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ABSTRACT

The aim of the paper is to introduce the concept of quasi bi-
slant submersions from almost contact metric manifolds onto
Riemannian manifolds as a generalization of semi-slant and
hemi-slant submersions. We mainly focus on quasi bi-slant
submersions from cosymplectic manifolds. We give some
non-trivial examples and study the geometry of leaves of
distributions which are involved in the definition of the sub-
mersion. Moreover, we find some conditions for such sub-

mersions to be integrable and totally geodesic.

RESUMEN

El objetivo de este articulo es introducir el concepto de sub-
mersiones cuasi bi-inclinadas desde variedades casi contacto
métricas hacia variedades Riemannianas, como una genera-
lizacién de submersiones semi-inclinadas y hemi-inclinadas.
Principalmente nos enfocamos en submersiones cuasi bi-
inclinadas desde variedades cosimplécticas. Damos algunos
ejemplos no triviales y estudiamos la geometria de hojas
de distribuciones que estan involucradas en la definicién de
la submersién. Maés aun, encontramos algunas condiciones
para que estas submersiones sean integrables y totalmente

geodésicas.

Keywords and Phrases: Riemannian submersion, semi-invariant submersion, bi-slant submersion, quasi bi-slant

submersion, horizontal distribution.
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1 Introductions

In differential geometry, there are so many important applications of immersions and submersions
both in mathematics and in physics. The properties of slant submersions became an interesting

subject in differential geometry, both in complex geometry and in contact geometry.

In 1966 and 1967, the theory of Riemannian submersions was initiated by O’Neill [17] and Gray [11]
respectively. Nowadays, Riemannian submersions are of great interest not only in mathematics,
but also in theoretical pyhsics, owing to their applications in the Yang-Mills theory, Kaluza-Klein
theory, supergravity and superstring theories (see [7, 8, 10, 13, 14] ). In 1976, the almost complex
type of Riemannian submersions was studied by Watson [29]. He also introduced almost Hermitian
submersions between almost Hermitian manifolds requiring that such Riemannian submersions are
almost complex maps. In 1985, D. Chinea [9] extended the notion of almost Hermitian submersion
to several kinds of sub-classes of almost contact manifolds. In [4] and [5], there are so many im-
portant and interesting results about Riemannian and almost Hermitian submersions. In 2010, B.
Sahin introduced anti invariant submersions from almost Hermitian manifolds onto Riemannian
manifolds [25]. Inspired by B. Sahin’s article, many geometers introduced several new types of
Riemannian submersions in different ambient spaces such as semi-invariant submersion [21, 23],
generic submersion [27], slant submersion [12, 22|, hemi-slant submersion [28], semi-slant submer-
sion [18], bi-slant submersion [26], quasi hemi-slant submersion [16], quasi bi-slant submersion
[19, 20], conformal anti-invariant submersion [1], conformal slant submersion [2] and conformal
semi-slant submersion [3, 15]. Also, these kinds of submersions were considered in different kinds
of structures such as cosymplectic, Sasakian, Kenmotsu, nearly Kaehler, almost product, para-
contact, etc. Recent developments in the theory of submersions can be found in the book [24].
Inspired from the good and interesting results of above studies, we introduce the notion of quasi

bi-slant submersions from cosymplectic manifolds onto Riemannian manifolds.

The paper is organized as follows: In the second section, we gather some basic definitions related
to quasi bi-slant Riemannian submersion. In the third section, we obtain some results on quasi bi-
slant Riemannian submersions from a cosymplectic manifold onto a Riemannian manifold. We also
study the geometry of the leaves of the distributions involved in the considered submersions and
discuss their totally geodesicity. We obtain conditions for the fibres or the horizontal distribution

to be totally geodesic. In the last section, we provide some examples for such submersions.
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2 Preliminaries

An n—dimensional smooth manifold M is said to have an almost contact structure, if there exist

on M, a tensor field ¢ of type (1,1), a vector field £ and 1—form 7 such that:
¢’ =—I+n®E ¢=0,n0¢d=0, (2.1)
n(e) = 1. (2.2)
There exists a Riemannian metric g on an almost contact manifold M satisfying the next conditions:
9(eU, V) = g(U, V) = n(U)n(V), (2.3)
9(U, &) =n(U), (2.4)

where U,V are vector fields on M.

An almost contact structure (¢, &, n) is said to be normal if the almost complex structure J on the

product manifold M x R is given by

J <U, a%) - (¢>U ~ n(U)%) (2.5)

and « is the differentiable function on M x R has no torsion, i.e., J is integrable. The condition
for normality in terms of ¢, &, and 7 is [p, d] + 2dn ® £ = 0 on M, where [¢, ¢] is the Nijenhuis
tensor of ¢. Finally, the fundamental 2—form ® is defined by ®(U,V) = ¢g(U, ¢V).

An almost contact metric manifold with almost contact structure (¢,&,7,¢) is said to be cosym-
plectic if
(Vuo)V =0, (2.6)

for any U,V on M.

It is both normal and closed and the structure equation of a cosymplectic manifold is given by
V€ =0, (2.7)
for any U on M, where V denotes the Riemannian connection of the metric g on M.

Example 2.1 ([6]). R?"! with Cartesian coordinates (x;,y;,z)(i = 1,...,n) and its usual contact
form

n=dz.

The characteristic vector field € is given by % and its Riemannian metric g and tensor field ¢ are

given by

g:

i

n

1
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This gives a cosymplectic manifold on R?"T1. The vector fields e; = 88y" enti = 82»7 & form a

¢-basis for the cosymplectic structure.

Before giving our definition, we recall the following definition:

Definition 2.2 ([28]). Let M be an almost Hermitian manifold with Hermitian metric gy and
almost complex structure J, and let N be a Riemannian manifold with Riemannian metric gn. A
Riemannian submersion f: (M, gn, J) — (N,gn) is called a hemi-slant submersion if the vertical
distribution ker f, of f admits two orthogonal complementary distributions D° and D+ such that

DY is slant with angle 6 and D+ is anti-invariant, i.e, we have
ker f, = D? @ D*.
In this case, the angle 6 is called the hemi-slant angle of the submersion.

Definition 2.3. Let (M, $,&,1,gm) be an almost contact metric manifold and (N, gn) a Rieman-

nian manifold. A Riemannian submersion

f3(M7¢7§a7779M) — (NugN)u

is called a quasi bi-slant submersion if there exist four mutually orthogonal distributions D, D1, Do

and < & > such that

(i) ker f. = D& D1 @ Da® < € >,
(i) ¢(D) = D i.e., D is invariant,
(lll) ¢(D1) 1 D2 and (b(DQ) 1 Dl,

(iv) for any non-zero vector field U € (D1),, p € M, the angle 61 between ¢U and (D1), is
constant and independent of the choice of the point p and U in (D1)p,

(v) for any non-zero vector field U € (Da)g, ¢ € M, the angle 62 between ¢U and (Da2)q is
constant and independent of the choice of point ¢ and U in (Da3),,

These angles 61 and 65 are called the slant angles of the submersion.

We easily observe that

(a) If dim D # 0, dim Dy = 0 and dim Dy = 0, then f is an invariant submersion.

(b) Ifdim D # 0, dim Dy # 0,0 < 6; < 5 and dim Dy = 0, then f is proper semi-slant submersion.

(c) If dim D =0, dim Dy # 0, 0 < #; < § and dim Dy = 0, then f is slant submersion with slant
angle 6.
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(d) If dim D = 0, dim D; = 0 and dim Dy # 0, 0 < 6 < 7, then f is slant submersion with slant

angle 6.

(e) f dim D =0, dim Dy # 0, §; = 5 and dim Dy = 0, then f is an anti-invariant submersion.

(SIE]

(f) If dim D 75 0, dlle 75 O, 91 =

(NE]

and dim Dy = 0, then f is an semi-invariant submersion.

(g) If dimD = 0, dimD; # 0, 0 < 0; < § and dim Dy # 0, 62 = 7§, then f is a hemi-slant

submersion.

(h) If dimD = 0, dimD; # 0,0 < 61 < Z and dim Dy # 0, 0 < 63 < Z, then f is a bi-slant

2 2
submersion.

i) f dimD # 0, dimD; # 0, 0 < 61 < Z and dim Dy # 0, 62 = I, then we may call f is an
2 2

quasi-hemi-slant submersion.
(j) fdim D # 0, dimD; # 0, 0 < 61 < § and dim Dy # 0, 0 < 02 < 7, then f is proper quasi

bi-slant submersion.

Define O’Neill’s tensors 7 and A by
AgF = HVygVF + VVyeHF, (2.8)

TeF = HVyeVF + VVygHF, (2.9)

for any vector fields E, F' on M, where V is the Levi-Civita connection of gjs. It is easy to see that
Tr and Ag are skew-symmetric operators on the tangent bundle of M reversing the vertical and

the horizontal distributions.

From equations (2.8) and (2.9) we have

VoV =ToV + VYV, (2.10)
VX =ToX +HVu X, (2.11)
VxU = AxU + VVxU, (2.12)
VxY = HVxY + AxY, (2.13)

for U,V € I'(ker f.) and X,Y € T'(ker f.)*, where HVyY = Ay U, if Y is basic. It is not difficult
to observe that 7 acts on the fibers as the second fundamental form, while A acts on the horizontal

distribution and measures the obstruction to the integrability of this distribution.

It is seen that for g € M, U € V, and X € H, the linear operators

Ax, Tu : TyM — ToM
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are skew-symmetric, that is
gM(.AxE, F) = —gM(E, AxF) and gM(TUE, F) = —gM(E, TUF) (2.14)

for each E, F' € T, M. Since Ty is skew-symmetric, we observe that f has totally geodesic fibres if
and only if 7 = 0.

Let (M, ¢,&,m, gar) be a cosymplectic manifold, (N, gn) be a Riemannian manifold and f: M — N

a smooth map. Then the second fundamental form of f is given by

(VI 2Z) =V f.Z = f(Vy Z), forY,Z € T(T,M), (2.15)
where we denote conveniently by V the Levi-Civita connections of the metrics gj; and gy and V£
is the pullback connection.

We recall that a differentiable map f between two Riemannian manifolds is totally geodesic if
(VI)(Y,Z)=0, forall Y, Z e T(TM).

A totally geodesic map is that it maps every geodesic in the total space into a geodesic in the base

space in proportion to arc lengths.

3 Quasi bi-slant submersions

Let f be quasi bi-slant submersion from an almost contact metric manifold (M, ¢, &,n, gar) onto a

Riemannian manifold (N, gn). Then, we have
TM = ker f, @ (ker f.)*. (3.1)
Now, for any vector field U € I'(ker f.), we put
U=PU+ QU + RU +n(U), (3.2)

where P, @ and R are projection morphisms of ker f, onto D, D; and Ds, respectively. For any
U e T'(ker f.), we set
oU = YU + wU, (3.3)

where U € T'(ker f,) and wU € T'(ker f,)*.

Now, let Uy, Us and Us be vector fields in D, Dy and Dy respectively. Since D is invariant, i.e.
oD = D, we get wU; = 0. For any U € I'(D1) we get wU; € I'(wD4) and for any Us € T'(D2) we
get wU3 € I'(wD3), hence wUs ® wUs € T'(wD; ® wD3) C T'(ker f,)t.

From equations (3.2) and (3.3), we have

oU = ¢(PU)+ ¢(QU) + ¢(RU),
= Y(PU)+w(PU)+¥(QU) +w(QU) + v(RU) + w(RU).
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Since ¢D = D, we get wPU = 0.

Hence above equation reduces to

Quasi bi-slant submersions in contact geometry 7
oU = Y PU + QU 4+ wQU + Yy RU + wRU. (3.4)

Thus we have the following decomposition according to equation (3.4)
p(ker f.) = (¥ D) & (YD1 & ¢ D3) & (wD1 © wDy), (3.5)

where @ denotes orthogonal direct sum.

Further, let U € T'(D;) and V € I'(D3). Then
gu (U, V) =0.
From Definition 2.3 (4i%), we have
gm(oU,V) = gu(U, V) = 0.
Now, consider
gu (WU, V) = g (oU — wU, V) = gn (U, V) = 0.

Similarly, we have
g]\4(U,¢V) =0.

Let W € I'(D) and U € I'(D4). Then we have

as D is invariant, i.e., oW € I'(D).

Similarly, for W € T'(D) and V € I'(D3), we obtain

g]\{[(wva W) = 01

From above equations, we have
gu (WU, V) =0,

and

gu (WU, wV) =0,
for all U € T'(D1) and V € T'(Ds).

So, we can write

YD1 NpDy = {0}, wDiNwDy = {O}

If 6 = T, then R = 0 and D is anti-invariant, i.e., ¢(D2) C (ker ot
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We also have

o(ker f) =D & YD1 & wD1  wDo. (3.6)
Since wD; C (ker f.)*, wDy C (ker f,)1. So we can write
(ker f*)J‘ =wDL ®wDy ® YV,

where V is invariant and orthogonal complement of (wD; @ wDs) in (ker f.)= .

Also for any non-zero vector field W & T'(ker f)*, we have
W = BW + CW, (3.7)

where BW € I'(ker f) and CW € T'(V).

Lemma 3.1. Let f be a quasi bi-slant submersion from an almost contact metric manifold

(M, $,&,m,90m) onto a Riemannian manifold (N, gn). Then, we have
Y2U 4+ BwU = —U +n(U)¢, wypU + CwU =0,
wBW + C*W = —-W, ¢BW + BCW =0,
for all U € T(ker f.) and W € T'(ker f,)*.

Lemma 3.2. Let f be a quasi bi-slant submersion from an almost contact metric manifold

(M, ¢,&,n,9m) onto a Riemannian manifold (N, gn). Then, we have
(i) ¥*U = —(cos? 61)U,
(ii) gar (WU, V) = cos? O1gr (U, V),

(iii) gar(wU,wV) = sin® 81gp (U, V),

for all U,V € T'(Dy).

Lemma 3.3. Let f be a quasi bi-slant submersion from an contact metric manifold (M, ,&,m, gar)

onto a Riemannian manifold (N, gn). Then, we have
(i) V2W = —(cos? 02)W,

(i1) g (YW, Z) = cos? Oagr (W, Z),

(i1i) gar(WW,wZ) = sin? Oagp (W, Z),

for all W, Z € T'(Dy).
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Lemma 3.4. Let f be a quasi bi-slant submersion from a cosymplectic manifold (M, d,&,m, gnr)

onto a Riemannian manifold (N, gn). Then, we have

VWiV + TowV = vVViV + BTV, (3.8)
TobV +HVywV = wVVyV + CTyV, (3.9)
VVxBY + AxCY = AxY + BHV Y, (3.10)
AxBY + HVxCY = wAxY 4+ CHV XY, (3.11)
VWVuBX + TyCX =Ty X + BHVy X, (3.12)
ToBX + HVyCX = wTp X + CHVp X, (3.13)
VVy U + AywU = BAyU + ¢ VVy U, (3.14)
Ay U + HVywU = CAyU + wVVy U, (3.15)
for any U,V € T(ker f.) and X,Y € T'(ker f,)*.
Now, we define
(Vu)V = VWV — ViV, (3.16)
(Vyw)V = HVpwV —wVViV, (3.17)
(VxO)Y = HVxCY — CHV XY, (3.18)
(VxB)Y = VWxBY — BHVxY, (3.19)

for any U,V € T'(ker f.) and X,Y € ['(ker f,)*.

Lemma 3.5. Let f be a quasi bi-slant submersion from a cosymplectic manifold (M, d,&,m, gar)

onto a Riemannian manifold (N, gn). Then, we have
(Vuy)V = BTyV — TywV,
(Vow)V = CTyV — TuyV,
(VxC)Y =wAxY — AxBY,
(VxB)Y = AxY — AxCY,
for any vectors U,V € T'(ker f,) and X,Y € T'(ker f.)*.

The proofs of above Lemmas follow from straightforward computations, so we omit them.
If the tensors ¢ and w are parallel with respect to the linear connection V on M respectively, then
BTUV = TUwV,

and
CToV = TuV,
for any U,V € T'(T'M).
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Lemma 3.6. Let f be a quasi bi-slant submersion from a cosymplectic manifold (M, ®,&,m, gar)

onto a Riemannian manifold (N, gn). Then, we have

(i) gu(VxY,6) =0 for all X, Y € T(D @& D1 & D>),

(i) g ([X,Y],8) =0 for all X, Y € T(D @ D1 ® Ds).
Proof. Let X, Y € I'(D & D; & Ds), consider

Vx{gu(Y;8)} = (Vxgm)(Y,€) + g (VxY,6) + gm (Y, Vx§).

Since X and Y are orthogonal to £ ie.

g (VxY,8) = —gu (Y, Vx&),

using equation (2.7) and the property that metric tensor is V—parallel, we have both results of

this lemma. O

Theorem 3.7. Let f be a proper quasi bi-slant submersion from a cosymplectic manifold
(M, ¢,&,n,9Mm) onto a Riemannian manifold (N, gn). Then, the invariant distribution D is in-

tegrable if and only if
g (TvpU = TopV,wQW + wRW) = g (VVupV — VYU, QW + pRW), (3.20)

for U,V € I'(D) and W € T'(D; @ D).

Proof. For U,V € T'(D), and W € I'(Dy @ D), using equations (2.1)—(2.4), (2.6), (2.7), (2.10),
(3.2), (3.3) and Lemma 3.6 we have

gu([U, VI, W) = gu(VugV,oW) +n(W)n(VoV) — gu (Vv U, W) — n(W)n(VvU),
= gu(VuV,oW) — gu (Vv U, W),
= gu(ToYV — TvypU,wQW + wRW) — gy (VVupV — VWU, QW + Yy RW),

which completes the proof. O

Theorem 3.8. Let f be a proper quasi bi-slant submersion from a cosymplectic manifold
(M, $,&,m,9m) onto a Riemannian manifold (N, gn). Then, the slant distribution D1 is integrable
if and only if

g (TwwpZ — TzwpW, X) = gu(TwwZ — TzwW,¢PX +pRX)
+9u(HVwwZ — HV zwW,wRX), (3.21)

for ol W, Z € T'(D1) and X € T'(D & D).
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Proof. For all W, Z € T'(D;) and X € T'(D @ D3), we have
gM([Wv Z]vX) = gM(vWZaX) - gM(VZVVvX)

Using equations (2.1)—(2.4), (2.6), (2.7), (2.11), (3.2), (3.3) and Lemma 3.2 we have

gm([W, Z], X) g (VwoZ,0X) — gu(VzoW, X)),

= gu(VwvZ,0X) + gu(VwwZ,0X) — gu(VzyW, ¢X) — gu(VwwZ, ¢.X),
= cos? g (VwZ, X) — cos? 0190 (V2 W, X) — g (Tww Z — TzwypW, X)
o (HVwwZ + TivwZ, 6PX + $RX + wRX)
— g (HV z0W + TzwW, oPX + ¢y RX + wRX).

Now, we obtain

sin? 019 (W, 2], X) = gu(TwwZ — TzwW,¢PX + YRX) + gy (HVwwZ — HV zwW,wRX)
—gu(TwwpZ — TzwypW, X),

which completes the proof. O

Theorem 3.9. Let f be a proper quasi bi-slant submersion from a cosymplectic manifold
(M, ¢,&,n,9m) onto a Riemannian manifold (N, gn). Then, the slant distribution Dy is integrable
if and only if

am (TUw’L/JV — vawU, Y) = 4JmMm (HVUWV — HVV(UU, WQY)
+9m (TowV — TywU, oPY + QYY) (3.22)

for allU,V € T'(D32) and Y € T'(D & Dy).

Proof. For all U,V € TI'(D3) and Y € I'(D & D), using equations (2.1)—(2.4), (2.6), (2.7), (3.3)

and Lemma 3.6 we have
gu (U, V]LY) = gu(VudV, oY) + gu(VowV, oY) — gu(VvypU, ¢Y) — gu(VywU, Y).
From equations (2.9), (3.2) and Lemma 3.3 we have

au([U,V],Y) = cos?Oagr([U,V],Y) + g (HVywV — HVywU, wQY)
+9m(TowV — TywU, PY + QYY) — gy (TowtbV — TywpU,Y).

Now, we have

sin? ogn ([U,V],Y) = gu(TowV — TvwU, ¢PY + QY — ga(TowhV — TvwipU,Y)
+9m(HVywV — HVywU, wQY),

which the proof follows from the above equations. O
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Theorem 3.10. Let f be a proper quasi bi-slant submersion from a cosymplectic manifold
(M, ¢,&,m,90) onto a Riemannian manifold (N, gn). Then the horizontal distribution (ker f.)*
defines a totally geodesic foliation on M if and only if

g (AuV, PW + cos? 0.QW + cos® . RW) = gy (HVuV,wp PW + wipQW + wip RW)
—gui(Au BV + HV OV, wW), (3.23)

for all U,V € T'(ker f.)* and W € T'(ker f.).

Proof. For U,V € T'(ker f,)* and W & I'(ker f.), we have
gu(VuV, W) = gu(VuV, PW + QW + RW + n(W)E).

Using equations (2.1)—(2.4), (2.6), (2.7), (2.12), (2.13), (3.2), (3.3), (3.7) and Lemmas 3.2 and 3.3

we have

g (VuV, W) gm (OV UV, oPW) 4+ gu(0VuV, QW) + gr (Vi V, RW),
= gu(AyV, PW + cos? 0,QW + cos® 0, RW)
— g (HV oV, wp PW 4 wipQW + wip RW)

+9m(Au BV + HVy CV,wPW 4+ wQW + wRW).
Taking into account wPW + wQW + wRW = wW and wPW = 0 in the above, one obtains

au(VoV, W) = gu(AyV, PW + cos® 0;QW + cos® 0 RW)
—gm(HVuV,wp PW + wipQW + wpRW)
“I‘QM(AUBV + HVyCV, wW). 0

Theorem 3.11. Let f be a proper quasi bi-slant submersion from a cosymplectic manifold
(M, ¢,&,n,9m) onto a Riemannian manifold (N, gn). Then the vertical distribution (ker f.) defines
a totally geodesic foliation on M if and only if

gu (Tx PY + cos? 0; Tx QY + cos? 02 Tx RY, U) = gar(HV xwip PY + HV xwihQY + HV xwiyRY, U)
+ g (TxwY, BU) + gy (HV xwY, CU), (3.24)

for all X,Y € T'(ker f.) and U € T'(ker f.)*.

Proof. For all X,Y € T'(ker f,) and U € T'(ker f,)+, by using equations (2.1)-(2.4), (2.6) and (2.7)

we have

g (VxY,U) = gu(VxoPY,oU) + gu(VxdQY, oU) + g (Vx ¢RY, ¢U).
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Taking into account of (2.10), (2.11), (3.2), (3.3), (3.7) and Lemmas 3.2 and 3.3 we have

g (VxY,U) = gu(TxPY,U) + cos?® 0190 (Tx QY, U) + cos? Oagpr (Tx RY, U)
g (MY xwb PY + HY xwihQY + HY xwbRY, U)
+9m (VxwPY + VxwQY + VxwRY, ¢U).

Since wPY 4+ wQY + wRY = wY and wPY =0, we derive

au(VxY,U) = gu(TxPY + cos? 0, TxQY + cos® 0 Tx RY, U)
— g (HV xwp PY + HV xwpQY + HV xwy RY, U)
+9m(TxwY, BU) + gn(HV xwY, CU),

which completes the proof. O

From Theorems 3.10 and 3.11 we also have the following decomposition results.

Theorem 3.12. Let f be a proper quasi bi-slant submersion from a cosymplectic manifold
(M, ¢,&,n,9Mm) onto a Riemannian manifold (N, gn). Then, the total space is locally a product
manifold of the form Myerf, X Merf,yt, where Myer s, and My, )1 are leaves of ker f. and
(ker f.)* respectively if and only if

g (AuV, PY 4 cos? 01QY + cos® 0oRY) = gy (HVyV,wpPY 4+ wipQY + wipRY)
+9m(AuBV + HVy CV,wY),

and

gu(TxY + cos” 01 Tx QY + cos® 0, Tx RY, U) = gar (HV xwi PY + HV xwi)QY + HV xwRY, U)
+ gm (TxwY, BU) + gy (HV xwY, CU),

for all X,Y € T'(ker f..) and U,V € I'(ker f.)*.

Theorem 3.13. Let f be a proper quasi bi-slant submersion from a cosymplectic manifold
(M, $,&,m,9m) onto a Riemannian manifold (N,gn). Then the distribution D defines a totally

geodesic foliation if and only if
gu(To PV, wQW + wRW) = —gn (VVu oPV, QW + yRW), (3.25)

and

gu(Tu 9PV, CY) = —gu(VVy PV, BY ), (3.26)

for all U,V € T(D),W € T'(D; @ Ds) and Y € I'(ker f,)*.
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Proof. For all U,V € T(D), W € T'(D; @ D3) and Y € D'(ker f.), using equations (2.1)-(2.4),
(2.6), (2.7), (3.2), (3.3) and Lemma 3.6 we have
gu(VoV, W) = gu(VuoV, W),
= gu(VudPV,eQW + ¢RW),
= gu(Tu¢PV,wQW +wRW) + gy (VVu PV, QW + Y RW).

Now, again using equations (2.10), (3.2), (3.3) and (3.7) we have

gu(VuVY) = gu(VuoV,¢Y),
= gM(VU(bPV,BY—I—CY),
= gu(VVuoPV,BY) + gu(TugPV,CY),

which completes the proof. O

Theorem 3.14. Let f be a proper quasi bi-slant submersion from a cosymplectic manifold
(M, ¢,&,n,9Mm) onto a Riemannian manifold (N, gn). Then the distribution Dy defines a totally
geodesic foliation if and only if

g (TwwZ,U) = gu(TwwQZ, pPU + Y RU) + g (HVwwQZ, wRU), (3.27)
and
IM(HVwwZ,Y) = gy (HVwwZ,CY) + gu(TwwZ, BY ), (3.28)
for all W, Z € T(D1),U € T(D @ D5) and Y € I'(ker f.)* .

Proof. For all W, Z € T'(Dy), U € T'(D @ D3) and Y € T'(ker f,)*, using equations (2.1)—(2.4),
(2.6), (2.7), (2.11), (3.2), (3.3) and Lemma 3.2, we have
gm(VwZ,U) = gu(VwoZ,¢U)
= gu(VwvZ,9U) + gu(VwwZ, ¢U),
= cos? 019 (Viw Z,U) — gur (Twwyp Z,U)
+ a9 (TwwQZ, pPU + YRU) + gy (HVwwQZ,wRU).

Now, we obtain
sin? 019 (VwZ,U) = —gu(Twwo Z,U) + g (TwwQZ, pPU + Y RU) + gy (HVwwQZ,wRZ)
Next, from equations (2.1)—(2.4), (2.6), (2.7), (2.12), (3.3), (3.7) and Lemma 3.2, we have
gm(VwZ,Y) = gu(VwoZ,6Y),
= gu(VwZ,9Y) + gu(VwwZ, ¢Y),
= cos’ 019 (VwZ,Y) — gu(HVwwiy Z,Y)
+gn (HVW(UZ, CY) + gm (TWwZ, BY)
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Now, we arrive
sin® 1gu(Vw Z,Y) = —gu(HVwwZ,Y) + gu(HVwwZ, CY) + gu(TwwZ, BY),
which completes the proof. O

Theorem 3.15. Let f be a proper quasi bi-slant submersion from a cosymplectic manifold
(M, ¢,&,n,9Mm) onto a Riemannian manifold (N, gn). Then the distribution Do defines a totally

geodesic foliation if and only if
g (TowpV, W) = gu (TowQV, oPW + ¢RW) + g (HVywQV,wRW), (3.29)

and

gy (HVywiyV,Y) = gy (HVywV, CY) + gu (TowV, BY ), (3.30)

for all U,V € T(D2),W € T(D @ D1) and Y € T'(ker f.)*.

Proof. For all U,V € T'(Dy),W € T'(D & D;) and Y € I'(ker f.)*, by using equations (2.1)—(2.4),
(2.6), (2.7), (2.10), (3.3) and from Lemma 3.2 and Lemma 3.6, we have

gu(VuV,W) = gu(VudbV, W) + gu(VowV, W),
= cos® bogn(VuV, W) — gu(TowyV, W)
+9m (TowQV, pPW + Yy RW) + gy (HVywQV, w RW).

Now, we get
sin? 0290 (Vi 'V, W) = —gu(TuwyV, W) + gm (TowQV, oPW + RW) + gumr (HVUWQV, wRW).
Next, from equations (2.1)—(2.4), (2.6), (2.7), (2.12), (3.2) (3.3), (3.7) and Lemma 3.2, we have

g (VuVY) = gu(VuyV,8Y) + gu(VowV, ¢Y),
= 0082 929M (VUV, Y) —adm (HVwav, Y)
+gm (HVU(UV, CY) + gm (TUOJV, BY).

Now, we obtain
sin? 019y (VoV,Y) = —gu(HVpwidV,Y) + gu(HVywV, CY) + ga (TowV, BY),

which completes the proof. O

We recall that a differentiable map f between two Riemannian manifolds is totally geodesic if

(VI)(Y, Z) =0, for all Y, Z € T(TM).

A totally geodesic map is that it maps every geodesic in the total space into a geodesic in the base

space in proportion to arc lengths.
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Theorem 3.16. Let f be a proper quasi bi-slant submersion from a cosymplectic manifold

(M, ¢,&,n,90m) onto a Riemannian manifold (N,gn). Then the map f is totally geodesic if and
only if

g (HV ywpQV + HV ypwip RV — cos® 01Ty QV — cos? 02 Ty RV, W)
= gu(VVuodPV + TuwQV + TywRV, BW) + gu (Tu PV + HVywQV + HVywRV, CW),

and

g (HVwwpQU + HVwwip RU — cos? 01 Aw QU — cos? 03 Aw RU, Z)
— gt (VWwdPU + AwwQU + AwwRU, BZ) + gar(Aw 6 PU + HVwwQU + HVwwRU, CZ),

for all U,V € T'(ker f.) and W, Z € T'(ker f.)*.

Proof. For all U,V € T'(ker f.) and W, Z € T'(ker f.)*, making use of (2.1)—(2.4), (2.6), (2.7),
(2.10), (2.11), (3.2), (3.3), (3.7) and from Lemma 3.2 and 3.3, we derive

gu(VuV,W) = gu(VuoV,¢W)
= gu(VudPV, W) + gu(VupQV, oW) + gr (VudRV, W),
= gu(VuoPV,oW) 4+ gu(VoypQV, ¢W) + gu (Vup RV, oW)
+9u (VuwQV, W) + g (VowRV, oW),
= gu(VVyoPV + TywQV + TywRV, W)
+9m (TudPV + HVywQV + HVywRV,CW)
491 (cos? 01 TuQV + cos? 02Ty RV — HV ywipQV — HV ywi RV, W).

Next, taking account of (2.1)~(2.4), (2.6), (2.7), (2.10), (2.12), (2.13), (3.2), (3.3), (3.7) and

Lemmas 3.2 and 3.3, we have

gu(VwU,Z) = gu(eVwU, ¢Z)
= gu(VwoU, ¢2),
= gu(VwoPU,¢Z) + gu(VwdQU, ¢Z) + gu(Vw oRU, ¢2),
= gu(VwoPU,¢Z) + gu(VwiQU, ¢Z) + gu(Vw Y RU, ¢2)
+9u (VwwQU, ¢Z) + gu (VwwRU, 2),
= gu(VVwoPU + AwwQU + AwwRU, BZ)
+9m (Aw oPU + HVwwQU + HVwwRU, CZ)
+gnr(cos® 01 Aw QU + cos® O A RU — HV wwipQU — HV wwiRU, Z),

which completes the proof. [l



CUBO

o1 1 (2023, Quasi bi-slant submersions in contact geometry 17

4 Examples
In this section, we are going to give some non-trivial examples. We will use the notation mentioned
in Example 2.1.
Example 4.1. Define a map
7 : RY RS
(X1, X2, o X7, Y1, Y2y - -, Y7, 2) = (xac0801 — y3sinby, ya, x4 8in 0y — ys5 cos ba, x5, 7, y7),

which is a quasi bi-slant submersion such that

o0 0 0 0 0

X1=5—, Xo=+—, Xs=——sinfy +-—cosb, X4=-——
1 EIo 2 o0 3 o1 sin 1+6y3 costy, X4 915’
X——cos@—i—asmH X X—i Xg=—
5 = (91'4 2 ayo 29 6 — a 4 7T = (91'6’ 8 — ay67

o0

X = = —

9 6 (92’

(kerm,) = (D ® D1 @ Dy @ (§)),

where
0 o 0 0
D={(X;=— X —
< ' Oxy) oy 7T Owg’ ay6>’
. 0
D1 = X3 bln@l + COs 91,X4 = —
Oxs 3 Ox3
Doy = <X5 = ——cosfy + 9 sinfs, Xg = 0 > ,
Oy Ys m
0
<§> - <X9 — £> )
and

0 0 o 0 0 o o0 0
kerm, )t = 01 — —sinfy, —, —sinfly — — cosfy, —, —, —
(ker ) <8$2 cosfy — 95 sin 6y, 90’ O sin fy 0 cos 0, oyl 8y7>’

with bi-slant angles 61 and 02. Thus the above example verifies the Lemmas 3.1, 8.2, 3.3 and 3.6.

Example 4.2. Define a map

which is a quasi bi-slant submersion such that

1 0 0 0 0 0
Xi=—=|—+—1), Xo=—"—, Xz3=—, Xy=—
! ﬁ(@xl 8:52) 2 6y2 3 4

1 0
X5 = ( +\/_ ) Xo=7—
8564
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0
X7 == 5 — &a
(kerm,) = (D ® Dy ® D2 ® (§)) ,
where
0 0
D_<X3_8—Q:P,’X4_3—y3>’

1/ 0 0 9
D2—<X5—§(a—x4+\/§a—x5)7X6_ay4>’
0
<§>—<X7—g>v
and
VA o 0 1 0 0 g 0 0
(ker ) _<8y17 5 3x1+8172)’2( 38I4_3x5)78y5’8176’8y6>7

with bi-slant angles 61 = % T Therefore, the above example verifies the Lemmas 3.1,

3.2, 8.8 and 3.6.
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ABSTRACT

In this paper, we consider an iterative system of singular two-
point boundary value problems on time scales. By applying
Holder’s inequality and Krasnoselskii’s cone fixed point the-
orem in a Banach space, we derive sufficient conditions for
the existence of infinitely many positive solutions. Finally,
we provide an example to check the validity of our obtained

results.

RESUMEN

En este articulo, consideramos un sistema iterativo de pro-
blemas de valor en la frontera singulares de dos puntos en
escalas de tiempo. Aplicando la desigualdad de Holder y
el teorema de punto fijo cénico de Krasnoselskii en un es-
pacio de Banach, derivamos condiciones suficientes para la
existencia de una cantidad infinita de soluciones positivas.
Finalmente, entregamos un ejemplo para verificar la validez

de nuestros resultados.
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1 Introduction

The theory of time scales was created to unify continuous and discrete analysis. Difference and
differential equations can be studied simultaneously by studying dynamic equations on time scales.
A time scale is any closed and nonempty subset of the real numbers. So, by this theory, we can
extend known results from continuous and discrete analysis to a more general setting. As a
matter of fact, this theory allows us to consider time scales which possess hybrid behaviours (both
continuous and discrete). These types of time scales play an important role for applications, since
most of the phenomena in the environment are neither only discrete nor only continuous, but
they possess both behaviours. Moreover, basic results on this issue have been well documented
in the articles [1,2] and the monographs of Bohner and Peterson [6,7]. There is a great deal of
research activity devoted to existence of solutions to the dynamic equations on time scales, see for

example [8,9,13,16-19] and references therein.

In [14], Liang and Zhang studied countably many positive solutions for nonlinear singular m—point

boundary value problems on time scales,

(A1) +a®)f (0(t)) =0, t € [0, %],
m—2
v(0) = Z av(&), VA (%) =0,

i=1

by using the fixed-point index theory and a new fixed-point theorem in cones.

In [12], Khuddush, Prasad and Vidyasagar considered second order n-point boundary value problem

on time scales,
VAV(1) + ANt)ge (vig1(t)) =0, 1 <i <n, t € (0,0(a)]r,

VUn41 (t) = Ul(t)7 te (07 U(a)]'ﬂ‘,

and established existence of positive solutions by applying Krasnoselskii’s fixed point theorem.

Inspired by the aforementioned works, in this paper by applying Holder’s inequality and Kras-
noselskii’s cone fixed point theorem in a Banach space, we establish the existence of infinitely
many positive solutions for the iterative system of two-point boundary value problems with n—
singularities on time scales,
VRA (1) + AB)ge(vera(t)) =0, 1< <m, t€(0,%)r,
Um+l(t) = Ul(t)v te (07{3:)'[?7

v(0) = v (0), 1< L <m,
V(%) = —v2(%), 1<l <m,
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where m € N, A(t) = Hle Ai(t) and each A;(t) € LY ([0,%]r) (p; > 1) has n-singularities in the
interval (0, %)y .

We assume the following conditions are true throughout the paper:
(H1) ge:[0,+00) = [0,400) is continuous.

(Hs) tlin? Ai(t) = 0o, where 0 < t,, <tp,_1 <---<t1 <%.
—ti

2 Preliminaries

In this section, we introduce some basic definitions and lemmas which are useful for our later

discussions.

