K i)ln(ii)m]:A(e).

Concerning A(e) = 5=(f(e) + 2), the function f(e) := (e — 1) In (ifi) (0 < € < 1) has the
derivative f'(€) = g(€)/€?, where g(e) = (1 + €2 (1+6) — 2¢, having the derivative

9'(6)—i(26+(1—62)1n(1+6)> >0 (0<e<).

1—e2 1—¢

[N e)

o™
I
|

Wl A= A=

Thus, g is strictly increasing on [0,1). Consequently, g(¢) > ¢g(0) =0, i.e. f'(¢) >0, for 0 < e < 1.

(
Therefore, f is strictly increasing on (0,1) too. Moreover, using (2.10)—(2.11) with p = 1, we have

fle) = 52;1 (6-1-19 1—52)) 2(e* — 1) ( : 1352 : %) 5

for some ¥ = ¥(e) € (0,1). Hence, 1imf(e) = -2, ie. ling(e) = 11%111%(]‘(6) +2) =0. In

addition, 161%r11f(6) = 11?1{
. i 1 _ 1
limA(e) = lims- (f(e) +2) =

According to (3.5), all summands in By, (¢) and d,,(€) (see (3.12)) are positive, i.e. the sequences

_ 1 5 _ — — 1 — 2
2111(1—1-6)} L %%( hln(h)) 0, where h = 1 — 2. Thus,

n — By(e) and n — d,(€) are strictly increasing; consequently the sequence n +— M, (€) is also
strictly increasing, for every € € (0, 1).

Since all coefficients of the power series By (e) and d,(¢) (see (3.9) and (3.12)) are positive,
due to (3.5), the functions € — M, (¢) and € — §,(€) are strictly increasing on the interval (0, 1),
for any n € N.

According to (3.12) and (3.5), we estimate, for € € (0, 1],

0o
€2n+2 2€2n+2

2 2

1=n+1
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using the telescoping method of summation. O

Example 3.3. Theorem 3.2 is quite useful for an estimate of poo(€), consequently for an esti-
mate of the perimeter of an ellipse. For example, for a very flattened ellipse with ¢ = 0.01 we
have 0.99994 < e(q) < 0.99995 where 0.36315 < M((0.99995) < 0.36316 ... and 65,(0.99995) <
0.00038. Therefore, 0.36315 < 100 (0.99995) < 0.36316+0.00038 = 0.36354. Thus, to three decimal
places, we have 115,(0.99995) = 0.363. ... Consequently, the perimeter P(a,b) of the corresponding
ellipse is given as P(a,b) = 4a- 5 (1 — 156(0.99995)) ~ 4a - 5 (1 — 0.363) ~ 4.002a (compare with
relations (1.4)).

Remark 3.4. Referring to Abel’s theorem on the boundary behavior of a power series, if we
continuously extend the domain of the function A(e) to the closed interval [0,1] by using limits,
A(0) := 0 and A(1) := L, then (3.6), (3.7), (3.9) and (3.10) are all valid also for e =0 and e = 1.

Remark 3.5. Alternatively, we can estimate the remainder r’*(€) := pioo(€) — My, (€) as follows:
2 2

0o

wy; € E
sk < i 'n,+1 27
n (6)_i:n+l 22_1 — 27’L+1 Z

w,21+162"+2 1 2¢2nt2

- (2n+1)(1 —€2) = 1—e2’ m(2n 4+ 1)2

This simple method works quite well for e, which “differs enough from 17, but it is useless for €,

which is close to 1.

4 The main result

Theorem 4.1. For every n € N, the perimeter P(a,b) of an ellipse having semi-major and semi-
minor azes, a and b, the aspect ratio ¢ = q(a,b) := b/a, and the eccentricity ¢ = €(a,b) := \/1 — ¢2,
the n-th approzimation Qy(a,b) ~ P(a,b),

Qn(a,b) := 27m(1 - Mn(e)) = 27m(1 — A(e) — B, (e)), (4.1)
has the relative error,

Pl @l (1=aen = (3)7).

estimated as

n+1
1 e—q2(n+1) < _ (1 B q2)

C(2n+1)2 S Ghrr @ =m0

Here, A(€) and By, (€) are defined in Theorem 3.2 and we have Byi1(€) = By (€)+ (w?wrl - m) S

formeNand 0 <e < 1.

2n+2



gg@BOQ) The perimeter of a flattened ellipse can be estimated accurately ... 61

Proof. Thanks to (1.1), (1.2), (1.4) and (3.3), we estimate

P(a,b) — Qn(a,b) 2M(1 = Mn(e) — Me)) - 2#@(1 - Mn(e))

P(a,b) P(a,b)
(1.4) 27a8,(e) _ monle) m  2e27+2 eint2
< < < - = ,
da 2 2 w(2n+1)2 (2n+1)?

where, considering the convexity of the exponential function or, referring to [16, (6a)] with e = ¢

and h = —¢? , we have
22 — (1 _ q2)n+1 < e_q2(n+1) (0 <g< 1)_ 0

Figures 2-3 show, for several values of n, the graphs of actual relative errors —p,(q) =
[1oo (e(q)) — M (e(q))]/[1 — 1oo (€(q))] (left) together with their upper bounds —p(q) (right).

0010 | 0.10¢
0.008 [ 0.08 |
0.006 | 0.06 .
-p1(Q)
0.004 0.04f
0.002 0.02f
02 04 06 08 10 02 04 06 08 10

Figure 2: The graphs of the functions ¢ — —p1(¢) and ¢ — —pi(q).

0.00030 | 0.0025 ¢
0.00025 ¢ 0.0020 [
0.00020 | 0.0015 |
0.00015 ¢

0.0010 ¢
0.0005 f

0.00010 -
0.00005 -

02 04 06 08 10 02 04 06 08 10
Figure 3: The graphs of the functions ¢ — —p9(q) and ¢ — —p§(q).

Table 1 additionally confirms the usefulness of the derived formula.
Conclusion. The article demonstrates that with the help of 277 years old Maclaurin series the
perimeter of an ellipse can be accurately estimated, even if an ellipse flattens into a line segment.
This is done only by elementary means, not using complex analysis or elliptical integral theory,

neither arithmetic-geometric means nor hypergeometric functions.
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q 0.00001 0.1 0.2 0.3 0,4 0,5
—p20(q) || < 81077 | < 61075 | <2107° | < 51070 | < 61077 | < 41078
—pho(q) || <61074 | < 51074 | < 31074 | < 9107% | <2107% | < 21076

Table 1: The actual error pao(g) and the a priori estimated error p5,(q).
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ABSTRACT

The objective of the study was to investigate a new notion of generalized trace pseudo-
spectrum for an matrix pencils. In particular, we prove many new interesting properties
of the generalized trace pseudo-spectrum. In addition, we show an analogue of the
spectral mapping theorem for the generalized trace pseudo-spectrum in the matrix

algebra.

RESUMEN

El objetivo de este estudio es investigar una nueva nocién de pseudo-espectro traza ge-
neralizado para pinceles de matrices. En particular, demostramos variadas propiedades
nuevas e interesantes del pseudo-espectro traza generalizado. Adicionalmente, mostra-
mos un analogo del teorema espectral de aplicaciones para el pseudo-espectro traza

generalizado en el dlgebra de matrices.

Keywords and Phrases: pseudo-spectrum, condition pseudo-spectrum, trace pseudo-spectrum.
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1 Introduction

Let My (C) (M (R)) denote the algebra of all n x n complex (real) matrices, Z denotes the
n x n identity matrix and the conjugate transpose of U is denoted by U*. We denote by Tr, (resp.
Det) the trace (resp. determinant) map on My (C). In the present paper, we study the problem

of finding the eigenvalues of the generalized eigenvalue problem
Ux = AVx.

Next, let A € C and
snAV—U) <...<s:AV—-U) <s1(AV —U)

be the singular values of the matrix pencils AV —U where s1(AV —U) is the smallest and s, (AV —U)
is largest singular values of the matrix pencil. Let U,V € My (C), then the set of all eigenvalues
of the matrix pencils of the form AV — U is denoted by o(U, V) and is defined as

o(U, V) = {7\ €C: AV —U is not invertible},

and its spectral radius by

MU, V) = sup {w ‘A e oY, VJ}.

