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RESUMEN

Se caracterizan los digrafos duales de reticulados fini-
tos unién-semidistributivos, encuentro-semidistributivos
y semidistributivos. Los vértices de los digrafos duales
son pares filtro-ideales disjuntos maximales del reticu-
lado. El enfoque usado combina las representaciones de
reticulados arbitrarios de Urquhart (1978) and Ploséica
(1995). Los duales de reticulados finitos son vistos prin-
cipalmente como digrafos TiRS como fueron presentados
y estudiados en Craig-Gouveia—Haviar (2015 y 2022).
Cuando sea apropiado, también se emplean los dos cuasi-
6rdenes de Urquhart en los vértices del digrafo dual. Se
introducen los vértices transitivos y se estudia su rol en la
teoria de dominacién de digrafos. En particular, se carac-
terizan los reticulados finitos con la propiedad que en
sus digrafos TiRS duales los vértices transitivos forman
un conjunto dominante (respectivamente un conjunto do-
minante interior). Se entrega una caracterizacién de re-
ticulados encuentro- y unién-semidistributivos a través
de sistemas de clausura minima en el conjunto de vértices

de sus digrafos duales.

Keywords and Phrases: semidistributive lattice, TiRS digraph, join-semidistributive lattice, meet-semidistributive

lattice, dual digraph, domination.
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1 Introduction

Semidistributivity was first described by J6nsson [16] while he was studying sublattices of a free

lattice. He proved [16, Lemma 2.6] that every free lattice is semidistributive.

A lattice is join-semidistributive if it satisfies the following quasi-equation for all z,y, z € L:
(SDy) zVy=aVz = aVy=zV(yAz).

Dually, L is meet-semidistributive if it satisfies:

(SDp) zAy=2zAz = zAy=xA(yV=z).

A lattice is semidistributive if it satisfies both (SDy) and (SDx).

For background on semidistributive lattices we refer to the papers by Adaricheva et al. [1] and [2],

the chapter by Adaricheva and Nation [3], and the paper by Davey et al. [10].

The aim of our paper is to investigate dual digraphs of finite semidistributive lattices. Theo-
rem 3.6 provides a representation of finite semidistributive lattices via a certain class of TiRS
digraphs (see Definition 2.4). This theorem is a generalisation of Birkhofl’s representation of finite
distributive lattices via finite ordered sets [6] (see comments in the next paragraph regarding the
distributive case). In addition, we study transitive vertices in the dual digraphs and their role in
the domination theory of the digraphs, and also explore closure systems on the set of vertices of

the dual digraphs.

We employ representations for finite lattices due to Urquhart [20] and Ploséica [17]. In Urquhart’s
representation the elements of the dual space are maximal disjoint filter-ideal pairs of the lattice.
Urquhart considered two quasi-orders <; and <5 on them and studied the dual of the lattice as a
certain doubly (quasi-) ordered space. In Plos¢ica’s representation, the dual space of a lattice L is
formed by maximal partial homomorphisms from L into the two-element lattice, which correspond
to Urquhart’s maximal disjoint filter-ideal pairs of L. When L is a distributive lattice, these max-
imal partial homomorphisms become total homomorphisms from L into the two-element lattice,
which form the Priestley dual of L [18]. The close relationship between Plos¢ica’s representation
of general lattices and Priestley’s representation of distributive lattices lies in the single binary re-
lation E, which Plos¢ica considered on his dual space. When L is distributive, E becomes exactly
Priestley’s order on the dual space. Plosc¢ica’s dual space of a finite lattice L is therefore a finite
digraph where the vertices are the maximal partial homomorphisms from L into the two-element
lattice and the binary relation E, which mimics Priestley’s order, forms the edge set of the di-
graph. These dual digraphs of lattices were presented and studied as TiRS digraphs in two papers
by Craig, Gouveia and Haviar [7, §].

In our approach we combine Urquhart’s and Plos¢ica’s representations of finite lattices: the vertices
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of our dual digraphs are maximal disjoint filter-ideal pairs of the lattice in the Urquhart style, but
we mainly study them as TiRS digraphs using the Plos¢ica binary relation E on the vertices. Only
in a small part of our investigation do we swap Ploscica’s relation F for Urquhart’s two quasi-
orders on the vertices to present our results in a different yet rather satisfactory way (the end of

Section 3).

In Section 2 we give preliminary results that will prove useful in the subsequent three sections of
the paper. In Section 3 we provide several characterisations of the dual digraphs of finite meet-
semidistributive, finite join-semidistributive, and finite semidistributive lattices. In Section 4 we
introduce transitive vertices in the dual digraphs and we study their role in the domination theory
of the digraphs. In particular, we are able to characterise finite lattices having the properties
that in their dual TiRS digraphs the transitive vertices form a dominating set, respectively an
in-dominating set. In Section 5 we characterise both finite meet-semidistributive and finite join-

semidistributive lattices via minimal closure systems on the set of vertices of their dual digraphs.