Definition 2.1 ([6]). A time scale T is a nonempty closed subset of the real numbers R. T has
the topology that it inherits from the real numbers with the standard topology. It follows that the
Jump operators o,p : T — T, and the graininess pn: T — [0,400) are defined by

o(t) =inf{t e T: 1> t},

p(t) =sup{t e T: 1<t}

and
u(t) = ot) —t,

respectively.

e The point t € T is left-dense, left-scattered, right-dense, right-scattered if p(t) = t, p(t) < t,
o(t) =t, o(t) > t, respectively.

o If T has a right-scattered minimum m, then T, = T\{m}; otherwise T, = T.
o If T has a left-scattered mazimum m, then T% = T\{m}; otherwise T* = T.

o A function f: T — R is called rd-continuous provided it is continuous at right-dense points in T
and its left-sided limits exist (finite) at left-dense points in T. The set of all rd-continuous functions
f:T = R is denoted by Crq = Crq(T) = Cra(T,R).

o A function f : T — R is called ld-continuous provided it is continuous at left-dense points in
T and its right-sided limits exist (finite) at right-dense points in T. The set of all ld-continuous
functions f: T — R is denoted by Cjq = C14(T) = C1q(T,R).

e By an interval time scale, we mean the intersection of a real interval with a given time scale, i.e.,

[a,b]T = [a,b] N'T. Other intervals can be defined similarly.
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Definition 2.2 ([5,11]). Let pa and pv be the Lebesgue A—measure and the Lebesgue V—measure
on T, respectively. If A C T satisfies ua(A) = pv(A), then we call A measurable on T, denoted
w(A) and this value is called the Lebesgue measure of A. Let P denote a proposition with respect
tot € T.

(i) If there exists I'y C A with pa(T'1) = 0 such that P holds on A\I'1, then P is said to hold
A-a.e. on A.

(i1) If there exists Ty C A with py(T'2) = 0 such that P holds on A\T's, then P is said to hold
V-a.e. on A.

Definition 2.3 ([4,5]). Let E C T be a A—measurable set and p € R = R U {—o00, 400} be such
that p > 1 and let f : E — R be a A—measurable function. We say that f belongs to LY (E)
provided that either

/|f|p(s)As<oo if pel,+o0),
E

or there exists a constant M € R such that
[fI<M, A—ae onE if p=+oo.

Lemma 2.4 ([20]). Let E C T be a A—measurable set. If f: T — R is A—integrable on E, then
| 185 = [ s+ 3 (ot =) 1)+ (4. D)
i€l

where
m(E)f(M), ifWeT,
r(f, E) =
0, ifN¢T,

Ig:={iel:t;€ E} and {t;}icr, I CN, is the set of all right-scattered points of T.

Lemma 2.5. For any y(t) € Crq([0, Z]1), the boundary value problem,

VA +y(t) =0, t € (0,%)T, (2.1)
v1(0) = v (0), V() = ~vT(T), (2.2)
has a unique solution
T
o(t) = / R(t, T)y(T) AT, (2.3)
0
where
1 T —t+1)(o(v)+1), if o(r) <t
R(t,T) = 3 (2.4)

F—-o(m+Dt+1), if t<T
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Proof. Suppose v is a solution of (2.1), then

t T

Ul(t) = —/ / y(Tl)ATlAT+A1t+A2
0o Jo
t
- —/ (t— o(0)y (VAT + Ayt + Ay,

0

where A; = v£(0) and Ay = v1(0). By the conditions (2.2), we get

T
A=Ay = 24_%/0 (T—o(1)+ 1)y(1)AT.

So, we have

t T
() :/0 (t — o(1))y(t) AT + “% (5o + )1+ ymac
:/T N(¢, T)y(T)AT.
0
This completes the proof. [l

e+1

Lemma 2.6. Suppose (H,)-(Hz) hold. For e € (0,5 )r, let G(e) = T 1

the following properties:

< 1. Then N(t,T) has

(i) 0 < N(t,T) < N(7,7T) for all t,T € [0,1]r,

(it) G(e)X(t,T) < N(t,7) for allt € [¢,T —¢]r and T € [0, 1].

Proof. (i) is evident. To prove (ii), let t € [¢,% — €] and ¢ < T. Then

N(t,T)  t+1 S e+1

N(t,1) ©t+1 - T+1 g(e)-
For t <,
N(t, T T—t+1 e+1
(t7) _ NS RN
R(1,1) T—14+1 7 TH+1
This completes the proof. [l
Notice that an m—tuple (v1(t),v2(t),v3(t),...,Vm(t)) is a solution of the iterative boundary value

problem (1.1)—(1.2) if and only if

vel(®) :/0 R(E, DA(D)ge(Less (1) AT, £ € (0,%)r, 1< 0<m,

Umt1(t) =v1(t), t € (0,%)r,

i.e.,

v1(t) 2/01 N(t,T1)A(T1)g1 (/01 N(Tl,’fg))\(’fg)gz(/ol N(To,T3) - - -
X 8m-1 (/01 N(Tm—hTm)}\(Tm)gm(vl(Tm))ATm) "'AT3>AT2>AT1.
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Let B be the Banach space Crq((0, )7, R) with the norm [jv]| = 1{1&){) [u(t)]. For e € (0, %)T, we
t€(0,%)r
define the cone K. C B as

Ke = {v € B:v(t) is nonnegative and  min  v(t) > g(a)|v(t)||} .
t€le, T—elr

For any v, € K., define an operator €2 : K. — B by

(Qui1)(?) _/01 N(t,Tl)A(Tl)g1</OlN(Tl,Tg)A(TQ)g2</OIN(T%Tg)...
X Em—1 (/01 N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm> ~-~AT3>AT2>AT1.

Lemma 2.7. Assume that (H)-(Hz) hold. Then for each e € (0,%),., QK.) C K. and Q : K. —

‘]1‘ )
K. are completely continuous.

Proof. From Lemma 2.6, X(¢,7) > 0 for all ¢,t € (0,%)r. So, (Qv1)(t) > 0. Also, for v; € K., we

have
Q01 = InaXT/OlN(t,Tl)A(Tl)g1</01N(Tl,Tg)A(TQ)g2</OlN(TQ’TB,)...

te(0,%)

X Em—1 (/01 N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm) ~-~AT3>AT2>AT1

/01 N(TlaTl)A(Tl)&(/Ol N(Tl,m)?\(Tg)gg(/ol N(T, T3) - -

X Em—1 (/01 N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm) ~-~AT3>AT2>AT1.

Again from Lemma 2.6, we get

IN

min {(@01)(0)} zg(g)/olN(Tl,ﬁ))\(n)gl(/01N(Tl,@)x(rg)gz(/olN(Tg,rg)---

tefe,T—¢]
1
X gm1</ N(Tm1,Tm)7\(Tm)gm(v1(Tm))ATm> ---ATg) ATQ) AT;.
0

It follows from the above two inequalities that

min  {(Qu1)(t)} > G(e)[|Qu1]|.

tele,T—elr
So, Qu; € K. and thus Q(K.) C K.. Next, by standard methods and the Arzela-Ascoli theorem, it

can be proved easily that the operator 2 is completely continuous. The proof is complete. O

3 Infinitely many positive solutions

For the existence of infinitely many positive solutions for iterative system of boundary value prob-

lem (1.1)—(1.2), we apply following theorems.

Theorem 3.1 ([10]). Let £ be a cone in a Banach space X and let My, Mo be open sets with
0EM, M CMy. Let A: EN (Mg\Ml) — & be a completely continuous operator such that
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(a) |Av|| < |jv]|, v € ENOMy, and || Av|| > ||v||, v € EN My, or

(b) || Av]| > |lvl, v € EN My, and || Av|| < ||v], v € E N OMa.

Then A has a fized point in € N (Mz\M1).

Theorem 3.2 ([7,15]). Let f € L (J) withp > 1, g € LA(J) with ¢ > 1, and 5 + ¢ = 1. Then
fg € Ly(J) and || fgliry < |Ifllzzllgllry, where

[[1sr6as]” peR,
inf{MGR/|f|§MA—a.e. onJ}, p = 00,

1fllzz :

and J = [a, b)T.

Theorem 3.3 (Holder’s inequality [3,4,15]). Let f € LY (J) with p; > 1, fori=1,2,...,n and

> % = 1. Then Hle gi € LL(J) and HHle gil| < Hle lgillp;- Further, if f € LA\(J) and
' 1

9 € LR(J), then fg € Lx(J) and |[fglr < [[fl1]9lloc-

We need the following condition in the sequel:
(H3) There exists 8; > 0 such that A;(t) > 6; (¢ =1,2,...,n) for t € [0, F]r.

Consider the following three possible cases for A; € L% (0, %)y :
-1 -1 = 1

— <1, — =1, —>1.
; pi ; pi ; bi

n
1
Firstly, we seek infinitely many positive solutions for the case Z — < 1.

— Pi

i=1
Theorem 3.4. Suppose (Hy)—(Hs) hold, let {,}52, be such that 0 < g1 < ¥/2, ¢ | t* and
0 <t* <tp. Let {T'v}22, and {A,}32, be such that

Iy < Glep)Ar <A <OA, <Ty, r €N,

where
k T—El
0= max{ [Q(al) H 51-/ N(T,T)AT

Assume that g satisfies

(C1) ge(v) <M, Ve (0,%)r, 0<v<T,, where

. -1
|N||LQAH|)\i|LPAi] ;
i=1

(C2) ge(v) > 0N, ViEele,T—crr, Gler)Ar <V <A,

N <
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Then the iterative boundary wvalue problem (1.1)—(1.2) has infinitely many solutions
72"

(ol olhee | such that v (t) > 0 on (0,%)r, £=1,2,...,m and r € N.

Proof. Let

M,={veB:|v]| <}, M, ={veB:|v| <A}

be open subsets of B. Let {,}22, be given in the hypothesis and we note that

<
t*<tT+1<sT<tr<§,

for all » € N. For each r € N, we define the cone K., by

K%:{UGBAW)ZQ“*QgEHMQEQ@HW@W}

Let v1 € Ko, NOM; . Then, vy(t) < T, = |[vq| for all T € (0,%)r. By (C1) and for 7,1 €
(0, %)T, we have

T T
/ON(Tm_l,Tm)A(Tm)gm(Ul(Tm))ATmg/o R( Ty, Trn )M (T ) & (V1 (T ) ) AT,

T k
g%n/amﬂMHM%mm.
0

=1

I 1
There exists a ¢ > 1 such that — + E — =1. So,
— DPi
i=1

k
[

T
| st A gm0t A < T N
0 =1

pPq
LA

k
< ST gy T[Nl < T
i=1
It follows in similar manner (for t,,_2 € (0, %)), that

T T
/0 N(Tmz,Tml)A(Tmngml( / N(m1,Tm)A<Tm)gm<v1<Tm>>mm)mm1
T
S/ N(Tm—%Tm—l))\(Tm—l)gm—l(FT)ATm—l
0

T
< / N(Tm—laTm—l))\(Tm—l)gm—l(FT)ATm—l
0

< k
< mlrr/ N(Tm*hTm*l)H}\i(Tm—l)ATm,1
0 =1
k
<ML R| g [T Il < T

=1
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Continuing with this bootstrapping argument, we get

(Qu1)(?) _/OT N(t,n);\(n)g1</OTN(Tl,TQ)A(TQ)g2</OTN(TQ,Tg)...
X gm1</0‘3 N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm) . ~AT3>AT2>AT1

<T,.
Since I, = ||v1]| for v1 € K., N OMy -, we get
[Qui]l < [Jual]- (3.1)
Let t € [e,, T — &;]1. Then,

A=l 2v®>  min | vi(0)> G vl > Gle)A-

By (C2) and for T,,,—1 € [, % — &,]1, we have

T T—ep
/0 N(Tm,l,Tm)A(Tm)gm(vl(Tm))ATm2/ N(Trn—1, T )A (T )8 (V1 (Tin) ) AT,

r

T—e,
> g(ar)eAT/ R( Ty, Tr )A (T ) ATy,
TT—ET k
> g(gT)eAr/ R(Tns T) [T M (T AT
Er i=1

k 5—81
> g(EI)GArnéz/ N(TmaTm)ATm
i=1 €1

> A,

Continuing with the bootstrapping argument, we get

(Qu1)(t) :/j N(f,rl)x(rl)gl(/;N(Tl,mx(@)gg(/;N(Tz,m)...
X gm—1</0T N(Tm—hTm)}\(Tm)gm(Ul(Tm))ATm) ---AT3)AT2)AT1

>A,.

Thus, if v € K., N 0Kz, then
[Quil = [Jua]]- (3:2)

It is evident that 0 € My, C Mo C My . From (3.1)—(3.2), it follows from Theorem 3.1 that the
operator §) has a fixed point v[lr] € K., N (My,-\Mz,,) such that v[lr] (t) >0on (0,%)r, and r € N.
Next setting v, 11 = V1, we obtain infinitely many positive solutions {(U[lrl,v[;], . ,vm)}f‘;l of

(1.1)—(1.2) given iteratively by

T
ve(t) = /0 R(t, DOANT)ge(Ve41(T)AT, t € (0, %), L=m,m—1,...,1.

The proof is completed. O
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n

1
For E — =1, we have the following theorem.
— Pi
i=1

Theorem 3.5. Suppose (Hy)—(Hs) hold, let {,}52, be such that 0 < g1 < ¥/2, ¢ | t* and
0 <t* <tyn. Let {T}2, and {A,}22, be such that

Iy < Glep)Ar <A <OA,. <Ty, 1 €N,

where

0= max{ lg(al) H

Assume that g satisfies (Ca) and

(C3) gj(v) <N, ViEe (0,F)r, 0<v <T,, where

k —1
Oy < min l|N||Lg°H||7\i|LPAi] .0
=1

Then the iterative boundary wvalue problem (1.1)—(1.2) has infinitely many solutions
72"

{(v[lr],v[;], .. ,v%])}jfozl such that ULT](t) >0o0n (0,7, £=1,2,...,m and r € N.

Proof. For a fixed r, let My ,. be as in the proof of Theorem 3.4 and let v, € K., N Mg .. Again
vi(t) < T = ol

for all T € (0,%)r. By (C3) and for ty—1 € (0,%)r, we have

T T
/ON(Tm—laTm)}\(Tm)gm(Ul(Tm))ATmS/O R(Trms T )M (T ) 8 (V1 (T ) ) ATy,

T k

gmlrr/ (T, ) [ [ Ai(Tm) A
0 i=1

k

IR

=1

<In ]

Ps
LA

k
<D 8]z [ Il < T
=1
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It follows in similar manner (for T,,_o € [0, 1]1), that

T <
/0 N(Tmz,Tml)A(Tmngml( / N(m1,Tm)A<Tm)gm<v1<Tm>>mm)mm1
T
S/ N(Tm—%Tm—l))\(Tm—l)gm—l(FT)ATm—l
0

T
< / N(Tm—laTm—l))\(Tm—l)gm—l(FT)ATm—l
0
T k
S mlrr/ N(Tmflvafl) H}\i(Tmfl)ATmfl
0 i=1
k
<D N x [T Il <D
=1

Continuing with this bootstrapping argument, we get

(Q1)(t) :/OT N(t,T1)A(T1)g1 (/OTN(Tl,Tg))\(Tg)gg(/OTN(T%H) .
X gm1</0T N(Tm1,Tm)?\(Tm)gm(v1(Tm))ATm) . ~AT3>AT2>AT1

<T,.
Since I, = ||v1]| for v1 € K., N OMy -, we get
[Qui]l < [Jua]]- (3.3)

Now define My, = {v1 € B: ||u1]] < A,}. Let vy € K., N OMa, and let T € [e,, T — &;]7. Then, the

argument leading to (3.2) can be done to the present case. Hence, the theorem. |

1
Lastly, the case — > 1.
Theorem 3.6. Suppose (Hy)—(Hs) hold, let {,}52, be such that 0 < g1 < ¥/2, ¢ | t* and
0<t* <tp. Let {T'v}22, and {A,}32, be such that
[ry1 <Gle)Ar <A <OA, <T,, reN,

where
T*El
0= Inax{ lg(el) 1T 51-/ N(T, T)AT

Assume that g satisfies (Ca) and

-1
(C4) g5(v) <M, YVt € (0,T)p, 0 < v < Ty, where Ny < min { [N 2z T il | ,e} .

Then the iterative boundary wvalue problem (1.1)—(1.2) has infinitely many solutions
{(U[lr]vv[;]a e ,Um) o, such that Uy] (t) >0 on (0,91, £=1,2,.

r=1

..,m andr € N.

Proof. The proof is similar to the proof of Theorem 3.4. So, we omit the details here. O
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4 Example

In this section, we present an example to check validity of our main results.

Example 4.1. Consider the following boundary value problem on T = R.

vy (t) + At)ge(vega(t) =0, £=1,2,

(4.1)
v3(t) =v1(t),
v(0) = vy(0),
(0) =v(0) -
1) = ~vj),
where
A(t) = M (1)A2(t)
in which
1 1
M(t) = — and  A(t) = —
|t - Z|2 |t — Z' p)
1 x 1074, b € (104, +00),
25><10 (4r+3) _ _><10 ar 4
10— 3 —10—4r ( — 10 T)—|—
% x 10~ 87", v E [10—(4r+3) 10_4r] ’
B(v) =)= 2 x 10_(4r+3) v E ( x 10~ (@r+3) 10—(4r+3))
25x 10~ (4r+3) — :><10 8r (4r14)
7><10 (4r+3) _10— (47‘+4)( - 10 r )—|—
; ) (4r+4) L —(4r+3
5><107“ (10 r 75><10(r )}
0 v=0.
Let )
31 1 1
— — _— r= o (lr +try1), =1,2,3,...,
4 ;4(k+1)4’ er = gtr +tri1), 7
then
Lo 1 15
17327 648 T 32
and
1
tr+1 < Er < t’ra Er > g
Therefore,
Er + 1 Er + 1 1
o - ) =1,2,3,...
It is clear that
15 1 1
th=—<-=, t.—t =1,2,3,...
Rty T

1 ™
S. _— = —
ince 321 o 90

7.‘.4

360

47

— — = (0.4637941914
64 ’

z:47°—i-1



CUBO

Infinitely many positive solutions for an iterative system of... 33

24, 1 (2022)

A1, Ag € LP[0,1] forall 0<p<2, and & = &y = (4/3)"/%,

G(e1) = 0.7336033951.

T—eq I—Eﬂ-i 2 _ 1
/ N(T, T)AT = / o Wdr — 0.04918197801.
e 15

15 1
1 327 648

Thus, we get
-1

y

0= max{ [g(gl) f[l 5; /:51 R(t,7)VT

1
=maxq ————— 1
{0.04166167167 }

= 24.00287746.

Next, let 0 < a < 1 be fixed. Then A1,Ay € L179[0,1] and an > 1 for 0 < a < 1. It follows that
k
[Tl = 7 = In(7 - 4v3),
i=1
and also |[R]ls = 2. So, for 0 < a < 1, we have
i -1
N < [|N||Oo 1T |Ai|LpAi] ~ 0.2597173925.
i=1

Taking 91, = %. In addition if we take
I, =107%, A, =104+,

then
1
Dpyp = 1070+ < = % 1076 +3) < Ge,)A, < A, = 1073 <1, =107,

OA, = 24.00287746 x 10~ ¢4+ < L1074 =9I, r = 1,2,3,. .., and g1, g» satisfy the following

growth conditions:
1
gi1(v) = go(v) <M, = 1% 107*, velo,107*],
1
g1(V) = ga(V) >0A, = 24.00287746 x 10~W 3y e = % 10~ Wr+3) 10 Wr+3) |

Then all the conditions of Theorem 3.4 are satisfied. Therefore, by Theorem 3.4, the iterative
boundary value problem (1.1) has infinitely many solutions {(v[lr],v[;]) ©° , such that vy] (t) >0

on [0,1], £=1,2 and r € N.
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ABSTRACT

Let A be an abelian surface and let G be a finite group
of automorphisms of A fixing the origin. Assume that the
analytic representation of G is irreducible. We give a clas-
sification of the pairs (A, G) such that the quotient A/G
is smooth. In particular, we prove that A = E? with F an
elliptic curve and that A/G ~ P? in all cases. Moreover,
for fixed E, there are only finitely many pairs (E2,G) up
to isomorphism. This fills a small gap in the literature and
completes the classification of smooth quotients of abelian
varieties by finite groups fixing the origin started by the

first two authors.

RESUMEN

Sea A una superficie abeliana y sea G' un grupo finito de
automorfismos de A fijando el origen. Se asume que la
representacién analitica de G es irreducible. Damos una
clasificacién de los pares (A, G) tales que el cociente A/G
es suave. En particular, probamos que A = E? con E una
curva eliptica y que A/G ~ P? en todos los casos. M4s atin,
para E fija, hay solo una cantidad finita de pares (E2,G),
salvo isomorfismo. Esto llena una pequena brecha en la
literatura y completa la clasificacién de cocientes suaves
de variedades abelianas por grupos finitos fijando el origen

comenzado por los dos primeros autores.
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1 Introduction

The purpose of this paper is to give a complete classification of all smooth quotients of abelian
surfaces by finite groups that fix the origin, and is to be seen as the completion of the classification
given in [2] of smooth quotients of abelian varieties that fix the origin. This kind of quotients
of abelian surfaces has already been studied by Tokunaga and Yoshida in [6], where infinite 2-
dimensional complex reflection groups, which are extensions of a finite complex reflection group
G by a G-invariant lattice, are classified. However, these do not cover all possible G-invariant
lattices and hence not all possible group actions on abelian surfaces. Moreover, there seem to be
some complex reflection groups that the authors missed, as can be seen by looking at Popov’s

classification of the same groups in [3].

The techniques used in this paper are similar, but not exactly the same, to the methods used
in [2]. Indeed, the ideas used in this last paper have been modified in order to apply them to the

two-dimensional case. Moreover our approach is far different from that used in [6].

Our main theorem states the following:
Theorem 1.1. Let A be an abelian surface and let G be a (non-trivial) finite group of automor-
phisms of A that fix the origin. Then the following conditions are equivalent:

(1) A/G is smooth and the analytic representation of G is irreducible.

(2) A/G ~P2.

(3) There exists an elliptic curve E such that A ~ E? and (A,G) satisfies exactly one of the
following:

(a) G~ C? x Sy where C is a non-trivial (cyclic) subgroup of automorphisms of E that fix

the origin; here the action of C? is coordinate-wise and Sa permutes the coordinates.

(b) G ~ S3 and acts on
A~ {(zy,m2,23) € E3 . x1 + 22 + x5 = 0},

by permutations.

(¢) E =C/Z[i] and G is the order 16 subgroup of GL2(Z[i]) generated by:

1 14 i i—1 1 0
0 1 o i ) \i=1 1

acting on A ~ E? in the obvious way.

The first two cases found in item (3) of the above theorem were studied in detail in [1] (in arbitrary

dimension), where it was proven that both examples give the projective plane as a quotient.
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Throughout the paper we will refer to these two examples as Example (a) and Example (b),
respectively. The equivalent assertion for Example (c¢) is Proposition 4.1 in this paper. Note that,
aside from Examples (a) and (b) which belong to infinite families, Example (c) is the only new case

of an action of G on an abelian variety satisfying condition (1) from Theorem 1.1, cf. [2, Thm. 1.1].

Remark 1.2. If A/G is smooth and the analytic representation of G is reducible, then the results
in [2] imply that A is isogenous to a product of two elliptic curves. The quotient is then either

Pt x P! (in which case A = Ey x E3) or a bielliptic surface.

In [7], Yoshihara introduces the notion of a Galois embedding of a smooth projective variety. If
X is a smooth projective variety of dimension n and D is a very ample divisor that induces an
embedding X — PV, then the embedding is said to be Galois if there exists an (N —n — 1)-
dimensional linear subspace W of PV such that X N W = @ and the restriction of the linear
projection my : PV —-» P" to X is Galois. Yoshihara specifically studies when abelian surfaces
have a Galois embedding. He gives a classification of abelian surfaces having a Galois embedding,
along with their Galois groups, and proves that after taking the quotient of the original abelian
variety by the translations of the Galois group, the abelian variety must be isomorphic to the self-
product of an elliptic curve. Unfortunately, his results were incomplete since they depended on a
classification of smooth quotients like the one given in this paper, which Yoshihara attributed to
Tokunaga and Yoshida in [6]. But as stated before, Tokunaga and Yoshida’s results do not imply
such a classification. Nevertheless, we can now safely say, thanks to Theorem 1.1, that Yoshihara’s

results remain correct.

The structure of this paper is as follows: in Section 2 we fix notations and give some preliminary
results that will be needed in the proofs of Theorem 1.1. The implication (2) = (1) is obvious and
(3) = (2) was already treated in [1] in the case of Examples (a) and (b). Thus, we are mainly
concerned with (1) = (3), which we treat in Section 3. Finally, in Section 4 we treat (3) = (2)
for Example (c), which is a construction of a different nature that only exists in the 2-dimensional

case.

2 Preliminaries on group actions on abelian varieties

We recall here some elementary results that were proved in [2]. Let A be an abelian surface and
let G be a group of automorphisms of A that fix the origin, such that the quotient variety A/G
is smooth. By the Chevalley-Shephard-Todd Theorem, the stabilizer in G of each point in A
must be generated by pseudoreflections; that is, elements that fix pointwise a divisor (i.e. a curve)
containing the point. In particular, G = Stabg(0) is generated by pseudoreflections and G acts
on the tangent space at the origin Ty(A) (this is the analytic representation). In this context, a

pseudoreflection is an element that fixes a line pointwise. We will often abuse notation and display
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G as either acting on A or Ty(A); it will be clear from the context which action we are considering.

In what follows, let £ be a fixed G-invariant polarization on A (take the pullback of an ample class

on A/G, for example). For o a pseudoreflection in G of order r, define
D, :=im(l+o+---+0"1, E,:=im(l —o0).
These are both abelian subvarieties of A. The following result corresponds to [2, Lem. 2.1].

Lemma 2.1. We have the following:

1. D, is the connected component of ker(1 — o) that contains 0 and E, is the complementary

abelian subvariety of D, with respect to L. In particular, D, and E, are elliptic curves.

2. F, == D, N E, consists of 2-torsion points for r = 2,4, of 3-torsion points for r = 3 and
D,NE, =0 forr =6.

We will consider now a new abelian surface B equipped with a G-equivariant isogeny to A, which
we will call G-isogeny from now on. Let A4 denote the lattice in C? such that A = C?/A 4. Let
Ap C A be a G-invariant sublattice, and let B := C2/Ap be the induced abelian surface, along
with the G-isogeny

m:B— A,

whose analytic representation is the identity. Note that this implies that o € G is a pseudoreflection
of B if and only if it is a pseudoreflection of A. We may then consider the subvarieties E,, D,, F,, C
A defined as above, which we will denote by Ey 4, D, 4 and F, 4. We do similarly for B. Note
that, by definition, 7 sends Es p to Es 4 and D, p to D, 4, hence F; g to Fi; 4. The following
result was proved in [2, Prop. 2.4].

Proposition 2.2. Let 0 € G be a pseudoreflection and let L be the line defining both E, 4 and
E, . Assume that the map Fy g — Fy 4 is surjective and that AaNL = AgNL. Then ker(m) is

contained in D.,r—1 g for every 7 € G. O

Define A := ker(w). Since 7 is G-equivariant, G acts on A and hence we may consider the group
A x G. This group acts on B in the obvious way: A acts by translations and G by automorphisms
that fix the origin. In particular, we see that the quotient B/(A x G) is isomorphic to A/G. We

conclude this section by recalling a result on pseudoreflections in A x G (cf. [2, Lem. 2.5]).

Lemma 2.3. Let 0 € A x G be a pseudoreflection. Then o = (t,7) with 7 € G a pseudoreflection
andt € ANE; .
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3 Proof of (1) = (3)

Assume (1), that is, we have an abelian surface A with an action of a finite group G that fixes
the origin and such that A/G is smooth and the analytic representation of G is irreducible. Under
these conditions, we see that G is an irreducible finite complex reflection group in the sense of
Shephard-Todd [4]. These groups were completely classified by Shephard and Todd in [4]. In the
particular case of dimension 2, we get that G is either one of 19 sporadic cases or it is isomorphic

to a semidirect product G(m, p) := H(m,p) X Sz, where p|m, m > 2, and
H = H(m,p) ={(G,¢n2) | a1 +a2 =0 (mod p)} C iy,

with (,, denoting a primitive m-th root of unity. The action of Sy on H is the obvious one. The
case G = (G(2,2) is excluded since G is then a Klein group and thus the representation is not
irreducible. The action of G on C? is given as follows: H acts on C? coordinate-wise while Sy

permutes the coordinates.

Emulating the work done in [2], we wish to describe which of these actions actually appear on
abelian surfaces and give smooth quotients. The sporadic cases were already treated in [2] and
were proven not to give a smooth quotient (cf. [2, §3.3]), so we may and will assume henceforth
that G = G(m, p) as above. This fixes a G-equivariant isomorphism of Tp(A4) with C2. We denote
by e; and e; the canonical basis of Tp(A) thus obtained.

Lemma 3.1. Assume that G acts on A as above. Then m € {2,3,4,6}.

Proof. We have that ((m,(,,!) acts on A, and so the characteristic polynomial of (¢, (') &

m

(G Gm') must have integer coefficients, and so must be the k-th power of the m-th cyclotomic
polynomial ®,,, where k = 2 if m > 2 and kK = 4 if m = 2. Looking at the degrees, we get
that 4 = kp(m), where ¢ is Euler’s totient function. Therefore, if m # 2 then p(m) = 2 and so
m € {3,4,6}. O

Having proved this result, we see that there is a finite list of cases to be analyzed, that is:

(m,p) €{(2,1),(2,2),(3,1),(4,1),(6,1),(3,3), (4,2), (4,4), (6,2), (6, 3), (6,6)}.

Recall that we have already eliminated the case (2,2) since the analytic representation of G(2,2)
is not irreducible. Moreover, it is well-known that there is an exceptional isomorphism of complex

reflection groups between G(4,4) and G(2,1). We will prove then the following:

o If G = G(m,1) and A/G is smooth, then the pair (A, G) corresponds to Example (a) (Sections
3.1, 3.3, 3.4, 3.5);

o If G = (G(3,3) and A/G is smooth, then the pair (A, G) corresponds to Example (b) (Section
3.8);
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o If G = G(4,2) and A/G is smooth, then the pair (A, G) corresponds to Example (c) (Section
3.2);

o If G = G(6,p) with p > 2, then A/G cannot be smooth (Sections 3.6, 3.7, 3.9).

In order to do this, we will construct a G-isogeny B — A such that the action of G on B is

“well-known”. Let us concentrate first on the cases where m # p. Then we obtain B as follows:

Let E; be the image of Ce; in A via the exponential map. We claim that it corresponds to an elliptic
curve. Indeed, consider the non-trivial element 7 = (¢%,,1) € H. Then a direct computation shows
that im(1 — 7) = Ce;. This tells us that By = (1 — 7)(A) and hence it corresponds to an elliptic

curve. The same proof works for Fs.

Now, let A4 be a lattice for A in C2. Then Ce; N A4 corresponds to the lattice of E; in C = Ce;.
We can thus define the G-stable sublattice of A4

Ap:=(Ce1NA4) ® (CeaNAy).

As in Section 2, this defines a G-isogeny 7 : B — A. Moreover, we see that B ~ F; x Ey ~ E? and
that 7|, is an injection. Let A be the kernel of 7. We will study the different possible quotients
A/G by studying the possible quotients B/(A x G) and thus by studying the possible A’s. Our

first result is the following:

Lemma 3.2. Assume that m # p. Then the coordinates of every element in A are invariant by

CP . so in particular these elements are
e 2-torsion if (m,p) € {(2,1),(4,1),(4,2),(6,3)};
o S-torsion if (m,p) € {(3,1),(6,2)};
o trivial if (m,p) = (6,1).
Proof. Let t = (t1,t2) € A. Then, since A is G-stable, we have that, for 1, = ((?,,1) € H,

(I —=7)(t) = (1 = ¢ )t,0) € A,

But, by construction, there are no elements of the form (z,0) in A. We deduce then that t; is
¢P -invariant. The same proof works for t5. The assertion on the torsion of ¢; and ¢ follows

immediately. O

Let us study now pseudoreflections in A x GG. Define the elements
pi=Cm,HEHCG;, 0:=(12)eSCG; 7:=(,1)eHCQG.

Then there are two types of pseudoreflections in G:



Smooth quotients of abelian surfaces by finite groups... 43

e conjugates of p%o for 0 < a < %;

e conjugates of powers of T;

and the corresponding elliptic curves in B are respectively:
By = {(2,~Co) |2 € B} E, = {(2,0) | 2 € E}.

Recall that elements of the form (x,0) are not in A by construction of the isogeny 7 : B — A.

Using Lemmas 2.3 and 3.2, we obtain immediately the following result:

Lemma 3.3. Fuvery pseudoreflection in A x G that is not in G is a conjugate of (t,p%c), where

0<a<, t=(t—CLt) €A andt is (,~invariant. O

With these considerations, we can start a case by case study of the non-trivial A’s. We recall that
the main tool will be the Chevalley-Shephard-Todd Theorem, which states that A/G = B/(Ax Q)

is smooth if and only if the stabilizer in A x GG of each point in B is generated by pseudoreflections.

3.1 The case G =G(2,1)

By Lemma 3.2, we know that A is 2-torsion. Since we also know that there are no elements of the

form (¢,0) for t € E, we get the following possible options for A:

(1) A={0}
(2) A = ((t,1)) with t € E[2];
(3) A={(t1t)|te E£]2]}

(4) A ={(0,0), (t1,t2), (t2,t1), (t1 + t2,t1 + t2)} with ¢1,t2 € E[2], t1 # ta.

Case (1) clearly corresponds to Example (a) (which gives a smooth quotient, cf. [2, Prop. 3.4]).

Case (2) cannot give a smooth quotient and this follows directly from [2, Prop. 3.7].}

In case (3), we claim that the pair (A, G) is isomorphic to the pair (B, G). This will reduce us to
the case with trivial A, which was already dealt with. To prove the claim, consider the canonical
basis of Typ(A) = To(B) = C2. Then the analytic representation of G is given by the following

values in its generators:

p- = Y} 2y =
0 -1 1 0

IThe proof of this proposition only uses two variables and thus it works in dimension 2 as well.
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Now, with this basis and this A, we can view the G-isogeny B — A as the morphism E? — E?
given by the following matrix:
1 1
M= ) (*)
1 -1
for which one can check that its kernel is precisely the elements in A. In order to prove that the

pairs (A, G) and (B, G) are isomorphic, it suffices thus to prove that the image of this representation

of G under conjugation by M is G once again. Direct computations give:

Mo -y = (V)=o) Mot = (00 ) =)

And these clearly generate the same group G.

In case (4), consider the element ¢ = (t},t)) where 2t; = ¢;. Note that G cannot fix ¢ as ¢} and t}
lie in different orbits by the action of pus. Now, it is easy to see that there is no way the action of
A can compensate the action of G except in the case when we add the element (t1,t2). A direct
computation tells us then that the only element fixing ¢ is ((¢1,¢2),(—1,—1)) € A x G and since

this stabilizer is not generated by pseudoreflections by Lemma 3.3, we see that A/G is not smooth.

3.2 The case G = G(4,2)

Since G(4,2) contains G(2,1), we may start from the precedent list of possible non-trivial A’s.
However, these must also be stable by the new element (i,7) € H(4,2) (where i = (4). Note that
such an element acts on each component E of B by multiplication by ¢, which implies in particular
that £ = C/Z[i]. Defining by to the only non-trivial i-invariant element in F, we get the following

possibilities:

(1) A= {0}
(2) A = ((to,t0));
3) A={(t1)[te E22]}
(4) A ={(0,0), (¢, t + to), (t + to, t), (to, o)} with t € E[2], ¢ # to.
Case (1) does not give a smooth quotient A/G, cf. [2, Prop. 3.4]. Case (2) corresponds to Example

(c) (and it actually gives a smooth quotient A/G as we prove in section 4). Indeed, the G-isogeny

B — A corresponds in this case to the morphism E? — E? with E = C/Z][i] given by the matrix
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and the generators given in Example (¢) correspond to the conjugates by this matrix of the following

respective matrices:

-1 0 —i 0 0 1

o 1/ Lo i) \1 o0
But these are clearly the matrix expressions of the generators (—1,1), (—i,4) € H and (12) € S,
of G=H x Ss.

Remark 3.4. Since the first and third matrices above generate the subgroup G(2,1) C G(4,2), we
see that if we take F' to be the subgroup of G spanned by the pseudoreflections
-1 i+1 -1 0
and ,
0 1 i—1 1
then F is isomorphic to G(2,1) and A/F ~ P2. In particular, the pair (A, F) is isomorphic to
Ezxample (a) with C cyclic of order 2.

In cases (3) and (4), we claim that the pair (A, G) is isomorphic to the pair (B,G). This will
reduce us to the case with trivial A, which was already dealt with. To prove the claim, we consider
as for G = G(2,1) the canonical basis of Ty(A) = To(B) = C2. Then the analytic representation

of G is given by the following values in its generators:

i o[-0 B
pa((7’7_2))_ 0 —i ’ pa(( 171))_ 0 1 ) pa((12))_ 10

Now, with this basis and the A from case (2), we already know that B — A looks like E? — E?
with matrix M from (*). It suffices to check then that the new generator p,((i,—i)) falls into
pa(G) after conjugation by M. And indeed we have that Mp,((i, —i))M =t = pa((i,4))pa((12)).

With the A from case (3), the corresponding matrix for B — A is:

1 4
N =
11
And once again, direct computations give:
a1 0 -1
Npa((i, =) )N~ = Lo | pa((=1,1))pa((12)),
1 0 —i . .
Npa((L1)N"" = | 0 = pa((12))pa((i, =),
1
. 0 1
Npa((12))N™" = Lo = pa((12)).

And these clearly generate the same group G.
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3.3 The case G =G(4,1)

Since G(4,1) contains G(4,2), we may start from the precedent list of possible non-trivial A’s.
Now, by Lemma 3.2, we know that the coordinates of the elements in A are i-invariant. We get

then that there are only two options for A, that is the trivial case and A = ((to, to))-

In the trivial case, we immediately see that (A, G) corresponds to Example (a). Assume then that
A is non-trivial and consider the element (s,t) € B with s € E[2], s not i-invariant and 2t = ¢,.
Since clearly these elements have different order, we see that the orbits of these elements by the
action of (tg) X u4 are different. Thus no action of an element in A x H C A x G can compensate
the action of (12) € G in order to fix (s,t). In other words, the stabilizer of ¢ must be contained
in A x H. Tt is easy to see then that it corresponds to {(((to,%0),(¢,—1))). By Lemma 3.3, this

stabilizer is not generated by pseudoreflections and hence A/G is not smooth in this case.