For an nxn complex matrices I/ and V and a non-negative real number ¢, the pseudo-spectrum

of the matrix pencils of the form AV —U is defined as the following closed set in the complex plane
o (U, V) = {?\ €C: sn(AV—U) < e}.

Let U,V € Mu(C) and 0 < ¢ < 1. The condition pseudo-spectrum of the matrix pencils
AV — U is denoted by L. (U, V) and is defined as

U YV) = {7\ €C:sn(AV—U)<e 51(?\])—?/{)}.

Let € be a small positive number. For an operator U,V € M, (C), recall that the determinant

spectrum of matrix pencils of the form AV — U is the set d¢ (U, V) and is defined as
AU, V) = {)\ € C:|det(\V —U)| < s}.

The analysis of eigenvalues and eigenvectors has had a great effect on mathematics, science,
engineering, and many other fields. Then, there are countless applications for this type of analysis.
The study of matrix pencils is by now a very thoughtful subject, with the notion of pseudospectrum
playing a key role in the theory. However, matrix pencils play an important role in numerical linear
algebra, perturbation theory, generalized eigenvalue problems. In this paper, we interest by a

generalization of eigenvalues called generalized trace pseudo-spectrum for an element in the matrix
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algebra to give more information about the matrix pencils of the form AV—U{. For more information

on various details on the above concepts, properties and applications of pseudo-spectrum [2, 3, 6, 7,
9], condition spectrum [1, 4, 5] and determinant spectrum [8]. Now, we introduce the new concept

of the generalized trace pseudo-spectrum in the following definition.

Definition 1.1. For e > 0, the generalized trace pseudo-spectrum of the matrix pencils of the form
AV —U € M, (C) is denoted by Tre (U, V) and is defined as
Tre@, V) = oty V)| J{r e C: My —u) < e}

The generalized trace pseudoresolvent of the matriz pencils of the form AV — U 1is denoted by
Trp. (U, V) and is defined as

Trp, (U V) = oty V) [ {A € C: AV — 1)) > €.

The singular values of a the matrix pencil are important not only for their role in diagonaliza-
tion but also for their utility in a variety of applications. Since Tr. (U, V) use all the singular values
of AV —U to get defined, it is expected to give more information about i/, )V than pseudo-spectrum
and condition spectrum. Since the definition use idea of ”Trace” the generalization of eigenvalues

defined above is named as generalized trace pseudo-spectrum. It is easily seen that the map
U — Tr(ld)
is continuous linear functional. Here, some important properties of the trace of U, B € M, (C) are
Tr(UB) = Tr(BU),
Tr(od) = «Tr(U) with & € C,
Tr(U + B) = Tr(U) + Tr(B).

An outline of this paper is the following. In Section 2, we focuses on a new description of
the generalized trace pseudo-spectra. Not only do we give a characterization of the generalized
trace pseudo-spectrum in the matrix algebra. but also we investigate the connection between
generalized trace pseudo-spectrum and algebraic multiplicity of the eigenvalues. In Section 3, we

give an analogue of the spectral mapping theorem for the generalized trace pseudo-spectrum in

the matrix algebra.

2 Generalized trace pseudo-spectrum.

In this section, some relevant properties of the generalized trace pseudo-spectrum are dis-
cussed in detail. For U,V € M, (C) and ¢ > 0, the generalized trace pseudo-spectrum of the
matrix pencils of the form AV — U is denoted by Tr. (U, V) and is defined as

Tre (U, V) = o, V)| J{A € C: ITr(AV —U)| < ¢}
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The generalized trace pseudo-resolvent of the matrix pencils of the form AV — U is denoted by
Trp, (U, V) and is defined as

Trp, (U, V) = p(U, V) [ ) {A € C:[Tr(AV —U)| > ¢}

while the generalized trace pseudo-spectral radius of the matrix pencils of the form AV — U is
defined as

Trre (U, V) = sup {w e m(u,w}.
Remark 2.1. Let U,V € M, (C). Then, if V is nonsingular, then it is possible to reduce the

generalized trace pseudo-spectrum to a standard trace pseudo-spectrum for the matrices V='U or

uv=r. j.e.
Tre (U, V) = oV U, T)| J {7\ eC:Tr(A =V 'U) < s},
or

Tr. (U, V) = oV ", 1) J {?\ €C:TrA—uv 1) < e}.

The following theorem gives some properties of the generalized trace pseudo-spectrum that

follow in a straightforward manner from the definition of the generalized trace pseudo-spectrum.
Theorem 2.1. Let U,V € Mn(C) and ¢ > 0. Then,

(i) Tro(tt, V) = (] Tre (U, V).

e>0

(i) If 0 < &1 < €3, then Tre, (U, V) C Tr, (U, V).
(1ii) Tre (U, V) is a non-empty compact subset of C.

(iv) If x € C and B € C\{0}, then Tr.(PU + aV,V) = BTr « (U, V) + «.

IBI

(v) Trg(ocV,V)—{AE(C:A—cxIS }forall?\,cxe(C.

_&
Tr(V)|

Proof. The proofs of items (i) and (ii) are clear from the definition of generalized trace pseudo-

spectrum.

(1i1) Using the continuity from C to [0, co[ of the map
A — [ Tr(AY —U),

we get that Tre(U,V) is a compact set in the complex plane containing the eigenvalues of the

matrix pencils AV — U.
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(iv) In fact, it is well know

Tre(BU +axV,V) = A€ C:|Te(AV —pU — ocV)|<£}

{
pecofs (5204
{?\e(C ‘ﬂ(—v u)‘gi}.

Then, A € Tr. (U + «V, V). Thus, % (Z/{ V). Hence, A € BTrw U, V) + o
(v) Let A € Tre(a), V), then
ITr(AV —aV)| = A—aflTr(V)| <e.
This means that Tre(aV,V) = {7\ €EC:N—af < ﬁ} for all A, & € C. Q.E.D.

Theorem 2.2. Let U,V € M (C) and € > 0. Then,
(i) If U = ZBZ7 and ZV = VZ for all nonsingular matrizc Z € Mn(C) we have,

’I‘I‘E(U,V) = ’I‘I‘S(B)V)

(i) fU=Z2BZ " and V = ZKZ for all nonsingular matriz Z € Mn(C) we have,

TI'E(Z/{)V) = ’I‘I‘E(B)K)

(iil) The map T — Tr (U, V) is an upper semi continuous function from My (C) to

compact subsets of C. %

Proof. (i) Let A € Tr.(B,V), then

ITr(AV —B)| = |Tr(AV —Z'UZ),
= TtAZ27'2Vv -2z 'Uz)|
= |Te(Z27 A2V -UZ)
= Te(Z7'AVY —U)Z| = |Tr(AV —U)| < e.

It follows that, A € Tre (U, V).

The proofs of items (ii) and (iii) follows immediately from Definition 1.1. Q.E.D.

The following example shows that the converse of the assertion (i) is not true.



70 Aymen Ammar, Aref Jeribi and Kamel Mahfoudhi S?@Bog

1 2 10 00
Example 2.1. Letu—<0 ]>,B—<O ]>andV—<O ]>.Then,uandl3arenot

similar and for ¢ > 0, we have
Tre U, V) =Tre(B,V) ={A€C:[]A—2| < ¢}.

In the following, we obtain additional results on Tr. (U, V) that are useful in our analysis.
Theorem 2.3. Let U,V € M, (C), A € C, and ¢ > 0. Then, there is D € M, (C) such that
ITr(D)| < & and Tr(AY —U — D) = 0 if, and only if, A € Tr. (U, V). &
Proof. To see this, we suppose that there exists D € M, (C) such that |Tr(D)| < ¢ and

Tr(AV —U —D) =0.
Then,
Tr(AV —U)| = |Tx(D)| < e.
Thus, A € Tr. (U, V). Conversely, let A € Tr. (U, V). Then, we will discuss these two cases:
18t case : If A € Tro(U, V), then it is sufficient to take (D = Onxn).