In Section 6 we make some concluding remarks and observations. In particular, we note connections
to other representations of finite semidistributive lattices, and we propose several directions for

future research in this area.

2 Preliminaries

Ploscica’s representation of arbitrary bounded lattices [17] uses the set of maximal partial homo-
morphisms (MPHs) from a bounded lattice L to the two-element bounded lattice ({0,1}, A, V,0,1)
as the underlying set of the dual space of L. We recall that a partial homomorphism from a
bounded lattice (L, A, V,0,1) into the two-element bounded lattice ({0,1},A,V,0,1) is a partial
map f : L — {0,1} such that dom f is a bounded sublattice of L and the restriction f[dom s is
a bounded lattice homomorphism. A mazimal partial homomorphism is a partial homomorphism

with no proper extension. The set of MPHs is then equipped with a binary relation and a topology.

Definition 2.1 ([20, Section 3]). Let L be a lattice. Then (F,I) is a disjoint filter-ideal pair of L
if F'is a filter of L and I is an ideal of L such that FF NI = &. We say that a disjoint filter-ideal
pair (F,I) is maximal if there is no disjoint filter-ideal pair (G, J) # (F,I) such that F C G and
I C J. A maximal disjoint filter-ideal pair (F,I) of L is total in L if FUT = L.

There is a one-to-one correspondence between the set of MPHs from L to 2 = ({0,1},A,V,0,1)
and the maximal disjoint filter-ideal pairs (MDFIPs) of L. The latter were used in the dual
representation of Urquhart [20]. We will use a combination of the two approaches: for a lattice L,
the elements of our dual set X, will be MDFIPs, but we will equip the set with the binary relation

due to Ploséica, and hence will obtain a digraph. (Later, when desirable, we will also equip the
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set X, of all MDFIPs of L with Urquhart’s two quasi-orders <; and <3.) We do not require the

topologies used by Plosc¢ica and Urquhart because we are only working with finite lattices.

Ploscica’s binary relation on the set of MPHs is defined as follows for MPHs f and g from L to 2:
(E1) fEg <= (Vz edom fNndomg)(f(z)< g(x)).

The digraph dual to a finite bounded lattice L in Plos¢ica’s representation is G, = (V,, E) where
the set of vertices Vi, is formed by all MPHs from L to 2 and the relation F is defined by (E1)
above. We will now present this dual digraph as G, = (X, E) where the set of vertices will be
X1, i.e. is formed by all MDFIPs of L, and the corresponding Plos¢ica relation E will be defined
below by (E2).

For two MDFIPs (F,I) and (G, J), Plos¢ica’s relation F is determined as follows:
(E2) (F,D)E(G,J) <+ FnJ=0.

For finite lattices every filter is the up-set of a unique element and every ideal is the down-set
of a unique element, so we can represent every disjoint filter-ideal pair (F,I) by an ordered pair
(tz,ly) where v = A\ F and y = \/ I. Hence for finite lattices we have (1, ly)E(ta, Ib) if and only
if x £ b.

In Figure 1 we present a number of examples of finite (non-distributive) lattices and their dual
digraphs. To make the labelling more compact, we denote by zy the MDFIP (fz,ly). Also, to
keep the display simpler, we have not included the loop on each vertex. Notice that the directed

edge set is not a transitive relation.

1
b
a
c
0
SDv, not SD, SDA, not SDy SDy & SD, Not SDy,, not SD

cb ea o ca ab ac

(@]
de cb % I
be cb be
l I ab ca ba

Figure 1: Some finite lattices and their dual digraphs.

The fact below was noted by Urquhart and will be useful later.
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Proposition 2.2 ([20, p. 52]). Let L be a finite lattice. If (F,I) is a mazimal disjoint ideal-filter
pair of L then \ F' is join-irreducible and \/ I is meet-irreducible.

Some of what appears in the proposition below can be found in the paper by Gaskill and Nation [13,
p- 353]. We will make frequent use of this result and its proof reveals some important features of

MDFIPs.
Proposition 2.3. Let L be a finite lattice and (F,I) be a mazimal disjoint filter-ideal pair of L.
Then the following are equivalent:
(i) \F is join-prime;
(i1) \/ I is meet-prime;
(¢i1) FUI = L;
(iv) F is a prime filter;

(v) T is a prime ideal.
The equivalences (iii) < (iv) < (v) hold even when L is not finite.

Proof. Let L be a finite lattice and let (F,I) be a maximal disjoint filter-ideal pair of L. Let
AF=zand VI =y.

First we show that (ii3) = (¢). Assume that FUI = L. Let a,b € L such that = < aVb. We claim
that a € F or b € F. Suppose for a contradiction that a ¢ F and b ¢ F. Then a,b € L\ F = 1.

That implies a V b € I, whence x € I, a contradiction.

Now we show that (i) = (i4¢). Assume that x is join-prime. Let a € L such that a ¢ FUI. We

will consider three cases for the element a V y and derive a contradiction for each case.