3.4 The case G = (G(3,1)

By Lemma 3.2, we know that the coordinates of the elements in A are (3-invariant. Now, there
are only two such non-trivial elements that we will denote by sy and —sg. Since we also know
that there are no elements of the form (¢,0) for ¢t € FE, we get the following possible options for a

non-trivial A:

(1) A={0};
(2) A= {((s0,50));

(3) A= {((s0,—50))-

We immediately see that the trivial case gives us Example (a). In case (2), Lemma 3.3 tells us that
the only pseudoreflections in A x G are those coming from G. In particular, in order to prove that
A/G cannot be smooth, it suffices to exhibit an element in B such that its stabilizer in A x G has
elements that are not in G. Let 7 = ({5,(3) € H C G, then 1 — 7 is surjective. Then there exists
an element Z € B such that Z — 7(Z) = (s, so). This implies that ((so, s0),7) € A x G stabilizes

z, proving thus that A/G is not smooth in this case.

In case (3), consider the element § = (s, —s) € B with s € E[3] and s not (3-invariant. Note that
(s0) x us acts on E[3] and a direct computation tells us that the orbit of s is {s, s+ sg,s—sp}. In
particular, we see that s and —s lie in different orbits for this action. The same argument used in
the case of G(4,1) tells us then that the stabilizer of § must be contained in A x H. It is easy to
see then that, up to changing 5 by —3, it corresponds to (((so, —50), (¢3,(3))). Since this stabilizer
is not generated by pseudoreflections by Lemma 3.3, we see that A/G is not smooth in this case

as well.
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3.5 The case G = G(6,1)

By Lemma 3.2, we know that the only possibility is a trivial A. This clearly corresponds to
Example (a).

3.6 The case G = G(6,2)

Since G(6,2) contains G(3,1), we may start from the possible non-trivial A’s for that case. Note
that these are all 3-torsion subgroups. Thus, if Z € B denotes a 2-torsion element, we see that its
stabilizer in A x G can only contain elements in G. Consider then the element ¢ = (¢,0) where ¢
is a non-trivial 2-torsion element. As it is proven in [2, Prop. 3.4], the stabilizer of this element in
G is not generated by pseudoreflections. This implies that A/G = B/(A x G) cannot be smooth
regardless of the choice of possible A.

3.7 The case G = G(6,3)

Since G(6,3) contains G(2,1), we may start from the possible non-trivial A’s for that case. Note
that these are all 2-torsion subgroups. Thus, like we noticed in the previous case, if z € B
denotes a 3-torsion element, its stabilizer in A x G only contains elements in G. Consider then
the element § = (sg,0) where sq is a (3-invariant element (hence 3-torsion). Once again, as proven
in [2, Prop. 3.4], the stabilizer of this element in G is not generated by pseudoreflections, which

implies that A/G cannot be smooth in any case of A.

This finishes the study of the cases where m # p. We are left thus with the cases G(3,3) and G(6, 6).

In these particular cases we forget all the constructions done before and start from scratch.

3.8 The case G = G(3,3)

The group G(3,3) is easily seen to be isomorphic as a complex reflection group to Ss acting on
C? via the standard representation. As such, it has already been treated by the first two authors
in [2, §3.1] and we know that in that case we get a smooth quotient if and only if we are in

Example (b).

3.9 The case G = G(6,6)

Note that G(6,6) is isomorphic to the direct product G(3,3) x {£1}. Since the actions of S;
and po = {£1} commute, we may follow the approach taken by [2] for S3 and we will prove the

following;:
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Proposition 3.5. Let G(6,6) = S5 X o act on an abelian surface A in such a way that its action

on To(A) is the standard one for Ss and the obvious one for us. Then A/G is not smooth.

Proof. Let 0 = (12) € S3 and E = E, be induced by a line L, C Ty(A), and define the lattice
Ap = Z T(Ly NAL).
TES3
Since clearly all lattices are po-invariant, this gives us a G-invariant sublattice of A 4. Therefore,
we get a G-equivariant isogeny 7 : B — A with kernel A. Applying this construction to Example
(b), to which we can naturally add the action of us in order to get an action of G, we see that it

gives the whole lattice. We can thus see B as
B = {(z1,22,23) € E3 | 21 4 29 4+ 23 = 0},

where S3 and uo act in their respective natural ways. Using the notations from Section 2, we
see by inspection that F, p = E, p[2] ~ E[2], hence the map 7 : F, p — F, 4 is surjective since
by Lemma 2.1, case 2., we have F, 4 C E, a[2] ~ E[2]. By Proposition 2.2, we have that A is
contained in the fixed locus of all the conjugates of o, which clearly generate S3. Thus, A consists
of elements of the form (z,7,2) € E® such that 3z = 0. In particular, A is isomorphic to a

subgroup of E[3] and hence of order 1, 3 or 9.

Assume that A is trivial, that is, that A = B. Then the action of G = S3 x p on B ~ E? induces
an action of up on B/S3 ~ P? (recall that the action of S3 on B is that of Example (b)). We only
need to notice then that any quotient of P2 by a non trivial action of the group s is not smooth.

This is well-known.

Assume now that A has order 3 and let ¢ = (¢,¢,t) € A be a non-trivial element (thus t € E[3]).
Let x € E[3] be a non-trivial element different from +¢ and consider = (z,z + ¢,z —t). It is then
easy to see that the element (¢,(123)) € A x G fixes T and that Stabg(z) = {1}, so that every
pseudoreflection fixing & must lie outside G. Let (5, 0) be such a pseudoreflection. Using Lemma
2.3, we see that 0 € {—(12),—(23),—(13)}, where —7 denotes (7, —1) € S3 X pu2 = G. Now, for
any such o, direct computations tell us that (3, o) fixes Z if and only § = (s, s, ) with s = azx+b,t
for some a, # 0. Since z & (t) C E[3], we see that § ¢ A and hence these pseudoreflections do not
exist. We get then that Staba ¢ (Z) is not generated by pseudoreflections and hence A/G cannot

be smooth.

Assume finally that A has order 9. We claim that in this case the pair (A4, G) is isomorphic to
the pair (B, G). This will reduce us to the case with trivial A, which was already dealt with. To
prove the claim, fix the basis {(1,0,—1),(0,1,—1)} of To(B) = To(A) C C3. Then the analytic
representation of G is given by the following values in its generators:

-1 0 -1 -1

0 1
pa((12)) = Lol pa(=1) = N E pa((123)) = _
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Now, with this basis and this A, the analytic representation of B — A is given by the inverse of
the following matrix:

-1 =2

2 1

M =

Indeed, this corresponds to the morphism that sends (z,y,—z —y) € B C E® to (—x — 2y, 2% +
y,—x+y) € A C E? and thus its kernel is precisely the elements of the form (z,z,z) € E[3]® C B,
that is, A. In order to prove that the pairs (4,G) and (B, @) are isomorphic, it suffices thus to
prove that the image of this representation of G under conjugation by M is G once again. Direct

computations give:
Mpa(~D)M ™ = po(=1),  Mpa(123)M~" = p,((123)),

Moo= () = pal(12)pu(-1),

And these clearly generate the same group G. O

4 Proof of (3) = (2)

The only thing left to prove is that Example (c) satisfies property (2) from Theorem 1.1 (the other

two are proved in [1]). Let us then study this example in detail.

Recall that in section 3.2 we proved that the pair (4, G) from Example (¢) can be obtained as
follows. Let G = G(4,2) and let B = E? with E = C?/Z]i]. Denote by ty the i-invariant
element in F and denote by gy the quotient morphism F — E/(t) ~ E. Then A = B/A with
A = ((to,t0)) € E* = B and the action of G on A is the one induced by B — A.

Note now that G has an index 2 subgroup G; := G(2,1) = H; x Sy, which is thus normal in G
(here, H; = {£1}?). Moreover, the pair (B, G1) corresponds to Example (a), so that B/G1 ~ P2
Finally, note that A is an order 2 subgroup of B and thus G acts trivially on it. In particular, the

actions of G and A on B commute and hence we have a commutative diagram of Galois covers
B—2 -4
G1 l
al PP——=A/Gy |c

o]

B/G—— A/G,

where parallel arrows have the same Galois group. Since A and G/G; have both order 2, we see

then that A/G is a quotient of P? by the action of a Klein group.
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Proposition 4.1. The quotient A/G is isomorphic to P2.

This proposition finishes the proof of (3) = (2) in Theorem 1.1.

Remark 4.2. This example was already known to Tokunaga and Yoshida (cf. [6, §5, Table II]).

However, in order to prove that A/G ~ P2, they cite an article by Svarcman which contains no

proofs (cf. [3]).

Proof. Since A/G is a quotient of P? by the action of a Klein group K, the only thing we need to
check is that this action gives P? as a quotient. Note first that the action is faithful since it comes
from the faithful action of G x A on B. Consider then K as a subgroup of PGL3 = Aut(P?) and
let K7 be its preimage in SLz. This is an order 12 group and hence any 2-Sylow subgroup of K3
gives a lift of K to a subgroup of GL3. This implies that the action lifts to C3 and it can thus be
seen as a linear representation of K. Since there are exactly four irreducible representations of K,
all of dimension 1, a direct check tells us that any choice of three different representations gives the
same faithful action on P? up to conjugation, whereas any other choice gives a non-faithful action.
We may assume then that the nontrivial elements z; € K for i = 1,2,3 act on P? via the diagonal
matrices with 1 on the i-th coordinate and —1 elsewhere. The quotient of P2 by such a group is
the weighted projective space P(2,2,2), which is well-known to be isomorphic to P(1,1,1) = P2,
This concludes the proof. O
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1 Introduction

All graphs considered in this paper are assumed to be simple and to have no isolated vertices. The
number of edges of a graph G denoted by e(G), is called the size of G. §(G) and A(G) respectively
denote the minimum and maximum of the degrees of all vertices in G. x'(G) denotes the edge
chromatic number of GG, the minimum number of colors needed to color the edges of G, so that
no two adjacent edges in G have the same color. An odd component of a graph is a maximal
connected subgraph of the graph with odd number of edges. Two graphs G and H are said to
be isomorphic, denoted as G = H if there exists a bijection between the vertex sets of G and H,
f: V(G) — V(H) such that two vertices u and v of G are adjacent in G if and only if f(u) and
f(v) are adjacent in H. For graphs G; and Ga, their union G; U G5 is the graph with vertex set
V(G1UG2) = V(G1) UV(G2) and edge set consisting of all the edges in G together with all the

edges in Gs. If k is a positive integer, then kG is the union of k disjoint copies of G.

V2

V4 %4
v Vs v ) v
G, vt Gy U3 5 G 6 ]
V2 V4
V1 U3 Us

Figure 1: G; U G2

Let G = G3. Then G = G3 and 2G is shown in Figure 2.

on v7
U3 U5 Vg U8
Figure 2: 2G

A vertex u of a graph G is said to cover an edge e of G or e is covered by u, if e is incident with u.
Let u, w be two vertices of a graph G and take two copies of G : G1, G2. The graph H obtained by
identifying the vertex u in Gy with the vertex w in G has vertex set V(H) = V(G1)UV(G2) — {w}
and edge set F(H) = E(G1) U E(G2), where the edges in Go incident with w are now incident

with u.

A graph H is said to divide a graph G if there exists a set of subgraphs of GG, each isomorphic to H,

whose edge sets partition the edge set of G. Such a set of subgraphs is called an H-decomposition
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of G. If G has an H-decomposition, we say that G is H-decomposable and write H|G.

A graph is called a common multiple of two graphs H; and Hj if both H;|G and H3|G. A graph
G is a least common multiple of H; and Hs if G is a common multiple of H; and Hs and no other
common multiple has a smaller positive number of edges. Several authors have investigated the
problem of finding least common multiples of pairs of graphs H; and Ho; that is graphs of minimum
size which are both H; and Hy decomposable. The problem was introduced by Chartrand et al.
in [5] and they showed that every two nonempty graphs have a least common multiple. The
problem of finding the size of least common multiples of graphs has been studied for several pairs
of graphs: cycles and stars [5,13,14], paths and complete graphs [11], pairs of cycles [10], pairs of
complete graphs [4], complete graphs and a 4-cycle [1], pairs of cubes [2] and paths and stars [8].

Least common multiple of digraphs were considered in [7].

If G is a common multiple of H; and Hs and G has ¢ edges, then we call G a (¢, Hy, Hz) graph. An
obvious necessary condition for the existence of a (¢, H1, Hz) graph is that e(Hi)|g and e(Hs)|q.
This obvious necessary condition is not always sufficient. Therefore, we may ask: Given two
graphs Hy and Ha, for which value of ¢ does there exist a (¢, H1, H2) graph? Adams, Bryant and
Maenhaut [1] gave a complete solution to this problem in the case where H; is the 4-cycle and Hs
is a complete graph; Bryant and Maenhaut [4] gave a complete solution to this problem when Hj is
the complete graph K3 and Hs is a complete graph. The problem to find least common multiples
of two graphs Hy and Hy is to find all (¢, H1, H2) graphs G of minimum size g. We denote the
set of all least common multiples of Hy; and Hs by LCM (Hy, Hs). The size of a least common
multiple of H; and Hy is denoted by lem(Hq, Hz). Since every two nonempty graphs have a least
common multiple, LCM (Hy, Hs) is nonempty. For many pairs of graphs the number of elements of
LCM (Hy, Hs) is greater than one. For example both P; and Cg are least common multiples of Py
and Ps. In fact Chartrand et al. [6] proved that for every positive integer n there exist two graphs
having exactly n least common multiples. In [11] it was shown that every least common multiple
of two connected graphs is connected and that every least common multiple of two 2-connected
graphs is 2-connected. But this is not the case for disconnected graphs. For example if we take
H, = 2K, Hy = (5, then G; = 2C5 and Gy - the graph obtained by identifying two vertices in
two copies of Cs, are in LCM (H;, Hs) of which G; is disconnected while G2 is connected.

As two graphs can have several least common multiples, it is interesting to search for pairs of
graphs that have a unique least common multiple. Pairs of graphs having a unique least common
multiple were investigated by G. Chartrand et al. in [6] and they proved the following results.
Theorem 1.1. A graph G of order p without isolated vertices and the graph Ps have a unique
least common multiple if and only if every component of G has even size or G = K,,, where p = 2
or 8 (mod 4).

Theorem 1.2. A nonempty graph G without isolated vertices and the graph 2K have a unique
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least common multiple if and only if G = Ko, G = K3 or 2K5|G.
Theorem 1.3. Let v and s be integers with 2 < r < s. Then the stars K1, and Ky s have a

unique least common multiple if and only if ged(r,s) # 1.

A result proved by N. Alon [3] on tK3-decomposition of a graph is used to find those graphs that
have a unique least common multiple with tKo.

Theorem 1.4. For every graph G and everyt > 1, tK3|G if and only if t|e(G) and x'(G) <

(G).
t

We will also make use of a result proved by O. Favaron, Z. Lonc and M. Truszczynski [9] to
characterize those graphs that have a unique least common multiple with Ps U Ks.

Theorem 1.5. If G is none of the six graphs Gy to Gg listed below, then G is PsUKs decomposable
if and only if

(4) the edges of G cannot be covered by two adjacent vertices;

Ly&a )
RUEAS)

In this section we are characterizing those graphs that have a unique least common multiple with

tKs and P3 U Ko.

where,

2 Main results
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2.1 On graphs that have a unique least common multiple with ¢K,

Theorem 2.1. A nonempty graph G without isolated vertices and the graph tKs have a unique
lem(tKs, G)

least common multiple if and only if tKs|G or §(G) > 5

Proof. Consider the graph tG. Clearly tG is both G and tK» decomposable. Let ¢ = e(G). Since

e(tG) = tq, we have lem(tKs, G) < tq. But lem(tK2, G) is a multiple of ¢g. So lem(tK2, G) = ql,

lem(tK2,G) _ ql
z

= L. Let H be a least common multiple of G and tK5.

where [ < t. This implies ;

Case 1. [ > 1.

Since H is tKs-decomposable, by Theorem 1.4, x/'(H) < qu' Since G|H, x'(G) < x'(H) <
Thus A(G) < Z.

wlﬂ_‘

Subcase (i): 6(G) < g—i.

Consider the graph G o GG, which is obtained by identifying two vertices of least degree in G. In
this subcase A(G o G) < qu, since A(G) < %l. X'(G) < %l implies x'(G o G) < qu. Color Gy, a
copy of G in G o G, with k < %l colors. This is possible, since x'(G) < %l. Let v be the identified
vertex in Go@G. Since §(G) < g—i, the edges adjacent to v in G are colored using at most g—i colors.
Color Gs, the copy of G in G oG other than GG1, with the same & colors as follows. Color the edges
adjacent to v in G2 using colors different from those which were used to color the edges adjacent
to v in GG;. The remaining colors used in the coloring of G; can be used to color other edges of

Gs. Thus X' (GoG) =k < %4

Let Hy = IG, the union of [ disjoint copies of G and Hy = GoGU (I —2)G. Clearly Hy and H» are
divisible by G. Since x'(H1) = xX/'(G) < qu, H, is tKo-decomposable. x/'(Hz) = X' (GoG) < qu, H,
is t Ka-decomposable by Theorem 1.4. Thus Hy, Hy € LCM (tK2,G). e(Hy) = e(Hz) = ql, where
q = e(@). Since lem(tKq,G) = ¢l, Hy and Hs are two non-isomorphic least common multiples of

tK5 and G.

Subcase (#): 6(G) > Ly

2t

In this case I > 1 and lem(tK2, G) = ql, where ¢ = ¢(G). Thus H € LCM (tK3,G), should be
decomposed into at least two copies of G. If H is different from IG, then A(H) > qu which implies
X' (H) > qu and hence by Theorem 1.4, H is not tKs-decomposable. Thus [G is the unique least
common multiple of tKs and G.

Case 2. [ =1.

In this case lem(tK2, G) = q. Thus tK3|G and G is the unique least common multiple. g

Remark 2.2. The result in the above theorem, Theorem 2.1, appeared in [12]. We are giving the

proof of this result here since the result is needed for proving Theorem 2.8. The result was proved
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by the first author of this manuscript.

2.2 On graphs that have a unique least common multiple with P; U K,

Theorem 2.3. A nonempty graph G without isolated vertices and the graph P3UKs have a unique
least common multiple if and only if G = Ko or Ps UKy | G.

Proof. Let q = e(Q).
Case 1. (G is a connected graph.

If G = K3, then G | PsUKy. Thus LOCM (P3U Ks, K3) = {PsU K>} and hence their least common

multiple is unique. So we are going to analyse the case where G # Ko.
Consider the graph 3G, a union of three disjoint copies of G. Then
(1) e(3G) =0 (mod 3).
(2) ABG) = A(G) < q=3(3q) < 3(39) = 3e(3G).
(3) ¢(3G) <3< 1(3q) = 1e(3G), if e(G) > 3. If e(G) = 2, then ¢(3G) =0 < 2¢(3G).
(4) The edges of 3G cannot be covered by two adjacent vertices, since the graph is disconnected.

Thus by Theorem 1.5, 3G is P3sUKs-decomposable. Clearly 3G is G-decomposable. Hence lem(PsU
K27 G) < 3q

Subcase (i): lem(Ps U K3, G) = 3q.

Consider the graph H = GoGUG, where G oG is the graph obtained by identifying a least degree

vertex in two copies of G. Then

(4) Since H is disconnected, edges of H cannot be covered by two adjacent vertices.

Thus by Theorem 1.5, H is P3 U K»- decomposable. Clearly H is G- decomposable. Hence in this
case both H and 3G are elements of LCM (Ps U K3, G) and hence their least common multiple is

not unique.
Subcase (i): lem(Ps U K2, G) = 2q.

In this case there exists a graph H such that e(H) = 2¢ and H € LCM(Ps U K2, G). Consider the
graph 2G.
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(1) Since H € LCM (Ps U K3, G) we get 3 | e(H) = 2g = ¢(2G) and hence e(2G) =0 (mod 3).

(2) Since H is G-decomposable and A(G) = A(2G), A(2G) < A(H). H is P;sUK3-decomposable
and so by Theorem 1.5, A(H) < 2e(H) = 2¢(2G). Thus A(2G) < 2¢(2G).

(3) In this case ¢ > 3 (if ¢ = 1, then G = K and if ¢ = 2, then e(2G) = 4 # 0 (mod 3)). So
c(2G) € 2 < 12¢ = 1e(2G).

(4) Since 2G is disconnected, the edges of 2G cannot be covered by two adjacent vertices.

By applying Theorem 1.5, 2G is P3 U Ks-decomposable. 2G is clearly G-decomposable. Thus
2G € LCM(P3 U Ko, G)

We can also prove that Go G € LCM(P;s U K, G).
(1) e(GoG) =e(2G) =0 (mod 3).

(2) In order to prove that A(G o G) < 2¢(G o G) it is enough to prove that A(G) and 25(G)

are less than or equal to %e(G o 3), since G o G is obtained by identifying a vertex of least

degree in two copies of G.
Since H € LCM(P3U K3, G), A(G) < A(H) < 2¢(H) = 2¢(G o G).

25(G) < 2e(GoG) = 6(G) < %. Suppose §(G) > %. Then 2q = > cv (e dv) =
> vev(c) 0(G) = né(G) > n%, where n = |[V(G)|. This implies n < 3. G is a connected

graph without isolated vertices and G # K. Thus n > 3 and so 6(G) < %

(3) c(GoG) =0< 3e(GoG).

(4) The edges of G o G cannot be covered by two adjacent vertices. Suppose the edges of G o G
can be covered by two adjacent vertices, then the identified vertex is one such vertex, since
in G o G, no two vertices are adjacent except the identified vertex. This implies using the
identified vertex and one other vertex it is possible to cover all the edges of G o G. This
is possible only if G is a star with the identified vertex as the center of the star. This is a

contradiction, since to construct G o G a vertex of least degree in G is identified.

Applying Theorem 1.5, G o G is P3 U Ko- decomposable and it is clearly G-decomposable. So
GoGe LCM(P3UK2,G)

We have proved that 2G and G o G € LCM (P; U K3, G) and hence their least common multiple

is not unique.
Subcase (i1): lem(Ps U Ko, G) = q.
In this subcase G is the unique least common multiple, since ¢ = e(G).

Case 2. G is disconnected.
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As in the first case, assume that G # tKs. Then at least one component of G has more than one
edge. We construct a graph of size 3¢, which is a (3¢, G, Ps U K3)-graph, where ¢ = e(G). The
construction is as follows. Take a least degree vertex from each component of G. Let H be the
connected graph obtained by identifying all these vertices together. Take a least degree vertex in
H. Denote by Ho Ho H, the graph obtained by identifying this least degree vertex in three copies
of H.

(1) e(HoHoH)=e(3H)=3e(G) =0 (mod 3).
(2) A(HoHoH)<2A(H) <2e(G) = 2¢(3G) = 2¢(H o H o H).
(3) c(HoHoH)<1< %e(HoHoH).

(4) As in Subcase (i) of the previous case, the edges of H o H o H cannot be covered by two

adjacent vertices.

By Theorem 1.5, H o H o H is P3 U Ky-decomposable and obviously it is G-decomposable. Thus
lC’ITL(Pg U KQ, G) S 3q

Subcase (i): lem(Ps U K3, G) = 3q.

From the above discussion H o H o H is a least common multiple in this subcase. Consider the

graph H o HU H.
(1) e(Ho HUH) = 3e(G) =0 (mod 3).
(2) A(Ho HUH) <2A(H) < 2¢(G) = 2e(3G) = 2¢(H o HU H).
(3) c(HoHUH)<1=3e(HoHUH).

(4) Since H o HU H is disconnected, the edges of H o H U H cannot be covered by two adjacent

vertices.

Applying Theorem 1.5, HoHUH is P3UK>-decomposable and by construction it is G-decomposable.
Thus both H o H o H and H o HU H are in LCM(P; U K5, G) and hence their least common

multiple is not unique.
Subcase (it): lem(PsU Ky, G) = 2q.

In this subcase there exists a graph H’ of size 2¢ which is both G and P3 U K5 decomposable. We
will prove that H o H and H U H are in LCM (P U K»,G).

(1) e(Ho H) =2¢ =0 (mod 3), since e(H') = 2q and H’' is P3 U K5- decomposable.

(2) In order to prove that A(H o H) < 2¢(H o H), it is enough to prove that 26(H) < 2e(Ho H).
That is we need to prove §(H) < £(2q), where ¢ = e(H) = e(G).
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Suppose §(H) > %. Then 2q = 3_ cv () d(v) = X ev ) 6(H) = nd(H) > n(%) =n < 3.
Since G is a disconnected graph without isolated vertices, n < 3 is not possible. Hence

§(H) < 2. Thus A(HoH) < Z2e(Ho H).
(3) c(HoH)=0< te(HoH).
(4) By the construction of H o H, the edges of H o H cannot be covered by two adjacent vertices.

By Theorem 1.5, H o H is P3 U K5-decomposable and by construction, H o H is G-decomposable
and so Ho H € LCM (P; U K2, G).

Also HUH € LCM (P3; U Ky, G), since
(1) e(HUH) =2¢g=0 (mod 3), since lem(P; U K3) = 2q, where q = ¢(G) = e(H).
(2) AAHUH)<AHoH) < 2e(HoH) = 2e(HUH).

(3) Here c(HUH) < 2. Thus «(HUH) < 2e(HUH) if 2 < %, that is if ¢ > 3, where, ¢ =
e(G) = e(H). Since G is a disconnected graph without isolated vertices, ¢ # 1. Also if ¢ = 2,
then 2¢ =4 # 0 (mod 3). Thus in this subcase, ¢ > 3 and hence ¢(H U H) < 2e(H U H).

Thus H o H and HU H belong to LCM (Ps U K3, G) and hence their least common multiple is not

unique. [l
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1 Introduction and main result

The study of fractional Sobolev spaces and the corresponding nonlocal equations has received
a tremendous popularity in the last two decades considering their intriguing structure and great
application in many fields, such as social sciences, fractional quantum mechanics, materials science,
continuum mechanics, phase transition phenomena, image process, game theory, and Levy process,

see [34, 35] and references therein for more details.

On the other hand, in recent years, a great deal of attention has been paid to the study of
differential equations and variational problems involving p(z)-growth conditions since they can
be used to model a variety of physical phenomena that occur in the fields of elastic mechanics,
electro-rheological fluids (”smart fluids”), and image processing, etc. The readers are guided to

[19, 20, 27] and its references.

It is only normal to wonder what results can be obtained when the fractional p(-)-Laplacian is used
instead of the p(-)-Laplacian. The fractional p(-)-Laplacian has also recently been investigated in
elliptic problems; see [8, 10, 25, 26]. U. Kaufmann et al. [26] presented a new class of fractional
Sobolev spaces with variable exponents in a recent paper. The authors in [8, 9] showed some

additional basic properties on this function space as well as the associated nonlocal operator.

They used the critical point theory in [4] to prove the existence of solutions for fractional p(-)-
Laplacian equations. K. Ho and Y.-H. Kim [25] managed to obtain fundamental imbeddings for
a new fractional Sobolev space with variable exponents, which is a generalization of previously

defined fractional Sobolev spaces.

Let © € RN (N > 1) be a bounded open set with Lipschitz boundary and let p : Q@ x Q — (1, 4+o0)
be a continuous bounded function. The purpose of this paper is to establish the existence of

nontrivial weak solutions for the following fractional p(z)-Laplacian problems with discontinuous

nonlinearities.
(= D)) *u(@) + |u(@) 1@ ~2u(z) + AH (z,u) € — [¢(z,u),¥(z,u)] inQ, (L1)
u=0 on RM\Q, '

where ps < N with 0 < s <1 and (—A,))* is the fractional p(x)-Laplacian operator defined by

s _ |u(@) — u(y) P92 (u(z) —u(y)) N
(—A)p(z)u(w) =p.v. ~/RN\BE(;3) iz — gy dy, rzeR (1.2)

Vr € ), where p.v. is a commonly used abbreviation in the principal value sense and let p €

C(RYN x RY) satisfying

+
\

1<p~ = min _p(z, y) <p(r, y) <p" = max _p(z, y) < +oo, (1.3)
(z,9)€QxQ (z,y)EQXQ

p is symmetric 4. e.
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and Be(z) := {y e RN : |z —y| <e}.
Let as denote by:

B(z) = ple, @), Vo e Q.
Furthermore, the Carathéodory’s functions H satisfy only the growth condition, for all s € R and
a. e x €

(Ho) [H(,5)| < o(e(x) +]s]171),

where ¢ is a positive constant, e(x) is a positive function in L (*)(().

In the simplest case p = 2, we have the well-known fractional Laplacian, a large amount of papers
were written on this direction see [6, 15]. Moreover, if s = 1, we get the classic Laplacian. Some
related results can be found in [21, 39, 40, 41, 42]. Notice that when s = 1, the problems like (1.1)
have been studied in many papers, we refer the reader to [1, 5, 24], in which the authors have
used various methods to get the existence of solutions for (1.1). In the case when p = p(z) is a
continuous function, problem (1.1) has also been studied by many authors. For more information,

see [11, 23].

In order to prove the existence of nontrivial weak solutions, the main difficulties are reflected in the
following aspect, we cannot directly use the topological degree methods in a natural way because
the nonlinear term v is discontinuous. In order to overcome the discontinuous difficulty, we will
transform this Dirichlet boundary value problem involving the fractional p-Laplacian operator
with discontinuous nonlinearities into a new one governed by a Hammerstein equation. Then,
we shall employ the topological degree theory developed by Kim in [29, 28] for a class of weakly
upper semi-continuous locally bounded set-valued operators of (Sy) type in the framework of real
reflexive separable Banach spaces, based on the Berkovits-Tienari degree [12]. The topological
degree theory was constructed for the first time by Leray-Schauder [31] in their study of the
nonlinear equations for compact perturbations of the identity in infinite-dimensional Banach spaces.
Furthermore, Browder [14] has developed a topological degree for operators of class (S ) in reflexive
Banach spaces, see also [37, 38]. Among many examples, we refer the reader to the classical works

[2, 3, 18, 45] for more details.

To this end, we always assume that ¥ : 2 x R — R is a possibly discontinuous function, we “fill
the discontinuity gaps” of 1, replacing 1 by an interval [ »(x, u), (x, u)}, where

P(z,s) =liminf(z,n) = lim inf (z,n),

- n—s 50+ |n—s|<s

Y(x,s) =limsupy(z,n) = lim sup ¥(z,7n).
n—s 0=0% |p—s|<s

Such that
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(H1) v and ¢ are super-positionally measurable (i. e., ¥(-,u(-)) and ¥ (-, u(-)) are measurable on

Q for every measurable function v : 2 — R).
(H3) 1 satisfies the growth condition:
[, 5)| < b(@) + e(@)]s]" 71,

for almost all z € Q and all s € R, where b € L' @) (Q), ¢ € L>(2), where 1 < y(z) < p()
for all z € Q.

s,p(x, . s.p(@,y) *
First of all, we define the operator N acting from W P(29) () into 2(W0 ) by

Nu={pe (Wosvp(wvy)(m)* \ 3he LP@(Q);
Y(z,u(z)) < h(z) <Pz, u(z)) a. e z€Q

and <(P,’U> Z/thd;v V’UEWOS’p(I’y)(Q)}'

In this spirit, we consider F : WP (Q) —» (W;’p(w’y)(Q))* such that

_ [u(z) — u(y) P02 (u(z) — u(y))(v(@) — v(y)
(Fu,v) = /stz oy dzdy, (1.5)

for all v € W% () and the operator A : Wy — W setting by

(Au,v) = A |u(x)|q(x)72(u(:c)v(:c) + AH(z,u))v(z)dx, Yu,v e Wy,

where the spaces Wos’p(x’y)(ﬂ) := Wy will be introduced in Section 2.
Next, we give the definition of weak solutions for problem (1.1).

Definition 1.1. A function u € Wos’p(m’y)(ﬂ) is called a weak solution to problem (1.1), if there

exists an element ¢ € Nu verifying

(Fu,v) + (Au,v) + (p,v) =0, forall ve WOS"p(z"y) Q).

Now we are in a position to present our main result.

Theorem 1.2. Assume that ¢ satisfies (Hy), (H2) and H satisfies (Hy). Then, the problem (1.1)

has a weak solution u in W(f’p(w’y)(Q).

2 Preliminaries

2.1 Lebesgue and fractional Sobolev spaces with variable exponent

In this subsection, we first recall some useful properties of the variable exponent Lebesgue spaces

LP®)(Q) . For more details we refer the reader to [22, 30, 44].
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Denote

C(@) = {he O@)] inf h(x) > 1).

For any h € C,(Q) , we define
Rt :=max{h(z), x € Q}, h~ :=min{h(z), z € Q}.
For any p € C,(Q) we define the variable exponent Lebesgue spaces

LP@)(Q) = {u; u: Q — R is measurable and [ |u(z)[P®dz < —i—oo} .

Q

Endowed with Luxemburg norm

. u
(o) = inf {/\ >0/ ppt) (X) < 1}
where
pp() (4) = / lu(z)[P® dz, Yu € LP*)
Q

(LP@)(Q), I[llp(z)) is a Banach space, separable and reflexive. Its conjugate space is LP'@)(Q)

where —— +

p(x)  p'(z)
Proposition 2.1. (/22]) For any u € LP(*)(Q) we have

=1 for all z € 2. We have also the following result

(i) Nullpy <U(=1>1) & ppy(u) < 1(=1;> 1),

p+

(i6) Nullpa) = 1= [ull%) < ooy (0) < llull2,

—~

T

(i) |[ullp@) < 1= |ull} o) < Ppy(u) < HUHZ(;)

—~

From this proposition, we can deduce the inequalities

llullpezy < ppey(u) +1, (2.1)

- +
Py (u) < ||U||g(z) =+ ||U||g(z)- (2.2)

If p,q € C(Q) such that p(z) < ¢(z) for any z € Q, then there exists the continuous embedding
LI0 (@) 5 L7(Q)

Next, we present the definition and some results on fractional Sobolev spaces with variable exponent
that was introduced in [8, 26]. Let s be a fixed real number such that 0 < s < 1, and let
q:9Q— (0,00)and p: QxQ — (0,00) be two continuous functions. Furthermore, we suppose that
the assumptions (1.3) and (1.4) be satisfied, we define the fractional Sobolev space with variable
exponent via the Gagliardo approach as follows:

ju(z) — u) P
“Q ,\P(iy)|x — y|N+5p(z,y)

W = wea@r@v)(Q) = {u € L1)(Q) : / dzdy < +o0,
Q

for some \ > O} .
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We equip the space W with the norm

HUHW = Hqu(x) + [u]s.,p(z.,y)a

where [, ,(z,y) is a Gagliardo seminorm with variable exponent, which is defined by

. , Ju(a) — u(y) [P
[U] s p(z,y) = Inf {)\ >0: /QXQ Nz = N drdy <15.

The space (W, || - ||lw) is a Banach space (see [17]), separable and reflexive (see [8, Lemma 3.1]).

We also define W, as the subspace of W which is the closure of C§°(€2) with respect to the norm
|| - |lw. From [7, Theorem 2.1 and Remark 2.1]

- llwo = [spew
is a norm on Wy which is equivalent to the norm || - ||y, and we have the compact embedding
Wy < L1®)_ So the space (Wo, |- |lw,) is a Banach space separable and reflexive.

We defne the modular p,..y : Wo — R by

lu(z) — u(y)|p(z-,y)
p(-) () axa |z —y|N+er@y)

The modular p, checks the following results, which is similar to Proposition 2.1 (see [43, Lemma

2.1))

Proposition 2.2. ([30]) For any u € Wy we have

. - +
(i) Nullwy = 1= Nlullfy, < ppe.(w) < [lulliy,,

.. + -
(it) Nullwy <1 = [lullfy, < pp. (W) < ully,:

2.2 Some classes of operators and an outline of Berkovits degree

Now, we introduce the theory of topological degree which is the major tool for our results. We
start by defining some classes of mappings. Let X be a real separable reflexive Banach space with
dual X* and with continuous dual pairing (-, -) between X* and X in this order. The symbol —

stands for weak convergence. Let Y be another real Banach space.
Definition 2.3.

(1) We say that the set-valued operator F : Q C X — 2Y is bounded, if F maps bounded sets

into bounded sets;

(2) we say that the set-valued operator F : Q C X — 2Y is locally bounded at the point u € €2, if

there is a neighborhood V' of u such that the set F(V) = U Fu is bounded.
ueV
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Definition 2.4. The set-valued operator F : Q C X — 2Y is called

(1) upper semicontinuous (u.s.c.) at the point u, if, for any open neighborhood V of the set Fu,
there is a neighbhorhood U of the point u such that F(U) C V. We say that F is upper

semicontinuous (u.s.c) if it is u.s.c at every u € X;
(2) weakly upper semicontinuous (w.u.s.c.), if F=1(U) is closed in X for all weakly closed set U
nY.

Definition 2.5. Let Q be a nonempty subset of X, (un)n>1 € Q and F : Q C X — 2X°\ (. Then,

the set-valued operator F' is

(1) of type (S4+), if up, — uw in X and for each sequence (hy) in X* with h, € Fu, such that

lim sup(hy,, uy, — u) <0,

n—oo

we get uyp — u in X;
(2) quasi-monotone, if u, — u in X and for each sequence (w,) in X* such that w,, € Fu, yield

lim inf (wy,, w, — u) > 0.
n— o0

Definition 2.6. Let  be a nonempty subset of X such that Q@ C 4, (up)p>1 C Q and T :
Q1 C X — X* be a bounded operator. Then, the set-valued operator F : Q C X — 2%\ ) is of

type (S+)1, if

Up — U N X,
Tu, =y in X*,

and for any sequence (hy,) in X with h,, € Fu, such that

lim sup{h,,, Tu, —y) <0,

n—roo

we have u, — u in X.

Next, we consider the following sets :

F1(Q) :={F :Q — X*|F is bounded, demicontinuous and of type (S4)},
Fr(Q) :={F:Q — 2X|F is locally bounded, w.u.s.c. and of type (Sy)r},

for any 2 C Dp and each bounded operator T': 2 — X*, where Dp denotes the domain of F'.
Remark 2.7. We say that the operator T is an essential inner map of F, if T € F1(G).