24 case: A € Tre (U, V)\Tro(U, V). Then,

ITr(AY —U)| < e.
Now, we consider
D Tr(AY —U) I
n

It is easy to verify that, D € M, (C) and

Te(D)| = ‘Tr<w I)‘ _ [TV =)l

r(Z) <e.
n n

Also, we have

mw-u—p)zﬁ(w_u-MI) = 0.

n
Q.E.D.

Theorem 2.4. Let U,V € M (C) and € > 0. Then,
Tré(u) V) + 85 - TI'&:—O—B (U)V)) (1)

holds for 8,e > 0 with ©., denoting the closed disk in the complex plane centered at the origin with

radius \Ter)\' If we take & =0, we obtain an inner bound for Tr.(U,V), namely

Tro(ua V) + 0, C Tr, (L{, V) (2)
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Proof. Let A € Trs(U, V) + Of. Then, there exists there exists Ay € Trs(U, V) and A, € O, such
that A = Ay 4+ A,. Therefore,

Tr(MY —U) < b

and
ITr(AV —U)| = [Tr((M +A2)V —U))
= [Tr(AV) + Tr(M Y —U))|
< M2lTe(W) + [ Te (A Y = U)|
< TeW)Al + Tr(M Y —U)| < e + 5,
so that (1) holds. Finally, let 6 =0, then the desired inclusion (2) is obtained. Q.E.D.

Theorem 2.5. Let U,V € M (C) such that UB = BU and ¢ > 0. If U is normal, then
Tr.(U + B,V) C o(UU,V) + Tr: (B, V).
Proof. We assume that U is normal, so there exists a unitary matrix Z € My (C) such that
ZUZ=MTIn, DNIn, ®... 0 NTIn,.
The condition UB = BU implies that
Z'BZ=U1 ®U> ... B U

where, U; € My, (C),i=1,...,k. Then,

Tr. (U + B,V) Tre(Z*UZ + Z*BZ,V)

= Trg(U\]In, +U1) b...P (AkIﬂ-k +Z/[k),V)
k
= U TreWZn, +ts,V)
i=1
k
= UM +Tr V)
i=1

o(U,V) + Tr (B, V).

N

The proof is thus complete. Q.E.D.

Remark 2.2. Let U,B and V € My (C) and ¢ > 0. Then, using Theorem 2.5, we obtain the
following inequality,
Trre (U + B,V) CrU, V) + Trr. (B, V).
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Theorem 2.6. LetU,B and V € M (C) and ¢ > 0. Then,

(1) Tre (UB,V) = Tr(BU, V).
(it) Tre (U, V) + Trs (B, V) C Tre (U + B, V).
Proof. (i) Let A € Tr.(UB, V), then

e > TrAV —UB)| = [Tr(AV) + Te(—UB)|
= [Tr(AV) + Te(—BU)|
= |Tx(AV — BU)..

Hence, A € Tr.(BU, V). Thus,
Tro (UB, V) C Tr. (BU, V).

The conclusion can be obtained similarly to the first inclusion, then we deduce that

Tre (BU, V) = Tr. (UB, V).

(i1) Let A € Tre (U, V) + Tr (B, V). Then, there exists
A€ Tr% (U,V) and A\q € Tr% (B,V)

such that A = Ay + A2. Therefore,

Tr(AMV —U) < % and Tr(A;V — B) < %
On the other hand,
Tr(AV —U —B)| = |[Tr(MV—-U+AV—B)|
< Tr(MY —U)+ [Te(A2V — B)|
< ¢
Then, A € Tre (U + B, V). Q.E.D.

Theorem 2.7. Let U,V € M, (C) and N € M (C) is a nilpotent matriz and € > 0. Then,

Trs(u +N3V) = TI‘E(Z/[,V).

Proof. "C"Let A € Tr. (U + N,V), then |Tr(AV —U — N)| < ¢. Since

ITr(AY —U) — Tr(N)] < e.
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Using the fact that the matrix trace vanishes on nilpotent matrices, therefore
Ae Tre (U, V).

Hence,
Tr. (U +N,V) C Tre (U, V).

"D "Let A € Tre (U, V), then [Tr(AV —U)| < &. Now, we can write for any A € C
ITr(AY —U)| = Tx(AY —U — N + N)| = [Tr(AV —U — N) + Tr(N)|.
Because, Tr(N) =0, it follows that |Tr(AV — U — N)| < e. Consequently,
Tre (U, V) C Tre (U + N, V).

Q.E.D.

3 Trace pseudospectral mapping Theorem

Let U,V € Mu(C) and f be an analytic function defined on D, an open set containing
Tro(U, V). For each £ > 0, we define

e(e) = sup [Tr(fA)V —fU))|
A€Tr: (U,V)

and suppose there exists €9 > 0 such that Tre, (f(¢), V) C f(D). Then, for 0 < ¢ < ¢o we define

$le) = sup ITr(nY —U)|.
we 1 (Tre(U,V))ND

Lemma 3.1. Let U,V € M, (C) and ¢ > 0, then @(e) and d(e) are well defined, lin}) ee) =0
£e—
and lim ¢(e) =0.
e—0

Proof. In the order to prove that @(e) is well defined, we define h: C — R
h(A) = [Tr(f(A)Y — f(U))]
Since h(A) is continuous and Tre (U, V) is a compact subset of C, then it is clear that
@(e) =sup{h(A) : A € Tr: (U, V) }.
We conclude, @(¢) is well defined. Now, let assume that there exists 9 > 0 such that

Tre, (f(U), V) C (D).
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We show that for 0 < € < g9, () is well defined. Define g: C — R,

g(u) = Tr(ny =U)|.

Since g is continuous for all u € C, then ¢(¢) is well defined. It is also clear that @(e) and ¢(e)

are a monotonically non-decreasing function, @ (&) and ¢(e) goes to zero as € goes to zero. Q.E.D.

Theorem 3.1. Let U,V € M, (C) and let T be an analytic function defined on D, an open set
containing Tro(U,V). Then, for each

f(Trs (ua V)) - Trcp(s) (f(u)a V))
where @(&) defined above.

Proof. Let A € Tr.(U,V). Then, using Lemma 3.1 we obtain that ¢(¢) is well defined and
lin% @(e) = 0. Therefore, h(A) < @(e). Hence
e—

Tr(FA)Y — f(U))] == h(A) < @(e).
Thus, f(A) € Try () (f(U4), V). This means that
f(Tre (U, V)) C Try (e (F(U), V).

Q.E.D.

Theorem 3.2. Let U,V € M,(C) and let f be an analytic function defined on D, an open set
containing Tro(U,V). Then, for each

Tre (f(U), V) C f(Trg(e) (U, V).
where &(¢e) defined above.
Proof. Let A € Tr.(f(i4), V). Then, using Lemma 3.1 we obtain the existence of €9 > 0 such that
Tre (f(U), V) C Tre, (f(U), V) C f(D).
Consider p € D such that A = (). Then p € £~ '(Tr, (U, V)), hence

g(w) < d(e).

Therefore,
Te(wy —U)| = g(p) < d(e)
Thus, u € Trg ) (U, V). Then, A = f(u) € f(Trg ) (U, V)). This means that

Tre (f(U), V) € f(Trg(e) U, V).

Q.E.D.
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Corollary 3.1. Combining the two inclusions in Theorems 3.1 and 3.2, we get
f(Tre (ua V)) C Trcp(s) (f(u)a V) C f(Trcb(cp(s)) (u) V)

and
Tre(f(u)av) c f(Trcb(s)(u)V)) - Tr(p(¢(s))(f(u)av)~

Here are some remarks.

Remark 3.1. (1) It will be clear from the proofs of Theorems 3.1 and 3.2 that the the

functions @ and ¢ measure the sizes of the trace pseudo-spectra are optimal.