Case 1: If aVy € I then a < aVy =y, thus a € I, a contradiction.

Case 2: If aVy € F then z < aVy. Since z is join-prime, z < aor x < y. If x < a thena € F,
contradicting a ¢ FUI. If x < y then x € I, contradicting FNI = &.

Case 3: Suppose aVy ¢ FUI. Since aVy ¢ Tz, L(aVy)NTz = &. From aVy ¢ |y it follows that
Jy C l(aVy). Hence (T, (a V y)) is a disjoint filter-ideal pair properly containing (F, I),
which contradicts the maximality of (F, I).

The equivalence of (i7) and (4ii) can be shown analogously.

Now we drop the assumption that L is finite and show that (iii) = (iv). Let avVbe F. If a ¢ F
and b ¢ F then we have a,b € L\F = I. Since I is an ideal we would get a Vb € I, a contradiction.
Therefore a € F or b e F.
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To show (iv) = (i4i), and the equivalence of (iv) and (v), one uses the fact that a filter F C L is

prime if and only if L\ F' is a prime ideal. O

The properties of the digraphs dual to bounded lattices were described by Craig, Gouveia and
Haviar [7]. There they were called TiRS graphs; in this paper we will use the terminology TiRS
digraphs. We recall the necessary facts. (We note that in the definition below zE = {y € V|
(r,y) e E}and Fx ={y eV |(y,x) e E}.)

Definition 2.4 ([7, Definition 2.2]). A TiRS digraph G = (V, E) is a set V and a reflexive relation
E CV x V such that:

(S) If x,y € V and = # y then oF # yFE or Ex # Ey.
(R) For all z,y € V, if xE C yE then (z,y) ¢ E, and if Ey C Ex then (z,y) ¢ E.
(Ti) For all z,y € V, if xFy then there exists z € V such that zE C zF and Ez C Ey.
We recall that the vertices of the dual digraph G, of a bounded lattice L are formed by the set X,

of MDFIPs of L and Plos¢ica’s relation E is determined by (E2). Using these facts, the following

result can be stated.
Proposition 2.5 ([7, Proposition 2.3]). For any bounded lattice L, its dual digraph G1, = (X1, E)
is a TiRS digraph.

We recall from [17] a fact concerning general digraphs G = (X, E). Let 2 = ({0,1}, <) denote the
two-element digraph. A partial map ¢: X — 2 is said to preserve the relation E if p(z) < ¢(y)

whenever z,y € dom ¢ and (x,y) € E. The lattice of maximal partial E-preserving maps from G
to 2 is denoted by §"P(G, 2).

Lemma 2.6 ([17, Lemma 1.3]). Let G = (X, E) be a digraph and let us consider ¢ € G"P(G, 2).
Then

(1) = 1(0) ={z € X | there is no y € p~ (1) with (y,x) € E};
(ii) o (1) ={x € X | there is noy € ¢~ (0) with (x,y) € E'}.

The above lemma allows us to observe that for a digraph G = (X, E) and ¢, € G"P(G, 2) we

have
e I (1) Sy (1) = ¥TH0) ST H(0).
This implies that the reflexive and transitive binary relation < defined on §™*(G, 2) by
p<Y = o) CyT(D)

is a partial order. For a digraph G = (X, E) we let C(G) = (§"7(G, 2), <).
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Theorem 2.7 ([7, Theorem 1.7 and p. 87]). For any finite bounded lattice L we have that L is
isomorphic to C(Gr) and for any finite TiRS digraph G = (V, E) we have that G is isomorphic to

G-

In later sections, we will frequently make use of Theorem 2.7 in the following way: given any finite
TiRS digraph G = (V, E), we can consider G to be the dual digraph G, = (X, F) for some finite
lattice L.

There are a number of different constructions that yield complete lattices isomorphic to the com-
plete lattice C(G) described above, which is assigned to a digraph G = (X, E) (see [9]). In
particular, later we will use the lattice obtained via the polarity K(G) = (X, X, EC), which will be

described in Section 5.

At the end of this preliminary section we recall from [20] how the set X, of all MDFIPs of a finite
bounded lattice L can be equipped with two quasi-orders <; and <3. Urquhart in [20, p. 47]
defined two binary relations <; and <2 on the set set X, of all MDFIPs of an arbitrary lattice L
as follows: for two MDFIPs (F,I) and (G, J),

(<2) (R 1) <2 (G,J) <= 1CJ.

It is clear that the binary relations <; and <5 are reflexive and transitive on the set X, and hence

are quasi-orders.

3 Characterisation of dual digraphs

The theorem below will play a crucial role in the proof of our first result. Our presentation is slightly
different to [3]; we have re-stated their items to suit our purposes. We use J(L), respectively M(L),

to denote the join-irreducible, respectively meet-irreducible, elements of L.
Theorem 3.1 ([3, Theorem 3-1.4]). Let L be a finite lattice. Then the following are equivalent:
(i) L satisfies SDy;
(i1) For each x € M(L), there exists a unique minimal element of the set
S)y={keL|ktz & k<z*},

where x* is the unique upper cover of x, and moreover, this minimal element of S(x) is in

JL).
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(7it) There exists a map k: M(L) — J(L) such that for each x € M(L), k(x) is the minimal
element of the set S(z).