Lemma 2.8. (/29, Lemma 1.4]) Let X be a real reflexive Banach space and G C X is a bounded

open set. Assume that T € F1(G) is continuous and S : Dg C X* — 2% weakly upper semicon-

tinuous and locally bounded with T(G) C Ds. Then the following alternative holds:
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(1) If S is quasi-monotone, yield I + S o T € Fr(G), where I denotes the identity operator.

(2) If S is of type (S4.), yield S o T € Fr(G).

Definition 2.9. ([29]) Let T : G C X — X* be a bounded operator, a homotopy H : [0,1]xG — 2%
is called of type (Sy)r, if for every sequence (tx,ux) in [0,1] x G and each sequence (ay) in X with
ay € H(tg,ug) such that

up—u €X, tp—=te€l0,1, Tur—y in X" and limsup{ar, Tu; —1y) <0,

k—o0

we get up — uw in X.

Lemma 2.10. (/29]) Let X be a real reflexive Banach space and G C X is a bounded open set,
T : G — X* is continuous and bounded. If F, S are bounded and of class (Si)r, then an affine
homotopy H : [0,1] x G — 2% given by

H(t,u) == (1 —t)Fu+tSu, for(t,u)€[0,1] x G,
is of type (S1)r.

Now, we introduce the topological degree for a class of locally bounded, w.u.s.c. and satisfies

condition (S )r for more details see [29)].
Theorem 2.11. Let
L={(F.G,9)|G €0, T e F(G), F € Fr(G), g ¢ F(0G)},

where O denotes the collection of all bounded open sets in X. There exists a unique (Hammerstein
type) degree function
d:L—27

such that the following alternative holds:

(1) (Normalization) For each g € G, we have d(I,G,g) = 1.
(2) (Domain Additivity) Let F € Fr(G). We have
d(F,G,g) = d(F,G1,g) +d(F, G, 9),
with G, Go C G disjoint open such that g € F(G\(G1 U Gs)).

(3) (Homotopy invariance) If H : [0,1] x G — X is a bounded admissible affine homotopy with
a common continuous essential inner map and g: [0,1] = X is a continuous path in X such
that g(t) & H(t,0G) for allt € [0,1], then the value of d(H(t,-),G, g(t)) is constant for any
t €10,1].

(4) (Solution Property) If d(F, G, g) # 0, then the equation g € Fu has a solution in G.
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3 Proof of Theorem 1.2

In the present section, following compactness methods (see [18, 32]), we prove the existence of weak
solutions for the problem (1.1) in fractional Sobolev spaces. In doing so, we transform this elliptic
Dirichlet boundary value problem involving the fractional p-Laplacian operator with discontinuous
nonlinearities into a new problem governed by a Hammerstein equation. More precisely, by means
of the topological degree theory introduced in section 2, we establish the existence of weak solutions

to the state problem, which holds under appropriate assumptions. First, we give several lemmas.

Lemma 3.1. Let 0 < s <1 and 1 < p(x,y) < 400, (or spy < N) the operator F defined in (1.5)

18
(i) bounded and strictly monotone operator.

(ii) of type (S+).

Proof. (i) It is clear that F is a bounded operator. For all £,7 € RY, we have the Simon

inequality (see [36]) from which we can obtain the strictly monotonicity of F:

1€ =P < e (JE[P72€ = In[P~2n) (€ — n); p>2

[SIS]

€=l < Gy (IEl=2€ = Il ~2n) (¢ = )] " (lel” + i) =" 1<p<2,

here (1)_pad0 L
where ¢, = | = n = .
P 2 L

(i1) Let (up) € Wos’p(x’y)(ﬂ) be a sequence such that u,, — u and lim sup(Fu, — Fu, u, —u) < 0.

n—oo
In view of (i), we get
lim (Fu, — Fu,u, —u) =0.
n—oo
Thanks to Proposition 2.1, we obtain
un(z) = u(zx), a.e. x €. (3.1)

In the sequel, we denote by L(z,y) = |z — y| NV —P(@¥),
By Fatou’s lemma and (3.1), we get

lim inf/ |t () = wp (9)|PEY L(2, y)dady > / lu(z) — u(y)[P@Y L(x, y)dedy. (3.2)
n=+o0 Jaxo QxQ
On the other hand, from u,, — u we have

lim (Fun, v, —u)= lim (Fu, — Fu,u, —u) =0. (3.3)

n—-+oo n—-+oo
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Now, by using Young’s inequality, there exists a positive constant ¢ such that

(Pt 4y, — ) = / i () — () P9 L, ) ey
= [ Tunla) = ua )P o)~ () ue) (o)) L ) dndy
> / () — () P59 L, ) ey (3.4)
= [ o) = )P ) = (o) E o, )y
(9539
> /Q Jun() = 0, ()P L)y

—e / () — u(y) PV Lz, y)dady,
QxQ

combining (3.2), (3.3) and (3.4), we obtain

lim [un (@) = un(y) "V Lz, y)dady :/ ju(@) = u(y) [PV Lz, y)dzdy. (3.5)
n=+oo Joxq axQ
According to (3.1), (3.5) and the Brezis-Lieb lemma [13], our result is proved. O

Proposition 3.2. ([16, Proposition 1]) For any fized x € Q, the functions (z, s) and ¢ (z, s) are

upper semicontinuous (u.s.c.) functions on RY.

Lemma 3.3. Let Q C RN (N > 1) be a bounded open set with smooth boundary. The operator
A WePED(Q) — (WP V(Q))" defined by

(Au,v) = /Q(|u(x)|q(w)_2u(x) + AH (z,u))vdx, Vu,v € Wy

is compact.

Proof. The proof is broken down into three sections.

Step 1. Let ¢: Wy — qu(z)(Q) be the operator defined by
pu(z) = —|u(@)|"®2u(z) for ueW, and zeQ.

It is obvious that ¢ is continuous. Next we show that ¢ is bounded. For every u € Wy,

we have by the inequalities (2.1) and (2.2) that
a(z)—1 q' (z) 0 0
I9ullye < puy(@w) +1= | ‘|u| ‘ dz + 1= pyy(u) < [lull 2, + lullZg,, +1.
By the compact embedding Wy << L) (Q) we have
- +
ullge < const (Ilullfy, + llullfy, ) +1.

This implies that ¢ is bounded on Wj.
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Step 2. We show that the operator v defined from Wy into Lp,(x)(ﬂ) by
Yu(r) = —AH(z,u) for weW, and z€Q
is bounded and continuous. Let u € Wy, by using the growth condition (Hp) we obtain
lull? ) < /Q INH (2, w)[” @) d
< ('@ /Q (le(@)P'® + [u] €@ =D @) g
< (9)\)10/(96)/Q (|€(I)|p’(r) + |u|(p(x)*1)p'(r))dx (3.6)

< (N / le(@)[P' @ da + (oA @) / P
@ Q
< (@) O llellbfy + llells ) + @07 O (ullp, + lullbe,)
< Co(lullfyf + Nullfy, + 1),
where C,, = max ((Q/\)p'(z)(”eHZ:z;) +|le| g;(;)), (g)\)p’(x)). (Due to e(z) is a positive function
in LPI(I)(Q)).
Therefore 1 is bounded on WM(I),p(z,y)(Q)_

Next, we show that 1 is continuous, let u,, — u in W9@)P@¥)(Q), then u,, — u in LP*)(Q).
Thus there exists a subsequence still denoted by (u,,) and measurable function ¢ in LP(*)(Q)
such that

|un(2)] < ¢(2),
for a.e. z € and all n € N. Since H satisfies the Carathéodory condition, we obtain
H(z,un(x)) = H(x,u(z)) ae ze. (3.7)
Thanks to (Hp) we obtain
|H (2, un(2))] < o(e(x) + ()] 7))

for a.e. x € Q and for all k¥ € N.
Since

e(z) + lp(x) P € LP (@),
and from (3.7), we get
| 1@, un(e)) - H(z,u(x))|P @ dz — 0,
by using the dominated convergence theorem we have

Yup — Yu  in Lp/(z)(ﬂ).

Thus the entire sequence (¢u,) converges to ¢u in Lp/(””)(Q) and then v is continuous.
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Step 3. Since the embedding I : Wy — L(*)(Q) is compact, it is known that the adjoint operator
I*: Lq/(””)(Q) — Wy is also compact. Therefore, the compositions I*o¢ and I*ot) : Wy — Wy
are compact. We conclude that S = I* o ¢ + I* o ¢ is compact. [l

Lemma 3.4. Let Q C RN (N > 1) be a bounded open set with smooth boundary. If the hypotheses
(H1) and (H3) hold, then the set-valued operator N defined above is bounded, upper semicontinuous
(u.s.c.) and compact.
Proof. Let A : LP®)(Q) — L") b set-valued operator defined as follows
Au={he LY @) Yz, u(z)) < h(z) <Pz, u(z)) a. e x€Q}.
Let u € Wy, by the assumption (Hz) we obtain
max { [§(@, s)|; [(z, )| } < bla) + ()]s
for all (z,t) € Q x R where 1 < y(z) < p(z) forall z € R .
As a result
/Q |E(x,u(x))|p,(z)d:v < 2p,++1( o |b($)|p/(x)dx + /Q |C|p,(x)|u($)|p(z)d$)-

A same inequality is shown for (z, s), it follows that the set-valued operator A is bounded on

Wo(R2). Tt remains to prove that A is upper semi-continuous (u.s.c.), i. e.,
Ve >0, 30 >0, |lu—uollp<d = AuC Aug+ B,
where B, is the e-ball in L¥'(®)(Q).

To come to an end, given ug € LP(®)(Q), let us consider the sets

where

K = { €9, it It~ uo@) < —, then [(,2), Bz, )] C |4 uo(e)) — 5, Bl uolw)) + %[} ,

m being an integer, [t| = Jmax, [t;| and R is a constant to be determined in the following pages.
2

In view of Proposition 3.2, ‘we define the sets of points as follows

Gm,s = ﬂ KTa
reRN
where RYY denotes the set of all rational grids in RY. For any r = (rq,...,rn) € RY,

N 1 1 il 1 1
KT:{x€Q|uo(x)eCil:[l}ri—E,Ti—i—E[}U{x€Q|u0(x)eil:[jm—g,m—i—g[}
>

N {x € Q| p(x,r) < Pz, up(z)) + % and Y (z,7)
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so that K, and therefore G, . are measurable. It is obvious that
GicCGye C---

In light of Proposition 3.2, we have

therefore there exists mg € N such that
M(Gge) > m(Q) — =. (3.8)

But for each € > 0, there is 7 = n(e) > 0, such that m(T) < n yields

2 [ 2P+ @)@ D@ < (5)" (39)
T
because of b € LP () (Q) and uy € LP®)(1).
Let now
. 1 n = 1 £ p;+
0<d< mln{m—o (5) ' opt 2 (@) ) (3.10)
2e 1
R>max{—,3(m(ﬂ))P}7 (3.11)
n
where

proif flu—uollpe) <1
p~ if [lu = uollp@) > 1.

1
Suppose that [[u — ugl|,(») < ¢ and define the set G = {x € O\ |u(x) — up(z)| > —}, we get

mo
m(G) < (mod)P®) < g (3.12)
If x € Gy < \G, then, for any h € Au,

and

Let
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and
E(x,uo(d?))a for ze€ KT,

U)(:C) = h(iC) ) fOl" €T € KO;
Pz, uo(z)), for ze K.

Hence w € Aug and
lw(z) — h(z)| < % for all 2 € Gg.c \ G. (3.13)

From (3.11) and (3.13), we have

"+

'+
— (@) @dz < (2) m@) < (2) . 3.14
Jo ) =@ < () i < (3) (3.14)
Assume that V' is a coset in Q of Gy, \ G, then V= (Q\ Gpy.e) U (Grpe N G) and

m(V) < m(Q\ Gmg.e) + 1(Gmg.e N G) < % +m(G) <1.

According to (3.8), (3.11) and (3.12). From (H3), (3.9) and (3.10), we obtain
Jote) = oIl Utz < [ o)l + o) e
v 1%
<2 ([ @+ @ un0) P+ o)) 4 o))
v
< 2?'*—1( / 2lb(a) [ 4 ¢ () (2 + 1) o ()" o
1%

+ 2;/*—1(/ 2p+_1cp/(m)(:v)|u(:v) - uo(x)|p(w)dx) (3.15)
%
S / 2[b(a) [P 4 ') () (277 4 1)fug ()P da
v

+ 2P++p t_9 Hcp + ||L°°(Q) ‘/V |u($) _ u0($)|p(z)d$

p,+ ’ ’
< (%) +2P++p +_9 ||cp+HLoo(Q)66 < 2(

g)p : < sp,+

Thanks to (3.14), (3.15) and (2.1), we get [|w — bl ) < [ |w(z) — h(z)[P @ de +1 < e.

Hence A is upper semicontinuous (u.s.c.). Hence N' = I* o A o I is clearly bounded, upper semi-

continuous (u.s.c.) and compact. O
500 (o))

Next, we give the proof of Theorem 1.2. Let S := A+ N : Wos’p(m’y)(ﬂ) — 2(W0 P (@) ,

where A and N were defined in Lemma 3.3 and in section 2 respectively. This means that a point

u € Wos’p(x’y)(Q) is a weak solution of (1.1) if and only if
Fu € —Su, (3.16)

with F' defined in (1.5). By the properties of the operator F given in Lemma 3.1 and the Minty-

Browder’s Theorem on monotone operators in [45, Theorem 26 A], we guarantee that the inverse
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operator T := F~1 : (Wos’p(x’y)(Q))* — WOS"p(z"y) (Q) is continuous, of type (Sy) and bounded.
Moreover, thanks to Lemma 3.3 the operator S is quasi-monotone, upper semicontinuous (u.s.c.)

and bounded. As a result, the equation (3.16) is equivalent to the abstract Hammerstein equation
u=Tv and wve€—-SoTw. (3.17)

We will apply the theory of degrees introduced in section 3 to solve the equations (3.17). For this,

we first show the following Lemma.

Lemma 3.5. The set
B = { v € (WO)* such that v € —tSoTv  for some t€ [0, 1]}

is bounded.

Proof. Let v € B, so, v+ ta = 0 for every t € [0,1], with a € S o Tv. Setting u := Tv, we can
write a = Au + ¢ € Su, where ¢ € Mu, namely,

(v} = /Q h(ayu(e)de,

for each h € LP' ) (Q) with ¢(z, u(z)) < h(z) < P(z,u(x)) for almost all z € Q.
If ||u|lw, <1, then || Tv||w, is bounded.
If |Jullw, > 1, then we get by the implication (i) in Proposition 2.1 and the inequality (2.2) and
using (Hy), the Young inequality, the compact embedding Wy << L(*)(Q), the estimate
1Tl = llulliy,
< P,y (1)
< tf{a, Tv)|

St/ |u|7®) da:—i—t/ )\|H(:17,u)|ud:17—|—t/ |hu|dx
Q Q Q

St/ |u|q(m)+tcp,/ |,\H(I’u)|q/(m)dx+tcp/ |u|q(;ﬂ) de
Q Q Q

4 C,yt (/ |u|V(5”)dCC) + Cv,t (/ |h|'y/(lﬂ)dx)
Q Q

< Const ([[ull?y, + llull &y + lull 2y + Il +1)
< Const (Jlullfy, + lullfy, + lullly, + Il +1)
< Const (| Tllfy, + I Tellfy, +1).

Hence it is obvious that { Tv | v € B } is bounded.

As the operator S is bounded and from (3.17), we deduce the set B is bounded in (WO)*. O
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Thanks to Lemma 3.5, we can find a positive constant R such that
||v|\(WO)* <R forany wveEB.
This says that
ve—tSoTv foreach wve€dBgr(0) andeach ¢e][0,1].
Under the Lemma 2.8, we get

I+ SoT e Fr(Br(0)) and I=FoT € Fr(Bg(0)).

Now, we are in a position to consider the affine homotopy H : [0, 1] x Br(0) — 2(W°) defined by

H(t,v) =1 —-t)Iv+t(I+SoT)v for (t,v)€[0,1] x Br(0).

By applying the normalization and homotopy invariance property of the degree d fixed in Theorem
2.11, we have

d(I + S o T, Br(0),0) = d(I, Bg(0),0) = 1.

It follows that, we can get a function v € Bg(0) such that
ve—-SoTv.

Which implies that u = T'v is a weak solution of (1.1). This completes the proof.
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ABSTRACT

In this work, we study the existence, uniqueness, continuous
dependence and Ulam stability of mild solutions for an itera-
tive Caputo fractional differential equation by first inverting
it as an integral equation. Then we construct an appropri-
ate mapping and employ the Schauder fixed point theorem
to prove our new results. At the end we give an example to

illustrate our obtained results.

RESUMEN

En este trabajo, estudiamos la existencia, unicidad, depen-
dencia continua y estabilidad de Ulam de soluciones mild
para una ecuacion diferencial fraccionaria de Caputo itera-
tiva, invirtiéndola primero como ecuacién integral. Luego
construimos una aplicacién apropiada y empleamos el teo-
rema del punto fijo de Schauder para demostrar nuestros
nuevos resultados. Finalmente damos un ejemplo para ilus-
trar los resultados obtenidos.
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1 Introduction

Fractional differential equations have gained considerable importance due to their applications in
various sciences, such as physics, mechanics, chemistry, engineering, etc. In recent years, there has
been a significant development in ordinary and partial differential equations involving fractional
derivatives, see the monographs of Kilbas et al. [10], Miller and Ross [12], Podlubny [14]. In
particular, problems concerning qualitative analysis of linear and nonlinear fractional differential
equations with and without delay have received the attention of many authors, see [1]-[4], [6]-[16],

[18] and the references therein.

Recently, iterative functional differential equations of the form
o ()= H (x[o] ), 20 @), 22 @), ...l (t)) ,
have appeared in several papers, where
)=t M () =2 ), 2P ) =2 (xt),..., 2" (¢) =2l (2 (1))
are the iterates of the state x(t).

Iterative differential equations often arise in the modeling of a wide range of natural phenomena
such as disease transmission models in epidemiology, two-body problem of classical electrodynam-
ics, population models, physical models, mechanical models and other numerous models. This kind
of equations which relates an unknown function, its derivatives and its iterates, is a special type
of the so-called differential equations with state-dependent delays, see [5, 9, 19] and the references

therein.

In this paper, inspired and motivated by the references [1]-[16], [18, 19], we concentrate on the
existence, uniqueness, continuous dependence and Ulam stability of mild solutions for the nonlinear

iterative fractional differential equation

“Dg x(t) = f (=), 2l (¢), 2B (t),...,al" (1)), t € J,

z(0) =2’ (0) =0, (L)

where J = [0,7], “Dg, is the standard Caputo fractional derivative of order a € (1,2) and f is
a positive continuous function with respect to its arguments and satisfies some other conditions
that will be specified later. To reach our desired end we have to transform (1.1) into an integral
equation and then use the Schauder fixed point theorem to show the existence and uniqueness of

mild solutions.

The organization of this paper is as follows. In Section 2, we introduce some definitions and lemmas,
and state some preliminary results needed in later sections. Also, we present the inversion of (1.1)
and state the Schauder fixed point theorem. For details on the Schauder theorem we refer the

reader to [17]. In Section 3, we present our main results on the existence, uniqueness, continuous
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dependence and Ulam stability of mild solutions for the problem (1.1) and provide an example to

illustrate our results.

2 Preliminaries

Let C (J,R) be the Banach space of all real-valued continuous functions defined on the compact

interval J, endowed with the norm
|z = sup |z (2)].
teJ
For 0 < L < T and M > 0, define the sets

C(J,L)={z€C(JR):0<a(t)<L, VteJ},

and

Cu (J,L) = {SC S C(J,L) : |,T (tg) —l‘(t1)| < M|t2 —t1| , Vt1,t0 € J}
Then, Cyps (J, L) is a closed convex and bounded subset of C (J,R).

Furthermore, we suppose that the positive function f is globally Lipschitz in x;, that is, there exist

positive constants ¢y, co, ..., ¢, such that
n
|f (t,CCl,IQ, s 7In) - f (t7y17y23 s 3yn)| S ZC'L |I’L - y’L| . (21)
i=1

We introduce the constants

p = sup{f(¢0,0,...,0)},
teJ
n 1—1
i=1  j=0

where M9 = M x MJI—1.

Definition 2.1 ([10]). The fractional integral of order o > 0 of a function x : Rt — R is given
by

IS x(t) = ﬁ/o (t—s)* ' a(s)ds,

provided the right side is pointwise defined on R™, where I' is the gamma function.

For instance, I§z exists for all & > 0, when z € C(R™) then I,z € C(R") and moreover

1, 2(0) = 0.

Definition 2.2 ([10]). The Caputo fractional derivative of order a > 0 of a function x : Rt — R

is given by .
a n—a,.(n 1 n—a—1 _(n
CDf () = I 5 (1) = s [ (=9 e ()

where n = [a] + 1, provided the right side is pointwise defined on RT.
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Lemma 2.3 ([10]). Suppose that = € C" ([0,400)) and =™ ezists almost everywhere on any
bounded interval of RY. Then
5 2™ (0

(I8:°Dg ) (t) =z (t) = > o
k=0

In particular, when o € (1,2), (I84°Dgz) (t) = 2 (t) — 2 (0) — 2/ (0) ¢.
Definition 2.4. A function x € Cy; (J, L) is a mild solution of the problem (1.1) if x satisfies the

corresponding integral equation of (1.1).

From Lemma 2.3, we deduce the following lemma.

Lemma 2.5. Let x € Cy (J, L) is a mild solution of (1.1) if x satisfies

z(t) = %/0 (t—s)*"' f (ZC[O] (s), 2zt (s), 21 (s),... zl" (s)) ds, te J. (2.2)

(0%

Lemma 2.6 ([19]). If v, € Ca (J, L), then
m—1 .
e =t < 3 a e - il m=1.2,...
=0

Theorem 2.7 (Schauder fixed point theorem [17]). Let M be a nonempty compact convex subset

of a Banach space (B, ||-||) and A: M — M is a continuous mapping. Then A has a fized point.

3 Main results

In this section, we use Theorem 2.7 to prove the existence of mild solutions for (1.1). Moreover,

we will introduce the sufficient conditions of the uniqueness of mild solutions of (1.1).

To transform (2.2) to be applicable to the Schauder fixed point, we define an operator A :
C]W (Ju L) - C(‘LR) by

(Aw(w:ﬁ / (t =) ($(5), 10 (5), 02 (5o (9)) ds, tE T (30)

Since Cy (J, L) is a compact set as a uniformly bounded, equicontinuous and closed subset of the
space C (J,R). To prove that operator A has at least one fixed point, we will prove that A is well
defined, continuous and A(Chy (J, L)) C Cp (J, L), i. e.

Ap € Cy (J,L) for all p € Cpy (J,L).

Lemma 3.1. Suppose that (2.1) holds. Then the operator A : Cys (J,L) — C (J,R) given by (3.1)

is well defined and continuous.
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Proof. Let A be defined by (3.1). Clearly, A is well defined. To show the continuity of A. Let
@, € Cy (J, L), we have

(AL)(®) = (A)(B)] < / (b= |7 (¢ (5) 6 (), 62 (5), . 6 (5)

By (2.1), we obtain

ol — l|l ds.

1 ¢ ol —
|<A<p><t>—<A¢><t>|sm/0 =9 e

It follows from Lemma 2.6 that

n

1 t o i-1 )
|<Aso><t>—<Aw><t>|sm/O (t—s) ggM o — ] ds

n 1—1
T -
< S aS Mip—y,
< F(a+1)Zc > M e vl
i=1 7=0
which proves that the operator A is continuous. O
Lemma 3.2. Suppose that (2.1) holds. If
are
L 2
Ma+1) =7 (3:2)
and
CTa_l
<
Tla) = M, (3.3)
then .A(C]w (J, L)) c Cu (J, L)
Proof. For v € Cp (J, L), we get
1 t
(A0 < g [ =9 7 (£ (6) 6). 6 (5] o) ) s

But

= ‘f (3,90[1] (s),cp[z] (s),...,go["] (s)) - f(s,0,0,...,0)+ f(s,0,0,...,0)
<[5 (5.0 ()6 (), 0 (5)) = £ (5,0,0,..,0)| 4 1F (5,0,0,...0)
n 1—1
<ptY iy Mg
i=1  j=0
i—1
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then

From (3.2), we have

0 < (Ap)(t) < |(Ap)(1)] < L.

Let t1,t5 € J with t1 < to, we have

(t2= )" = (1= 9" | £ (¢ (). 01 (5) 6 (5) o) (5) ) s

ds

+ ﬁ / ? (o= 5o HCRIOR ORI OMNELIO)

Using (3.3), we obtain
[(Ap) (t2) — (Ap) (t2)] < M [ta —ta].
Therefore, Ap € Cp (J, L) for all ¢ € Cys (J, L). So, we conclude that A(Cas (J, L)) C Cas (J, L).
O

Theorem 3.3. Suppose that conditions (2.1), (3.2) and (3.3) hold. Then (1.1) has at least one
mild solution x in Cpr (J, L).

Proof. From Lemma 2.5, the problem (1.1) has a mild solution = on Cjs (J, L) if and only if
the operator A defined by (3.1) has a fixed point. From Lemmas 3.1 and 3.2, all conditions of
the Schauder fixed point theorem are satisfied. Consequently, A has at least one fixed point on

Chs (J, L) which is a mild solution of (1.1). O

Theorem 3.4. In addition to the assumptions of Theorem 3.3, if we suppose that

i MJ 1, 3.4
then (1.1) has a unique mild solution in Cps (J, L).

Proof. Let ¢ and ¥ be two distinct fixed points of the operator A. Similarly as in the proof of
Lemma 3.1 we have

o (8) =¥ ()] = [(Ap) (1) = (Ay) (¢ ci ) Mo -9l

)< ——
F'(a+1) i

T n i—1

3
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It follows from (3.4) that
e =&l < llo =2l

Therefore, we arrive at a contradiction. We conclude that A has a unique fixed point which is the

unique mild solution of (1.1). O

Theorem 3.5. Suppose that the conditions of Theorem 3.4 hold. The unique mild solution of
(1.1) depends continuously on the function f.

Proof. Let f1,fa: J x R™® — [0,400) two continuous functions with respect to their arguments.
From Theorem 3.4, it follows that there exist two unique corresponding functions x; and zs in

Ch (J, L) such that

1 ()= g [ =9 (o 0ol (0ol (9) o (9) s
and .
xo (t) = ﬁ /0 (t—s)"" f (ZC[QOJ (s), 2t (), 2 (s),... 2l (s)) ds.
We get
22 (£) =1 (1) < ﬁ / (t =) |2 (8 (5) d) (), 08 ).l (9))
i (@ ()2l (5) .2l (5) .l () ) s
But

fo (28 (). a8 (). (9),.. 2 (9)) =1 (2l ()2 ()2 (o).l (9)
= |12 (o5 ()l ()25 ()0l () = £ (2 ()0 () 0 )l ()
+ 12 (2 (5), 2l ()0 (9) ool (9)) 11 (2l (9) ) ()2 (s) ol (9)]

Using (2.1) and Lemma 2.6, we arrive at
|2 (o5 (), 247 (5) ) ()l () = (o1 ()0 9) 2 (s) ol ()|

n i—1
<lfz=fill+D e D M o — .
=1 j=0

Hence )
T TO‘ n 'L
_ - ; M _
|22 — x| < TatD) I fo = full + ot D) 10 z2 — x| .

i= 7=0
Therefore .
I'a+1

lzz — 1| < ) - Al

F(a+1) Z Ci Z M

This completes the proof. [l
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Now, we investigate the Ulam-Hyers stability and generalized Ulam-Hyers stability for the problem
(1.1).

Definition 3.6 ([18]). The problem (1.1) is said to be Ulam-Hyers stable if there exists a real
number Ky > 0 such that for each € > 0 and for each mild solution y € Car (J, L) of the inequality

Dy~ 1 (1 1),y (0,2 @), )| <6 te ] (3.5)
with y (0) =y’ (0) = 0, there exists a mild solution x € Cpr (J, L) of the problem (1.1) with
ly () —z(t)| < Kye, t € J.

Definition 3.7 ([18]). The problem (1.1) is generalized Ulam-Hyers stable if there exists b €
C (J,RT) with 1 (0) = 0 such that for each € > 0 and for each mild solution y € Car (J, L) of the
inequality (3.5) with y(0) =y’ (0) = 0, there exists a mild solution x € Cpy (J, L) of the problem
(1.1) with

(&) —z @ <¢(e), ted

Theorem 3.8. Assume that the assumptions of Theorem 3.4 hold. Then the problem (1.1) is
Ulam-Hyers stable.

Proof. Let y € Cp (J, L) be a mild solution of the inequality (3.5) with y (0) = ¢’ (0) =0, i.e.

1Dy (t) — f (6 (1), 9™ (1), 92 (1) ...,y ()| <€, te

y (0) =9 (0) = 0. (3.6)

Let us denote by x € Cp (J, L) the unique mild solution of the problem (1.1). By using Lemma
2.5, we get,
L[ a1 (000 (g) L1 (g) 412 @
x(t)==—— [ (t—2ys) f(x (s), 2 (s), 2™ (s),...,x (s))ds,tel
I'(a) Jo

By integration of (3.6), we have
te < T«
€ €.
F'a+1l) “T(a+1)

0= s [ 00 (5760 6 (9l ) ] <

On the other hand, we obtain, for each ¢t € J

O =01 = |y~ i [ €= (59, (9, (9o )

(67

<= i [ =9 (00 0 0 ()
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Thus, in view of (3.4)

TOL
ly = all < e
TOL
1= Tarmy 2o 2 MY
i=1 j=0
n i—1 .
Then, there exists a real number K; = T%/ (1" (a+1)=T*Y ¢ MJ> > 0 such that
=1 7=0
ly(t) —x(t)| < Kye, t € J. (3.7)

Thus, the problem (1.1) is Ulam-Hyers stable, which completes the proof. [l

Corollary 3.9. Suppose that all the assumptions of Theorem 3.8 are satisfied. Then the problem
(1.1) is generalized Ulam-Hyers stable.

Proof. Let ¢ () = Kye in (3.7) then ¢ (0) = 0 and the problem (1.1) is generalized Ulam-Hyers
stable. g

Example 3.10. Let us consider the following nonlinear fractional initial value problem

CD2a(t) =L + Leost + L cos? () 21 (t) + L sin? () 22 (1), t € 0,1],

z(0)=2'(0) =0, (38)

where T =1, J =10,1] and

ftz,y = % + icost—i— %xcos2 (t) + 1—19ysin2 (t).
We have
|f (twn,22) — f (8 y1,92)] < 1_18 |21 — 1| + % T2 — yal
then
2
|f @t wr,22) — f (8 y1,92)] < Zci i —yill -
i=1

with ¢ = 1—18, co = % Furthermore, if L =1 and M = 4 in the definition of Ca (J, L), then f is

5
positive, p = sup {f (¢,0,0)} = & and ( = 0.5+ (11—8 + 1%) ~0.766. For o = 3

5, we get
teJ
o = 0'756 ~0576<L=1,
and
T _ 0766 864 < s =4
So,

7o N & 1 (1 4
- ) J—_— L)~
F@H)Z}Q;OM NE) (18+19>_0'2<1'

Then, by Theorems 3.4 and 3.5, (3.8) has a unique mild solution which depends continuously on
the function f. Also, from Theorem 3.8, (5.8) is Ulam-Hyers stable, and from Corollary 3.9, (5.8)

is generalized Ulam-Hyers stable.
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4 Conclusion

In the current paper, under some sufficient conditions on the nonlinearity, we established the
existence, uniqueness, continuous dependence and Ulam stability of a mild solution for an iterative
Caputo fractional differential equation. The main tool of this work is the Schauder fixed point

theorem. The obtained results have a contribution to the related literature.
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1 Introduction

Fix a prime p and a p-power g. There is a unique (up to isomorphism) field F, with #F, = q.
The field Fj2 is a degree 2 Galois extension of F; and the Frobenius map ¢ + t7 is a generator
of the Galois group of this extension. This map allows the definition of the Hermitian product
(, ) :Fp xF, — Fgo in the following way: if u = (u1,...,u,) € F, and v = (v1,...,v,) € Fp,
then set (u,v) = >, ulv;. The degree g + 1 hypersurface {{(z1,...,2n), (z1,...,2n)) = 0} is
the famous full rank Hermitian hypersurface ([11, Ch. 23]).

In the quantum world the classical Hermitian product over the complex numbers is fundamental.
The Hermitian product { , ) is one of the tools used to pass from a classical code over a finite field

to a quantum code ([17, pp. 430-431], [14, Introduction], [20, §2.2]).

The Hermitian product was used to define the numerical range of a matrix over a finite field ([1,
2, 3, 4, 8]) by analogy with the definition of numerical range for complex matrices ([9, 12, 13, 21]).
Over C a different, but equivalent, definition of numerical range is obtained as the intersection of
certain disks ([5, §15, Lemma 1]). It is an important definition, because it was used to extend the
use of numerical ranges to rectangular matrices ([7]) and to tensors ([16]). This different definition
immediately gives the convexity of the numerical range of complex matrices. Motivated by that
definition we look at possible definitions of the unit disk of F,2. It should be a union of circles

with center at 0 and with squared-radius in the unit interval [0,1] C F,.

For any c € F; and any a € F2 set
C(0,¢) :=={2 €Fp |27 =c}, C(a,c) =a+C(0,c).

We say that C(a, c) is the circle of Fg2 with center a and squared-radius c. Note that C(a,0) = {a}
and #C(a,c) =g+ 1 for all c € F, \ {0}.

Circles occur in the description of the numerical range of many 2 x 2 matrices over F 2 ([8, Lemmas
3.4 and 3.5]). Other subsets of F> (seen as a 2-dimensional vector space of ;) appear in [6] and are
called ellipses, hyperbolas and parabolas, because they are affine conics whose projective closure

have 0, 2 or 1 points in the line at infinity.

All these constructions are inside F» seen as a plane over IF,. Restricting to planes we get the

following definition for IF;Z.

Definition 1.1. A set £ C FZQ is said to be a circle with center 0 € FZQ and squared-radius c
if there is an Fq-linear embedding f : Fp2 — Fro such that E = f(C(0,c)). A set E C FJly is
said to be a circle with center a € F:;z and squared-radius ¢ if E — a is a circle with center 0 and
squared-radius c. A set S C IF;Z, S #£ 0, is said to be circular with respect to a € IFZZ if it contains

all circles with center a which meet S.
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In the classical theory of numerical range over C the numerical range of a square matrix which
is the orthogonal direct sum of the square matrices A and B is obtained taking the union of all
segments [a,b] C C with @ in the numerical range of A and b in the numerical range of B ([21,
p. 3]). For the numerical range of matrices over F 2 instead of segments [a, b] one has to use the
affine Fg-span of {a,b} ([1, Lemma 1], [8, Proposition 3.1]). We wonder if in other linear algebra
constructions something smaller than Fg-linear span occurs. A key statement for square matrices
over C (due to Toeplitz and Hausdorff) is that their numerical range is convex ([9, Th. 1.1-2], [21,
§3]). Convexity is a property over R and to define it one only needs the unit interval [0,1] C R.
Obviously [0,1] = [0,4+00) N (—o0,1] and (—o0,1] = 1 — [0, +00). As a substitute for the unit
interval [0,1] C R (resp. the half-line [0, +00) C R) we propose the following sets I, and I; (resp.
E,).

Definition 1.2. Assume q odd. Set E, := {a®}aer, C Fy, I, := E;N(1-E,), I/ := E;N(1+2E,)
with x € Fg \ Eq, and I := I/ U{0}.

Note that I;, = {0,1} U (E;N(1+ (Fy\ E,)). In the first version of this note we only used I, but a
referee suggested that it is more natural to consider I;). We use I, and I; because {0,1} C I, N1},
while 0 € I}/ if and only if —1 is not a square in Fy, 4. e. if and only if ¢ = 3 (mod 4) ([10, (ix)
and (x) at p. 5], [22, p. 22]). In all statements for odd ¢ we handle both I, and I;.

In the case ¢ even we propose to use {a(a + 1)} 4cr,} as Ey, i. e. Ey = Tr];ql/]F2 (0). Thus Ej; is a

subgroup of (Fg4,+) of index 2. If ¢ is even we do not have a useful definition of 1.
Thus we restrict to odd prime powers, except for Propositions 1.8, 2.9 and Remarks 2.1 and 2.2.
We see I, or I, (vesp. Ey) as the unit segment [0,1] (resp. positive half-line starting at 0) of F, C

Fq2. In most of the proofs we only use that {0,1} C I, and that #1, is large, say #I, > (¢ —1)/4.

Remark 1.3. Note that #E, = (¢+ 1)/2 for all odd prime powers q.

We prove that #I, = #I; —1 = (¢+3)/4if ¢ =1 mod 4 and #I, = #I, = (¢ +5)/4if ¢ =3
(mod 4) (Proposition 2.3).

We only use the case A = E,;, A= I, and A = I} of the following definition.

Definition 1.4. Fiz S C F,, S # 0, and A CFy such that 0 € A. We say that S is A-closed if
a+ (b—a)ACS forallabesS.

In the set-up of Definition 1.4 for any a,b € F:, the A-segment [a, b] 4 of {a, b} is the set a+(b—a)A.
Note that [a,a]a = {a} and that if b # a then b € [a,b]4 if and only if 1 € A. If S is a subset of
a real vector space and A is the unit interval [0,1] C R, Definition 1.4 gives the usual notion of

convexity, because a + (b — a)t = (1 — t)a + tb for all t € [0,1].
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Remark 1.5. Take any A C Fy such that 0 € A. Any translate by an element of Fi of an
Fy-linear subspace of ng is A-closed. In particular Fy and ng are A-closed. The intersection of
A-closed sets is A-closed, if non-empty. Hence we may define the A-closure of any S C Fie, S £,

as the intersection of all A-closed subsets of > containing S.

In most cases I, is not I,-closed. We prove the following result.