(i1) From the definitions of @ and ¢, the set inclusions are sharp in the sense that the

functions cannot be replaced by smaller functions.

(ii1) In general, the spectral mapping theorem is not true for generalized trace pseudo-spectrum.

1 2 0
Example 3.1. Letoc,[SE(Cwithoc#ﬁ#oa”dletu:<g B)’V:<O O) and

o «+pB

f(A) =A%, Then f(U) = < 0 82 ) . A direct computation shows that

Tre (fU),V) = {A € C: 2A — o?| < e — B},

f(Tre (U, V) = {\ € C: 2A — o?| < e — B}

We can see for all € > 0 that Tre (f(U), V) £ f(Tre (U, V)).
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ABSTRACT

We classify quasi-Sasakian 3-manifold with proper n-Ricci soliton and investigate its
geometrical properties. Certain results of Yamabe soliton on such manifold are also
presented. Finally, we construct an example of non-existence of proper n-Ricci soliton
on 3-dimensional quasi-Sasakian manifold to illustrate the results obtained in previous

section of the paper.

RESUMEN

Clasificamos 3-variedades cuasi-Sasakianas con solitones n-Ricci propios e investigamos
sus propiedades geométricas. Ciertos resultados sobre el solitén de Yamabe en dichas
variedades también se presentan. Finalmente, construimos un ejemplo de la no exis-
tencia de solitones n-Ricci propios en una 3-variedad cuasi-Sasakiana para ilustrar los

resultados contenidos en el articulo.

Keywords and Phrases: Quasi-Sasakian 3-manifold, infinitesimal contact transformation, n-

Ricci soliton, Yamabe soliton.
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1 Introduction

In 1982, Hamilton [17] introduced the notion of Ricci flow to find a canonical metric on a smooth
manifold. The Ricci flow is an evolution equation for metric gi; on a Riemannian manifold defined

as follows:
0gij
ot
where Rjj denotes the Ricci tensor of a Riemannian manifold and t is the time. Ricci soliton

= 2Ry, (1.1)

are special solution of the Ricci flow equation (1.1) of the form gi; = o(t)¥¢gi; with the initial
condition gi5(0) = gij, where W is the diffeomorphisms of M and o(t) is the scaling function.
A Ricci soliton is a natural generalization of an Einstein metric. We recall the notion of Ricci
soliton according to [9]. On a Riemannian manifold M, a Ricci soliton is a triple (g, V, 1) with the
Riemannian metric g, a vector field V, called potential vector field, u a real scalar and S is the
Ricci tensor such that

(Lvg)(X,Y) +2S(X,Y) + 2ug(X,Y) =0, (1.2)

where £y is the Lie-derivative along the vector field V on M. It is clear that a Ricci soliton with V
zero or a Killing vector field reduces to an Einstein metric. A Ricci soliton is said to be shrinking,
steady and expanding according as | is negative, zero and positive, respectively. The Ricci soliton
have been studied by several authors such as ([12],[18],][20],[28],[36]).

As a generalization of a Ricci soliton, the notion of n-Ricci soliton was introduced by Cho and
Kimura [10]. This notion has also been studied in [10] for Hopf hypersurfaces in complex-space-
forms. An n-Ricci soliton is a 4-tuple (g, V, u, ), where V is a vector field on M, p and « are real

constants and g is a Riemannian (or pseudo-Riemannian) metric satisfying the equation
(Lvg)(X,Y) +25(X,Y) + 2ug(X, Y) + 2am(X)n(Y) =0, (1.3)

where S is the Ricci tensor associated to g. In particular, if « = 0 then the notion of an n-Ricci
soliton (g, V; i, o) reduces to the notion of a Ricci soliton (g, V, ). If o # 0, then the n-Ricci soliton
are known as the proper n-Ricci soliton.Thus the notion of n-Ricci soliton have been studied by
many authors like ([7],[8],[31],[32],[33]). The notion of Yamabe flow was introduced by Richard
Hamilton at the same time as the Ricci flow [17], as a tool for constructing metrics of constant
scalar curvature in a given conformal class of Riemannian metrics on (M™, g)(n > 3). A time-
dependent metric g(-,t) on a Riemannian or, pseudo Riemannian manifold M is said to evolve by

the Yamabe flow if the metric g satisfies

a%—(tt) =—«g(t), g(0) = go, (1.4)

on M, where k is the scalar curvature correspond to g. Ye [35] has found that a point-wise elliptic
gradient estimate for the Yamabe flow on a locally conformally flat compact Riemannian manifold.

In case of Ricci flow, Yamabe soliton or the singularities of the Yamabe flow appear naturally.
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The significance of Yamabe flow lies in the fact that it is a natural geometric deformation to metric

of constant scalar curvature. One notes that Yamabe flow corresponds to the fast diffusion case of
the porous medium equation (the plasma equation) in mathematical physics. In dimension n = 2,
the Yamabe flow is equivalent to the Ricci flow (defined by %g(t) = —2«(t), where o stands for
the Ricci tensor). However in dimension n > 2, the Yamabe and Ricci flow do not agree, since
the first one preserves the conformal class of metric but the Ricci flow does not in general. Just
as Ricci soliton is a special solution of the Ricci flow, a Yamabe soliton is a special solution of
the Yamabe flow that moves by one parameter family of diffeomorphism ¢ generated by a fixed
vector field V on M , and homotheries, that is, g(.,t) = o(t)d.(t)go.

A Yamabe soliton is defined on a Riemannian or, pseudo-Riemannian manifold (M, g) by a vector

field V satisfying the equation [6]:
1

where £y denotes the Lie-derivative of the metric g along the vector field V, k stands for the scalar
curvature, while A is a soliton constant. A Yamabe soliton is said to be expanding, steady, or
shrinking, respectively, if A < O,A = 0 or A > 0. Otherwise, it will be called indefinite. Given
a Yamabe soliton, if V = Df holds for a smooth function f : M — 2R on M, the equation (1.5)
becomes Hess f = (r — A)g, where Hess f denotes the Hessian of f and D denotes the gradient
operator of g on M™. In this case f is called the potential function of the Yamabe soliton and g
is said to be a gradient Yamabe soliton.

The notion of quasi-Sasakian structure was introduced by Blair [4] to unify Sasakian and cosym-
plectic structures. Tanno [30] also added some remarks on quasi-Sasakian structure.The properties
of such manifold have been studied by several authors,viz., Gonzalez and Chinea [16], Kanemaki
[21] and Oubina [26]. Kim [22] studied quasi-Sasakian manifold and proved that fibred Rieman-
nian spaces with invariant fibers normal to the structure vector field do not admit nearly Sasakian
or contact structure but a Sasakian or cosymplectic structure. Recently, quasi-Sasakian mani-
fold have been the subject of growing interest in view of finding the significant of applications
to physics, in particular to supargravity and magmatic theory ([3],[1]). Quasi-Sasakian structure
have wide application in the mathematical analysis of string theory ([2],[14]). On a 3-dimensional
quasi-Sasakian manifold, the structure function f was defined by Olszak [27] and with the help of
this function he has obtained necessary and sufficient conditions for the manifold to be conformally
flat [25]. Next he has proved that if the manifold is additionally conformally flat with f=constant,
then (a) it is locally a product of R and a two-dimensional Kaehlerian space of constant Gauss
curvature ( the cosymplectic case), or, (b) it is constant positive curvature ( the non-cosymplectic

case, here the quasi-Sasakian structure is homothetic to a Sasakian structure).
Now, we give some necessary definition and proposition that are uses in latter section.

Definitionl.1[6] A vector field V is said to be conformal for Yamabe soliton if it satisfying the
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equation

Lvg =2wg, (1.6)

where w is called the conformal coefficient, that is, w = (k —A). Moreover, if w = 0, is equivalent
to V being Killing.

Definition1.2[8] A wvector field X on an almost contact Riemannian manifold M is said to be

infinitesimal transformation if there exists a smooth function v on M such that

(Exn)(Y) =vn(Y), (1.7)
for every smooth vector field X and Y. If v = 0 then X is called a strict infinitesimal transformation.