Using the previous result, in the next theorem we characterise finite join-semidistributive and

meet-semidistributive lattices via their MDFIPs.

Theorem 3.2. Let L be a finite lattice.

(i) L is not join-semidistributive if and only if there exist distinct mazimal disjoint filter-ideal

pairs of the form (ty,lz) and (1z,]x) for some x,y,z € L.

(i1) L is not meet-semidistributive if and only if there exist distinct maximal disjoint filter-ideal

pairs of the form (Tx,ly) and (fx,1z) for some x,y,z € L.

Proof. For the necessity, assume L is not join-semidistributive, whence by Theorem 3.1, for some
x € M(L) there exist two minimal elements y and z of the set S(z). Then ty Nlz = @ and
tzNle = & so (Ty,Jx) and (Tz,lx) are disjoint filter-ideal pairs. We claim that (1y,lx) and
(1z,lx) are maximal. Suppose on the contrary that there is a disjoint filter-ideal pair (Ta, [b) of
L such that Ty C ta and Jx C b but (fa,}b) # (Ty, Jz). This gives us two possible cases:

Case 1: If a # y then since y is minimal in the set S(z) and a < y < z* we have that a < z. But

x < b, which implies that a < b, contradicting Ta N b = @.

Case 2: If b # x then x* < b since z* is the unique upper cover of z. But a < y < «*, which

implies that a < b, contradicting again Ta N b = @.

Thus (ty, }z) is maximal and we can use a similar argument to prove that (1z, Jx) is maximal.

For the sufficiency, assume that there exist distinct maximal disjoint filter-ideal pairs of the form
(ty,dx) and (Tz,)x) for some x,y,z € L. We will prove that y and z are both minimal elements
of the set S(z). If follows from Ty N |z = @ and T2 N |z = & that y £ = and z £ z. We will argue
y < x* by contradiction. Suppose y £ z*, then Ty N Jz* = @. Since x < 2* implies that | C Ja*,
we get that (1y,lx) is properly contained in {1y, lx*), which is a contradiction. Therefore y < z*
and y € S(z). Using a similar argument, z € S(z). Now if a € S(z) and a < y, then 1y C ta.
Since a £ x, we have ta N |z = @. Therefore (Ta,lz) is a disjoint filter-ideal pair with 1y C ta,
contradicting the maximality of (ty, ). Similarly, if b € S(x) such that b < z, then (1b,]z) is a

disjoint filter-ideal pair properly containing (1z,x), which is a contradiction. Therefore y and z

are both minimal elements of S(x).

The proof of (ii) follows by an order-dual argument. O
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Corollary 3.3. Let G = (V, E) be a finite TiRS digraph which is the dual digraph of a finite lattice

L. If the relation E is antisymmetric, then L is semidistributive.

Proof. In accordance with our remarks after Theorem 2.7, we can consider G to be G, and so its

vertex set V will be X.

Suppose for a contradiction that L is not semidistributive. Then L is not join-semidistributive
or L is not meet-semidistributive. If L is not join-semidistributive then by Theorem 3.2 (4)
there are maximal disjoint filter-ideal pairs of the form (1y,lz) and (1z,lz) for some z,y, z € L.
Since G is the dual digraph of L, we have (Ty,lx), (1z,]lz) € V. Clearly (1y,lz)E(Tz,lx) and
(1z,lx) E(ty,lx). This contradicts the antisymmetry of the relation E.

If L is not meet-semidistributive, then the argument is analogous. O

Remark 3.4. The converse to Corollary 3.3 does not hold. We can see it on the lattice in Figure 2.

1
ch o o da
a b
c d
0é——o0
ac bd
0

Figure 2: A finite semidistributive lattice and its dual digraph.

The lattice is semidistributive but we see on its dual digraph, which contains a “double arrow”

between the elements ac and bd, that the relation E of the digraph is not antisymmetric.

Hence the condition in Corollary 3.3 is sufficient but not necessary for a finite lattice to be semidis-
tributive. An interesting task that is left open is to possibly weaken the given sufficient condition
to some form of “weak antisymmetry” of the relation E so that the resulting condition on E is

necessary and sufficient for a finite lattice to be semidistributive.

In the statement and the proof of the following result we again use the fact that, by Theorem 2.7,
G = (V, E) is isomorphic to the dual digraph G, = (X, EL) of the lattice L, whose vertex set X,
is the set of all MDFIPs of L.

Lemma 3.5. Let G = (V, E) be a finite TiRS digraph with dual lattice L. Let u,v € V be distinct.
Then:

(i) Fu= Ewv if and only if u and v are the isomorphic images of (1z,ly) and (1tz,ly) in X1, for

some x,y,z € L;
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(1i) uE = vE if and only if u and v are the isomorphic images of (Tx,ly) and (tx,lz) in X for

some x,y,z € L.