Theorem 1.6. Assume q odd. Then:

(a) If ¢ ¢ {3,5,9} (resp. q # 3), then Fy is the I,-closure of I, (resp. the I,-closure of I).

(b) If ¢ ¢ {3,5,9} (resp. q # 3), then the I;-closed (resp. I -closed) subsets of Fy. are the

translations of the F,-linear subspaces.

Remark 1.7. Fiz A C Fy such that 0 € A. Assume that Fq is the A-closure of Fq. Then S C Fps,
S # 0, is A-closed if and only if it is the translation of an Fy-linear subspace by an element of Fie.
Thus part (b) of Theorem 1.6 follows at once from part (a) and similar statements are true for the

A-closures for any A whose A-closure is F,.

As suggested by one of the referees a key part of one of our proofs may be stated in the following

general way.

Proposition 1.8. Let A, B be subsets of F, containing 0. Assume A # {0} and let G be the
subgroup of the multiplicative group F, \ {0} generated by A\ {0}. Assume that B is A-closed.
Then B\ {0} is a union of cosets of G.

Fix § C F7;: and a set A C F, such that {0,1} C A. Instead of the A-closure of S the following
sets S; a4, © > 1, seem to be better. In particular both circles and 57 4 appear in some proofs
on the numerical range. Let S1 4 be the set of all a + (b — a)A, a,b € S. For all ¢ > 1 set
Sit1,4 := (S1,4)1,4. Obviously S; 4 is A-closed for i > 0. Note that {0,1}4 = A and hence if we
start with .S = {0, 1} we obtain the A-closure of A after finitely many steps.

We thank the referees for an exceptional job, making key corrections and suggestions.

2 The proofs and related observations

We assume g odd, except in Remarks 2.1 and 2.2, Proposition 2.9 and the proof of Proposition
1.8.

Remark 2.1. The notions of E4-closed, I,-closed and Ié-closed subsets of ng are wnvariant by

translations of elements of > and by the action of GL(n,Fy).
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Remark 2.2. Fiz any A CFy such that 0 € A. Any translate by an element of Fie of an A-closed
set is A-closed. The IFy-closed subsets OfIFZ2 are the translates by an element OfIFZ2 of the Fq-linear

subspaces. If A C {0,1}, then any nonempty subset of Fie is A-closed.

Proof of Proposition 1.8: Since F,\ {0} is cyclic, G is cyclic. Let a € A\ {0} be a generator of G.
Fix ¢ € B\ {0} and take ¢ € Fy \ {0} such that ¢ = ta* for some positive integer z. We need to
prove that B\ {0} contains all ta*, k € Z. Since b € B, B is A-closed, a € A and a = 0 + (a — 0),
we get ta*t! € B. Tterating this trick we get that B contains all ta® for large k and hence the

coset tG, because G is cyclic. O

Proposition 2.3. We have #1, = #I;—1 = (¢+3)/4 if¢ =1 (mod 4) and #I, = #I, = (¢+5)/4
if =3 (mod 4).

Proof. Since A := {a*+y* = 1} C F2 is a smooth affine conic, its projectivization B := {z*+y* =
z?} C P?(F,) has cardinality ¢ + 1 ([10, th. 5.1.8]). Note that the line z = 0 is not tangent to
B and hence B N {z = 0} has 2 points over Fy2. It has 2 points over F, if and only if —1 is a
square in Fy, 4. e. if and only if ¢ = 1 (mod 4) ([10, (ix) and (x) at p. 5], 22, p. 22]). Hence
#A=¢qg+1if ¢ =3 (mod 4) and #4 =g —11if ¢ =1 (mod 4). Note that a € I, if and only if
there is (e, f) € F2 such that e + f*> = 1 and a = €®. Note that (e, f) € A and that conversely for
each (e, f) € A, e € 1,. Obviously 0 € I, and (0, f) € A if and only if either f =1 or f = —1.
Thus 0 € I, comes from 2 points of A. Obviously 1 € I,. If either e = 1 or e = —1, then (e, f) € A
if and only if f = 0. Thus 1 € I, comes from 2 points of A. If e? ¢ {0,1} and e* € I, then €?

comes from 4 points of A.

Fix a non-square ¢ € Fy and set A" := {2® — ¢y? = 1} C F2. Let B’ := {2 — ¢y® = 2*} C P*(F,)
be the smooth conic which is the projectivization of A’. The line {z = 0} is not tangent to B" and
{z=0}NA" =0. Thus #A4" = ¢ + 1. Note that a € I/ if and only if there is (e, f) € F2 such
that a = € and €2 — c¢f? = 1. The element 1 € I} comes from two elements of A". If 0 € I}/, then
it comes from two elements of A’. If 0 ¢ I/, i. e. if ¢ =3 (mod 4), we get #I;) = (¢ +1)/4 and
HID = (q+5)/4. TEO € I we get #1" = #I! = (q+7)/4. 0

Remark 2.4. Ifq € {3,5}, then I, = {0,1} and hence each non-empty subset of Fy; is I-closed if
q € {3,5}. Since {0,1} C I}, Proposition 2.3 gives Iy = I3. We have Ij = {0,1,4} = Es, because

3 1s not a square in Fs.

Remark 2.5. Fiz anyt € Fg\ E;. Then Fg\ E; = t(E, \ {0}). Obviously EqE, = E,.

The following result characterizes K2 and hence characterizes all E, with r a square odd prime
power.

Proposition 2.6. The set of E; \ {0} of all squares of Fp2 \ {0} is the set of all ab such that
a € F,\ {0} and b9t = 1. We have ab = a1b; if and only if (a1,b1) € {(a,b), (—a, —b)}.
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Proof. Fix z € Fp \ {0}. Hence 2°~1 = 1. Thus 2@ D" =1 (and so L= 1) and
P = F, \ {0}. Note that 22 = 2912179, Assume ab = a1b; with a,
a1 € F,\ {0} (i.e., with a?' = 197" = 1) and b7+' = b9 = 1. Taking aa; =" and bb, ™" instead
of a and b we reduce to the case a; = by = 1 and hence ab = 1. Thus a9T1b9t! = 1. Hence a® = 1.

Since q is odd and a # 1, then a = —1. Thus b= —1. O

Proposition 2.7. Take S C F.. The set S is Eg-closed if and only if it is a translation of an

Fy-linear subspace.

Proof. Remark 2.2 gives the “if” part. Assume that S is not a translation of an [Fy-linear subspace
and fix a,b € S such that a # b and the affine Fy-line L spanned by {a,b} is not contained in S.
By Remark 2.1 it is sufficient to find a contradiction in the case n =1 and L = F, with a = 0 and
b=1. Thus E, C S. Since S is E,-closed and 0 € S, ¢+ (—c)E, C S for all ¢ € E,. First assume
—1 € E,. In this case —cE; = E,. Thus S contains all sums of two squares. Thus S = F;. Now
assume —1 ¢ E,. In this case we obtained that S contains all differences of two squares. Thus

—E, C 8. Since —1 ¢ E,, —E, = {0} U (F, \ E,) (Remark 2.5). Thus S D L. O

The cases of I;-closures and I;-closures are more complicated, because I, = I; = {0,1} if ¢ = 3,5
and hence all subsets of ng are I,-closed if ¢ = 3,5. The following observation shows that the
Ig-closed subsets of g, are exactly the translations of the IF3-linear subspaces and gives many

examples with I, € I.

Remark 2.8. We always have 2 ¢ 1+ cEy, ¢ a non-square, because 1 is a square. If q is a square,
say q = s*, then obviously Fs C E,N(1—E,) =1, and hence 2 € 1,. Take ¢ =9. We get F5 C I,.
Since #1g = 3 (Proposition 2.3), we get I, =Fs. Thus the Ig-closed subsets of Fg, are exactly the
translations of the IFs-linear subspaces. Now assume that q is not a square. We have 2 € 1 — E; if
and only if —1 is a square, i. e. if and only if ¢ = 1 (mod 4). Since q is not a square, we have
2 € E; if and only if 2 is a square in Iy, 4. e. if and only if p = —1,1 (mod 8) (/15, Proposition
5.1.8]). Thus for a non-square q holds: 2 € I, if and only if p=1 (mod 8).

Proof of Theorem 1.6: Let Y be the I;-closure of I,. By Proposition 1.8, Y/ := Y \ {0} is a union
of the cosets of H := (I, \ {0}). Since #(I,; \ {0}) > (¢ — 1)/4 with equality if and only if ¢ =1
(mod 4), H is either Fy, the set of non-zero squares, the set of non-zero cubes or (only if ¢ = 1
mod 4), the set of all non-zero 4-powers. Since I, C E,, H # F,. If H is the set of cubes, then,

as all elements of I, are squares, it would be the set of 6-th powers, contradicting the inequality

#ly > (¢ —1)/4.

(a) Assume that H = E,\ {0}. It suffices to show that the I,-closure of the set of squares contains
a non-square. Suppose otherwise. Take an element a € I, with a ¢ {0,1}. Then we obtain

that for all squares z,y, z + (y — x)a is also a square. Since a is a non-zero square, this is the
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same as the statement that for all squares z, z the element z + (1 — a)x is a square. If 1 — a
is a square we deduce that the set of all squares is closed under addition, a contradiction. If

1 — a is not a square we may take x = 1, z = 0 to obtain a contradiction.

(b) Assume ¢ = 1 (mod 4), ¢ # 9, and that H is the set of all non-zero 4-powers. We also saw
that H = I, \ {0}. The proof of step (a) works using the word “4-power” instead of “square”
with a a 4-power. We get that the set of all 4-powers is closed under taking differences. Thus
1, is closed under taking differences and, since it contains 0, under the multiplication by —1.
H is obviously closed under taking products. Thus I, is a subfield of order (¢ + 3)/4, which is
absurd if ¢ # 9.

(c) Now we consider I, and set H' := (I, \ {0}). The cases in which H' is the set of all squares
or all cubes are excluded as above. Since #(I; \ {0}) > (¢ —1)/4, Y is not the set of all 4-th

powers. [l

Proposition 2.9. Assume q even and set E, := {a(a+ 1)} 4cr, -

(1) If g =2,4, then E, is the Eq-closure of itself.

(2) If g > 8, then Fy is the Ey-closure of Eq.

Proof. We have E5 = {0} and E4 = {0,1}.

Now assume g > 8 and call B the F4-closure of E,;. Let G' be the subgroup of the multiplicative
group Fy \ {0} generated by E,\ {0}. By Proposition 1.8 it is sufficient to prove that G = F, \ {0}.
Since #E; = q/2, E, \ {0} # 0. Fix a € E; \ {0} and a positive integer k. The E,-closure
of {0,a*} contains a*+!
E,\ {0}. Since ¢ > 8, #(F, \ {0}) =¢—1isodd and ¢ — 1 < 3(q/2 — 1) = 3#(F, \ {0}), we get
G=F,\ {0} O

. Thus B contains the multiplicative subgroup of F, \ {0} generated by
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1 Introduction

If (D,gp) and (E, gg) are two semi-Riemannian manifolds with metrics gp and gg respectively
and y a positive differentiable function on D, then the warped product of D and E is the manifold
Dx,E = (DxE,g), where g = gp +y?gg. Further, let T be tangent to M = DxE at (p, q). Then
we have

IT|* = lldmT|* + y*||dmaT||?
where 7;(i = 1,2) are the canonical projections of DX E onto D and E.

A warped product manifold DX, E is said to be trivial if the warping function y is constant. In a

warped product manifold, we have
VoV =VyU = (Ulny)V (1.1)

for any vector fields U tangent to D and V tangent to E [5].

The idea of a warped product manifold was introduced by Bishop and O’Neill [5] in 1969. Chen [2]
has studied the geometry of warped product submanifolds in Kaehler manifolds and showed that the
warped product submanifold of the type D x, Dy is trivial where Dy and D are ¢-invariant and
anti-invariant submanifolds of a Sasakian manifold, respectively. Many research articles appeared
exploring the existence or nonexistence of warped product submanifolds in different spaces [1, 10, 6].
The idea of CR-submanifolds of a Kaehlerian manifold was introduced by A. Bejancu [9]. Later, A.
Bejancu and N. Papaghiue [11], introduced and studied the notion of semi-invariant submanifolds of
a Sasakian manifold. These submanifolds are closely related to CR-submanifolds in a Kaehlerian
manifold. However the existence of the structure vector field implies some important changes.
Later on, Binh and De [4] studied CR-warped product submanifolds of a quasi-Saskian manifold.
The purpose of this paper is to study the notion of a warped product submanifold of quasi-Sasakian
manifolds. In the second section we recall some results and formulae for later use. In the third
section, we prove that the warped product in the form M = D, x,Dr does not exist except
for the trivial case, where Dy and D, are invariant and anti-invariant submanifolds of a quasi-
Sasakian manifold M, respectively. Also, we obtain a characterization result of the warped product

CR-submanifolds of the type M = D  x,Dr.

2 Preliminaries

If M is a real (2n+ 1) dimensional differentiable manifold, endowed with an almost contact metric

structure (f,€,n,g), then

f2U =-U+ W(U)gv 77(5) =1, f(é.) =0, W(fU) =0, (21)
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for any vector fields U, V' tangent to M, where I is the identity on the tangent bundle I'M of M.

Throughout the paper, all manifolds and maps are differentiable of class C*°. We denote by f M
the algebra of the differentiable functions on M and by I'(E) the f M module of the sections of a

vector bundle F over M.

The Nijenhuis tensor field, denoted by Ny, with respect to the tensor field f, is given by

Ny (U, V) = [fU, fV]+ f2IUV] = fIfU, V] + f[U, fV],

and the fundamental 2-form A is given by
AU, V) =g(U, fV), YU,V eI(TM).

The curvature tensor field of M, denoted by R with respect to the Levi-Civita connection V, is
defined by
RU V)W =VyVyW — VyVyW — @[U_,V]VV, YU,V € T(TM),

Definition 2.1.
(a) An almost contact metric manifold M (f,&,n,g) is called normal if
Ny(U, V) +2dn(U,V)E=0, VYU,V el (TM),
or equivalently

(Vv )V =F(NVuf)V = g(Vu&,V)E, YU,V €T(TM).
(b) The normal almost contact metric manifold M is called cosympletic if dA = dn = 0.

If M is an almost contact metric manifold, then M is a quasi-Sasakian manifold if and only if £ is
a Killing vector field [7] and

(Vu )V =g(Vsu&,V)E—n(V)Vyu€, YU,V € I(TM). (2.3)
Next we define a tensor field F' of type (1,1) by

FU = -Vy¢, YU eT(TM). (2.4)
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Lemma 2.1. For a quasi-Sasakian manifold M, we have

(i) (Vef)U =0, VYU eT(TM), (iv) g(FU,V)+g(U FV) =0,
(i) foF =Fof, (v) no FF =0,
(iii) FE€=0, (vi) (VuF)V = R(,,U)V,

for all U,V € T(TM).

The tensor field f defines on M an f-structure in sense of K. Yano [12], that is
fP+r=o.

If M is a submanifold of a quasi-Sasakian manifold M and denote by N the unit vector field normal
to M. Denote by the same symbol g the induced tensor metric on M, by V the induced Levi-
Civita connection on M and by TM+* the normal vector bundle to M. The Gauss and Weingarten
methods are

VoV = VoV +o(U,V), (2.5)
Vul=—-A\U+VEA, VYU,V e T(TM), (2.6)

where V< is the induced connection in the normal bundle, ¢ is the second fundamental form of
M and A) is the Weingarten endomorphism associated with A\. The second fundamental form o

and the shape operator A are related by

where g denotes the metric on M as well as the induced metric on M [7].

For any U € TM, we write
fU =7rU + sU, (2.8)

where rU is the tangential component of fU and sU is the normal component of fU, respectively.

Similarly, for any vector field A normal to M, we put
fA=JA+ KA (2.9)

where JA and K\ are the tangential and normal components of f, respectively.

For all U,V € T'(T'M) the covariant derivatives of the tensor fields r and s are defined as
(?UT‘)V = VUT‘V - T‘VU‘/, (210)

(Vus)V = VsV — sV V. (2.11)
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3 Warped Product Submanifolds

If Dy and D, are invariant and anti-invariant submanifolds of a quasi-Sasakian manifold M, then

their warped product CR-submanifolds are one of the following forms:

(1) M = DL XyDT,

(i) M = Drx,D,.

For case (i), when & € T Dy, we have the following theorem.

Theorem 3.1. There do not exist warped product CR-submanifolds M = D, x, Dt in a quasi-
Sasakian manifold M such that D is an invariant submanifold, D, is an anti-invariant subman-

ifold of M and ¢ is tangent to M.

Proof. If M = D, x,Dr is a warped product CR-submanifold of a quasi-Sasakian manifold M
such that Dr is an invariant submanifold tangent to £ and D, is an anti-invariant submanifold of
M, then from (1.1), we have

VoW =VwU = (Wlny)U,

for any vector fields W and U tangent to D and Dy, respectively.

In particular,

V¢ = (Wny)g, (3.1)

using (2.4), (2.5) and ¢ is tangent to D, we have
Ve = —FW, h(W,¢) =0, (32)

It follows from (3.1) and (3.2) that Wlny = 0, for all W € TD,, i. e., y is constant for all
WeTD,. O

Now, the other case, when ¢ tangent to D is dealt in the following two results.

Lemma 3.1. Let M = D X, Dt be a warped product CR-submanifold of a quasi-Sasakian man-
ifold such that & is tangent to Dy, where Dy and Dt are any Riemannian submanifolds of M.
Then

(ii) g(o(U, fU), sW) = —{n(W)F + (W Iny)}|U|?,

foranyU e TDy and W € TD, .
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Proof. Let € € TD, then for any U € T Dp, we have

Vu& = (§Iny)U, (3.3)

From (2.4) and the fact that ¢ is tangent to D, we have Vi & = —FU. With the help of (2.5),
we have

VwE=—FW, (W, =0. (3.4)

From (3.3) and (3.4), we have {lny = —F. Now, for any U € TDyp and W € TD,, we have
VufW = (Vu )W + f(VuW). Using (2.3), (2.6), (2.8), (2.9) and by the orthogonality of the two

distributions, we derive
W)V € = —AawU + ViEsW — VW — sV W — Jh(U, W) — Kh(U,W).
Equating the tangential components, we get
—n(W)FfU = AswU +rVyW + Jh(U,W).
Taking the product with fU and using (2.2) and (2.3), we derive
—nW)Fg(fU, fU) = g(AswU, fU) + (W ny)g(rU, fU) + g(JR(U, W), fU)
= g(h(fU, fU),sW) + (W ny)g(fU, fU) + g(fR(U,W), fU).
Using (2.2), we obtain

9(a(U, fU),sW) = —{n(W)F + (W lny)}|U|*. (3.5)
O
Theorem 3.2. If M = D, x,Dr is a warped product CR-submanifold of a quasi-Sasakian man-

ifold M such that & is tangent to D and if o(U, fU) € p the invariant normal subbundle of M,
then Wlny = —n(W)F, for allU € TDy and Z € TN, .

Proof. The affirmation follows from formula (3.5) by means of the known truth. O

The warped product M = Drx,D, we have the following theorem.
Theorem 3.3. There do not exist warped product CR-submanifolds M = Dpx,D, in a quasi-

Sasakian manifold M such that ¢ is tangent to D .

Proof. If ¢ € TN, then from (1.1), we have
V¢ = (Ulny)g, (3.6)
for any U € T Dy . While using (2.4), (2.5) and £ € TD,, we have
Vué=—-FU, h(UY¢) =0. (3.7)

From (3.6) and (3.7), it follows that Ulny = 0, for all U € T'Dr, and this means that y is constant
on Nr. O
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The remaining case, when £ € T'Dr is dealt with the following two theorems.

Theorem 3.4. Let M = Drx,D, be a warped product CR-submanifold of a quasi-Sasakian
manifold M such that £ is tangent to Dr. Then (VyF)W € p, for each U € TDy and W € TD

where 1 is an mvariant normal subbundle of T M .

Proof. For any U € TDp and W € T D, we have
g(fVuW, fW) = g(VuW, W) = g(Vu W, W).

Using (1.1), we get
g(fVuW, fW) = (Ulny)|W|*. (3.8)

On the other hand, we have
VufW = (Vu )W + f(VuW),

for any U € TDy and W € TD, . Using (2.3) and the fact that £ is tangent to Dp, the left-hand

side of the above equation is identically zero, that is
VufW = f(VuW). (3.9)
Taking the product with fW in (3.9) and making use of formula (2.6), we obtain
9(fVuW, fW) = g(VisW, sIW).

Then from (2.10), we derive g(fVuW, fW) = g((Vus)W, sW) + g(sVyW, sW).

From (1.1) we have

g(fVuW, fW) = (Ulny)g(sW, sW) + g(Vus)W, sW)
= (Ulny)g(fW, fW) + g((Vus)W,sW).

Therefore by (2.2), we obtain
g(fVuW, fW) = (Uny) W + g((Vus)W, sW). (3.10)

Thus (3.8) and (3.9) imply
g(Vus)W,sW) = 0. (3.11)

Also, as Dr is an invariant submanifold then fQ € T Dy, for any @ € T Dp, thus on using (2.11)

and the fact that the product of tangential components with normal is zero, we obtain

9(Vus)W, fQ) =0. (3.12)

Hence from (3.11) and (3.12), it follows that (Vi s)W € p, for al U € TDy and W € TD,. O
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Theorem 3.5. A CR-submanifold M of a quasi-Sasakian manifold (M, f,€,g) is a CR-warped
product if and only if the shape operator of M satisfies

ApwU = (fUWW, UeB® (), WeB (3.13)

for some function p on M, fulfilling C(u) = 0, for each C' € B+.

Proof. If M = D7 x,D, is a CR-warped product submanifold of a quasi-Sasakian manifold M,
with £ € T Dy, then for any U € T Dy and W,Q € T D, we have

g(AfWU7 Q) = g(U(Uv Q)v fW) = g(vQUv fW) = g(vaU, W)
=9(VofUW) —g((Vof)U,W).

By equations (1.1), (2.3) and the fact that £ is tangent to Dp, we derive
9(ArwU, Q) = (fUlny)g(W, Q). (3.14)

On the other hand, we have g(o(U, V), sW) = g(fVgV,W) = —g(fV,VyW), for each U,V € T D
and W € TN, . Using (1.1), we obtain ¢g(o(U, V), sW) = 0. Taking into account this fact in (3.14),
we obtain (3.13).

Conversely, suppose that M is a proper CR-submanifold of a quasi-Sasakian manifold M satisfying
(3.13), then for any U,V € B @ (£),

9(o(U, V), fW) = g(AswU,V) = 0.

This implies that g(Vy fV, W) = 0, that is, g(VV, W) = 0. This means B @ (£) is integrable and
its leaves are totally geodesic in M. Now, for any W,Q € B+ and U € B @ (£), we have

9(VwQ, fU) = g(VwQ, fU) = g(fVwQ,U) = g(Vw fQ,U) = g((fVw /)Q.U).

By equations (2.3) and (2.6), it follows that ¢(Vw Q, fU) = —g(A;oW,U). Thus from (2.6), we
arrive at g(Vw @, fU) = —g(c(W,U), fQ). Again using (2.7) and (3.13), we obtain

9(VwQ, fU) = —g(A;QU, W) = =(fUp)g(W, Q). (3.15)

If N, is a leaf of BL and ot is the second fundamental form of the immersion of D into M, then

for any W, Q € B, we have
9o (W, Q), fU) = ¢(VwQ, fU). (3.16)
Hence, from (3.15) and (3.16), we find that

g(UL (W7 Q)7 fU) = _(fU:u')g(Wv Q)
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This means that the integral manifold D) of B+ is totally umbilical in M. Since C(u) = 0 for
each C' € B', which implies that the integral manifold of B+ is an extrinsic sphere in M, this
means that the curvature vector field is nonzero and parallel along N, . Hence by virtue of a result
in [7], M is locally a warped product Dy x,D, where Dy and N, denote the integral manifolds
of the distributions B @ (¢) and B~ respectively and y is the warping function. O
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ABSTRACT

The principal aim of this paper is to establish the optimality
(i.e., sharpness) of the constants A(m,«) and B(m,a), m €
N, a € R, of the form

A(m mﬁ2]—1—a ,
j=1
B(m miﬁ%—l—a ,
k=1 j=1
j#k

in the power-weighted Birman—Hardy—Rellich-type inte-
gral inequalities with logarithmic refinement terms recently
proved in [41], namely,

/p dxxo‘|f(m)(x)|2 > A(m, ) /p dxxa_2m|f(x)|2
0 0

N ., k
a—2m — 2
Bm.) Y ["doa™ " ]y (r/2)) 2 @)
k=170 p=1
F€C((0,p), m,N €N, a €R, p,y € (0,00), v = enp.
Here the iterated logarithms are given by
Ini(+) =In(-), Inypa(-) =In(ny(-)), JjEN,
and the iterated exponentials are defined via
j € No =NU{0}.

@A
eo=0, ejr1=¢€"7,

Moreover, we prove the analogous sequence of inequalities on
the exterior interval (r,00) for f € C§°((r,00)), r € (0,0),
and once again prove optimality of the constants involved.
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RESUMEN

El objetivo principal de este articulo es establecer la optima-
lidad (i.e. la precisién) de las constantes A(m, ) y B(m, a),
m € N, a € R, de la forma

A(m mH2g—1—a ,
j=1
m m
B( mZH ]—1—0{ ’
k=1 j=1
J#k

en las desigualdades integrales de tipo Birman—Hardy—
Rellich pesadas por potencias con términos de refinamiento

logaritmicos recientemente demostradas en [41], es decir,

/p da:aca|f(m)(x)|2 > A(m, ) /p dmma_2m|f(a:)|2
0

0
N
(m, ) Z/ dz %~ 2ml_[[lnp v/2)] 7% f(= |
k= p=1
f€C5((0,p), mN €N, a €R, p,vy € (0,00), 7 > enp.
Acd los logaritmos iterados estan dados por
Ini(-) =In(-), Injpa(-) =In(ni(-)), JjEN,
y las exponenciales iteradas estdn definidas por
e0=0, ej+1=e%, jeNyg=NU{0}.
Maés ain, probamos la secuencia analoga de desigualdades en
el intervalo exterior (r,c0) para f € C5°((r,00)), r € (0, 00),

y una vez mas probamos la optimalidad de las constantes

involucradas.
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1 Introduction and notations employed

Given the notation introduced in (1.4)—(1.8) we will prove in this paper that the constants A(m, «)
and the N constants B(m, «) appearing in the power-weighted Birman—Hardy—Rellich-type integral

inequalities with logarithmic refinement terms,

/pd:vxo“f(m)(:v)|2 > A(m, ) /pdxxo‘_2m‘f(:v)|2
0 0

2
)

N k
+Bm,a) Y [ deat = [/ 2| f(e) (11)
k=170 p=1

FeCs((0,p), m,NeN, a eR, p,y€(0,00), v = enp,

recently proved in [41], are optimal (i.e., sharp). Moreover, we prove optimality of A(m,a) and
the N constants B(m, «) for the analogous sequence of inequalities on the exterior interval (r, 00),

that is,

2

/OO dx:va‘f(m)(xﬂz > A(m, ) /OO dz ™| f ()|

2
)

N oo k
+ B(m, a) Z/ da x*~ 2™ H[lnp(ac/l")]*z’f(x) (1.2)
k=1"T" p=1

feC((r,0)), m,NeN, a R, r,T" € (0,00), r > enT.

Of course, (1.1) (resp., (1.2)) extends to N =0, p = oo (resp., to N = 0, r = 0) upon disregarding
all logarithmic terms (i.e., upon putting B(m, a) = 0).

In their simplest (i.e., unweighted) form, the Birman—Hardy—Rellich inequalities, as recorded by

Birman in 1961, and in English translation in 1966 [19] (see also [45, pp. 83-84]), are given by

p 2 rp
o O () |2 [(2m — 1)1 2 () [2
[ aelrm@f = B [Fanamn g (13)
feCy((0,p), meN, 0<p<oo.

The case m = 1 in (1.3) represents Hardy’s celebrated inequality [51], [52, Sect. 9.8] (see also [61,
Chs. 1, 3, App.]), the case m = 2 is due to Rellich [81, Sect. II.7]. The power-weighted extension
of (1.3) is then represented by the first line of (1.1) (i.e., by deleting the second line in (1.1) which

contains additional logarithmic refinements).

Even though a detailed history of the power-weighted Birman-Hardy—Rellich inequalities was
provided in the companion paper [41], we will now repeat the highlights of this history for matters

of completeness.

We start with the observation that the inequalities (1.3) and their power weighted generalizations,
that is, the first line in (1.1), are known to be strict, that is, equality holds in (1.3), resp., in the
first line in (1.1) (in fact, for the entire inequality (1.1)) if and only if f = 0 on (0, p). Moreover,
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these inequalities are optimal, meaning, the constants [(2m — 1)!1]2/22™ in (1.3), respectively,
the constants A(m,«) in (1.1) are sharp, although, this must be qualified and will be revisited
below as different authors frequently prove sharpness for different function spaces. In the present
one-dimensional context at hand, sharpness of (1.3) (and typically, its power weighted version,
the first line in (1.1)), are often proved in an integral form (rather than the currently presented
differential form) where f("™) on the left-hand side is replaced by F and f on the right-hand side
by m repeated integrals over F'. For pertinent one-dimensional sources, we refer, for instance, to
[14, pp. 3-5], [22], [24, pp. 104-105], [42, 49, 51], [52, pp. 240-243], [61, Ch. 3], [62, pp. 5-11],
[64, 72, 80]. We also note that higher-order Hardy inequalities, including various weight functions,
are discussed in [60, Sect. 5], [61, Chs. 2-5], [62, Chs. 1-4], [63], and [79, Sect. 10] (however,
Birman’s sequence of inequalities (1.3) is not mentioned in these sources). In addition, there are
numerous sources which treat multi-dimensional versions of these inequalities on various domains
) C R™, which, when specialized to radially symmetric functions (e.g., when € represents a ball),
imply one-dimensional Birman—Hardy—Rellich-type inequalities with power weights under various
restrictions on these weights. However, none of the results obtained in this manner imply (1.1),
under optimal hypotheses on a and . We also mention that a large number of these references
treat the LP-setting, and in some references x € (a, b) is replaced by d(z), the distance of z to the
boundary of (a, b), respectively, 2, but this represents quite a different situation (especially in the

multi-dimensional context) and hence is not further discussed in this paper.

To put the logarithmic refinements in (1.1) (i.e., the second line in (1.1)) into some perspective
and to compare with existing results in the literature, we offer the following comments: originally,
logarithmic refinements of Hardy’s inequality started with oscillation theoretic considerations going
back to Hartman [53] (see also [54, pp. 324-325]) and have been used in connection with Hardy’s
inequality in [38, 43], and more recently, in [39, 40]. Since then there has been enormous activity
in this context and we mention, for instance, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12], [14, Chs. 3,
5], [16, 17, 18, 21, 23, 25, 26, 27, 28, 29, 31, 32, 33, 34, 35, 36, 37, 39, 44, 46, 47], [48, Chs. 2,
6, 7], [66, 57, 65, 66, 67, 68, 70, 71, 74, 76, 77|, [81, Sect. 2.7], [82, 83, 84, 88, 89, 90, 91]. The
vast majority of these references deals with analogous multi-dimensional settings (relevant to our
setting in particular in the case of radially symmetric functions), several also with the LP-context.
For m > 2 the inequalities (1.1) and (1.2) proven in [41] were new in the following sense: the
weight parameter o € R is unrestricted (as opposed to prior results) and at the same time the

conditions on the logarithmic parameters v and I' are sharp.

The issue of sharpness of the constants A(m, «) and B(m, o) appearing in (1.1) is a rather delicate

one and hence we offer the following remarks, the gist of which can be found in [41, Appendix A].

We start by noting that the smaller the underlying function space, the larger the efforts needed
to prove optimality. Many of the results cited in the remainder of this remark, under particular

restrictions on the weight parameter «, establish sharpness for larger classes of functions f which
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do not automatically continue to hold in the C§°((0, p))-context. It is this simple observation
that adds considerable complexity to sharpness proofs for the space C§°((0,p)). (The issue of
dependence of optimal constants on the underlying function space is nicely illustrated in [30].) By
the same token, optimality proofs obtained for C§° function spaces automatically hold for larger
function spaces as long as the inequalities have already been established for the larger function
spaces with the same constants A(m,a), B(m,«). This comment applies, in particular, to many
papers that prove sharpness results in multi-dimensional situations for larger function spaces such
as! C§°(B(0; p)) or (homogeneous, weighted) Sobolev spaces rather than C5°(B(0; p)\{0}). Unless
C§°(B(0; p)\{0}) is dense in the appropriate norm, one cannot a priori assume that the optimal
constants A(m, @) and B(m, &) (with & appropriately depending on n, e.g., @ = a+n —1) remain
the same for C§°(B(0;p)) and C5°(B(0; p)\{0}), say. At least in principle, they could actually
increase for the space C§°(B(0; p)\{0}).

Turning to a review of the existing literature, sharpness of the constant A(m,0), m € N (i.e., in
the unweighted case, oo = 0), corresponding to the space C§°((0,00)) has been shown by Yafaev
[91]. In fact, he also established this result for fractional m (in this context we also refer to
appropriate norm bounds in LP(R";d"z) of operators of the form |z|? |—iV| ™" 1 < p < n/B,
see [13, Sect. 1.7],[14, 55, 58, 59, 78, 86], [87, Sects. 1.7, 4.2]). Sharpness of A(2,0) (i.e., in
the unweighted Rellich case) was shown by Rellich [81, pp. 91-101] in connection with the space
C§°((0,00)); his multi-dimensional results also yield sharpness of A(2,n—1) forn € N, n > 3, again
for C§°((0,00)); in this context see also [14, Corollary 6.3.5]. An exhaustive study of optimality of
A(2,a) (i.e., Rellich inequalities with power weights) for the space C§°(Q2\{0}) for cones Q C R,
n > 2, appeared in Caldiroli and Musina [21]. The authors, in particular, describe situations where
A(2, @) has to be replaced by other constants and also treat the special case of radially symmetric
functions in detail. Additional results for power weighted Rellich inequalities appeared in [74, 75];
further extensions of power weighted Rellich inequalities with sharp constants on C§°(R™\{0})
were obtained in [69]; for optimal power weighted Hardy, Rellich, and higher-order inequalities on
homogeneous groups, see [82, 83]. Many of these references also discuss sharp (power weighted)
Hardy inequalities, implying optimality for A(1, @). Moreover, replacing f(z) by F(x) = fom dt f(t)
(or F(z) = [ dt f(t)), optimality of the Hardy constant A(1,0) for larger, LP-based function
spaces, can already be found in [52, Sect. 9.8] (see also [14, Theorem 1.2.1], [61, Ch. 3], [62, pp. 5—
11], [64, 72, 80], in connection with A(1,«)). We mention that Theorems 4.1 and 4.7, which assert
optimality of A(m,a) in (1.1) and (1.2), were already proved in [41, Theorem A.1] using a different
method.

Sharpness results for A(m,a) and B(m,a) together are much less frequently discussed in the
literature, even under suitable restrictions on m and «. The results we found primarily follow upon

specializing multi-dimensional results for function spaces such as C§°(Q\{0}), or C§°(£2), 2 C R

THere B(0; p) C R™ denotes the open ball in R™, n > 2, with center at the origin z = 0 and radius p > 0.
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open, and appropriate restrictions on m, a, and n > 2, for radially symmetric functions to the one-
dimensional case at hand (¢f. the previous paragraph). In this context we mention that the Hardy
case m = 1, without a weight function, is studied in [1, 2, 5, 9, 20, 23, 26, 36, 50, 57, 65, 85, 89] (all
for N =1), and in [10, 28, 46] (all for N € N); the case with power weight functions is discussed in
[17, 47], [48, Ch. 6] (for N € N); see also [66]. The Rellich case m = 2 with a general power weight
on C§°(2\{0}) is discussed in [21] (for N = 1); the Rellich case m = 2, without weight function
on C§°(Q), is studied in [26, 27, 29] (all for N = 1), the case N € N is studied in [4]; the case of
additional power weights is treated in [47], [48, Ch. 6], [71]. The general case m € N is discussed
in [6] (for N = 1) and in [15, 47], [48, Ch. 6], [90] (all for N € N and including power weights,
but with additional restrictions). Employing oscillation theory, sharpness of the unweighted Hardy
case A(1,0) = B(1,0) = 1/4, with N € N, was proved in [43].

As will become clear in the course of this paper, the special results available on sharpness of the
N constants B(m, a) are all saddled with considerable complexity, especially, for larger values of
N € N. For this reason only sharpness of the constants A(m, «) was derived in [41, Appendix A]
and sharpness of A(m,«) and B(m,«) was postponed to this paper which therefore should be

viewed as a companion of [41].

In Section 2 (a very massive one) we establish all the preliminary results, culminating in Lemmas
2.13 and 2.14, required in the remainder of this paper. The methods used in this section are
adaptations of those in [15, Sect. 3]. The basic approximation procedure is introduced in Section
3, with Corollaries 3.12 and 3.13 summarizing the principal results. Our final Section 4 then
proves optimality of the NV + 1 constants A(m, «) and B(m, «) for the interval (0, p) in Theorems
4.1 and 4.2 and for the interval (r,00) in Theorems 4.7 and 4.8 based on Lemmas 2.13 and 2.14
and Corollaries 3.12 and 3.13. We also mention that Theorems 4.2 and 4.8 still hold if the repeated
log-terms In, (- ) (see (1.5) below) are replaced by the type of repeated log-terms used, for example,
in [15, 16, 17, 90].2

We conclude this introduction by establishing the principal notation used in this paper: for j € Ny
(with Ng = NU {0}) we define e; by

80:0, 81:1, €j+1 :eej, jEN (14)

For N € N, v, p € (0,00), with v > pen, and 1 < j < N, we define In;(y/z), for 0 < z < p, by

oy (v/2) = In(y/x), i (v/z) =n(n;(y/2)), 1<j<N-L (1.5)

For the rest of this paper we shall assume that N € NU {0}, m € N, a € R, v,p € (0,00), with

?Detailed proofs of Theorems 4.2 and 4.8 for the type of log-terms used in [15, 16, 17, 90] are available from the

authors upon request.
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v = pen+1. We shall write

A(m,a) =47 ]2 —1-0a)?, (1.6)
j=1
B(m,a)=4""Y" J] @i-1-0a) (1.7)
k=1j=1,j#k
Note that if @ € R\{2j — 1}1<;j<m, one has
B(m,a) = A(m, « Z2j—1—a . (1.8)
j=1

We assume ¢ € C*°(R) satisfies the following properties:

(i) 1 is non-increasing, (1.9)
1, x<8p/10,

(i) P(z) = (1.10)
0, z>9p/10.