Proposition1.1[34] On an n-dimensional Riemannian or, pseudo Riemannian manifold (M™, g)

endowed with a conformal vector field V, we have
(EvS)(X,Y) = =(n—2)g(VxDw,Y) + (Aw)g(X,Y),

(Lvk) = 2wk +2(n — 1)Aw,

for any vector fields X and Y, where D denotes the gradient operator and A = —divD denotes the

Laplacan operator of g.

The outline of this paper is to consider 3-dimensional quasi-Sasakian manifold with the structure
function f3 is constant. In Section 2, we recall the basic results of n-Ricci soliton on quasi-Sasakian
3-manifold. In Section 3 and Section 4, we examine the 1n-Ricci soliton on quasi-Sasakian 3-manifold
admitting codazzi type and cyclic parallel Ricci tensor, respectively. Further, the Section 5, Section
6 and Section 7, deals with an almost pseudo Ricci symmetric, @-Ricci symmetric and conformally
flat with n-Ricci soliton on quasi-Ssakian 3- manifold respectively. The geometrical properties
of a special weakly Ricci symmetric and n-recurrent on quasi-Sasakian 3-manifold are studied in
Section 8 and Section 9, respectively. In Section 10, we deals quasi-Sasakian 3-manifolds with
Q - R = 0 and obtain new results for n-Ricci soliton on such manifold. In Section 11, we deduce
some results related to Yamabe soliton on quasi-Sasakian 3-manifold. At last, we construct an

example of non-existence of proper n-Ricci soliton on quasi-Sasakian 3-manifold.

2 Preliminaries

Let M be a (2n + 1)-dimensional an almost contact metric manifold equipped with an almost
contact metric structure (¢, (,1, g) consisting of a (1,1) tensor field @, a vector field ¢, a 1-form

1 and a Riemannian metric g, which satisfies

e*=-1+na, (2.1)
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n(@ =1, mol=0, (=0, (2.2)
gleU, @V) =g(U, V) —n(Un(V), n(U)=g(U,7), (2.3)

for all U,V € x(M), wherex(M) is the Lie-algebra of the vector fields of M2™ 1. Let @ be the
fundamental 2-form of M2+ defined by

for all U,V € x(M). Then ®(U, ) = 0, U € x(M). M?™*1 is said to be quasi-Sasakian if the
almost contact structure (¢, (,1,g) is normal and the fundamental 2-form @ is closed, that is,

every U,V € 32" where 321 denotes the modulus of vector fields on M2™*1,

There are many types of quasi-Sasakian structures ranging from the cosymplectic case, dn =
O(rankn = 1), to the Sasakian case, 1 /\ (dn)™ # 0 (rankn =2n+ 1, ® = dn). The 1-form 1 has
rank T = 2p if (dn)P # 0 and n /A (dn)P=0, and has rank ¥=2p 41 if (dn)P*'=0 and n A (dn)P # 0.
We also say that T is the rank of the quasi-Sasakian structure. Blair [7], proved that there are no
quasi-Sasakian structure of even rank, some theorems regarding Kaehlerian manifolds and existence

of quasi-Sasakian manifold.

An almost contact metric manifold M?™+1 is a 3-dimensional quasi-Sasakian manifold if and only
if [27]
Vut=—BelU, Uex(M), (2.6)

for a certain function 3 on M, such that 3 = 0, V being the operator of the covariant differen-
tiation with respect to the Levi-Civita connection on M. Clearly, such a quasi-Sasakian manifold
is cosymplectic if and only if B = 0. Here we have shown that the assumption (3 = 0 is not

necessary.

As per consequence (2.6), we find that [27]

(Vue)(V) = Blg(U, VIC—n(V)U] (2.7)
In view of (2.6) and (2.7), we obtain

Vu(Vve) = —(UB)eV — B2[g(U, V) —n(V)U] — BeVu V. (2.8)

This implies that

R(U, V)= —(UB)@V + (VB)oU + B*M(VIU —n(U)V]. (2.9)

Thus from (2.9), we get
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R(U, V, W, 0) = (UB)gleV, W) — (VB)g(U, W) — B2In(V)g(U, W) —n(U)g(V, W)].

Substituting U = ¢ in (2.10), we have

R(G, V, W, Q) = B2[g(V, W) —n(VIn(W)] + g(@V, W)CB.
Interchanging V and W of (2.11) it yields
R(G, WLV, Q) = B2g(W, V) —n(Wn(V)] + g(eW, V)(B.

Since R(¢, V,W, ) =R(W, , ¢, V) =R((, W, V, C). Then from (2.11) and(2.12), we obtain

[9(eV, W) — g(@W, V)I(p = 0.
Therefore, we can easily verify that (3 = 0.
In a 3-dimensional Riemannian manifold we have
R(LVIW = {S(V,W)U - S(U, W)V + g(V,W)QU — g(U,W)QV}
~S{g(V W)U — g(U, W)V),

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

where S and k are the Ricci tensor and the scalar curvature, respectively, and Q denotes the Ricci

operator defined by g(QU, V) = S(U, V).
It is well known that the Ricci tensor S of a quasi-Sasakian 3-manifold is given by [28]
_[K_g2 2_K
S(U,V) =[5 = B2 g, V) + [382 = Z] m(um(v).

As a consequence of (2.15), we find the Ricci operator Q

K

QU =[5 — B2 u+ [3p2— I m(uic.
From (2.15), we obtain
S(U,¢) = 2p*n(W).
Keeping in mind the Equ.(2.12),(2.13),(2.14) and (2.15), we have

R(U, V)E = BZm(VIU—n(U)V],
for all U,V, € x(M). Also from (2.6), we have
(Vun)V =g(Vug V) = —Bglel, V).
Again from (2.15), it follows that

S(eU, V) =S(U, V) — 2p*n(Un(V).

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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Proposition 2.1. A 3-dimensional non-cosymplectic quasi-Sasakian manifold with n-Ricci soliton

is an n-Einstein manifold.

Proof. Assume that the quasi-Sasakian 3-manifold admits a proper n-Ricci soliton (g, G, 1, o).
Then from (1.3), we have

25(U, V) = —(Leg) (U, V) — 2ug(U, V) — Zom(Un(V), (2.21)

for all smooth vector fields U,V € x(M). Of the two natural situations regarding the vector field
V:V e span{(} and VL, we investigate only the case V = (. Our interest is in the expression
for Leg + 25 4+ 2ug + 2om @ 1.

A straight forward computations give

(ch)(u, V) =49 (VUCa V) +g (U, VVC) )

=—B lgle U, V) +g(U, V)] =0. (2.22)

Using (2.22) in (2.21), we get
S(U, V) = —ig(l, V) — an(Wn(V), (2.23)
From the last equation,the proof ends. O

Proposition 2.2. If a 3-dimensional non-cosymplectic quasi-Sasakian manifold admits n-Ricci
soliton, then p+ « = —2p2.

Proof. From (2.15), we have

S(U,V) =[5 — 82| 9(U, V) + [38% = 2| n(Wwn(v). (2.24)

Comparing (2.24) with (2.23), we get p = %[2[32 — k] and & = %[K — 6B2]. In continuation we get
i+ oo = —2p2. From the last equation, the proof ends. O

3 Ricci tensor of Codazzi type

Gray [15] introduced the notion of cyclic parallel and Codazzi type Ricci tensors. A Riemannian
manifold is said to possesses a cyclic parallel Ricci tensor if its non-vanishing Ricci tensor S of type
(0,2) satisfies the condition

(VuS)(V, W) + (VvS) (W, U) + (VwS) (U, V) =0, (3.1)
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for arbitrary vector fields U, VW on M. Again a Riemannian manifold is said to have a Ricci

tensor of Codazzi type if S is non-zero and satisfies
(VuS)(V, W) = (VvS)(U, W), (3.2)
for all the vector fields U, V,; W on M.

We consider proper 1n-Ricci soliton on quasi-Sasakian 3-manifold with Ricci tensor of Codazzi type.