Proof. Let u,v € V. To show the sufficiency of the condition in (7), let u and v be the isomorphic
images of the vertices (1, ly) and (1z,ly) in G for some z,y,z € L. Since G is isomorphic to
G, we only need to show that Fr {1z, ly) = Er{(Tz,ly). To this end, let (F,I) € EL(Tz,]y), then
Fnly =@. Thus (F,I) € Er{tz,]y). Similarly, if (F,I) € EL(Tz,ly), then FN |y = & and
(F,I) € E,(Tx,ly). Therefore Er(Tz,ly) = Er{1z,ly) and Fu = Ev.

For the necessity of the condition in (), let (Tz,)y) and (12, w) be isomorphic images of u and
v in Xz and let Fu = Ev. We will show ly = |w. Let a € ly. For all (F,I) € Er(Tz,lw)
we have F'Nly = @ since Er(tz,ly) = Er(tz,Jw). For S = |U{F | (F,I) € Er(Tz,dw)} now
a ¢ S asac€ ly. Weclaim that a € Jw. Suppose on the contrary that a ¢ Jw. Then a £ w and
ta N Jw = @. This shows (Ta,lw) is a disjoint filter-ideal pair. Hence there is an MDFIP (H, J)
such that ta C H and Jw C J. But Jw C J and H N J = & implies that H N Jw = @. Then
(H,J) € Er{(tz,lw), so H C S, which means a € S, a contradiction. Thus a € Jw. The reverse
inclusion can be shown analogously. Therefore |y = Jw and the proof of (i) is complete. Part (i%)

can be proven analogously. [l

Theorem 3.6. Let G = (V, E) be a finite TiRS digraph with u,v € V.. Then

(1) G is the dual digraph of a join-semidistributive lattice if and only if whenever u # v then
Eu # Ev.

(1) G is the dual digraph of a meet-semidistributive lattice if and only if whenever u # v then
uFE #vE.

(#i1) G 1is the dual digraph of a semidistributive lattice if and only if whenever u # v then Fu # Ev

and uE # vE.

Proof. Let G be a finite TiRS digraph with dual lattice L. To show the necessity in (i), assume
there exist distinct u,v € V such that Eu = Fv. Then by Lemma 3.5 there exist distinct MDFIPs
(tz,ly) and (Tz,ly) in L. It then follows from Theorem 3.2(¢) that L is not join-semidistributive.

To show the sufficiency in (i), assume that L is not join-semidistributive. Then by Theorem 3.2(7)
there exist distinct MDFIPs (fx,ly) and (1z,ly). By Lemma 3.5 there exist distinct vertices
u,v € V such that Fu = Fwv.

Part (i¢) can be shown analogously, and part (i) follows directly from (i) and (i4). O
We recall that the “separation property” (S) in the definition of TiRS digraphs is defined as follows:

(S) If 2,y € V and = # y then o F # yE or Ex # Ey.
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Hence it should be emphasized that the condition (i#¢) in the theorem above characterising the
semidistributivity is clearly strengthening the separation condition (S) by replacing in it the logical

connective “or” with “and”. Thus it can be considered as a certain “strong separation property”:
(sS) If x,y € V and x # y then o F # yFE and Ex # Ey.

It is interesting to realise that finite semidistributive lattices are exactly those finite lattices whose

dual digraphs have the “separation property” (S) strengthened to the “strong separation property”
(sS).
A remark of Urquhart [20, Section 7] says that a finite lattice L is meet-semidistributive if and

only if the quasi-order <; is an order. We state that result (and its dual) below and prove it using

the results from earlier in the section.

Theorem 3.7. Let L be a finite lattice.

(i) L is join-semidistributive if and only if the quasi-order <o on the vertices of the dual digraph

is an order.

(1i) L is meet-semidistributive if and only if the quasi-order <1 on the vertices of the dual digraph

18 an order.

Proof. Assume firstly that the quasi-order <5 on the vertices of the dual digraph is not an order,
that is, the relation <g is not antisymmetric. Then there exist distinct vertices « and y such that
x <2y and y <z z. If we consider the vertices x and y as the MDFIPs « = (F,I) and y = (G, J),
then by definition of <, we have I C J and J C I, hence the MDFIPs = and y have the same ideal
part. By Theorem 3.2 it follows that L is not join-semidistributive.

Conversely, if L is not join-semidistributive, then by Theorem 3.2 there exist distinct MDFIPs z
and y with the same ideal part, whence x <o y and y <s x. It follows that the relation <5 is not

antisymmetric, hence the quasi-order <s is not an order. [l

Now we can rephrase Lemma 3.5 in terms of quasi-orders <; and <s:

Corollary 3.8. Let G = (V,E) be a finite TiRS digraph with dual lattice L. Let u,v € V be
distinct. Then:

(i) Fu= Ev if and only if u <2 v and v <2 u;
(i) uE =vE if and only if u <1 v and v <1 u.