For g € C*°((0, p)) we shall write

Inlg) = [ deatlg™ @) - Alm,a) [ dzot (o)
0 0
N ., k (1.11)
= Bma) Y. [ dea g [T myty/) 2
k=170 j=1
provided that
P ) P
/ da:xo“g(m)(:c)‘ < o0, / dz x* 2™ |g(z)|* < oco. (1.12)
0 0
For j=0,1,...,N and 8 € R we introduce
oo(B)=(02m—1—a+f)/2,
(1.13)
o;(B)=—(1-p)/2, j=1,...,N.
For 0 < j <k < N and € = (g9,61,...,6N), Where €g,1,...,en > 0, we shall write
F ( F],k €0,€1,...,€ N)a
P
= [ doa e (/)] g )
0 (1.14)

X i (y/@)] 75 - [Ing (y/2)]
x e (/)] =5 - [ (y/2)] 5 [ (@)
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In particular, if N € N,

N

P
Toa(e) = [ dea % [T /a)] i)
0 k=1
p k N
Poa(®) = [ doa = [Timtr/a) = [T Mo/ = @P, k=1,
0 =1 p=k+1
(1.15)
p k N
Dua(e) = [ doa 0% [tnata /)75 ] Mo/l o], k=L,
0 =1 p=k-+1
o N
Pan(e) = [ doa 14 [Jlme(r/o) = o).
0 (=1
For k € N we shall write Py for the polynomial
Py(o)=0(c—=1)---(c—k+1), oceR (1.16)
For B = (Bo, B1,- -, Bn), where B, B1,..., BN € R, we introduce
zo0(Bo) O<z<p, N=0,
vB(T) = Vgo,p1,....0n (T) = (1.17)
0(B0) [T, [Ine(y/2)] =), 0 <z < p, N €N,
and
fa(x) = fa0,p1,..0n (2) = vp(2)P(2), O0<2<p. (1.18)

If N € Nand gg = (e1,...,en), where €1,...,exy > 0, we define hye : (0,p) = R, £ € N,
iteratively by

N ‘
hie, () = hie,,... Z::ak €k 7];[1 Inj(~/x)] 7Y, w19
hetie, () = xhy, (z), LEN.
Note that, since v/ > v/p > eny1, one infers that
n;(y/z)] ' <1, O<z<p, j=1,...,N. (1.20)
For 0 < j <k <N and fo,B1,...,Bxn € R, we define a;1(8) = a;,x(Bo, B1, - - - Bn) by
a0,0(8) = [P (00(50))]” = A(m, a),
an.x(8) = o (By){ Pan(o0(80)) Pi (00 (Bo)) o (Br) + 1] + [P (00 (80))] "o (Bw) }.
45.4(8) = 73 (8:){ Pon (90(80)) Pl (00(B0)) o5 (85) + 11 + [Pr,(00(B0)))*04(85) }
— B(m, ), 1<j<N-1, (121)
ao,;(B) = 20(B8;) Pm(00(50)) Py, (00(5o)), 1<j<N,
a5(8) = k(B { Pun (00(80)) Pin (00 (80))[205(85) + 1] + 2 [ Prn(00(80)) 75 (87) }

1<j<k<N.
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If NeN, Bo,B1,...,8n € R, and 1 < j <k < N, then we define b; x(3) = bj (B0, B1,---,BNn) b
bj,;(B) = ﬂp (90(B0)) Py, (90(Bo)) + [P&(UO(BO))]Q] (B — B7) +a; ;(B),

I<j<N,

by (8) = a5(8) — 1 [Pon(o0(B0)) Pl (0(80) + [Phu(oo(0))]*] (1 — 26,1~ i),

1<j<k<N.

(1.22)

For the rest of this paper we shall assume that M € (0, c0) is fixed and that g, e1,...,enx € (0, M),
constants denoted by ¢;,j € N, will depend on N € NU{0}, v, p € (0,00) with v > peni1, m € N,
a€R, M € (0,00), and ¢ € C*®(R), but will be independent of €9, 1,...,ex € (0, M).

2 Preliminary results

We mention again that the methods used in this section are adapted from [15, Sect. 3].

Lemma 2.1. Let j € {1,...,N + 1} and 8 € R. Then, for all 0 < x < p,
%[ma‘(v/w)]*ﬁ = B ng (v /)] 71+ iy (y/a)] ™ g (/)] 77 (2.1)
Proof. For j =1, (2.1) clearly holds. Suppose that (2.1) holds for j € {1,...,N}. Then
2 iy a(2/2)) " = < il (/)]

= Bl (/)] iy (/)] o))

g T L 22
= =By (y/2)) P lng (y/2)] (=12 [ e (y/2)]
k=1
H Ing(v/x)]~ 1n,+1(7/x)] 1-8
k=1
The result now follows by induction. O

Lemma 2.2.

(i) [Pun(oo(0))]” = A(m, ).
1

(i) +{ [P(0(0))]? ~ P(0(0)) Pl (00(0))} = B(m. ).
Proof. Since (i) is clear, we only need to prove (ii). Since both sides of (i) are continuous in «,
we may assume that o € R\{1,3,...,2m — 1}. For 0 € R\{0,1,...,m — 1} one gets

o) = (0 —1)(o—2) (o —m+1)
+o(c-2)---(c—-m+1)+--4+0o(c—-1)---(c —m+2) (2.3)
=0 'Pp(o)+ (0 —1)"'Pulo) +---4 (0 —m+ 1) P(0),
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hence .
P (o) [P = (e-5)7", (2.4)
7=0
thus, differentiating both sides,
m—1
Pu(0) Py (0) = [Pr (o)) = WD (o= (2.5)
7=0

Put 0 = (2m — 1 — «)/2. Then o € R\{0,1,...,m — 1} if and only if o € R\{1,3,...,2m — 1}.
So, by (2.5), part (i), and (1.8), for & € R\{1,3,...,2m — 1}, one obtains

P (2 — 1 — ) /2)] = P2 — 1~ @) 2)PL((2m — 1 — a)/2)
= [Pu((2m—1-a)/2) m_ (2””“1‘“—;), 20
that is,
[P, (00 (O] — Pror0(0)) PLs(0(0)) = 4P m 1w
moz)i(Qj—l—a (2.7)
- 43(m,oé)J_1

Remark 2.3. Let hye : (0,p) = R, £ €N, be as in (1.19). For all £ € N with £ > 3, there exists
c1(€) > 0 such that for all e1,...,eny € (0, M) one has

hee, (@) < cr(On(y/x)] 7%, 0<z<p. (2.8)

Lemma 2.4. Suppose N € N. Let v; = Uy e, : (0,p) = (0,00) be defined as in (1.17). Then,
for T €N,

N

’Ué‘r)(ib) _ xao(so)—'r H[ln] (’7/%)] o 5]){PT(O'O(50))

Jj=1
+ Pl(00(20))h1 g, (%) + (1/2) P (00(20)) [P ¢, (2)]° + (1/2) P} (a0(20))hae, (w)  (29)
+ ET_E(;C)}, 0<z<p,

where E. () is of the form

ET,g(x) =FErcoer,en ()

Q(r) (2.10)
= Z Pr,j [hlél (‘T)]wth U [hT,él (x)]wﬂjjv 0<z<p,
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for some Q(1) € Nyw,jr € NU{0} forall j € {1,...,Q(1)} and k € {1,...,7}, pr;j € R for all

j€{l,...,Q(7)}. Moreover, there exists co = co(7) > 0, independent of o, 1,...,n, such that
‘pm- [P1e, (@)t The e (:E)]w““| < eofln(y/2)]73, 0<x<np, (2.11)
forall j €{1,...,Q(7)}. Hence

|Ere(2)] < e2Q(m)In(y/2)] 7%, 0 <z <p. (2.12)

Proof. We prove this result by induction on 7 € N. For brevity we shall write o; = 0;(¢;),j =

0,1,..., N, in this proof. For 7 = 1 we have, by Lemma 2.1,

N
vi(x) = 27! H[lnj(w/:v)]f"j (00 +hie, (@), 0<z<p. (2.13)
j=1
For 7 = 2 we have
N
vl (2) = 270 H[lﬂj (v/2)]77 (00 = 1+ hag, (@) (00 + hag, (2))

N
a7 [Ty (/)] (2 hae, (2)
NJ_
=272 [ [ (v/2)] =77 {o0(00 — 1) + (200 — Dh1 e, (2) + [h1 e, (@) + hag, (2)}. (2.14)

J=1

For 7 = 3 we have

N
V() = 27073 [ [ Iny (/)] (00 — 2+ ha ¢, (2)) {o0(00 — 1)

+ (200 = Dhig, () + [hag, (2)]* + hag ()}
N
+ 277 [y (v/2)] 77 {(200 — Dhae, (2) + 2h1 ¢, (@)hoye, (x) + Dz, () }
=1

N
= go0—3 H[lnj (’y/il?)]idj {P3 (UO) + Pé(o'o)hl,gl (.CC)

+ (1/2) Py (00)[h1 ¢, ()] + (1/2) P (90) ha g, () + Es,g(x)} (2.15)
where
Esc(z) = [hg, ()] + 3h1g, (2)hoe, (x) + hag, (@), (2.16)

hence the result holds for 7 = 3 by Remark 2.3 and (1.20). Next, we assume that the lemma holds
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for 7 € N. Differentiating (2.9) yields

N
’UéT-H)(,T) =qgoo ! H[lnj (v/2)]7% (00 — 7 + hie, (@) {PT(UO)

j=1

+Pl(00)h1 g, () + (1/2) P (00) [l g, ()] + (1/2) P/ (00)ha g, () + Eng(x)}

N
+ 27 [ ny (/)] {Pr/(f)’o)hlél (2)

Jj=1

+ P(00) 1., (@)haz, () + (1/2) P! (00)hs ., (a) + 0B, () |

N
= goo—(T+1) H[lnj('y/x)]fdj {PT(UO)(UO -7)+ [PT(UO)

+ P(00)(00 — 7)] h1e, (x) + [(1/2) P} (00) (50 — ) + PL(00)] [l ¢, ()]?
+ [(1/2)P!(00)(00 — 7) + PL(00) | hae, (z) + Er+1,§(9€)}

N
= goo—(7+1) H[lnj (y/x)] % {Pr+1(00) + P7/-+1(00)h1-,§1 (z)

+ (1/2) Py (00) [l g, ()] + (1/2) Py (00)ha g, (2) + Er+1,g(f1?)}7 (2.17)

where

Eri1c(z) = (1/2) P! (00)[h1e, (2)]* + (3/2) P/ (00)hi e, (x)hac, (z)
+ (00 — T)ET,Q(‘T) + hl,gl (x)ET,g(gc) + (1/2)P7I-/(00)h3,§1 (z) + QCE;-;(‘T) (2.18)

Thus, by (1.19), Er41..(z) can be written in the form

Q(T+1)
Eri1e(z) = Z pra1jlhig, (@) Ry g (@)] 0 (2.19)
=1

for some Q(7 +1) € Nywry1,56 € NU{0} for j € {1,...,Q(r +1)} and k € {1,...,7 + 1},
pr41,; € Rfor j € {1,...,Q(r+1)}. By (2.18), (1.19), (1.20), and Remark 2.3, there exists ¢z > 0,
independent of €g,e1,...,en € (0, M), such that, for all 0 < z < p,

Prstglhn g, @] [ (@)] P05 | < Glln(y/2)] . (2.20)
Hence the lemma holds for 7 + 1. O

Lemma 2.5. Suppose N € N. Let v = Ve eq,...en : (0,p) = (0,00) be defined as in (1.17),
fe = feoerren = (0,p) = [0,00) be defined as in (1.18), and, for 0 < j < k < N, a;i(e) =

ajr(€0,€1,-..,en) be defined as in (1.21). Let G1 . = G1(e0,€1,...,en) € R be defined by?

P P
/ dx xo‘|f§(m) (a:)|2 = / dx xo“vém) (a:)|2[1/1(x)]2 + G (2.21)
0 0

30mne notes that, since g > 0, (1.10) and Lemma 2.4 imply that the integrals in (2.21) are finite and hence G1 ¢

is well-defined.
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Then there exists c3 > 0, independent of €g,€1,...,en, such that
|G1e| < s, (2.22)

and

In-ilfe] = Gre+ Z a;k (€)' k(€)

0<j<hkSN
) N (2.23)
+ [ ararenmse TTin, /)] 2 G (@)
0 i
where Goe = Goeeq,...en - (0,p) = R satisfies
’Gg_é(:zr)’ <es[ln(y/2)]73, 0<x<p. (2.24)

Proof. We shall write 0; = 0;(¢;), j =0,1,..., N, in this proof. By Lemma 2.4 we have

N
o) (@)]* [ (@)? = 220~ T liny (/)] 77 [ Pu(o0)

j=1
+ Py (00)h g, (2) + 5P(00)[h g, (2)]* + 5 P (00)hag, (%) + B g(7) )

N
= g?loo—m) H[lnj (y/x)] %7 { [P (00)] s 2P, (00) Py, (00)hi ¢, ()
j=1

+ | Pu(00) P21 (00) + [P (00)]| b1 o, (2)]2 + Pon(00) P (00 ), (@)

i Gg,a<:c>}w<w>]2, (2.25)

where, by Lemma 2.4, Goc = G2.c0.e1,....en : (0, p) — R satisfies

|G2.c(z)| < calln(y/2)] 73, 0<a<p, (2.26)
for some ¢4 > 0 independent of €g,¢e1,...,en € (0, M). Direct computation shows
p N N
/ dr z*0 ™ T Ing (/)] > ha e, (o) [9(2)] = D 0T 5(e), (2.27)
0 ot =
i 2(co—m)+a " —20; 2 2 z 2
dvx [Ty (v/2)] 27 (g, (@)P[(2)])* = D 03Ty5()
0 j=1 j=1
+2 > oodk(e), (2.28)
1<i<k<N
p N N
| dmaterm e T /)2 he, @@ = 300,754
j=1 j=1
+ ) oljxle) (2.29)

1<j<k<N



128 F. Gesztesy, I. Michael & M. M. H. Pang

Combining (2.25) and (2.27)-(2.29) yields

/0 " du 2|0 (@) * [ (2)]? = [Pu(00)] Toy(e)

] =

+ > 2Py(00)P,,(00)o;T0 ;(g)

<.
Il
-

_|_

-

{ | P(00) Pl (00) + [Phy(00)]* o + Pm<ao>P,;;<ao>aj}rj,j<§>
1

J

+
(]

{2[Patou)Phion) + [Potou))*]oson + Pulo)Phon)on Tyu(2)

1<j<k<N
o N
+ / dm“”o-mwj:r[lunm/w)r%Gz,§<x>[w<w>12. (2.30)

Equation (2.23) now follows from (1.11), (2.21), and (2.30). Since

E(m) () = Z <m) Uémfj) (Iw(j)(x), (2.31)

B J
we have, by (1.10),

p P
G = al p(m) 2_ al,,(m) 2 2
Gr] ’/ a0 @) = [ dza ol o) (o)

[ L 3 (T e + (3 (1) e @) )

j=1 j=1
m (0.9)p
< 22 (m) / dx xo‘]vgm) (z)v{m=9) () )|w(x W,(J) ()]
=1 J (0.8)p B B
m (0.9)p
m\ [m s e
+ Z ( ) (k)/ dxa® ‘vém ‘7)(x)vé R)( Hw @ ()™ (z )] (2.32)
G k=1 J (0.8)p
Hence Lemma 2.4 implies that there exists ¢5 > 0, independent of eg,é1,...,exy € (0, M), such
that |G1,| < ¢5. Thus Lemma 2.5 is proved upon putting c3 = max{ca, c5}. O

Lemma 2.6. Let k € {0,1,...,N} and By, B1,..., 8k = 0. Then

p
/ drx 7P Ing (v/2)] 7P - Ing (v /2)] 7P < o0 (2.33)
0
if and only if
ﬁo > 07
or Bop =0 and B, > 0,
or fo=p1 =0 and 2 >0, (2.34)

or Bop=p1 == Pr_1 =0 and B > 0.



CUBO

Optimality of constants in power-weighted Birman inequalities 129

24, 1 (2022)

Proof. This follows from Lemma 2.1 and (1.20). O

Lemma 2.7. Let B € (—oo,1). Then there exists c¢ = cg(B) > 0, independent of €9 € (0, M),
such that

/op da 50 lny (/)] P (@) < coey (2.35)

Proof. Writing 7 = ¢ *[In(y/p)] ™' > 0, and using the change of variables
-1
s =¢ey [In(y/x)] ! (i.e., T = yecos ),
B (2.36)
1,1 -2 . O G
ds =¢q o [In(vy/z)] " “dx (z.e., de =~ey s eEoSds),

one obtains

/ " da a0 n(y/2)] P [p@) < / dw a1 in(y /)7 = 4oey + / s T

0 0 0
o0 -1
< (750/ ds s‘“%?)gg”ﬂ. (2.37)
0
O

Lemma 2.8. Suppose N > 2. Let 8 € (—o00,1) and 1 < j < N — 1. Then there exists ¢; =
c7(B) > 0, independent of €; € (0, M), such that

Jj—1

/ " dw o T Mnar/)]~ s (/)] o (/)] (@) < ere 0. (2.38)

0 k=1

Proof. Writing 7 = aj*l[lnjﬂ(”y/p)]*l > 0, and using the change of variables

s=¢; [Inja(y/2)] 7, (2.39)
so that, by Lemma 2.1,
ds = &5 e in (y/2)] 7+ Iy (v/2)] 7 g (v/2)] " da, (2.40)
one gets
/0” dea™ " [T e (y/a)] ™ oy (/)] =% [l (/)] =P (2))
k=1
SEj /OT ds [l (7 /)]~ [l (v/2)2 7. (2.41)
By (2.39) one has
(e;8)"" = In(In;(v/z)) (i.e., In;(v/z) = e%i® ) (2.42)
Hence
o j-1
/0 doa™ " [T o (y/a)] ™ oy (/)] =% [l (/)] =P [ (2)]
k=1
’ 88‘6%‘1 g:5) 28 - 86%8_2 B e 18
<[ asey <]>+<(/Od +)J . (2.43)
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Next, we need to introduce some more notation: For 7 € {0,1,...,N — 1} and 7 < j < k < N we
write
o T J k
), = [ ao{ SICTTER R I
' (2.44)

N
< 11 [lne<v/x>11-6fw<x>12}.

t=k+1
By Lemma 2.6, (I‘T(g))j_k is well-defined for 7 € {0,1,...,N — 1} and 7 < j < k < N as the
integral on the right-hand side of (2.44) is finite.

Lemma 2.9.

(i) There exists cg > 0, independent of €9,€1,...,en € (0, M), such that

N
coTo0(e) = > (1 —¢)To () + Gag, (2.45)
j=1
and for j=1,...,N,
N
801—‘0 j Z Ekl—‘k j Z (1- Ek)l—‘.j7k(§) +Gajes (2.46)
k=j+1
where
|Gse| <es,  |Gaje| <os. (2.47)

(i) Suppose N > 2. Let 1 < j < N — 1. Then there exists cg = co(j) > 0, independent of
€0,€1,.--,N € (0, M), such that

ei(Tj1(0),,= Y (1—en)(Tj-1(9),, + Gs,je, (2.48)

where ; = (g5,...,en), and, for j+ 1<k <N,

k N
e (Tj1(8) ;== D ee(Uim1(0) 0y + D (1= (Tjm1(e)) o + Gojie,,  (2:49)
{=j+1 l=k+1

and where

|Gsje,| <co, |Gojne,| < co (2.50)

(iii) There exists c1p > 0, independent of €g,€1,...,enx € (0, M), such that

EOFOO - 2502 FOJ

N
=Y (e =Nl — > (1—2¢)(1 —er)Tk(e) + Gre, (2.51)
i=1

1<j<k<N
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where

‘G77§’ < C10- (252)
Proof.

(i) We observe

(o o (/)5 ()] o))

dx
— 2% [l (v/2)]' 75 - [y (/)] N () ()
N N
= o 40 [Ty (/)] S W@ = (1 = ex)a 40 ima (/)] [ g /)] [ )
N
—(I—en)z 't _H[lnj (v/2)) == [ (@))%, (2.53)

integrating both sides yields

N
G3 e = EQFO 0 Z 1 —&j FO 7 (254)
=1

%( [T0mstr/m)= T [ostr/a))" ww)
- k=j+1
J N
= 20% [ Jlna(y/2)] ™ [T Moaly/a)]' == 4p(a)e (@)
k=1 k=j+1
J N
= cor O [ e (/@)= [T Mow(v/a)]' =+ (=)
k=1 k=j+1
J N
+erw oy (/)] [ oe(y/a)) 7 [T Dok(v/@)]' [0 (2))?
k=2 k=j+1
J N
+eja o [T (/o)) 775 T Moe(y /)] [0 ()]
k=1 k=j+1
J N
— (L= gjen)a o [T nk(y/2)] " Ingaa (v/)] 7= [T na(y/2)]' == ()
k=1 k=j+2
J N
—(—en)a o [Tnp(v/) 7= T Mon(y/@)) = (@), (2.55)

k=1 k=j+1
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integrating both sides yields

i N
Gaje=ceolo,(e) + Y exlhj(@) = Y (1—ep)Tjk(e): (2.56)
k=1 k=j+1

By (1.10), there exists cg > 0, independent of &g, &1, ..., en € (0, M), such that

}G3=§} < c8; |G4,j,§| < cs. (2.57)
(i1) One has
d ( —&; al 1—ep 2 -5 . 1—e /
oy (/)] 1T w(v/a) [¢($)])—2[1nj(v/w)] 7 T Mokly/a)' s (@)e! ()
k=j+1 k=j+1
Jj—1 N
= cja ! [ [ Ik (v/)] Iy (y/2)) 7% [T s (y/2)] = [ ()]
k=1 k=j+1
j—1 : N
— (=)t [T Moe(y/@)] g (v/2)] % g (y/2)] 7 [ ow (/)] [ ()]
k=1 k=j+2
j—1 N
— (1 —en)a™" [ Mow(y/@)) oy (v/2)) 7= [ Mow(o/a)] =+ [ ()], (2.58)
k=1 k=j+1

integrating both sides in (2.58) yields

N

Gse, =€i(j-1(0),, = D 1—en)([i-1(9) (2.59)
k=j+1

Similarly one obtains, for j +1 < k < N,

(g o)) M (/)54 - /)5 [ @)
= 2l (/)] 5+ [/ )] 5 g (/)] o )] N )y ()
j k N

=g [[ne(v/2)) " iy (y/2)] 77 I Moe(y/@)) =TT Mmely/a))' [ ()] +
=1

l=j+1 (=k+1

j—1 k N
+epr! [T e(v/2)) 7 [ me(y/2)) 7 7% [T Mne(y/a)) == [ (@)]® = (1 = i)z
=1 1=j =k+1
Jj—1 k N
x [ Tme(y/@)) =t [ Tne(y/2)) === g (v/@)] =0 T Ine(v/a)]' = [ ()]~

=1 1=j 1=k+2

j—1 k N

— (1 =en)a™ [Tme(v/@) [T Ime(y/@) 7= TT Mne(v/a)] == [ ()], (2.60)

=1 =j t=k+1
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integrating both sides in (2.60) yields

k N
Gé,jke, = ZEE(Fj71(§))g)k - Z (1- Ez)(Fj—l(é))M- (2.61)
—; t=kt1

y (1.10), there exists cg > 0, independent of €;,...,enx € (0, M), such that
}G5]E | < co, }Gﬁ,j,k,gj} < ¢y, (2.62)

forl<j<N-landj+1<k<N.

(ii) By (i) we have

N
EOFQO —25021—6JF03 = 021—5‘] FOJ +€0G35
j=1
N 7 N
—Z(l—aj){—ZakI‘m + Z 1—ep)l )+G4J5}+50G37§
j=1 k=1 k=j+1
N N N
=3 (—ep)arleil@ =Y. Y. (1—e)(1 —ex)ljk(e) +Gre, (2.63)
j=1k=1 j=1k=5+1
where there exists ¢19 > 0, independent of €g,e1,...,ex € (0, M), such that
‘G7,§’ < clo. (2.64)
Thus
N
ealo.0(e —25021—5J Ty (e Z (e) + Z (1 —ep)e;lu(e)
=1 1< <k<N
+ ei(l—en)lin(e) — > (1—ex)Tik(e) +Gre
1<j<k<N 1<j<k<N
N
= Z(EJ 53)PJ,7(5) - Z (1 =2¢;)(1 —ex)lk(e) + Gre (2.65)
j=1 1<j<k<N
O
Lemma 2.10. Suppose N € N. Then there exists a constant c;1 > 0, independent of €g,€1,...,EN €

(0, M), with the following property: Given any fized e1,...,en € (0, M), there exists a decreasing
sequence {0¢}72, € (0,M) and Lo € R such that eg¢ L 0 as £ 1 oo, |Lo| < ci1, and, writing
Je = feorer,.en S defined in (1.18),

%#Ior(l) JN—I[fg] = Z ijq(O, Elye .- ,EN)(Fo(g))jﬂk + Lo. (266)
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Proof. We first note that by Lemma 2.7, there exists ci2 > 0, independent of €g,e1,...,eny €
(0, M), such that for all eg,e1,...,ex € (0, M) we have

To,0(e) = /Op d ™0 Iy (/)] 75 I (/)] 5N [ ()

P N
< /O dz 2™ [Ing (7/$)]3/2{[1n1(7/1?)]1/2 kll[lnk (v/2)] } [ ()]

< croeg ™2 (2.67)

For j = 1,...,N, by Lemma 2.7, there exists ¢15 = ¢13(j) > 0, independent of g, 1,...,ex €
(0, M), such that for all €g,¢e1,...,ex € (0, M) we have

J N

os(e) = [ deats [T} [ Busto/a) == )
0 k=1 k=j+1
P N
za~iteoln z)]/2{ [In z)] "2 n T z)]?
< [ awam /o) /o) I e 1wt
< cr3eg 2 (2.68)
Since we are fixing €1,...,6, € (0,M), for 0 < j < k < N, we shall consider a;;(e) =
a;k(€0,€1,...,6n) as functions of g9 € (0, M) only. Then
a070(50) = [Pm(do(éo))]z — A(m, a),
ag,0(€0) = Pm(00(£0)) Py (00(20)),
agyo(&'o) = %{PW(O'Q(E()))P#L(O'Q(E())) + [Prln(g'o(go))]z}’ (269)

k
i) =2 {2 (1Pnto)?

) } k=3,...,2m.
(T:O'()(Eo)

Similarly one has, for j=1,...,N,and k=2,...,2m — 1,

ag;(€0) = 20(5) Pm(00(c0)) Py (00(20)),
ag,;(€0) = 0’.7'(6.7'){ [Pr(o0(z0))] + Pm(O’O(EO))PZ(O’O(EO))}a (2.70)

k
[

dte) =2 5] 2 (PP

Thus, by Lemma 2.2,

2m
1 - -
a0,0(0) —ao,o(0>+aa,o<0>so+5a3,0(0>63+53(§ (k)" agg(0)eg 3)

= Pr(00(0)) Py, (00(0))e0 + i{Pm(Uo(O))PLQ(O’o(O)) + [P%(O’O(O))f}fg




CUBO

o1 1 (2023, Optimality of constants in power-weighted Birman inequalities 135
Put
2m dk 9
—1lo—k k-3
Gleo) = S (k)12 {W([Pm(a)] ) . }go , (2.72)
k=3 o=00(0)
then there exists ¢4 > 0, independent of €g,e1,...,ex € (0, M), such that
|Gg £0 | C14, €g € (O,M) (273)
Similarly, for j =1,..., N,
2m—1
ao,j(20) = a0 ;(0) + af ;(0)e0 + > (K1)~ &)
2
= 20(¢j)Pm(00(0)) Py, (00(0)) + 0 (fj){ [Pra(00(0))]” + Pm(Uo(O))P#(Uo(O))}Eo
2m—1 dk
+ ( > (1) 2 Dos(e){ 12 (Pulo)P0) }’“) (2.74)
k=2 a=00(0)
For j=1,...,N, put
2m—1 dk
Gax@@n-§j<M>12“3”@@n{—7(RA@P;wU }%‘% (2.75)
’ do _
k=2 o=0¢(0)
then there exists ¢15 = ¢15(j) > 0, independent of eg,e1,...,enx € (0, M), such that
‘Ggyj(ao,aj)’ < C15, jZl,...,N, €0,€5 € (O,M) (276)

Hence, applying Lemma 2.9,

ao,0(e)To0(e +Za03 e)lo,;(e

= P (00(0)) Py, (00(0))20T0,0() + E{Pm(ao(()))P;i(ao(O)) + [Pr(00(0))]” }eiTo(e)

+ Gs(20)edToo(e +Z{2ag 3) P (00(0)) P, (00 (0)) T, (e)

+0;(5) ([P (00 (0))]” + P (00(0)) Pl (90(0)) ) 20T0,5 (&) + G20, €,)8 0 (0) |

N
= Po(00(0)) P!, (50(0)) {EOFOO Z 1—¢;)To,(e }

1

7j=1
N
—+ Gg (EQ)EOFO ol& + Z G9 7 501 5])501—‘0 J( )

j=1

N
+ Z{Pm(cfo(o))Péi(Uo(O)) + [PMUO(O))}Q}{E?JFQO(@) —250) (1- Ej)Fo.,j(é)}
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= Pa(o0(0) Pl (00(0)Gsc + 1{ Plou(0) P (0(0)) + [Ph(o0(0))]}

N

x {Z@j SO - Y (- 25)(1 - ee)Tle) + Gm}
j=1 1<j<k<N
+ Gg(EQ)EOFQ ole + Z Gg j EQ, EJ)EOFQ J( ) (2.77)

j=1

Put

Cro = Pra(0(0) Pl (00(0)) G + 1 P (070(0)) Phs(0(0)) + [Ph(o0(0))]” } G

(2.78)
+ Gs(e0)egTo,0(g) + ZGQJ (€0,€5)5T0,5(e)-
j=1

Then by Lemma 2.9, (2.67), (2.68), (2.73), and (2.76), there exists c¢1g > 0, independent of
€0,€1,.--,6N € (0, M), such that

|Groe| <cis,  €0,€1,...,en € (0,M). (2.79)
Let {€0,¢}32, be any decreasing sequence in (0, M) with limgtoe €00 = 0. Applying Lemma 2.5,
(2.77), and (2.78), we have, with g9 = £¢ ¢,

N

In-1lfe] = Gre+ /p do = e T ny (v/2)]' =% Gao.e (@) [ ()]
0 i=1
+ ao,0(€)T0,0(e ZaOJ e)lo,;(e Z ajk(£)5,1(€)
1<j<k<N
p N
= it n; (v/2)] " e ( x)]?
G+ [ Iinstr/2' = Gaclolvte)
N
+ G+ 1{ Palonl0) P2 o0(0) + [Phlon())* } 065 = 0560
Jj=1
- > (1—2sj)(1—sk)rj_,k(§)}+ > ajk(@lj(e)
1<j<k<N 1<i<k<N
= 1{Pu(e0(0) Pl (0 (0)) + [P (omQ}{Z(eJ 014(0)
- Y )@ Gt Y el (@50)
1<j<k<N 1< <k<N
where
p N
Giie = Gi(eoe,€1,---,6N) +/0 da x~ 1 Te0 H[lnj(’Y/x)]lfsjG2,§($)[1/’(17)]2

+G10(607g,€1,...,€]v). (281)
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24, 1 (2022)

By (2.24) and Lemma 2.1 there exist ¢17, ¢1s > 0, independent of g, 1, ...,enx € (0, M), such that

N

[ asam = [ G (@) oo

)

P N
< / d:cchlunl(v/x)]3/2{[1n1<7/x>1“2H[lnj<v/x>1}w<x>12

j=2

< 7 /OP dx 2z~ In, (”y/x)]fg/Q[d)(:c)]Q = c18 < 00. (2.82)

This, together with (2.22) and (2.79), implies that there exists ¢11 > 0, independent of g, £1,...,ex €
(0, M), such that

’Gll,g‘ <011, €0,€1,-.--,EN € (O,M) (283)
By compactness of [—c11, ¢11], there exist a subsequence {eq s, }Zozl and Lg € [—c11, ¢11], such that
lim Gll(&‘o_zp,&‘l,...,a]\[) :Lo. (284)

ptoo '

We shall regard this subsequence as {eg¢}32;. For 1 < j < k < N we have, by monotone
convergence,

%#g Fj,k(ao.,lvglv s 7€N) = (Fo(é))j k(alv s 7€N)' (285)

Jy

The lemma now follows from taking the limit £ 1 oo in (2.80) and using (2.81) and (2.83)—(2.85). O

Lemma 2.11. Suppose N > 2. Then there exists a constant ci9 > 0, independent of g, €1,...,eN €
(0, M), with the following property: Let p € {1,...,N —1} and let €pt1,...,en € (0, M) be fized.
Then there exist L, € R, with |L,| < c19, and a decreasing sequence {ep¢}7°, C (0, M) with
ep,e 4 0 as €1 oo, such that

%Hn Z bjyk(o,...,O,Epyg,€p+l7--'7€N)(Fp*1(§))j)k

o0
p<G<k<N

= D> b0, 0, en) (Th())  + Ly (2.86)
pHISG<hEN

Proof. By Lemma 2.2 one obtains

byp(0s 10,20 EpirseenrEn) = E{PW(UO(O))P#L(JO(O)) + [Phloo(0)]*} e —22)

(1= £){ P 00(0) P 0005 1+ 25) = [Ph(a0)]*5 (1 = &) | - Blm. )

N =

P (00(0)) Pl (00(0)) = [Pra(00(0))]* bep = = Blm, ey, (2.87)

|
B~ =
— =
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and, for j =p+1,..., N, one gets

by (0,0, Ep, Epits. - EnN) = aj(aj){Pm(ao(()))P;g(ao(()))sp — [Pl (o0(0)] (1 — sp)}

5750 { P(00(0)) P 00(0) — [Ph(00(0))]*}
= B(m,a)(1 —¢;). (2.88)

Thus, by Lemma 2.9,

N
bpp(0,...,0,6p,Epti,- .- EN) (I‘pfl(g))p_’p + Z bp,;(0,...,0,6p,pt1,.-- ,EN)(Fp,l(g))

P,J
Jj=p+1
N
= ‘ - B(maa){fp(rp—l(é))pﬂp - > - Ej)(lﬂp—l(é))pyj}’ < 1, (2.89)
J=p+1
where ¢19 = B(m, a) max{cg(1),...,co(IN — 1)} > 0 is once again independent of €g,1,...,en €

(0,M). Hence by compactness of [—cig, c19] there exist a decreasing subsequence {e, (}52, of

{3}52, and L, € [—ci9, c19] such that

L, =1imb,,(0,...,0,ep0ps1,-.-.6n)(Dp-1(e))

JAReS) p,p
N
+ > b0 0,8p i en) (Dpmr(9)),, - (2.90)
Jj=p+1
By monotone convergence
}iglo Z ijC(O,...,O,Ep)g,gp_,_l,...,EN)(Fp_l(Q))jyk
pHISISESN
= Y bjk(0,. ., 0, epr1, .y en) (Tp(€)) ;- (2.91)
pHISISESN
The lemma now follows from (2.90), (2.91). O
Lemma 2.12. We have
lim by n(0,...,0,en) = B(m, ). (2.92)
ENJ,O
Proof. We have, by Lemma 2.2
lim bN_N(O,...,O,EN) = lim CLNyN(O,...,O,EN)
enil0 ' end0
. 1 2
= Ehr?o —1(1 - aN){Pm(ao(O))P,’,;(ao(O))(l +en) — [Ph(c0(0)]7(1 = gN)}
N
1 2
= 1{ (Pr(o0)]? - Paton(O) Pr00(0)) } = B0 (2.99)
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Lemma 2.13. Suppose N € N. Then given any n > 0, there exist €o,€1,...,en € (0, M) such
that if fe = feo,e1,....en 5 as defined in (1.18), one has

o N -1
a—2m — 2
aaald| [ asar TG/ 2 @] - Bma)| <o (299)
0 ;
J=1
Proof. Let ¢op = max{ci1,c19} > 0, independent of €g,e1,...,eny € (0, M), where ¢11 and c19 are

as in Lemmas 2.10 and 2.11. By Lemma 2.6 and monotone convergence one infers

o N-1
tim [ dra™ T (o)) /)]~ @) = (2.95)

Thus, we can choose e € (0, M) sufficiently small such that

N-1

[ o TL o) i /)=~ o) > 1, (2.96)
Jj=1
and
p N-1 —1
020[/ dea* H [In; (y/2)] " Iny (y/x)] 15N [ (2)]? <, (2.97)
j=1
and, by Lemma 2.12,
|ba,n(0,...,0,en) — B(m, )| <. (2.98)

Thus, for any Ry_1 € [—cap, c20), one has

=2

-1

}{bN_’N(O,...,O,EN)(FN 1( ))NN+RN 1}{/0pdx;c1 [h}j("y/x)]*l

Jj=1

« [y (/)] [ww]  _Bm.a)

g |bN7N(O O EN) —B(m Oé)|

p N-1 —1
on [ [ T/ /) I-ENWW]
Jj=1
<2 (2.99)