Taking covariant derivative of (2.23) along W and using (2.19), we have

(VwS)(U, V) = = [(Vwn) (U (V) +n (W) (Vwn) (V)]

= aBlg(UL, @Wn(V) + g(V, @Wn(U)]. 33
Since the Ricci tensor S of M is of Codazzi type. Then
(VwS)(U, V) = (VuS)(W, V). (3.4)
Making use of (3.3) in (3.4), we yields
aBlg(U, @Wn(V) 4 g(V; oWn(W)] = aBlg(W, eUn(V) + g(V; eUn(W)]. (3.5)

Setting W = ( in (3.5), we theorize f # 0, x = 0, which is a refutation. Thus a non-cosymlectic
quasi-Sasakian 3-manifold with a Ricci tensor of Codazzi type does not admits a proper n-Ricci

soliton. In this way we terminate the following result:

Theorem 3.1. A non-cosymplectic quasi-Sasakian 3-manifold accompanied by Ricci tensor of

Codazzi type does not possess a proper n-Ricci soliton.

Corollary 3.2. For a proper n-Ricci soliton on a non-cosymplectic quasi-Sasakian 3-manifold, the

scalar curvature is constant if and only if the vector field ( is harmonic.

Corollary 3.3. There exists no constant scalar curvature for a proper n-Ricci soliton of non-

cosymplectic quasi-Sasakian 3-manifold, provided the vector field C is non-harmonic.

4 Cyclic parallel Ricci tensor

This section is affectionate to the study of proper n-Ricci soliton on quasi-Sasakian 3-manifold

bearing cyclic parallel Ricci tensor. On that account
(VuS) VW) + (VvS) (W, U) + (VwS) (U, V) = 0. (4.1)
On the other hand, we have (3.3) and left hand side of (4.1), we have

(VuS)(V, W) + (Vv S) (W, U) + (VwS) (U, V) = af [g(V;, UIn(W) + g(W, eUn(V) + g(W, V)n(U)

+g(U, @VIn(W) + g(U, @Wn(V) + g(V, @Wn(U)].
(4.2)
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Taking in hand (2.3) and (4.2), we reached

(VuS)(V, W) + (Vv S)(W, U) + (VwS) (U, V) = 0. (4.3)
Thus we are in condition to plight the following result:

Theorem 4.1. A quasi-Sasakian 3-manifold bearing proper n-Ricci soliton always satisfies cyclic

parallel Ricci tensor.

5 Almost pseudo Ricci symmetric

Chaki and Kawaguchi [11] introduced the concept of almost pseudo Ricci symmetric manifolds
as an extended class of pseudo symmetric manifolds. A Riemannian manifold (M, g) is called
an almost pseudo Ricci symmetric manifold (APRS),, if its Ricci tensor S of type (0,2) is not

identically zero and satisfying the following condition:
(VuS)(V,W) = [A(U) + B(WIS(V, W) + A(V)S(U, W) + A(W)S(U, V), (5.1)
where A and B are two non-zero 1-forms defined by
A(U) =g(U,p1), B(U)=g(U,p2). (5.2)
By taking cyclic sum of (5.1), we see that

(VuS)(V, W) + (VyvS) (W, U) + (VwS) (U, V) = BA(U) + B(W]IS(V, W)
+BA(V) + B(V)IS(U, W) + BA(W) + B(W)IS(U, V). (5.3)

Let M admits a cyclic Ricci tensor, then (5.3) reduces

BA(U) + B(WIS(V, W) + BA(V) + B(V)IS(U,W)
+BA(W) + BW)IS(U, V) = 0. (5.4)

Replacing W by ( in (5.4) and using (2.23) and (5.2), we get

—(p+ )[BA(U) + B(W)N(V) — (n+ x)[BA(V) + B(V)In(U)
+Bn(p1) +1(p2)I1S(WU, V) =0. (5.5)

In (5.5), substituting V = ¢ and using (2.2), (2.23) and (5.2), we yield
— (p+ o) BA(U) + B(W)] — 2(p+ &) [3n(p1) +nlp2)In(U) = 0. (5.6)
Again replacing U by ¢ and using (5.2) in (5.6), we obtain

— (4 ) B3n (p1) +n(p2)] =0, (5.7)
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which implies
3n(p1) +n(p2) =0, (5.8)
since (L+ o) # 0. In view of (5.6) and (5.8), it follows that 3A(U)+ B (U) = 0. Thus we can state

the following result.

Theorem 5.1. There is no almost pseudo Ricci symmetric proper n-Ricci soliton on non-cosymplectic

quasi-Sasakian 3-manifold admitting cyclic Ricci tensor, unless 3A+B wvanishes everywhere on M.

Consequently, if we keep in mind from (5.7) that 31 (p1) +n (p2) # 0, in this case p + o = 0, but
for n-Ricci soliton on non-cosymplectic quasi-Sasakian 3-manifold o« + p = —2p2. Therefore for

this condition & = —f% and pu = —p2. Thus we state the following result.

Corollary 5.2. A proper n-Ricci soliton on almost pseudo Ricci symmetric non-cosymplectic
quasi-Sasakian 3-manifold with cyclic Ricci tensor is of type (g, V,—B2,

—B?).

6 @-Ricci Symmetric

This segment is affectionate to the study of @-Ricci Symmetric proper n-Ricci soliton on a quasi-
Sasakian 3-manifold and deduce some result. A quasi-Sasakian 3-manifold is said to be @-Ricci

symmetric if the Ricci operator Q satisfies

¢*(VuQ)V =0, (6.1)

for all smooth vector fields U,V € x(M). If X, Y are orthogonal to (, then the manifold is said to
be locally @-Ricci symmetric. It is well-known that @-symmetric implies @-Ricci symmetric, but
the converse, is not, in general true. @-Ricci symmetric Sasakian manifolds have been studied by
De and Sarkar [13].

From (2.23), it follows that

QU =—pU—an(U), (6.2)

for all smooth vector fields U. Proceeding covariant derivative of (6.2), we acquire

(VuQ)V = —ap [g(U, V) —n(V) oU]
=aBlgle W, V)C+n(V)eU].

Applying @? on both sides of (6.3), we get

@*(VuQ)V = apn(V) U, (6.4)
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Making use of (6.1), from (6.4), it walk behind that B # 0, x = 0, which is a counter statement.

Thus we are in a condition to plight the following result:
Theorem 6.1. A @-Ricci symmetric non-cosymplectic quasi-Sasakian 3-manifold does not admits

a proper n-Ricci soliton.

In [24], authors prove that in a 3-dimensional non-cosymplectic quasi-Sasakian mnaifold -
Ricci symmetric and @-symmetric are equivalent provided 3 is a constant. Thus using this facts

we state the following result.

Corollary 6.2. A @-symmetric non-cosymplectic quasi-Sasakian 3-manifold does not possess a

proper N-Ricci soliton.

Differentiating (2.16) covariantly along W and applying @? both side, we get

—_—

@*(VwQ)V = ldk(W)(=V +n(V)Q) + (6B* — kIn(V)@? (Vw)l. (6.5)

If V is orthogonal to ¢, then from (6.4) and (6.5), we have

%dK(W)V =0. (6.6)

It implies that dk = 0. Hence the scalar curvature k is constant.Thus we state the following

result.

Corollary 6.3. A non-cosymplectic quasi-Sasakian 3-manifold bearing proper n-Ricci soliton is

locally @-Ricci symmetric if and only if the scalar curvature K is constant.

7 Conformally flat

In this constituent we review conformally flat quasi-Sasakian 3-manifolds with a proper n-Ricci

soliton. Then we have [25].
(VuS)(V, W) — (Vv S§)(U,W) = %[Q(V» W)dk(U) —g(U, W)dk(V)]. (7.1)
Making use of (2.23) in (7.1), we have

aBlg(V, eUm (W) + g(W, eUIn(V) — g(U, @VIn(W) — g(W, @V n(U)]
= gV, W)dk(U) — g(U, W)dk(V)].