We can finally summarise the previous results in the following characterisations of join-semidistribu-
tivity, meet-semidistributivity and semidistributivity of finite lattices via the properties of their

dual digraphs:
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Corollary 3.9. Let G = (V,E) be a finite TiRS digraph.

(1) The following are equivalent:
(i) G is the dual digraph of a join-semidistributive lattice;
(i) for all u,v €V, if u # v then Eu # Ev;
(7it) the quasi-order <2 on V is an order.
(2) The following are equivalent:
(1) G is the dual digraph of a meet-semidistributive lattice;
(i) for all u,v € V, if u # v then uE # vE;

(7i1) the quasi-order <; on V is an order.
(8) The following are equivalent:

(i) G is the dual digraph of a semidistributive lattice;
(ii) for allu,v € V, if u # v then Eu # FEv and uE # vE;

(#it) both the quasi-orders <1 and <o on 'V are orders.

4 Domination in dual digraphs

In the dual digraph of a lattice L, there are certain vertices that play an important role. It turns

out that these vertices correspond to MDFIPs where FUI = L.

Definition 4.1. A vertex v of a digraph G = (V, E) is said to be transitive in G if uFv and vEw
imply uEw for all u,w € V.

With respect to the illustration of the following result, the reader is reminded to return to Figure 1

for examples.

Theorem 4.2. Let L be a lattice with dual digraph G, = (X1, E). A mazimal disjoint filter-ideal
pair (F,I) is total in L if and only if it is transitive in G,.

Proof. Let (F,I) be total in L. Assume that (G,J) and (H, K) are maximal disjoint filter-ideal
pairs such that (G, J)E(F,I) and (F,I)E(H, K). By the definition of E we have that GNI =&
and FNK = @. We claim that G N K = @. Notice that since F N K = @ and (F, ) is total, it
follows that K C L\F = I. But GNI = @ and hence GN K = &. By the definition of F we get
(G,J)E(H, K) and therefore (F, I} is transitive.
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For the converse, assume that (F, I) is not total in L. Take x € L\(F UI) and consider the disjoint
filter-ideal pairs (fx, I) and (F,lx). These can be extended to maximal disjoint filter-ideal pairs
(G,J) (where t C G and I C J) and (H,K) (with F C H and Jo C K). Since I C J, we have
G NI =@ and hence (G, J)E(F,I). Since ' C H we get N K = & and hence (F,I)E(H, K).
But, since x € G N K we do not have (G, JYE(H, K) and so (F,I) is not transitive. O

The following result was first shown in a more restricted context by Gaskill and Nation [13]. This

more general statement is folklore.

Proposition 4.3 ([13, Lemma 1]). Let L be a join-semidistributive lattice with greatest element 1.
Then L has a prime ideal. Dually, if L is a meet-semidistributive lattice with least element 0, then

L has a prime filter.

Proof. Let I be an ideal that is maximal with respect to not containing 1. Suppose that y, z ¢ 1.
Then there is an element x € I such that x Vy = =V z = 1. Since L satisfies SDy we get
xV (yAz)=1and hence y Az ¢ I. O

Corollary 4.4. Let L be a bounded lattice. If the dual digraph G, = (X, E) does not have a

transitive vertex then L satisfies neither SDy, nor SDx.

Proof. Assume that G, does not have a transitive element. Then every MDFIP of L is such that
FUI # L. By Proposition 2.3 we have that no filter F C L can be prime. Since L has both a
greatest and least element, by Proposition 4.3, L cannot be join-semidistributive and it cannot be

meet-semidistributive. O

Notice that the converse of Corollary 4.4 does not hold. The lattice Ls from [10] satisfies neither
SDy nor SD, but there exists a maximal disjoint filter-ideal pair (F,I) with FUI = L (or, a

total homomorphism from L3 to 2).

As stated earlier, the transitive elements in a finite TiRS digraph can play a special role. Notice
that when a TiRS digraph G is a poset (i.e. it is the dual digraph of a finite distributive lattice)

then every element of G is transitive.

The next lemma captures two familiar facts about finite join-semidistributive and meet-semidistribu-

tive lattices.

Lemma 4.5 ([13, Lemma 1)). (i) The co-atoms of a finite join-semidistributive lattice are meet-

prime.

(i) The atoms of a finite meet-semidistributive lattice are join-prime.

Proof. We prove only (2) as the proof of (i7) will follow using a dual argument.
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Let L be a finite join-semidistributive lattice and let € L be a co-atom such that z > a A b
for some a,b € L. Suppose that  # a and x # b. We then have z Va > z and 2 Vb > z.
Since z is a co-atom, we get © Va =1 = x V b. However, since L is join-semidistributive, we get

x=xV(aAb)=1zVa=1,a contradiction. Thus z > a or z > b. O

In the definition below we note that the original source uses ‘arc’ instead of ‘edge’.