Suppose first that N > 2. Then, by Lemma 2.11, there exist Ly_1 € [—c19, c19] and a decreasing
c (o,

sequence {en—1,0}92; M), with limgyee eny—1,¢ = 0, such that

gglo Z bjk(0,...,0,en—1,, EN)(FN*Q(Q))J‘,/@
N-1<G<k<N

= b n(0,...,0,en)(Tv-1(8)) vy + Lv-1- (2.100)
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By (2.96) and monotone convergence, and replacing {enx_1,}72, by a subsequence if necessary,

one can assume that

0 N—
/ { H I (/)] iy (/)] =5 [ (/)] [w<w>[2} >1, e,
= (2.101)

Combining (2.97), (2.100), (2.101), and (2.99) with Ry_1 = Ly—1, and using monotone conver-
gence, there exists ey_1 € (0, M) satisfying

H > bj,k(o,...,o,gN_l,gN)(rN_z(g))j_’k}

N-1<j<ksSN

P N—-2 —1
<(/ dm-ljl_IlunM/x)rlunN1<v/x>r1-w1[1nN<~y/x>r1-%<x>P> - B(m,a)

< H Z b;x(0,.. '7075N—175N)(1—‘N—2(§))j7k
N—-1<j<ksN
N2

_ [bN)N(O, e O,EN)(I‘N_l(g))MN + LN_l] } [/Op drx™! 1:[ [n;(y/z)] !
x [y -1 (y/@)] 7 7 g (y /) 0 Wﬂﬂ)]z} h
+ ’ {bN,N(Oa - 7075N)(FN—1(§))N7N + LN—I} {/OP dx ™! ]fl:[Q[lnj(V/x)]_l

X [lnN—l(V/x)]_l_aN1[1DN(7/x)]_1_6N[1/’(x)]2:| - B(m,a)

< n+2n=3n, (2.102)
and
o N—2 N -1
020[/ dra™! H n;(v/z)]~ H [In; (y/z)] 1~ [1/)(17)]2} <n, (2.103)
0 j=1 j=N-1
as well as
P N-2 N
/ dxx™ H (/)] H [In; (/)] % o (z))* > 1. (2.104)
0 j=1 j=N-1

One notes that by (2.102), (2.103), for all Ry_2 € [—c20, c20],

H Z bjk(0,...,0,en—1, EN)(FN—2(§))j_k + RN—2}
N-1<<k<N '
N

[/pd:ca: lj\i:[j [y (y/@)] ™" [ fogo/a)) W)(I)]z}l _ Bim.a)

j=N-1
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< H > bj)]g(o,...,O,EN_l,EN)(FN—Z(g))jyk}

N-1<<k<N

N—2 N —1
X [/ dea? H (/)] H [In; (/)] "t~ [w(ac)]z} — B(m,«a)
0 j=1 j=N—1
o N-2 N ~1
+020</ drx™! H (/)] H [In; (/)] 1~ [1/1(96)]2)
0 j=1 j=N-1
<3n+n=4n. (2.105)

So we have chosen ey_1,ey € (0,M). If N — 1 > 2, then, by Lemma 2.11, there exist Ly_o €
C(

[—c19, c19] and a decreasing sequence {en—2,}9°, 0, M) with limgreo en—2,¢ = 0 such that

z%g Z bjk(0,...,0,en—2,0.en—1,6n)(TN-3(8)) ;
N-2<j<h<N

= Z bj_,k(O,...,O,aN,l,sN)(FN 2( )) + Ly_o. (2.106)
N—-1<j<k<N

By (2.104) and monotone convergence, and replacing {en_2¢}72, by a subsequence, if necessary,

one can assume that

o N-
/ dxx™ H [In; (/)] Iny—2(y/z)] "t en—2e
j=1

N
X H [Inj(v/z)]) S (@) >1, (€N (2.107)
=N-1

Combining (2.103), (2.106), (2.107), and (2.105) with Ry_2 = Lx_2, and monotone convergence,
there exists eny—2 € (0, M) satisfying

H > bik(0,...,0,en 2 en 1, EN)(FNg(g))j)k}

N—2<j<k<N

[/pd:ca: 1]\1—[3 [l (y/)]~ ﬁ [l (v /)] === [1/)(17)]2} - ~ B(m,a)
j=1 j=N—2

< H Z bix (0, .. '70,6N—27€N—1,EN)(FN—3(§))J-7,€

N-2<j<k<N

_[ S b0, 0,en1,en) (Tva(e)), , + L 2]}

N-1<j<k<N

x [/OdeIJJhlBIHJ " J—lilzlnj Of) ”ﬂ'[w(@f}l

+H 3 bj,k(o,...,o,aN_l,sN)(rN_Q(g))j_’k+LN_2]

N-1<<k<N

N-3 N -1
X [/0 dea? H n;(v/z)]~ J:E[ 2111] (/)] 1_51[1#(;5)]2} — B(m, )

< n+4n = 5n, (2.108)
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and
o N-3 N -1
020[/ dra™! H n;(v/z)]~ H [In; (/)] 1~ [ (2)]? <n, (2.109)
0 j=1 j=N—-2
as well as
N-3 N
/ dra™! H n;(v/z)]~ H [n;(y/z)] % p(z))* > 1, (2.110)
0 =1 j=N—-2

such that for all Ry_3 € [—ca0, ca0] one infers

H > bik(0,...,0,en—2.en-1,6n) (Tv-s(e ) ;x T By 3}

N-2<j<k<N

N-3 N -1
X [/ dra™! H n;(y/z)]~ H [In; (y/z)] 1~ [1/)(17)]2} — B(m,a)
0 j=1 j=N—2
< H Z bix (0, .. -70,6N—27€N—1,EN)(FN—3(§))J-7,€}
N—2<j<k<N
N-3 N -1
X [/ dea? H (/)] H [ (y/2)] 1_Ej[¢($)]2:| — B(m,a)
0 j=1 j=N-2
P N-3 N 1
+020[/ drx™! H o, (vy/z)]~ H [, (/)] l_af[w(:v)]z}
0 =1 j=N-2
< 5y +n = 6. (2.111)

Repeating the argument above N — 1 times (or if N = 1) one arrives at the following fact: there

exist €1,...,en € (0, M) such that

-1

H Z bjk(0:e1,- - en) (Tole)), }[/pdx:v J_lJ_V[llnj (v/2)] 1% [ ()

1<G<hEN (2.112)
and
o N -1
[ [ et Tt/ 2w <o (2.113)
as well as
o N
[zt Tl el > 1. (2.114)
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so that for all Ry € [—caq, co0] one obtains

H D bil0en s en) (To@)  + RO}

1<i<kEN
an dmlj_fv[lunjww)]“j (o Bima)
< H 1<%ﬂ:@vbj,k(o,gl, .. ,EN)(I‘O(Q))J._’]C} [/Op de ! j_lj‘v[l[mj(w/x)]—l_aj
-1 p N —1
<W@P| - Bma)| | [Mdoa [t ol
< (2N —1)p+n = 2N7,. (2.115)

Then, by Lemma 2.10, there exist Lo € [—c20, c20] and a decreasing sequence {g¢¢}72, € (0, M)

with limgjes €0,¢ = 0 such that

%iTmJN_l[fEO’Z,EI,MEN]: Z ijC(O,El,...,EN)(FQ(g))j_’k—l—LO. (2.116)
= 1<G<k<N

By (2.114) and monotone convergence, and replacing {e¢ ¢}72, by a subsequence if necessary, we

can assume that
N

/P do 1 Teo H[lnj(v/x)]flfsj [(x)]* >1, LeN. (2.117)

0 o1

Combining (2.112), (2.113), (2.115) with Ry = Lo, (2.116), (2.117), and monotone convergence,

there exists g9 € (0, M) satisfying
N

Inalfevernl| [ dea 5 TL s /o) 5 (P  Bima

Jj=1

<HJN_1[fEO,51,,,,,5N]—{ > bj,k(O,al,...,En)(l—‘o(g))jyk+Lo}}

1<<hEN
N

P -1
| [Mwam [/ = o
i=1
+‘{ Z bj,k(oaalv"'aan)(ro(é))j)k—i_LO}
1<i<kEN
o N -1
«| [Mwamrm [T/l =@ | - Bna)
0 =1
<n+2Ny= (2N + 1)n. (2.118)
O
Lemma 2.14. Suppose N =0 and let f., be as defined on (1.18). Then
p 5 p -1
lirflo dz 2| ™) ()| [/ drx® 2| f. (2)]2| = A(m,a). (2.119)
€00 Jg 0



144 F. Gesztesy, I. Michael & M. M. H. Pang

Proof. By (1.10) we have

p (0.8)p
1im/ dx 272" f, (2)]* > lim dr 2z~ 1T = 0o, (2.120)
EOJ,O 0 EOJ,O 0
In addition, one has
fs(;”)(x) = E (m) Pj(00(g0))x0 ) =ipy(m=3) (2} 0 <z < p. (2.121)
; J
J=0

Thus, for all 0 < z < p,

gl = 3 () () Prtoateon Pulan(eayan 201 im0

= [Pn(00(c0))] "2~ [1)(2)]? + Gra(eo, )
= A(m,a —go)x T [up ()] + Gra(eo, 1), (2.122)

where, again by (1.10),

|Gi2(g0,2)| < c21, €0 € (0, M), 0 <z < p, (2.123)
for some co1 > 0, independent of €g,e1,...,en € (0, M). Hence,
/p dx :C“‘fs(;”) (:v)|2 = A(m,a — eg) /p dr x e[ (x)]? + /P dx G12(e0, ), (2.124)
and the 1Oemma follows by dividing both side(; of (2.124) by i
[ e, @ = [ (2.125)
and applying (2.120), (2.12?(:). i O

3 The approximation procedure

We start with some more notation. For the remainder of this paper we shall assume €qg,¢1,...,en €
(0, p/20), that is, we shall assume M = p/20. Let fz = feyer....en De as defined in (1.18). Then
for § € (0, p/20), we shall write, recalling € = (g¢,€1,...,enN),

0, r<dorp<ux,
fo)e(@) = (3.1)
fe(z), d<x<p.

We shall let h € C*°(R) satisfy the following properties:

(i) h is even on R, (3.2)

(i) h(z) >0, z€R, (3.3)

(122) supp(h) € (=1,1), (34)
op

(iv) /_1d:ch(:v) _1, (3.5)

(v) h is non-increasing on [0, 00). (3.6)
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For € > 0 we write
he(x) = e ‘h(z/e), z€R. (3.7)

For ¢ € (0,p/20) and € € (0,0/4], we write

f6.0).e = f8).2 * e (3.8)
Remark 3.1.
(i) Since h is even, we have
foe)e(@) = /O; dte h(t/e) fis) (e —t) = /O:o dt e h(—t/e) fis)(w —t)
= /_Z due™ h(u/e) fis) e (x +u) = /_Z dre  h((r — z)/€) f5).(r)
= /g:a dre 'h((r —z)/e)f5)e(r), x€R. (3.9)

(ii) Since e € (0,0/4], supp(f(s.e).c) € [36/4,73p/80]. Hence,
fse).e € C5°((0,p)). (3.10)

(iti) Let g € L®(R),z € R,7 € R\{0}. For 0 <e < d/4 < p/80, let g = h. * g. By the sequence

of change of variables in (3.9), we have

gl 1) =gl = [ dr o) b~ 0 = 1)) = bl - 2)/2)})
—— [ ) W (e = = Mar /)Nl
= e /O; dr B ((r — & — Mz, r, 7)7) /€)g(r), (3.11)
where
0< Az,r,7) <1, a,rcR. (3.12)

Since b/, g € L*(R) and, for -1 <7< 1

supph/([+ —x — Na, -, 7)7]/e) Clx —e— 1,2+ + 1], (3.13)
applying the dominated convergence theorem we get
g(z) = lim 77 ge (2 + 7) — ge ()]
T—0

:_nmg*?/jo dr b ((r —x — Ma,r,7)7)/2)g(r)

T—0

rte+1
= —¢21lim dr W' ((r—a— Xa,r,7)71)/)g(r)

T—0 r—e—1

xr+e+1 z+e
= —572/ dr i/ ((r—x)/e)g(r) = —572/ dr i/ ((r—x)/e)g(r). (3.14)

—e—1 —€
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Let 6 € (0,p/20). For technical convenience, so that we can use the general theory of convo-

lution, we shall write ]?(5)_@ for a function in C§°(R) satisfying:

(’L) ﬁé),g(x) = f(5),§a Tz 55

3.15
(ii) fisye(a) 20, —oo<a < o0 (3.15)

Constants denoted by vj,j € N, will depend on N € NU {0}, v, p € (0,00) with v > pen1,
m €N, a €R, hyep € C°(R), and eg,¢1,...,en € (0,p/20), but are independent of § €
(0,p/20) and € € (0,5/4). o

Lemma 3.2. For all k € NU{0} there exists 11 = v1(k) > 0 such that

| f9) (2)| < ppaBim=Rmtmer/l/2 g < ¢ < p. (3.16)

Proof. This lemma follows from Lemma 2.4, the product rule

k
k . .
) (z) = Z ( _)Uék_<7)(:v)w(<7)(:v), 0<x<p, (3.17)
e L\ ;)
Jj=0
and that, for all 3 > 0, the function t — t~#In(t) is bounded on (1, c0). O

Lemma 3.3. For j=1,...,m, and x € [36/4,55/4], we have, writing = §/4,
J

F @) =3 (=10 ERE (5 — @) /0) £ F (0) + 6~ / drh((r —2)/0)f3) .(r). (3.18)

k=1

Proof. For 35/4 < = < 55/4 we have, by (3.14)

x+0

S0y (@) = =072 /_9 dr 1 ((r — 2)/8) fis),(r)
warG
= _9*2/5 dr h'((r —x)/0) f(5),(r)
x+0
E—. /5 dr %[h((r —2)/0)]f(5),(7)
x+0 x40
) _/5 drh((r—x)/@)f((;)é(?‘)}

x+6
- —91{ —H((E = /0)0.c0) — [ drn((r - I)/H)f{(s),g(r)}

- —e‘l{h((r —x)/0) f5),£(r)

x+6
= 07 h((6 — 2)/0) f5),£(5) + 6~ /5 dr h((r = )/0) f15) (). (3.19)

Suppose j € {1,...,m — 1} and that for all x € [3§/4,50/4] one has

J z+6
= SR (G =)o) @+ [ (= a)/0), 1), (320)

k=1
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then, by (3.14), one concludes

x+0

FEah@) = D (=) 07R(=1/0)h® (0 - 2)/0) £ P (0)
k=1
d B z+60 ;
+£(9 ! /m . drh((r—:v)/é’)f((a))é(r))
J x+0
= > (=)o EORB (5 — ) /0) 1L P (0 )—9% / dr 1 ((r — 2)/0) f3) .(r)
k=1
Jj+1 .
= S G - - g [ (e - 0/0) 5.0
k=2
AR 1—k 1
= 3 (=D)FHIERED (5 — @) /0) 1 (6 5{h (= 2)/0)f5 ]
k=2

[ e - wms e >}

0

_Z+:(_1)k+19kh(k V(65— 2)/0)f] U“ ’“)(5)+$h(( )/9)f(5>5()
o [ - o

:j+1(_1)’€+19—’“h<’“‘”(( )/0)f G2 0)
P
+$/;+9 drh((r — 2)/0)F 50 (7).

Hence, Lemma 3.3 follows by induction.
Corollary 3.4. There exists vo > 0 such that for all 6 € (0,p/20),

’f((s 5/4)5 z)| < ol T1mat /D2 35 /4 < 0 < 55/4.

Proof. Let
Ky =sup {[hP@)|| 1<t <1, k=0,1,....,m}.

By Lemmas 3.2 and 3.3 we have for = € [3§/4,50/4],

‘f(é‘ 5, 5 Z 4k kaVl (m k)(s[?k 1—a+(e0/2)]/2
k=1

+457 (8 - 6K, sup{‘f(é)8 r)| |6 <r<65/4}

4F K vy (m — kgL 1ot (e0/2)/2

Eqs

b
Il
—

+ 2K,,v1(m) sup {r[717°‘+(50/2)1/2 |6 <r<66/4}

(3.21)

(3.22)

(3.23)
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X, ( S 4 (m k)) ((4/3)-1-0HE0/DI/2 y (45)1=1-o+Co/2)/2)
k=1

o gl 1=at(c0/2)]/2

+ 2K, (m){(4/5)[—1—a+(50/2)]/2 4 2[—1—0¢+(50/2)]/2}x[—l—a+(60/2)]/2

= pypllmetEo/)/2,

where

= Km(ZALkl/l(m _ k)) {(4/3)[ 1—at(e0/2)]/2 (4/5) 1—a+(80/2)]/2}
k=1

+ 2K, (m){(4/5)[*1*04+(60/2)]/2 + 2[*1*0¢+(50/2)]/2}.

Lemma 3.5. There exists vs > 0 such that for all § € (0, p/20) we have

’f((;?/zl) 5( )‘ < pgplmimat(e/2l/2) 50/4 <z < p.

Proof. We first note that, for 56/4 < = < 73p/80,

w+6/4
Josn (@ / r (4/8)h(A(r — 2)/6) fis) £ (7)

§/4

z+6/4 ~
_ / r (4/8)h(A(r — £)/0) fs) £ (r)
z—45/4

= (hsja * fio)c) (@),

hence

5 5/4) a (h5/4 * f(a) a) x)
46~

z+6/4 ( )
/ dr h(4(r - 2)/8)] 5 (1)
z—58/4

z+6/4 )
/ dr h(4(r — z) /0) f L (r),

5/4

therefore, by Lemma 3.2,

1757 4 (@) <sup {[ £ |2 = (/4) <7 < w + (5/4))

< v (m) sup {10 2172

N

v1(m) sup {T[717Q+(60/2)]/2 |32/4 < r < 5z/4}

<y (m){(3/4)[717a+(so/2)]/2 + (5/4)[71704+(so/2)]/2}I[flfa+(so/2)]/2.

&= (3/4) <7 <+ (5/4)}

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

By Remark 3.1 (i7), supp(f(s,5/4),e) € [36/4,73p/80]. So (3.26) holds for = € [73p/80, p], completing

the proof.

O
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Lemma 3.6. On any compact interval [a,b] C (0, pl, f(((??/4)_5 converges to fé(m) uniformly as

010.

Proof. Choose 6y € (0, p/20) such that 0 < 569/4 < a. Then for all 0 < § < o and x € [a, b],

z+5/4
J5.6/4).¢ / dr h(4(r —x)/6) f(5),(r)

5/4

z+5/4
/ dr h(4(r —x)/9) f(s),£(T)

5/4

z+6/4 N
— / d’l’h ’I’ — x)/d)f((;o)@(r)
z—58/4
= (hsja * Jioo).e) (@)- (3.30)
Since f(;o € C°(R),
f((;?/@ L) = (h6/4 * JT(E;T))Q) (), x € [a,b],

f(50) (z)  uniformly for x € [a, ],

- é<m> (). (3.31)

Corollary 3.7. We have

2

. r al p(m) 2 r o m)
lim ; dz x ‘f(6)5/4)7§(:c)‘ =/, dz x ‘fé (:17)’ .

im (3.32)

Proof. Let vy = max{va,v3} > 0. Then by Corollary 3.4 and Lemma 3.5, we have, for all § €
(0, p/20),
a‘f(zs 5/0).¢( (@)]° <pdam1H@D o<z <p. (3.33)
By Lemma 3.6 we have
2 _ o] p(m) 2
%1&)11‘ ’f56/4)6(x)‘ =z fIM(@)]", 0<az<p. (3.34)

Since  — vyz~11(€0/2) is integrable on (0, p), the corollary now follows by dominated convergence.

O

Lemma 3.8. There exists vs > 0 such that for all § € (0, p/20) we have

| f(6,5/4),e ()] < wsplPmmimotleo/2l/2 35 /4 < o < 56/4. (3.35)
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Proof. For 35/4 < x < 55/4 we have

z+5/4
Fosae(@)] = \451 /5 dr h(A(r — 2)/5) fi5) (1)

<sup{[fs) ()]0 <7 <60/4} =sup{|fo(r)| |0 <r < 30/2}
< v1(0) sup {T[2m7170c+(50/2)]/2 ’5 <r< 35/2}

< v (0){(4/5)m—1-a+(e0/DI/2 4 gl2m—l-at(eo/2)/2) pl2m—1-0a+(0/DI/2 (3 36)
(|
Lemma 3.9. There exists vg > 0 such that for all 6 € (0,p/20) we have

| F5.6/a),e(@)] < voalPm=tmotCo/212 0 55/4 < o < p. (3.37)

Proof. For x € [5§/4, p) we have
z+5/4
ool =157 [ dehate = 0aia 0
r—0/4
<sup{|f(o) (M) |2 = 6/4 <r <w+5/4}
< v1(0) sup {r[2m_1_0‘+(5°/2)]/2 | 3z/4 < r < bz/4}

<y (O){(3/4)[2m—1—a+(60/2)]/2 + (5/4)[2m—1—a+(50/2)]/2}I[2m—1—a+(80/2)]/2. (338)
[l

Lemma 3.10. On any compact interval [a,b] C (0, pl, f(s5,5/4),c converges to f. uniformly as 6 ] 0.

Proof. Choose 0 € (0, p/20) with 0 < 5d9/4 < a. By (3.30), for all 0 < ¢ < dp, we have

Fo.6/2)2(x) = (hsja* foye) (@), a<a<b. (3.39)

Since ﬁgo)é € C§°(R), we have

Foo/m2(x) = (hsa* fisy).e) (@)

a) f(60),e(x)  uniformly for z € [a, ]

= fo(x). (3.40)

Corollary 3.11. For k € {0,1,..., N} we have

p k p k
tim | dwat =" [Ty (0/2))7] fsam (o) = / da 2" ]y (v/)] 2| fel@)]. (3.41)
Jj=1 j=1
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Proof. Let v7 = max{vs,vs} > 0. By Lemmas 3.8 and 3.9 we have, for all 6 € (0,p/20) and
a € (0, p),

k k
202 [Ty (/@) 2 Fo,/0).2 (@) < w3a= 0D [T iny (v/2) 2 (3.42)

j=1 j=1
By Lemma 3.10 we have for = € (0, p),

k

k
tima 2" iy (/)2 s c@)] = 0> T /) 2| fola)

Jj=1 J=1

. (3.43)

Since x +» 2~ H(=0/2) (H?_l[lnj(y/x)]Q) is integrable on (0, p), the corollary now follows by

dominated convergence. O

Corollary 3.12. Suppose N € N. Then there exists a family {gs.c}se(0,0.05)0) S C5°((0,p)) such
that

0 N -1
i ty-slos.) ([ dza [Ty /) ?Jos.to)]
= (3.44)

—salpd ([ dwaren T, SENIAT

J=1

Proof. For § € (0,p/20) put gs. = fs5,5/4),e- Then gs. € C5°((0,p)) by Remark 3.1 (ii). The

result now follows from Corollaries 3.7 and 3.11. O

Corollary 3.13. Suppose N = 0. Then there exists a family {gs.c}se(0,0.05)0) S C5°((0,p)) such
that

lim pdxa:a’ (m)(a:)’2 /pdxa:O‘*Qm’ (a:)’z -
510 J, g(s,g 0 9s.e

p p -1
= dz 2| £ (x 2( dx 2™ fo(x 2> .
[ awsr sl ( fa(a)]

Proof. The proof of this corollary is the same as that of Corollary 3.12. O

(3.45)

4 Principal results on optimal constants

In our final section we now prove optimality of the constants A(m,«) and B(m, «).
Starting with the interval (0, p), we first establish optimality of A(m,a) in (1.1).

Theorem 4.1. Suppose that N = 0. Then, given any n > 0, there exists g € C5°((0, p)) such that

pdxaro‘|g(m)(x)|2 pdma—%\g(x)f 71—A(m,o¢)
J J |

In particular, the constant A(m,«) in (1.1) is sharp.

<) (4.1)
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Proof. Given any n > 0 there exists ¢ € (0, p/20) such that

p p -1
\ [ aser @ | [C e @F| - )| <o (12)
0 0

by Lemma 2.14. With this value of g € (0, p/20), Corollary 3.13 implies that there exists g €
C§°((0, p)) such that

—1
[ etamia] [
0 0
-1
_ /p dxxa’f&ggn)(x)f {/p da::co‘Qm\fso(a?)fz]
0 0

Theorem 4.1 now follows from (4.2), (4.3). O

<n/2. (4.3)

Next, we prove optimality of the N constants B(m,«) in (1.1):

Theorem 4.2. Suppose that N € N. Then for any n > 0, there exists g € C§°((0, p)) such that

2

H/Op dz 2®|g"™ (2))* = A(m, @) /Op dz 222" g ()|

N-1 ,p )k
_B(m,a);/o dx x ’g(:v)’ pl;[l[lnp(v/x)] ]

o N -1
a—2m — 2
x [ [ dwaen [, (o/) 2 gte) ] — B(m,a)| <n. (1.4)
0 .
7j=1
In particular, successively increasing N through 1,2,3,..., demonstrates that the N constants

B(m,a) in (1.1) are sharp. Together with Theorem 4.1, this theorem asserts that the N + 1

constants, A(m,a) and the N constants B(m,«), in (1.1) are sharp.
Proof. Given any n > 0 there exist €g,&1,...,en € (0, p/20) such that, writing fe = fe.e1..en

vl [ dwann T, (/) o)  Bma| <nf2 (45)

j=1

by Lemma 2.13. With these values of €g,€1,...,enx € (0, p/20), Corollary 3.12 implies that there
exists g € C§°((0, p)) such that

‘ng] [ dwa e (/2] oo h

Jj=1

~axalpd| [ dearn T, (/) o) h

J=1

Theorem 4.2 now follows from (4.5), (4.6). O
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Writing

one infers that

and thus,

Then for all g € C§°((p, )),
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Next we turn to analogous results for the half line (r,00). We start with some preparations.
_ 2_(1—a)2 2_(3 a)? 2_(2m—1—a)2
o (- ) ) o
m 2m
_ 2 (2j-1-0a)® _ ¢
= H (/\ . = ko(m, )\ (4.7)
j=1 £=0
(Z) kgjfl(m, Oé) = O, j = 1, cee,Mmy (48)
(i) koj(m, @) = (=1)"|kg;(m, @), j=0,1,...,m, (4.9)
Quma(X) =3 (1) |ky; (m, a) N (4.10)
7=0
Lemma 4.3 ([41, Sect. 2 and proof of Theorem 3.1 (7)]). Suppose p > en41 anda € R\{1,...,2m—
1}. For g € C§°((p,00)) let w = wy € C§°((In(p), 00)) be defined by
g(et) = elCm=1=a/2ltyy 1)t € (In(p), 00). (4.11)
m > - j 2
|t lg ™ P = [ a3 ey (ms) w0
- "o (4.12)
[l = [ et
b In(p)
and, if N € N, one also has, fork=1,... N,
o k k—1
(") H In, (e)] 72 = e t|w(t)[*t 2 H[lnp(t)]_Q, t € (In(p), 00). (4.13)
p=1 p=1

Hence, if N € N,

U,, dyy°lg | ‘A(mva)/:odyya g(y))?
N-1 k
B(m a)/p dy y® 2" g(y)|? > Q[lnp(y)] 2]
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— {/ dt Z|k2j(m,o¢)|‘w(j)(t)|2—A(m,a)/ dt |Jw(t)|?
In(p)  —o In(p)

— B(m,«) /100 dt |w(t)|*t~2 NZ li[ In,(t) }

n(p) P
o N-1 -1
X { /1 . dt |w(t) [t pl;[l [1np(t>]2} . g€ C((p,00)). (4.14)

Corollary 4.4. Lemma 4.3 holds for all o € R, that is, it holds without the restriction a €
R\{1,...,2m —1}.

Proof. We first note that by (4.7), for £ =0,1,...,2m, k¢(m,a) is a polynomial in « and so it is
continuous in a. For g € C§°((p, 00)), to emphasize that the definition of w = wy, € C§°((In(p), 0))

in (4.11) depends also on «, we shall write, for all & € R,
wa (1) = e 1M1= Rlig(eh) -t € (In(p), 00). (4.15)

Then, for 5 =0,1,...,m, one gets

w (t ZS gk, a,t)g®(el), te (In(p),o0), (4.16)
k=0

where, for j € {0,1,...,m}, k€ {0,1,...,7}, and t € (In(p), ), a > S(j,k, a,t) is continuous in
«. We also note that, for g € C§°((p, 00)),

supp(wa) = {t € (In(p),00) | " € supp(g)} (4.17)

is independent of « € R. Now let @ € {1,...,2m — 1}. Then, by dominated convergence, for
g9 € C5°((p, 20)),

s o m 2 > (07 m
lim [ dyy®|g"™ (y)| =/ dyy*|g"™ ()|",
B—a b p

o oo (4.18)
tiw [ dyy? ) = [ dyy o)
p=alp b
and, if N € N, one obtains
o) N-1 k oo N—-1 k
i [ gy’ lg)F S [T = [ vy lgw)P 3 T[]
P k=1 p=1 P k=1 p=1
_ - _ N (4.19)
lim / dyy* 2" g(y) T Mop()]) 2 = / dyy*=2mg()|2 T[Imp ()2
“Jp p=1 P p=1
Similarly, for g € C5°((p, )),
lim [ dt > [kai(m, B)|[wf ()] = / dt " ka; (m, )| [wd (1)],
B=ra Jin(p) =0 In(p) 5o (4 20)

o0 o0

dy [ws (B = A(m, a) / dy [wa ().

In(p)

lim A(m,ﬂ)/
foa In(p)



CUBO

o1 1 (2023, Optimality of constants in power-weighted Birman inequalities 155

and, if N € N, one has

o N—1k—1
tim Bm,8) [ dtfuws()Pt > S [ my(o)
- In(p) k=1 p=1
o N—1k—1
:B(m,a)/ dt |we () ?t2 Z H [In, (t) (4.21)
In(p) k=1 p—1
[e%s) N-1 oo N-1
i [ dtfuwp(t) P2 [ Mop()] 2 = / dt fwa ()22 T iy (1))2. (4.22)
B=a Jin(p) i In(p) i
The corollary now follows from (4.18)—(4.22) and Lemma 4.3. O

Lemma 4.5 ([41, Sect. 2 and proof of Theorem 3.1 (iii)]). Suppose 1/p > eny1 and a €
R\{1,...,2m —1}. For g € C§°((0,p)) let u = uy € C3°((In(1/p),00)) be defined by

gle™t) = e7[@m=1=a)/20ty (1)t € (In(1/p), 00). (4.23)

Then, for all g € C§°((0, p)),

d (m) /OO dt - ko , (.j)t 2
/O wrld Wl = [ a3 ks mal |0

~ §=0 (4.24)
P o0
/ dyy " g (y)|? = / dt Ju(t) .
0 In(1/7)

and, if N € N, we also have, for k=1,...,N,

k k—1
()" g(e Ump - =et|u(t)|2t_2U[lnp(t)]_z, te(n(1/p),00).  (4.25)

Hence, if N € N,

P p
[/ dyy° g™ (v)|” - A(m,a)/ dyy*>"g(y)|?
0 0

P N-1 k
—B(m,a)/ dyy* 2™ |g(y)|? Hlnp 1/y)]~ }
0

k=

—

—_
S

X [/Oﬁdyy"‘ *"g(y) ]J:V[hlp /9™ }_1
[ S ol @ - ame) [ o

n(1/p) j=0 In(1/p)
. N—1k—1
— B(m,« dt |u(t t_2 [, (
ma) [ ottt 3 [ ot )
%) N-1 —1
| [ auope? [Tm @1 . gecom, (4.26)
In(1/p) p=1
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Corollary 4.6. Lemma 4.5 holds for all « € R, that is, it holds without the restriction o €
R\{1,...,2m —1}.

As the proof of this corollary is very similar to that of Corollary 4.4 we shall omit it.

At this point we are ready to establish optimality of A(m,«) on the interval (r,c0) in (1.2).

Theorem 4.7. Suppose that N = 0. Let r € (1,00). Then, for any n > 0, there exists ¢ €
C§°((r,00)) such that

‘/TOO da::co“(p(m)(x)f{/roo dma—%ww?}l — A(m, a)

In particular, the constant A(m,a) in (1.2) is sharp.

<. (4.27)

Proof. Put p =1/r so that 1 > p. Applying Theorem 4.1, there exists g € C§°((0, p)) such that

[ g P [ [ aneiaor] - o) <o (1.28)
0 0
By Corollary 4.6, writing
u(t) = elm=1=)/2tg(e=t) ¢ e (In(1/p), 00), (4.29)
one obtains
o m 00 —1
‘/ dtZ|k2j(m,a)|‘u(j)(t)’2[/ dt|u(t)|2] — A(m, )| <. (4.30)
In(1/p)  =o In(1/p)
Introducing
p(a) = 217 2y(In(2)), @ € (1/p,00) = (r, 00), (4.31)

Corollary 4.4 implies

‘/TOO dzx 2 ™ (z)|* [/TOO dxxa—2m|<p(x)|2} o Alm, o)

concluding the proof since ¢ € C§°((r, c0)). O

<, (4.32)

Next, we prove optimality of the N constants B(m,«) in (1.2):

Theorem 4.8. Suppose that N € N. Let r,I" € (0,00) satisfy r > T'enyt1. Then, for any n > 0,
there exists ¢ € C§°((r,00)) such that

H / a0 @) = Am.a) [ drat gt

k
(m,« Z/ dx %72 p(x) Hlnp /)]~ }

-1

X uwdma M o(x) ﬂlnp (x/T)]~ } — B(m,a)| <. (4.33)
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In particular, successively increasing N through 1,2,3..., demonstrates that the N constants

3

B(m,a) in (1.2) are sharp. Together with Theorem 4.7, this theorem asserts that the N + 1

constants, A(m,a) and the N constants B(m,«), in (1.2) are sharp.

Proof. Put p = I'/r so that 1 > pent1. Applying Theorem 4.2 with v = 1, there exists g €
C§°((0, p)) such that

p P
H/ dyy°1g"™ (y)|” —A(mﬂ)/ dyy*>"g(y)|?
0 0

p N—-1 k
- Blma) [yl Y Hunp<1/y>]-2]

k=1 p=1

o N -1
X [/ dyy**™g(y) H In,(1/y)]™ } — B(m,a)| <. (4.34)
0 :
By Corollary 4.6, writing
u(t) = el@m=1=)/2tg(e=t) " ¢ € (In(1/p), 0), (4.35)
one has
H [ty hayma)|[u @) - Ama) [ dtfu(o)?
In(1/p)  ;>o In(1/p)
S N—-1k—
_ B(m,a)/ dt |u(t) Z H [In, (¢) }
In(1/p) k=1 p=1
oo N-1 -1
X [ / dt [u(t)*t ] [mp(t)]—?} — B(m, )| <. (4.36)
In(1/p) p=1
Introducing
(&) = BT Pu(In(g)), €€ (1/p,00), (4.37)

Corollary 4.4 implies

H [ aepmi@l - Atma) [ dgemige?
1/p 1/p

fTiuier ]

1 p=1

2

-1

_B(m7a)/1/ dggoz 2m| |2
P

b
Il

X {/1/,) dgga—zm|95(§)|2pl:[l[lnp(g)]ﬂ} — B(m, )| <. (4.38)

Putting

(p(.%‘) = &(‘T/P)v HAS (F/p, OO) = (T‘, o), (4'39)
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one infers
HFzmo‘l{/ da:xo‘}tp(m)(x)}Q—A(m,a)/ dx 272" p(x)|?
) N-1 k
- B(m,a)/ dx z® 2™ |p(x) Z H In,(z/I)]~ H
e8] N -1

X [FQmo‘l/ dx 272" |p(x) H [In, (/)] ] — B(m,a)| <7, (4.40)
finishing the proof since ¢ € C§°((r, 00)). O
Remark 4.9.

(i) Theorem 4.1 (resp., Theorem 4.7) extends to p = oo (resp., r = 0) upon disregarding all

logarithmic terms (i.e., upon putting B(m,«) = 0), we omit the details.

(i) The sequence of logarithmically refined power-weighted Birman—Hardy—Rellich inequalities
underlying Theorems 4.1, 4.2, 4.7, and 4.8, extend from C§°—functions to functions in ap-
propriately weighted (homogeneous) Sobolev spaces as shown in detail in [41, Sect. 8]. In
the course of this extension, the constants A(m,«) and the N constants B(m,a) remain the

same and hence optimal.

(iii) We note once more that Theorems 4.1 and 4.7 were proved in [41, Theorem A.1] using a

different method.

(tv) Both Theorems 4.2 and 4.8 still hold if the repeated log-terms Iny(-) are replaced by the type
of repeated log-terms used in [15, 16, 17, 90]. Detailed proofs of Theorems 4.2 and 4.8 for the
type of repeated log-terms used in [15, 16, 17, 90] are available upon request from the authors.
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ABSTRACT

In this paper, we use the concept of weighted sharing of val-
ues to investigate the uniqueness results when two difference
polynomials of entire functions share a nonzero polynomial
with finite weight. Our result improves and extends some re-
cent results due to Sahoo-Karmakar [J. Cont. Math. Anal.
52(2) (2017), 102-110] and that of Li et al. [Bull. Malays.
Math. Sci. Soc., 39 (2016), 499-515]. Some examples have

been exhibited which are relevant to the content of the paper.

RESUMEN

En este articulo, usamos el concepto de intercambio pesado
de valores para investigar los resultados de unicidad cuando
dos polinomios de diferencia de funciones enteras comparten
un polinomio no cero con peso finito. Nuestro resultado
mejora y extiende algunos resultados de Sahoo-Karmakar [J.
Cont. Math. Anal. 52(2) (2017), 102-110] y los de Li et al.
[Bull. Malays. Math. Sci. Soc., 39 (2016), 499-515]. Se ex-
hiben algunos ejemplos que son relevantes para el contenido

del articulo.
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1 Introduction

Let f and g be two non-constant meromorphic functions defined in the open complex plane C.
If for some a € C U {00}, the zero of f —a and g — a have the same locations as well as same
multiplicities, we say that f and g share the value a CM (counting multiplicities), and if we do not
consider the multiplicities into account, then f and g are said to share the value a IM (ignoring
multiplicities)(see [37]). We adopt the standard notations of the Nevanlinna theory of meromorphic
functions (see [14, 22, 41]). For a non-constant meromorphic function f, we denote by T'(r, f) the
Nevanlinna characteristic function of f and by S(r, f) any quantity satisfying S(r, f) = o{T'(r, )}

as r — oo outside of an exceptional set of finite linear measure.