Substituting U = ¢ in (7.2), we obtain

4aBg(@ W, V) = —n(W)dk(V). (7.3)
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That restricted to

4o eV =—dk(V)C.

From the above equation it walk behind that 4xf @2V = 0 and hence p # 0, x = 0, which is a

counter statement. Therefore we state the following result:

Theorem 7.1. A conformally flat non-cosymplectic quasi-Sasakian 3-manifold does not possess a

proper N-Ricci soliton.

8 Special weakly Ricci symmetric

The notion of a special weakly Ricci symmetric manifold was introduced and studied by Singh
and Quddus [29]. An n-dimensional Riemannian manifold (M, g) is called a special weakly Ricci
symmetric manifold (SWRS),, if

(VxS)(Y,Z) = 2e(X)S(Y, Z) + e(Y)S(X, Z) + €(Z)S(Y, X), (8.1)
where ¢ is a 1-form and is defined by
e(X) = g(X, p), (8.2)

where p is the associated vector field. Let the Eq.(8.1) and (8.2) hold on quasi-Sasakian 3-manifold.
Taking cyclic sum of (8.1), we get

(VxS)(Y, Z) + (V¥ S)(Z,X) + (VzS)(X,Y)

= 4[e(X)S(Y, Z) + £(V)S(Z,X) + £(Z)S(X, ). (&)
Let M admits a cyclic parallel Ricci tensor. Then (8.3) reduces to
e(X)S(Y, Z) + e(Y)S(Z,X) + e(Z)S(X,Y) = 0. (8.4)
Taking Z = C in (8.4) and using (2.23) and (8.2), we have
— (ec+ W e(XIn(Y) + e(YIn(X)] +n(p)S(X,Y) = 0. (8.5)
Again, taking Y = ¢ in (8.5) and then using (2.23) and (8.2), we get
— (o + W)[e(X) + 2n(p)n(X)] = 0. (8.6)
Taking X = C in (8.6) and using (8.2), we obtain
—3(ax+um (p) =0. (8.7)

In this case if N (p) = 0 and & + p # 0, then from (8.6) we have ¢(X) = 0, VX € x(M). Again if
N(p) #0,&x+ =0, in this case & = —p2, u = —B2. It leads to the following result:
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Theorem 8.1. If a special weakly Ricci symmetric non-cosymplectic quasi-Sasakian 3-manifold
with a proper N-Ricci soliton admits a cyclic parallel Ricci tensor, then the 1-form € is vanish

identically on M.

Corollary 8.2. A proper n-Ricci soliton on a special weakly Ricci symmetric non-cosymplectic

quasi-Sasakian 3-manifold admits cyclic Ricci tensor is of type (g, V, —B%, —B?) if the 1-form & # 0.

Again, if a complete Einstein quasi-Sasakian 3-manifold is compact. Then we have [19].
S(X)Y) :SQ(X)Y)) ‘9:2[32

It is well-known that for complete Einstein quasi-Sasakian 3-manifold, (VxS)(Y,Z) = 0 and
S(X,Y) =9g(X,Y). Then (8.1) gives

2e(X)g(Y, Z) + e(Y)g(X, Z) + e(Z)g(Y,X) = 0. (8.8)
Taking Z = ( in (8.8) and then using (8.2), we get
2e(XIn(Y) + e(YIn(X) +n(p)g(Y, X) =0. (8.9)
Again taking X =  in (8.9) and then using (8.2), we get
3n(pIn(Y) +e(Y) =0. (8.10)
Taking Y = ¢ in (8.10) and using (8.2), we obtain
n(p) =0. (8.11)

Making use of (8.11) in (8.10), we get (Y) =0, V'Y € x(M). Finally we have the following result:

Theorem 8.3. A special weakly Ricci symmetric non-cosymplectic quasi-Sasakian 3-manifold can

not be compact if the 1 -form € # 0.

9 mM-recurrent

A quasi-Sasakian manifold is said to be n-recurrent if its non-vanishing Ricci tensor S satisfies the

following condition
(VuS)(@V, oW) = A(U)S(9V, W), (9.1)
for all U, VW € x(M), where A(U) = g(U, p), p is the associated vector field of the 1-form A. In

particular, if the 1-form A vanishes identically on M, then it is said to be n-parallel. This notion
for Sasakian manifold was first introduced by Kon [21]. In view of (2.3), (2.19) and (2.23), we have

(VuS)(eV, oW) = uplg(U, V(W) + g(U, pW)n(V)

9.2
—g(U, @Wn(V) — glV, Un(W)] =o. (9.2)
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Making use of (9.2) in (9.1), we get

A(W)S(@V, W) =0. (9-3)
Again using (2.23) in (9.3), we obtain
—pA(Wg(eV, eW) = 0. (9.4)

This implies that A(U) # 0, g(@V, W) # 0. Therefore, we conclude that p = 0, that is, the Ricci

soliton is always steady. So we have the following result.

Theorem 9.1. If a non-cosymplectic quasi-Sasakian 3-manifold with proper n-Ricci soliton satis-

fying n-recurrent, then the Ricci soliton is always steady.

Corollary 9.2. The necessary condition for a non-cosymplectic quasi-Sasakian 3-manifold with

proper M-Ricci soliton to be n-parallel, the Ricci soliton is always shrinking.

10 The curvature condition Q - R = 0.

In this section we are going to study, a proper n-Ricci soliton on a quasi-Sasakian 3-manifold that

satisfying the curvature condition Q - R = 0. Then
(Q-R)(U,VIW =0, (10.1)
for all smooth vector fields U, V;W € x(M). From (10.1), it is obvious that
Q(R(U, V)W) —R(QU, V)W — R(U, QV)W — R(U, V)QW = 0. (10.2)
Making use of (2.14) and (2.23), Eq. (10.2) reduces to

4o (Un(W)V + 210 (Un (W) V — daun (VI (W)U + akn (Un (W) V
—okn(VIn(W)U + 2p[{—ug(V, W) — an(VIn(W) U
—{—pg(U, W) — an(Un(W)}V + g(V, W){(—pl — an(U) C}
—g(LL W){(—kV — an(V)¢) = Z{g(V, W)U — (L, W)V]]
20N (VIN(WIU + aug(V, Win(W)C + o® g(V, Wn(U)C = 0. (10.3)

Putting U =W = ( in (10.3), we get

AoV + 212V — doqum (V) + akV — akn (V)
+2u[—pn (V)C—om (V)C+ pV + oV — (V)¢
—om(V)C+ puV +om (V)C— 5n(V)C+ 5(V)]
=201 (V)G + pom (V)¢ + o1 (V)¢ = 0.
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Applying the inner product of the above equation with (, we obtain
a(p+ an(V)=0. (10.4)

It walk behind that « # 0, which is a counter statement. Thus o+ p = 0. On other hand for a n-
Ricci soliton on a quasi-Sasakian 3-manifold, o + u = —2B2. Therefore for this condition & = —p2

and = —p2. Thus we sate the following result:

Theorem 10.1. A proper n-Ricci soliton on a non-cosymplectic quasi-Sasakian 3-manifold satis-
fying the curvature condition Q -R =0 is of type (g, V,—B%, —B2).

As the dissertation of our work, we keep in mind the Corollary 5.2, Corollary 8.2 and Theorem

10.1, we state the following result.

Theorem 10.2. If a proper n-Ricci soliton on a non-cosymplectic quasi-Sasakian 3-manifold M

is of type (g,V,—P?%, —B2), then the following conditions are equivalent:
1) M™ is almost pseudo Ricci symmetric with cyclic Ricci tensor,
i) M™ is special weakly Ricci symmetric and its Ricci tensor is cyclic parallel,

11) Q- R =0 holds on M™.

11 Yamabe solitons

In this section we find some results related to Yamabe soliton on quasi-Sasakian 3-manifolds. We

consider a Yamabe soliton (g, ¢). From (1.5) we have

2(EvgIX,Y) = (x —NgX, V) (11.1)
which implies that
o(VxE,Y) + 9X, VvE) = 2k~ N)g(X, V). (1.2

Keeping in mind (2.6), Equ.(11.2) reduces to

2(k —A)g(X,Y) =0 (11.3)

Taking X = C in (11.3), we get A = k. Then equation (1.5) reduces to £y g = 0, that is, V is Killing
vector field. Moreover, A is constant then the scalar curvature k is also constant. Thus we state

the following result.