Definition 4.6 ([15, Definition 2]). Given a digraph D = (V, E), with vertex set V and edge set
E, aset S CV is a dominating set if for every vertex v € V\S, there is a vertex u € S such that
uFEv.

Proposition 4.7. Let G = (V, E) be a finite TiRS digraph. If G is dual to a finite join-semidis-

tributive lattice L, then the transitive vertices of G form a dominating set.

Proof. Assume that G = G, = (X1, E) for some finite join-semidistributive lattice L. If z is a
vertex of G then x = (ta, b) for some a,b € L. Since b # 1 we have that b < ¢ for some co-atom c.
By Lemma 4.5 we have that ¢ is meet-prime and so by Proposition 2.3 we know that |c is a prime
ideal and that there exists d € L such that 7d is a prime filter with td N ¢ =@ and 1d U |c = L.
By Theorem 4.2, y = (1d, |c) is a transitive vertex of Gr,. Since [b C |c we have 1d N Jb = @ and
hence yFx. O

The converse of the above proposition does not hold. Let L’ be the diamond M3 with a new top
element ¢. Then its dual digraph G is the same as the dual digraph of M3 (see Figure 1) except
it has an extra vertex v = (¢, /1), which is transitive since it is total. In G the edges obviously
go from the vertex v to every other vertex. Hence the set {v} of transitive vertices of G is the
dominating set, yet the lattice L’ is not join-semidistributive as it contains a sublattice isomorphic

to M (cf. [10]).

Since transitive elements are connected to join- and meet-prime elements, the previous result
is partly related to how the join-primes or meet-primes sit inside the lattice. The next result
characterises finite TiRS digraphs G dual to finite lattices, in which the transitive vertices of G

form a dominating set.

Theorem 4.8. Let G = (V, E) be a finite TiRS digraph. Then G is dual to a finite lattice L in
which every co-atom is meet-prime if and only if the transitive vertices of G form a dominating

set.

Proof. Let G = (V, E) be the dual digraph G, for some finite lattice L in which every co-atom
is meet-prime. If x € V then « = (ta,|b) for some a,b € L. Since b # 1 we have that b < ¢ for

some co-atom c. By Proposition 2.3 we know that |c is a prime ideal and that there exists d € L
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such that 1d is a prime filter with td N ¢ = @ and td U ¢ = L. By Theorem 4.2, y = (1d, |c) is a
transitive vertex of G = G. Since |b C |c we have 1d N |b = @ and hence yFx.

Next, assume that the transitive vertices of G form a dominating set and let ¢ be a co-atom of L.
The pair (11, J¢) is a disjoint filter-ideal pair that can be extended to a maximal disjoint filter-ideal
pair (1b,}c). Since the transitive vertices form a dominating set, there exists a transitive vertex
(tz,ly) such that (tz,ly)E(1b,lc), i.e. Tz Nlc = 0. Since (tz,l)y) is transitive, we have by
Proposition 2.3 and Theorem 4.2 that x is join-prime. Now, we have that (Tz,lc) is a disjoint
filter-ideal pair which can be extended to a maximal disjoint filter-ideal pair (Ta, )c) where a < z.
Since a y{ c we have ¢ < aVc=1. Clearly now z < a V ¢ and hence z < a or x < ¢. The latter
cannot happen as T2 N Jc = & so z < a and hence x = a. Now (fz,lc) is a maximal disjoint

filter-ideal pair with x join-prime, and hence c is meet-prime. O

Remark 4.9. It is well-known (cf. [11, Theorem 2.24]; see also [3, Theorem 3-1.4]) that a finite
lattice L satisfies S Dy, if and only if each element in L has a so-called canonical join representation.
Using [13, Lemma 1(ii)] we are able to show that the equivalent conditions of Theorem 4.8 hold for
the TiRS digraph G dual to a finite lattice L if and only if the top element 1 of L has a canonical
join representation. Since canonical join representations are not the focus of this paper, we have
decided to present the proof in a separate paper where this will be explored with the proper context

and in more depth.

Definition 4.10 ([15, Definition 3]). Given a digraph D = (V, E), with vertex set V" and edge set
E, aset S CV is an in-dominating set if for every vertex v € V\ 9, there is a vertex u € S such

that vEu.

Theorem 4.11. Let G = (V, E) be a finite TiRS digraph. Then G is dual to a finite lattice L in
which every atom is join-prime if and only if the transitive vertices of G form an in-dominating

set.

Proof. Let G;, = (X, E) be the dual digraph of some finite lattice L in which every atom is
join-prime. If x € V then x = (ta,]b) for some a,b € L. Assume that x is not transitive. Since
a # 0 we have that ¢ < a for some atom ¢ € L. By Proposition 2.3 we know that Tc is a prime
filter and that there exists d € L such that |d is a prime ideal with t¢N]d = @ and TcU |{d = L.
By Theorem 4.2, y = (f¢, |d) is a transitive vertex of Gr,. Since ta C f¢ we have T¢N b = & and
hence zFEy.