We define shift and difference operators of f(z) by f(z + ¢) and A f(z) = f(z + ¢) — f(2),
respectively. Note that A7 f(z) = A" 1(A.f(z)), where ¢ is a nonzero complex number and n > 2

is a positive integer.

For further generalization of A.f, we now define the linear difference operator of an entire (mero-
morphic) function f as L.(f) = f(z + ¢) + cof(2), where ¢ is a finite complex constant. Clearly,
for the particular choice of the constant co = —1, we get L.(f) = A.f.

In 1959, Hayman [13] proved the following result.

Theorem A ([13]). Let f be a transcendental entire function and let n be an integer such that

n>1. Then f*f" =1 has infinitely many solutions.

A number of authors have shown their interest to find the uniqueness of entire and meromorphic
functions whose differential polynomials share certain values or fixed points, and obtained some

remarkable results (see [3, 9, 10, 26, 33, 34, 36, 37, 39, 42]).

In recent years, the difference variant of the Nevanlinna theory has been established in [8, 11, 12].
Using these theories, some mathematicians in the world began to study the uniqueness questions
of meromorphic functions sharing values with their shifts, and study the value distribution of the
nonlinear difference polynomials, and produced many fine works, for example, see [1, 5, 6, 7, 11,

15, 16, 23, 27, 29, 30, 31, 40, 44]. We recall the following result from Laine-Yang [23].

Theorem B ([23]). Let f be a transcendental entire function of finite order, and ¢ be a non-zero

complex constant. Then, for n > 2, f(2)"f(z + ¢) assumes every non-zero value a € C infinitely

often.

Later on, Liu-Yang [28] extended Theorem B, and proved the following result:

Theorem C ([28]). Let f be a transcendental entire function of finite order, and let n) be a nonzero
complex constant. Then for n > 2 the function f(2)"f(z +n) — Po(2) has infinitely many zeros,
where Py is any given polynomial such that Py # 0.
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Regarding uniqueness corresponding to Theorem C, Li et al. [24] obtained the following result.

Theorem D ([24]). Let f and g be two distinct transcendental entire functions of finite order,
and let Py # 0 be a polynomial. Let n is a nonzero complex constant and n > 4 is an integer such
that 2deg(Py) < n+ 1. Also, suppose that f(2)"f(z+n) — Po(z) and g(2)"g(z +n) — Po(z) share
0 CM. Then one of the following assertions holds.

(1) If n > 4 and f(2)"f(z 4+ n)/Po(z) is a Mobius transformation of g(z)"g(z +n)/Po(z), then

either
(i) f =tg, wheret is a constant satisfying t"t1 =1

(i) f = e? and g = te~?, where Py reduces to a nonzero constant c, t is a constant such

that t"t! = ¢2, and Q 1is a non-constant polynomial.

(IT) If n > 6, then (I)(i) or (I)(ii) holds.

In 2016, Li-Li [25] obtained the IM analogues of the above Theorem D as follows.

Theorem E ([25]). Let f and g be two distinct transcendental entire functions of finite order, and
let Py £ 0 be a polynomial. Let n is a monzero complex constant and n > 4 is an integer such that
2deg(Py) < n+1. Also, suppose that f(z)" f(z+mn) — Po(z) and g(2)"g(z+n) — Po(z) share 0 IM.

Then one of the following assertions holds.

(1) If n > 4 and f(2)"f(z 4+ n)/Po(z) is a Mobius transformation of g(z)"g(z +n)/Po(z), then
either
(i) f =tg, wheret is a constant satisfying t"*1 =1,
(i) f = e? and g = te=?, where Py reduces to a nonzero constant c, t is a constant such

that t"t! = 2, and Q is a non-constant polynomial.

(II) If n > 12, then (I)(i) or (I)(ii) holds.

In 2001, the notion of weighted sharing was originally defined in the literature ([18, 19]), which is
the gradual change of shared values from CM to IM. Below we recall the definition.

Definition 1.1 ([18, 19]). Let k be a non-negative integer or infinity. For a € CU{oco}, we denote
by Ex(a; f) the set of all a-points of f, where an a-point of multiplicity m is counted m times if
m <k and k+1 times if m > k. If Ex(a; f) = Ex(a;g), we say that f, g share the value a with
weight k.

Clearly, if f, g share (a, k) then f, g share (a,p) for any integer p, 0 < p < k. Also we note that
f, g share a value a IM or CM if and only if f, g share (a,0) or (a,c0), respectively.

Using the notion of weighted sharing, Sahoo-Karmakar [35] further improved Theorem D as follows.
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Theorem F ([35]). Let f, g, Py and n be defined as in Theorem D. Suppose that f(z)" f(z+n)—
Py(z) and g(2)"g(z +n) — Po(z) share (0,2).

(1) If n > 4 and f(2)"f(z 4+ n)/Po(z) is a Mobius transformation of g(z)"g(z +n)/Po(z), then
either
(i) f =tg, wheret is a constant satisfying t"*1 =1
(i) f = e? and g = te~?, where Py reduces to a nonzero constant c, t is a constant such

that t"t! = 2, and Q is a non-constant polynomial.

(IT) If n > 6, then (I)(i) or (I)(ii) holds.

Observing the above results, it is natural to ask the following questions.

Question 1.2. What can be said about the relationship of two finite order non-constant mero-
morphic functions f and g if their more general nonlinear difference polynomials f(2)"L.(f) and
g(2)"L¢(g) share a polynomial P(z) #Z 0, where Lo(f) = f(z+¢)+cof(z) with ¢ and ¢ being finite

nonzero complex constants, and n > 2 being a positive integer?

Question 1.3. Is it possible to further reduce the nature of sharing from (0,2) to (0,1) in Theorem
F?

Question 1.4. Can the lower bound of n be further reduced in Theorems E and F?

Question 1.5. What can be said about the uniqueness of f and g if we consider the difference

polynomial of the form f(2)"A.f and g(2)"A.g in Theorems E and F?¢

The purpose of this paper is to answer all the questions raised above. In fact we have been
successfully able to reduce the nature of sharing of f(2)" f(z+n) — Po(z) and g(z)"g(z+n) — Po(2)

in Theorem F. We have also reduced the lower bound of n in Theorems E and F successfully.

2 Main results

Now we state our main result.

Theorem 2.1. Let f and g be two transcendental entire functions of finite order, P # 0 be a
polynomial. Let ¢ be a non-zero complex constant, and n be a positive integer such that 2 deg(P) <
n+ 1. Let l be a non-negative integer such that f(2)"L.(f) — P(z) and g(z)"L.(g) — P(z) share
(0,1) and g(z), g(z+c¢) share 0 CM. If n > 4 and f(2)"L.(f)/P(2) is a Mobius transformation of
9(2)"L.(g)/P(z), or one of the following conditions holds:

(i) 1 >2 and n > 5;
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(ii) 1 =1 and n > 6;
(i11) 1 =0 and n > 11, then one of the following conclusions can be realized:

(a) f =tg, wheret is a constant satisfying t"T1 =1;
(b) When co =0, f =eY and g = te™Y, where P(z) reduces to a nonzero constant d, t is

a constant such that t"! = d? and U is a non-constant polynomial;

(c) When cog £ 0, f = c1e?®, g(z) = cae” %, where a, c1, ca and d are non-zero constants

satisfying (c1c2)" (e + co) (e + ¢p) = d>.

If L.(f) = A.f, then one can easily get the following corollary from Theorem 2.1 which answers

Question 1.5.

Corollary 2.2. Let f and g be two transcendental entire functions of finite order, P # 0 be a
polynomial. Let ¢ be a non-zero complex constant, and n be a positive integer such that 2 deg(P) <
n+ 1. Let 1 be a non-negative integer such that f(z)"A.f — P(z) and g(z)"A.g — P(z) share
(0,1) and g(z), g(z + ¢) share 0 CM. If n > 4 and f(2)"A.(f)/P(z) is a Mobius transformation
of g(2)"Ac(g)/P(2), or one of the following conditions holds:

(i) 1 >2 and n > 5;
(ii) 1 =1 and n > 6;
(i11) 1 =0 and n > 11, then one of the following conclusions can be realized:

a = tg, where t is a constant satisfying t"+! = 1;
(a) f=tg, ying ;

(b) f = c1e**, g(z) = coe™**, where a, ¢1, co and d are non-zero constants satisfying

(CICQ)nJrl(eac + Co)(eiac + CO) — d2'

The following examples show that both the conclusions of Theorem 2.1 actually holds.

Example 2.3. Let f(z) = e* and g = tf, where t is a constant such that t"T* =1, and n be any
non-zero complex constant. Then for any given polynomial p such that p # 0 with 2deg(p) < n+1,
f(2)"f(z4n) —p(2) and g(2)"g(z+n) — p(z) share (0,00). Also f(2)"(f(z+n)— f(2)) —p(z) and
g(2)"(g(z+n) — g(2)) — p(z)share (0,00). Here f and g satisfy the conclusion (a) of Theorem 2.1.

Example 2.4. Let f(z) = e>™*/" and g(z) = te=2™**/" where t is a constant such that t"t' =1,
7 is a non-zero complex constant. Then f(2)" f(z+n) and g(2)"g(z+n) share (1,00). Here f and
g satisfy the conclusion (b) of Theorem 2.1.

Example 2.5. Let f(z) = €%, g(z) = e *, n = —log(—1) and P(z) = 2. Then one can easily

verify that f(z)"(f(z+n) — f(2)) and g(2)"(g(z + 1) — g(z)) share (2,00). Here f and g satisfy
the conclusion (b) of Theorem 2.1.
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The following example shows that Theorem 2.1 is not true for infinite order entire functions.

2mwiz/n

Example 2.6. Let f(z) = c

—mi where n s a non-zero constant. Then

and g(Z) = “amiz/n

it is easy to verify that f(2)"f(z+n) and g(2)"g(z +n) share (1,00). But there does not exist a

non-zero constant t such that f =tg or fg =t, where t"*1 = 1.

3 Auxiliary definitions

Throughout the paper we have used the following definitions and notations.

Definition 3.1 ([17]). Let a € CU {o0}. We denote by N(r,a; f |= 1) the counting function of
simple a points of f. For p € N we denote by N (r,a; f |< p) the counting function of those a-points
of f (counted with multiplicities) whose multiplicities are not greater than p. By N (r,a; f |< p) we
denote the corresponding reduced counting function. In a similar manner we can define N (r,a; f |>

p) and N(r,a; f |> p).

Definition 3.2 ([19]). Letp € NU{oo}. We denote by N,(r,a; f) the counting function of a-points
of f, where an a-point of multiplicity m is counted m times if m < p and p times if m > p. Then

Np(rya; f) = N(r,a; f) + N(r,a; f |[> 2) + -+ N(r,a; f |> p). Clearly Ni(r,a; f) = N(r,a; f).

Definition 3.3 ([43]). Let f and g be two non-constant meromorphic functions such that f and
g share (a,0). Let zg be an a-point of f with multiplicity p, an a-point of g with multiplicity q.
We denote by N (r,a; f) the reduced counting function of those a-points of f and g where p > q,
by NI{J) (rya; f) the counting function of those a-points of f and g where p=gq =1, by N(EQ(T, a; f)
the reduced counting function of those a-points of f and g where p = q > 2. In the same way we

can define N1 (r,a;g), NE (r,a;9), NS(T, a;g). In a similar manner we can define N(r,a; f) and

Np(r,a;g) for a € CU {oo}.

When f and g share (a,m), m > 1, then N}E)(r,a;f) = N(r,a; f |=1).

Definition 3.4 ([19]). Let f, g share a value (a,0). We denote by N.(r,a; f,g) the reduced
counting function of those a-points of f whose multiplicities differ from the multiplicities of the
corresponding a-points of g. Clearly N.(r,a; f,g) = N.(r,a;g, f) and N.(r,a; f,9) = Np(r,a; f)+
Np(r,a;g).

4 Some lemmas

We now prove several lemmas which will play key roles in proving the main results of the paper.

Let F and G be two non-constant meromorphic functions. Henceforth we shall denote by H the
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following function

F/I 2F/ G/I 2GI
H_<F’_F—1)_<G’_G—1>' (1)

Lemma 4.1 ([8]). Let f(z) be a meromorphic function of finite order p, and let ¢ be a fived

non-zero complex constant. Then for each € > 0, we have
T(r, f(z+¢)) =T(r, f) + O(r*~*) + O{logr}.

Lemma 4.2 ([8]). Let f(z) be a meromorphic function of finite order p and let ¢ be a non-zero
complex number. Then for each € > 0, we have

n(nF5) +m(rts) -0

Lemma 4.3 ([32]). Let f be a non-constant meromorphic function and let R(f) = > a;f*/ > b f7
i=0 =0
be an irreducible rational function in f with constant coefficients {a;} and {b;} where a, # 0 and

b # 0. Then

T(r,R(f))=dT(r, f)+ S(r, f), where d = max{n,m}.
Lemma 4.4 ([25]). Let f and g be two transcendental entire functions of finite order, ¢ # 0 be a
complex constant, a(z) be a small function of f and g, P(2) = anz™ + apn_12"" 1+ -+ a1z +ao

be a nonzero polynomial, where ag,a1,...,a,(# 0) are complex constants, and let n > T'1 be an
integer. If P(f)f(z+¢) and P(g)g(z + ¢) share a(z) IM, then p(f) = p(g).

Lemma 4.5. Let f be a transcendental entire function of finite order, and L.(f) = f(z+¢)+cof(2),
where ¢, ¢ € C—{0}. Then forn € N,

nT(r, f)+ S(r, f) <T(r, f(2)"Le(f)) < (n+ D)T(r, f) + S(r, f)-

Proof. This lemma can be proved in a similar manner as done in the proof of Lemma 2.4 and

Remark 2.1 of [30]. O
Remark 4.6. If ¢o =0, then L.(f) = f(z 4 ¢) and therefore by Lemma 2.3 of [30], we can get

T(r, f(2)"Le(f)) = (n+ DT (r, f) + S(r, f). (4.2)

Remark 4.7. If ¢g # 1, then the following example shows that one can not get equality just like
(4.2).

Example 4.8 ([30]). If f(z) = €%, ¢® = 2, ¢g = —1, then T(r, f(2)"Le(f)) = T(r,e®t1)?) =
(n+DT(r, )+ S, f). If f(z) =e*+ 2z, c=2mi, co = —1, then T(r, f(2)"L.(f)) = T(r,2mi(e* +
2)") =nl(r, f)+5(r f).

Remark 4.9. From the above example, it can be easily seen that f(z) and f(z + ¢) share 0 CM
for the first one, but for the second one f(z) and f(z + ¢) do not share 0 CM. Regarding this one
may ask, in order to get equality just like (4.2), is it sufficient to assume that f(z) and f(z + ¢)

share 0 CM? In this direction, we prove the following lemma.
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Lemma 4.10. Let F = f(2)"L.(f), where f(z) is an entire function of finite order, and f(z),
f(z+¢) share 0 CM. Then

T(r,F)=(n+1)T(r f)+S(rf).
Proof. Keeping in view of Lemmas 4.1 and 4.3, we have

T(.F) = T(r f()'Le() =m

mir. £(:)") 4 m(r. L(f)) + S0 )

T+ m (2 Q) )+ S f)
)

(n+1)T(r, )+ S(r, f).

IN

rf"L ())
)+

IN

IN

Since f(z) and f(z + ¢) share 0 CM, we must have N (r, 003 Lc<f>) = S(r, f).
So, keeping in view of Lemmas 4.2 and 4.3, we obtain
(n+1)T(r, f) = T(r, f(2)"1) = m(r, f(2)" T P(f(2)))
( 2.cp) <meByem (n L)+ 50,0
+7(n 50 + S0 =1+ (s 57 )
+m< f((zf))) +S(r,f) = T(r, F) + S(r, f).

From the above two inequalities, we must have

T(r,F)=mn+1)T(r,f)+ S(r, f). O

Lemma 4.11 ([37]). Let F and G be non-constant meromorphic functions such that G is a Mobius
transformation of F. Suppose that there exists a subset I C Rt with linear measure mesl = +oo

such that for r € I and r — oo
N(r,0; F) + N(r,0;G) + N(r,00; F) + N(r,00; G) < (A + o(1))T(r,G),

where A < 1. If there exists a point zo € C satisfying F(zo) = G(z0) = 1, then either F = G or
FG=1.

Lemma 4.12 ([38]). Let f(z) and g(z) be two non-constant meromorphic functions. Then

N ( o g) N < s %) — N(r,00: ) + N1, 05 ) — N(r, 01 g) — N(r,0: f).

Lemma 4.13. Let f(z) be a transcendental entire function of finite order, ¢ € C—{0} be finite
complex constant and n € N. Let F(z) = f(2)"L¢(f), where L.(f) £ 0. Then

nT(r, f) <T(r, F) = N(r,0; Le(f)) + S(r, f).
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Proof. Using Lemmas 4.2 and 4.12, and the first fundamental theorem of Nevanlinna, we obtain

w6700 = (A8 - ) 5t
< mnr)+7 (n ) = (nem 5 ) + 50
< minr+7 (n 5l ) - (nom L5 )+ 560
<t (e HB) n (BD) e 0
< m(r,F) + N(r,0; f) = N(r,0; Lo(f)) + S(r, f).

i.e.,
m(f(2)") < T(r, F)+T(r, f) = N(r,0; Le(f)) + S(r, f).
By Lemma 4.3, we obtain
(n+ )T (r, f) = m(r, f**) <T(r,F) + T(r, f) = N(r,0; Le(f)) + S(r, f),
i.e.,
nT(r, f) < T(r,F) — N(r,0; Lc(f)) + S(r, f). O
Lemma 4.14 ([2]). If f, g be two non-constant meromorphic functions sharing (1,1), then
2N1(r.1; ) + 2N (. 1:9) + Ng (.15 f) = Nyoa(r. 1:9) < N(r.1:g) = N(r, L g).
Lemma 4.15 ([4]). If f, g be two non-constant meromorphic functions sharing (1,1), then
N poa(r,159) < 3005 )+ 587,003 1) = 3 No(r,05 ) + 5, ),
where No(r,0; f') is the counting function of those zeros of f’ which are not the zeros of f(f —1).

Lemma 4.16 ([43]). If f, g be two non-constant meromorphic functions sharing (1,0) and H % 0,
then

N (r, 15 ) < N(r,0; H) + S(r, f) < N(r,00; H) + S(r, f) + S(r, g).

Lemma 4.17 ([4]). If f, g be two non-constant meromorphic functions such that they share (1,0),
then

No(r,1; )+ 2NL(r, 15,9) + NC(r 13 f) = Nysi(r, 1,9) = Ngsa(r, 1 f) < N(r,1;9) — N(r, 1; ).
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Lemma 4.18 ([4]). If f, g be share (1,0), then

(i) Np(r,1; f) < N(r,0; f) + N(r,00; f) + S(r, ).

(“) Nf>1(7°, 179) < N(Tv 0; f) + N(Tv S N f) - NO(T‘, 0; fl) + S(ru f)
(7/”) Ng>1(r7 1; f) < N(Tv 0; g) + N(’f‘, o3 g) - NO(Ta 0; g/) + S(Tv g)
Lemma 4.19 ([20]). If f, g be be two non-constant meromorphic functions that share (1,0), (o0, 0)
and H # 0, then

N(r,o0; H) < N(r,0;f > 2)+ N(r,0;9 [> 2) + Nu(r,1; f, g) + Nu(r, 00 f, g)
+ No(7,0; ') + No(r,0;¢') + S(r, f) + S(r, 9),

where No(r,0; f') is the reduced counting function of those zeros of f' which are not the zeros of
f(f —1) and No(r,0;g") is similarly defined.
Lemma 4.20 ([21]). If N(r,0; f*) | f # 0) denotes the counting function of those zeros of f*)

which are not the zeros of f, where a zero of f*) is counted according to its multiplicity, then

N (1,0: 9 | £ #0) < kN(r,00: ) + N (1,0: f |< k) + KN (.0 |2 k) + S(. ).

5 Proofs of the theorems

Proof of Theorem 2.1. Let F = f(2)"L.(f)/P(z) and G = ¢g(2)"L.(g9)/P(z). Then F and G are
two transcendental meromorphic functions that share (1,1) except the zeros and poles of P(z).

Since ¢(z) and g(z + ¢) share 0 CM, from Lemma 4.10, we obtain
T(r,G) = (n+ 1)T(r,g) + O{r*D=1F} 1 O{logr}. (5.1)

Since f and g are of finite order, it follows from Lemma (4.5) and (5.1) that F' and G are also of
finite order. Moreover, from Lemma 4.4 we deduce that p(f) = p(g) = p(F) = p(G).

We consider the following two cases separately.

Case 1: Suppose that F' is a Mobius transformation of G, i.e.,

AG+ B

F=__"=
CG+D’

(5.2)

where A, B, C, D are complex constants satisfying AD— BC # 0. Let zg be a 1-point such that F'.
Since F, G share (1,2), z¢ is also a 1-point of G. Therefore, from (5.2), we obtain A+ B = C + D,

and hence (5.2) can be written as
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where a = C/(A— C) and § = D/(A — C). From this we can say that F, G share (1, c0).

Now using the standard Valiron-Mohon’ko Lemma 4.3, we obtain from (5.2) that
T(r,F)=T(r,G) + O(logr).

Then using Lemmas 4.5 and 4.10 and the fact that f and g are transcendental entire functions of
finite order, we deduce

" g o)+ SO f) + S(rg) and ?((: j))

T(r, f) < n+1 (5.3)
asr — oo, 1€ I

Now keeping in view of (5.3), Lemma 4.2 and the condition that f and g are transcendental entire

functions, we obtain

N(r,0;F)+ N(r,00; F) = N(r,0; f(2)"Le(f)) + O(logr)
< Nr0: £(2)) + N0 0: L) + Olor)
< Nr0: /() + T(r, Le() + Ollog)
< N0 £2)) + mir Le() + Olog)
< W07+ m (n 2 ) 4t 1) + Otos
2n+ 2

A

< 2T(r, f)+S(r, f) <

T(r,g)+ S(r,g).

Similarly, we obtain N(r,0;G) + N(r,00; G) < 2T(r,g) + S(r, g). Thus using (5.3), we obtain
2(2n + 1)
nn+1)
Since, g(z) and g(z + ¢) share 0 CM, we get that N(r,0; L.(g)/g(2)) = S(r,g). Thus, keeping in

N(r,0; F) + N(r,00; F) + N(r,0; G) + N(r,00; G) < T(r,G)+ S(r,g). (5.4)

view of this, Lemmas 4.2, 4.10 and applying the second fundamental theorem of Nevanlinna on G,

we obtain

A
ZI

(n+1)T(r,g) =T(r,G) r,00;G) + N(r,0;G) + N(r,1;G) + S(r,g)

(

N(r,0;9) + N(r,0; Lc(9)) + N(r,1;G) + S(r, g)
(
(

IN

r,0;9) + T(r,L.(9)) + N(r,1;G) + S(r,g)

IN
ZI

IN
=

7,05 9) + ( <(9) +T(r,9)+ S(r,9)

T(r,g) + N(r, 1; G)

IN
N

S(r.9).
(n—1)T(r,g9) <2T(r,g) + N(r,1;G) + S(r, g).

From this and the fact that F' and G share (1,2), we conclude that there exists a point zy € C
such that F'(z9) = G(z9) = 1. Hence from (5.4), Lemma 4.11 and the condition n > 4, we conclude
that either FG =1 or F' = G. Now we consider the following sub-cases.
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Subcase 1.1: F = G. Then we get

f@)"(f(z+ )+ cof(z) = 9(2)"(9(z + ) + cog(2)).
Let h(z) = f(2)/g(z). Then we deduce that

(h(2)"h(z +¢) — 1)g(z + ¢) = —co(h" T (2) — 1)g(2). (5.5)
Suppose A is not constant. Then from (5.5), we obtain

g(z)  h(2)"h(z4+c)—1

9(z+¢)  co(h(z)"t —1)

As g(z) and g(z+-c) share 0 CM, from the above equation we can say that h(z)"*! and h(z)"h(z+c)
share (1,00). Let 2o be a zero of k™! —1. Then we must have h(2)d"™" = 1 and h(z9)"h(z0+c) = 1.

Hence h(zg + ¢) = h(zo), and therefore by Lemma 4.1, we obtain
N(r, 1; A" < N(r,0;h(z + ¢) — h(2)) < 2T(r, h) + S(r, h).

Keeping in mind the above inequality and Lemma 4.3 and applying the second fundamental theo-

rem of Nevanlinna to h"*!, we obtain
(n+1)T(r,h) = T(r h"“) < N(r, o0; h"+1) + N(r,0; h"+1) + N(r1; h"+1) + S(r,h)
< AT(r,h) + S(r,h),
i.e.
(n—3)T(r,h) < S(r,h),

which is not possible since n > 4. Hence h is constant. Then (5.5) reduces to (h"*1 —1)L.(g) = 0.
As L.(g) # 0, we must have h" ™1 = 1 and thus f = tg, for a constant ¢ such that t"*! = 1, which

is the conclusion (a).

Subcase 1.2: Suppose F'G = 1. Then we have
f(Z)nLc(f)g(Z)nLc(g) = PO(Z)2' (56)

From (5.6) and the condition that f and g are transcendental entire functions, one can immediately

say that both f and g have at most finitely many zeros. So, we may write
f(2) = Pi(2)e@ ), g(2) = Pi(2)e?, (5.7)

where Pi, Py, Q1, Q2 are polynomials, and @1, Q2 are non-constants. Substituting (5.7) in (5.6),

we obtain

(P1P2)nen(Q1 +Q2) [Pl (Z 4 C)P2 (Z 4 C)eQ1(2+C)+Q2(Z+C) 4 CgP“DQte +Q2

+eoPrPa(z + c)eQ1+Q2(Z+C) +coPi(z+ C)P2€Q1(2+C)+Q2] = P(2)% (5.8)
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Keeping in view of (5.7), we must have

n(Q1(2) + Q2(2)) + Q1(z + ¢) + Q2(z + ¢) = Ay, (5.9)
n(Q1(2) + Q2(2)) + Q1(2) + Q2(z + ) = Az, (5.10)
n(Q1(2) + Q2(2)) + Q1(z + ¢) + Q2(2) = 4, (5.11)

(n+1)(Q1(2) + Q2(2)) = Aq, (5.12)

where Ay, Az, A3, Ay are constants. Let Q1(z) + Q2(z) = W (z). Then (5.9) can be written as
nW(z) + W(z+c) = A, (5.13)

for all z € C. Therefore, from (5.13), we must have W = B, where B is a constant, and therefore,

we have
Q2=B - Q1. (5.14)
Keeping in view of (5.14), (5.7) can be written as
f(2) = Pe@®) | g(z) = PyePe@(2), (5.15)
Now (5.8) can be written as

(PLPy)"[Py(2 4 ¢)Pa(z + c)et + coPy (2 + ¢)Pae® + coPL Pa(z + c)e?
+ca P Pyei] = P(2)°. (5.16)

If PP, is not a constant, then the degree of the left side of (5.16) is at least n + 1. But the
condition 2deg(P) < n + 1 implies that the degree of the right side of (5.16) is less than n + 1,

which is a contradiction. Thus P; P> and P reduce to non-zero constants.

Since Py, P, are both polynomials and their product is constant, each of them must be constant.

Therefore, (5.15) can be written as
f(z)=¢", g(z) =", (5.17)

where U is a non-constant polynomial. Using the above forms of f and ¢ and keeping in mind

that P is a constant, say d, (5.6) reduces to
e(nJrl)B(eU(erC)*U(z) + CO)(ef(U(erc)fU(Z)) +¢) = d2. (5.18)
If co = 0, (5.18) reduces to e *HDB = @2, Set ef = t. Then (5.17) can be written as

f(z) =€V, g(z) =te™Y, where t is a constant such that "1 =1,
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which is the conclusion (b).

If co # 0, then from (5.18), one can say that eV(*+¢)=U(2) 4 ¢ has no zeros. Then ¢(z) =
eV(H+e)=U(2) oL (), —¢y, 00. By Picard’s theorem, ¢ is constant and so deg(U(z)) = 1. Therefore,

from (5.17), one may obtain

az

f(z) = 1™, g(z) = cae™,
where a, ¢; and ¢y are non-zero constants. Using these in (5.6), we obtain
(0102)n+1(eac 4 Co)(e_ac 4 CO) _ d27

which is the conclusion (c).

Case 2: Suppose n > 5.
Since f(2)"L¢(f) — P(z) and g(z)"L.(g) — P(z) share (0,1), it follows that F' and G share (1,1).
Let H # 0. First suppose [ > 2.

Using Lemmas 4.16 and 4.19, we obtain

N(r,1;F) N(r,I;F |= 1)+ N(r, 1, F [> 2) < N(r,00; H) + N(r, 1; F [> 2)

IN

N(r,0;F |>2)+ N(r,0;G |>2)+ N.(r,; F,G) + N(r,1; F |> 2)
+No(r,0; F') + No(r,0; G") + S(r, F) + S(r,G). (5.19)

Keping in view of the above observation and Lemma 4.20, we see that

No(r,0; G’ r1;F |>2)+ Nu(r,1;F,G)

IN

(
NQ(T 0; GI
No(

No(

IN

r,0; G’ LG |>2)+N(r, ;G |>3)+ S(r, F) + S(r,G)

) +N(

Y+ N LF|>2)+N(r1;F|>3)+S(r, F)
No )+ N(r,
)+ N(

IN

No(r,0; G’ r1;G) — N(r,1;G) + S(r, F) + S(r,G)

N(r,0;G' | G #0) < N(r,0;G) + S(r,G). (5.20)

IN

Since g(z) and g(z + ¢) share 0 CM, we must have N (r, 00, L.(g)/g(z)) =

Hence using (5.19), (5.20), Lemmas 4.2, 4.13 and applying second fundamental theorem of Nevan-

linna to F', we obtain

nT(r, f) <T(r,F) — N(r,0; Lc(f)) + S(r, f)
N(r,0; F) + N(r,00; F) + N(r,1; F) — N(r,0; F") — N(r,0; Lo(f)) + S(r, f)
Na(r,0; F) + Ny(r,0; G) — N(r,0; Le(f)) + S(r, f) + S(r, )

Nafr 0 P L)+ N (105 ) NG 0527 + 50 + (10
N ; N T,U; T,U; Lc—g) T T
NG 05) + 28 0:9) + N (10 22 1505 + (1)

IN A

IN

— —

IN



Uniqueness of entire functions 181

< 20 )+ T00) + T (D) 4 5000+ 5000)
< 2(T(r,f)+T(r,9))+ N (7’, 00; I;]C((Zg))> +m (7’, I;]C((Zg))> + S(r, f)+ S(r,9)
< 2T(r,f)+T(r,9)+S(r,f)+ S(r,9). (5.21)

Similarly, using Lemmas 4.2, 4.13 and applying second fundamental theorem of Nevanlinna to G,

we obtain

nT(r, g) < T(T7 G) - N(T‘, O; Lc(g)) + S(Tv g)
N(r,0;G) 4+ N(r,00;G) + N(r,1;G) — N(r,0;G’") — N(r,0; L.(g)) + S(r, g)

IN

IN

(
No(r,0; f(2)"Le(f)) + N2 (r,0; 9" Le(g)) — N(r,0; Le(g)) + S(r, f) + S(r, g)
2N(r,0; f) + 2N(r,0;9) + N (r,0; Le(f)) + S(r, ) +

2AT(r, f)+ T(r,9)) + T (1, Le( ) + S(r, f) + 5(r, )
(70, 1)+ T00) + o (r D) i 1)+ 500 1) 4 5029)

f(2)
2(C(r, f)+T(r,g)) + T(r, )+ S(r, ) + S(r, 9). (5.22)

IN

(r,
Na(r,0; F) + Na(r,0; G) = N(r, 0; Le(g)) + S(r, f) + 5(r, 9)

)

S(

IN

,9)

IN

IN

IN

Combining (5.21) and (5.22), we get
(TL - 5)T(Ta f) + (TL - 4)T(T7 g) S S(Ta f) + S(Tv g)v
which contradicts with n > 5.

When [ = 1, Keeping in view of Lemmas 4.14, 4.15, 4.16, 4.19 and 4.20, we obtain

N(r,1;F) = N 1;F|l=1))+Np(r,1;F —i—NLrlG—i—N r,1; F
E

< N(r0;F|>2)+ N(r,0;G |>2)+ N.(r,1;F,G) + Np(r, 1, F)

(2

+Nz(r,1;G)+ N5 (r,1; F) + No(r,0; F') + No(r,0; G') + S(r, F) + S(r, G)

< N(r,0;F |>2)+N(r,0;,G|>2) +2Nr(r,1; F) + 2N (r, 1, G)
+ NG (15 F) + No(r, 0, F') + No(r, 0: &) + S(r, F) + S(r, G)

< N(r,0;F [>2)+ N(r,0;G |>2) + Npsa(r, 1;G) + N(r, 1;G)
—N(r,1;G) + No(r,0; F') + No(r,0;G') + S(r, F) + S(r,G)

< N(r,0;F |>2)+ N(r,0;G|>2) + N(r,0;G' | G #0)
+%N(T,O;F>+N0(T,O;F/)+S(T,F)+S(T,G)

< N(r,0;F|>2)+ %N(T,O;F) + Na(r,0;G) + No(r,0; F")

+8(r, F) + S(r,G). (5.23)

Since g(z), g(z + ¢) share 0 CM, N (r,00;g(z + ¢)/9(z)) = 0, and therefore, using Lemma 4.2, we
obtain T'(r, g(z 4+ ¢)/g(2)) =0
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Hence using (5.23), Lemmas 4.2, 4.13 and applying second fundamental theorem of Nevanlinna to

F', we obtain

nT(r,f) < T(T7F) _N(Tvo;Lc(f))—i_S(rvf)
N(r,0; F)+ N(r,1; F) — N(r,0; F') — N(r,0; L.(f)) + S(r, f)

IN

IN

NQ(Tvo;F) + NQ(Tvo; G) + %N(Tv()?F) - N(TvoaLC(f)) + S(Ta f) + S(Tv g)

IN

2N(r,0; f) + N (7’, O;g”HLCT@> + %N(r, 0; F)+ S(r, f)+ S(r,g)
Lc(g))
g

IN

2N(r,0; f) +2N(r,0;g) +
+S(r, f)+S(r,g)

gT(r, f)+2T(r,g) + %T(r, L(f)+T (r,

(N (r.0: f) + N(r,0, Lo(f))) + N ( 0;

N~

Lc(g)
g

IN

) +S(r, )+ S(r,9)

IN

gT(r, f)+2T(r,g) + %m (r, LCJE‘”) + %m(r, f()+S(r, f)+ S(r,9)
)

< 3T(r,f)+2T(r,g9)+ S(r, f) + S(r,g). (5.24)
In a similar manner, we may obtain
5
nT(r,g) < 3T(r, f) + 5T(r, 9) +5(r, f) + 5(r, 9). (5.25)

Combining (5.24) and (5.25), we obtain

5
(=T 1)+ (0= 3 ) T(r0) < 50+ S(r:9),
which is a contradiction since n > 6.

When [ = 0, using Lemmas 4.16, 4.17, 4.18, 4.19 and 4.20, we obtain

N 1;F) = N@1LF|=1)+No(rn1;F)+ Np(r,1;,G) + N (r,1; F)

N(r,0;F |>2)+ N(r,0;G |>2)+ N.(r,1; ,G) + Np(r,1; F)

FNL(H1G) + N (r 15 F) + No(r,0; F') + No(r,0: G') + S(r, F) + S(r, G)

IN

IN

N(r,0; F |>2)+ N(r,0;G |>2) +2N(r,1;F) + 2N (r, 1;G)
—i—N(EQ(r, 1; F) 4+ No(r,0; F') + No(r,0; G') + S(r, F) + S(r,G)

N(r,0;F [>2) + N(r,0;G |>2) + Np(r,1;F) + Np>1(r, 1;G)

IN

+Ngs1(r,1; F) + N(r,1;G) — N(r,1;G) 4+ No(r,0; F')
+ No(r,0;G") + S(r, F) + S(r,G)

IN

N(r,0;F |>2)+ N(r,0;G [>2) + N(r,0;G' | G #0)
+2N(r,0; F) + N(r,0;G) + No(r,0; F') + S(r, F) + S(r, G)

IN

No(r,0; F) + N(r,0; F) + Na(r,0; G) + N(r,0; G) + No(r,0; F")
+S(r,F)+ S(r,G). (5.26)
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Hence using (5.26), Lemmas 4.2, 4.13 and applying second fundamental theorem of Nevanlinna to

F', we obtain

nT(r,f) <T(r,F)— N(r,0; L.(f)) + S(r, f)

< N(r,0;F) + N(r,1; F) = N(r,0; F') — N(r,0; L.(f)) + S(r, f)
< Ny(r,0; F) + Na(r,0;G) + 2N(r,0; F) + N(r,0; G) — N(r,0; Lo(f)) + S(r, f) + S(r, g)
< 2N(r,0; f) + Ny (r 0;g" (2 )L(())) —i—N(r 0;g" (2 )%)
+2N(r, 05 f*(2) Le(f)) + S(r, f) + S(r, )
< 4N(r,0;f) + 3N(r,0;9) + ( >+N(r,o;1;°(ig))>
+2N(r,0; Le(f)) + +S(r, )
< AT(r,f)+3T(r,g +2T< g((zg))> +2T(r, Lc(f)) + S(r, f) + S(r, 9)

IN
S
~
=3

IN
=~

3 3 3 3
=

- =

f
+3T(r,g) + S(r, f) + S(r, 9). (5.27)

IA
o
S
=

In a similar manner, we obtain
nT(r,g) < 5T(r, f) + 6T (r,g) + S(r, f) + S(r, g). (5.28)
Combining (5.27) and (5.28), we get
(n = 1)T(r, f) + (n = 9)T(r,g) < S(r, f) + S(r, 9),

which is a contradiction since n > 11.

Thus H = 0. Then by integration we obtain (5.2). Therefore, the results follows from Case 1.
This completes the proof of the theorem. O
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