Theorem 11.1. If the metric of a 3-dimensional non-cosymplectic quasi-Sasakian 3-manifold is

a Yamabe soliton then the manifold is space of constant curvature.
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Besides it, from (1.5), we have £yg = 0, thus V is Killing. Differentiating covariently along an

arbitrary vector field X, we have Vx £y g = 0.

The identity
(VxLvg)(U,W) = g((LvV)(X,U), W) + g((Lv V) (X, W), L), (11.4)

can be reduced from the formula [34].
(’SVVX g— Vx2v9 - V[V,X]g)(u) W) = —g((,SvV)(X, U),W) - 9((£VV)(X, W)a U)

This implies that
g((EvV)(W, X), U) + g((LvV)(W, U), X]) = 0. (11.5)

According to equation (11.4) and (11.5), the skew-symmetric property of ¢, we get (£yV) (U, W) =
0, which implies that (£vV) (¢, ¢) = 0. Also, using geodesic properties of ¢, we have

(LvV) (X, U) = =VxVuV —Vy,uV+ RV, XU,

which yields V¢V V + R(V, ()¢ = 0. This means that V is Jacobi along the direction of ¢. So we

have the following result.

Theorem 11.2. If the metric of a non-cosymplectic quasi-Sasakian 3-manifold is a Yamabe soliton,
then the flow vector field V is Killing and is Jacobi along the direction of C.

It is well-known that the Reeb vector field ( is a unit vector field, that is, g({,{) = 1.Taking
Lie-derivative of it along the vector fled V and using (1.5), we get

n(Lve) = —(Lvn)(¢) = (A —«). (11.6)

Moreover, in view of w = (k — A), (n = 3) and Proposition 1.1, we obtain

(i) (Lvk) = —2k(k —A) +4Ak.

Since g is a Yamabe soliton, then taking the Lie-derivative of (2.15), and using the above equation,

we get
~g(AXDK,Y) =5 (2vR)lgX, V) —n(X)n (V)]
+2(5 = B (k= Alg(X, V)

+(3p% - %)[(Svn)(x)n(Y) + (Evn) (YIn(X)].
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Since ¢ is Killing, therefore (k = 0. Differentiating covariantly along the direction of an arbitrary

vector field X, we have g(AxDxk, {)=(B@X)k. Substituting Y = ¢ in above equation, we have
—2B(@X)k = 2(k —2%)(k — A) — 2AkIn(X) + (6B* — k) [(Lyn)X + (x —A)n(X)]. (11.7)
Taking X = { in (11.9), using (11.6) and Proposition 1.1, we obtain
Ak =4B%(k — ) (11.8)
In view of (11.9) and(11.10), we yields
(6B% — k) (Lvn)X = =2B(@X)Kk — [(x — A)(k — 6B*In(X) (11.9)

Since k is constant then from (11.11) one can say that either k = 632 or k # 6B2. In particular
if Kk = 632 then from (2.15) we have S = 2B2g, that is, M is an Einstein manifold of constant

curvature B2. Thus as per above consequences, we state the following result.

Corollary 11.3. If the metric of a 3-dimensional non-cosymplectic quasi-Sasakian manifold ad-

mits a Yamabe soliton and x = 632 then the manifold is an Finstein.

Corollary 11.4. For a 3-dimensional cosymplectic manifold which admits a Yamabe soliton always

has constant harmonic scalar curvature, that is Ak = 0.

Corollary 11.5. If a 3-dimensional non-cosymplectic quasi-Sasakian manifold with constant har-

monic scalar curvature admitting Yamabe soliton then the manifold is space of constant curvature.

On the other hand, if k # 6B2 then from (11.8), we get £yn = 0. Then the equation (1.7)
implies that v = 0. Thus we state the following result.

Theorem 11.6. If the metric of a 3-dimensional non-cosymplectic quasi-Sasakian manifold is a

Yamabe soliton, then the conformal contact transformation of the conformal vector field is strict.

12 An Example

We consider a 3-dimensional manifold M3 = {(u,v,w) € R3, (u,v,w) # (0,0,0)}, where (u,v,w)
is the standard coordinate in ?3. Let (e7,ez,e3) be linearly independent vector fields at each
point of M, identify by

SN B A T B
T P RS ou ' Vow ov

and

le1,e2l =0, [er,e3] =Pez, [ez2,e3] =—Pe;.
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Let the Riemannian metric g on M3 is defined as
gler,ez2) = glez,e3) = gler,e3) =0, gler, e1) = glez, e2) = gles,e3) = 1.

and given by

1
9= B2 [(1— B2vZ — B2w?)du ® du+ B2dv @ dv + pZdw ® dw] .

Let n be the 1-form has the significance
n(W = g(U, es)
for any U € x(M3) and ¢ be the (1, 1) tensor field defined by
per =—ez, @ey =ej, @e3=0.
Making use of the linearity of ¢ and g, we have
nles) =1,

@*(U) = —U+n(Ues
and
gleU, V) = g(U, V) —=n(Umn(V),
for any U,W € x(M3). Thus for e3 = (, the structure (M3,7, ¢, @, g) leads to a contact metric
structure on M3. The Riemannian connection V of metric tensor g is given by the beauty of
Koszul’s formula
29(VuV, W) = U(g(V,W)) + V(g(W; X)) —W(g(U, V))
—g(U, [V, W]) — g(V, [U,WI]) + g(W, [U, V]).

Making use of the Koszul’s formula, we get

vez €3 = _Bel) vez € = O) vez €1 = _[363)

ve3e3 :0) ve362:o) veg,e] :_[363)

Ve, €3 = Pey, Ve, €2 = —Pe3, Ve, e1 =0.
Consequently (M3,1, ¢, @, g) is an quasi-Sasakian structure that satisfies,

(Vue)V =p(g(WU, VIC—n(VIU), Vul=-Ppel,

where 3 # 0. Hence (M3,1, ¢, @, g) define non-cosymplectic quasi-Sasakian 3-manifold. Therefore,

we find the components of curvature tensor as follows:

R(e2,e3)es = B2es, R(ez,e3)er = —PB2es, R(es,ez)es = Bles,
R(er,e3)es = B2er, Rles,er)er = B?es, R(ez,e1)er = p2es — Pler,
R(e1,ez)e; = B2er, R(er,ez)es = B2es, R(es,eq)ez =0.
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From the above we can easily evaluate the value of the Ricci tensor as follows:

S(e1,e1) =2B2, S(ez,e2) =22, S(es,e3) =2p?
S(er,e2) =0 S(ez2,e3) =0, S(ez,e3) =0.

Also, the scalar curvature k is given by:

3

k=D gleie)S(ei, &) = 6p7
i=1

Also from the Equ.(2.23), we get
S(er,e1) = S(ez,e2) = —u, S(es,e3) =—p—a.

It is clear that u = —2p2 and a = 0. Thus the manifold does not admits proper n-Ricci soliton.
Hence the Theorem 3.1, Theorem 4.1, Theorem 6.1 and Theorem 7.1 are verified.

Let {e1, e2,e3} be a basis of the tangent space at any point. For any vector X,Y € x(M?™*1), we
have

X=aje; +bjex+cie3 ,Y=aze; +bres +cres,
where ai, bi,ci € R\{0}, for all i =1,2,3.

Thus g(X,Y) = ajas + bibs + cica, and S(X,Y) = 2B%{ajay + biby + cica }. Then we obtain
S(X,Y) = 2B%g(X,Y), that is, the manifold M is an Einstein manifold. Hence Corollary 11.3 are
hold.

Remark 12.1. In this example p # 0 and pu < 0. Thus the Ricci soliton in a 3-dimensional

non-cosymplectic quasi-Sasakian manifold is always shrinking.
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