Next, assume that the transitive vertices of G = (V, E) form an in-dominating set and let ¢ be
an atom of L. The pair (f¢, ]0) is a disjoint filter-ideal pair that can be extended to an MDFIP
(T¢,4b). Since the transitive vertices form an in-dominating set, there exists a transitive vertex
(tz,ly) such that (te,[bYE{Tz,ly), i.e. teNly = 0. Since (fz,ly) is transitive, we have by

Proposition 2.3 and Theorem 4.2 that y is meet-prime.
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Now, we have that (T¢, ly) is a disjoint filter-ideal pair which can be extended to a maximal disjoint
filter-ideal pair (f¢, la) where y < a. Since ¢ & a we have 0 = a A ¢ < ¢. Clearly now a Ac <y
and hence a < y or ¢ < y. The latter cannot happen as fcN |y = & so a < y and hence y = a.
Now (¢, y) is an MDFIP with y is meet-prime, and hence c is join-prime. O

Corollary 4.12. Let G = (V,E) be a finite TiRS digraph. If G is dual to a finite meet-

semidistributive lattice L, then the transitive vertices of G form an in-dominating set.

Proof. Let G = (V, E) be a finite TiRS digraph. Assume G is dual to a finite meet-semidistributive
lattice L. Then by Lemma 4.5 the atoms of L are join-prime. It then follows from Theorem 4.11

that the transitive elements of L form an in-dominating set. [l

We think it is an interesting problem to try and characterise the dual digraphs of finite join-
semidistributive lattices within the class of finite TiRS digraphs whose transitive vertices form a
dominating set (and dually). We attempted to do so but were unable to identify the required

condition.

5 Minimal closure systems from dual digraphs

Closure systems appear in many different areas of mathematics. They were investigated in relation
to join-semidistributive lattices by Adaricheva et al. [1]. A comprehensive account of the theory
can be found in the book chapters by Adaricheva and Nation [4, 5]. The definitions below all follow
the notational conventions used in Adaricheva and Nation [4, Section 4-2] although in some cases

the reference is to another source.
Definition 5.1 ([14, Definition 30]). Let X be a set and ¢ : (X ) — #(X). Then ¢ is a closure
operator on X if for all Y, Z € (X)),

(1) Y C oY),

(i) Y C Z implies ¢(Y) C ¢(2),

If X is a set and ¢ a closure operator on X then the pair (X, ¢) is called a closure system.

For Y C X we say that Y is closed if ¢(Y) =Y. The closed sets of a closure operator ¢ on X
form a complete lattice, denoted by Cld(X, ¢).

Example 5.2. Let L be a finite lattice. If a € L let J, = {& € J(L) | * < a} and define
7: RJ(L)) = RI(L)) by 7(A) =({Jo | a € L and A C J,}. Then (J(L),7) is a closure system.
Notice that every finite lattice L is isomorphic to Cld(J(L), ) via the isomorphism a +— J,.
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From any digraph G = (X, E) we get the closure system (X, E¢ o EL) (see [9, Theorem 3.3]). Here

we recall necessary facts from [9, Section 3].

For a digraph G = (X, E) one can consider the triple (called a contert) K(G) := (X, X, EC), where
the relation E¢ C X x X is the complement of the digraph relation E: E® = (X x X)\E. One

can then define a Galois connection via so-called polars as follows. The maps
EL: (R(X),C) = (£(X),2) and EL: (R(X),2) = (R(X),C)
are given by
E(Y)={z e X|(yeY)(y.2) ¢ E},
EL(Y)={z€X|(YyeY)(zy) ¢ E}.
The so-called concept lattice CL(K(G)) of the context K(G) = (X, X, EL), given by
CL(K(G)) ={Y C X | (ESo E&)(Y) = Y },

is a complete lattice when ordered by inclusion.

The isomorphism in Proposition 5.3 below is different to the original source but is equivalent
because of the one-to-one correspondence between the sets V7, and X. We recall that the definition

of the lattice C(Gp) is given directly before Theorem 2.7.

Proposition 5.3 (]9, Proposition 3.1 and Corollary 3.2]). If L is a finite lattice and G, = (X1, E)
is its dual digraph, we have

L =~ C(GL) = CL(K(GL)).
The map a — {(F,I) € X1, | a € F} is the isomorphism from L to CL(K(GL)).

The definition below is important in understanding the notion of a minimal closure system later

on.

Definition 5.4 ([4, Definition 4-2.1]). Closure systems (X, ¢) and (Y, ) are called equivalent if
Cld(X, ¢) = Cld(Y, ). Two equivalent systems are called isomorphic if there exists a bijection
p: X — Y such that p(¢(2)) = ¢¥(p(2)) for all Z C X.

The left-most lattice in Figure 1 is referred to as LY in [10]. We use this lattice to provide an

illustration of Definition 5.4.

Example 5.5. Let L = L and consider its dual digraph G = (X1, E) = ({cb,de,dc,ea}, F).
From this digraph we get the closure system (X7, EE o E,E) with

Cld(Xy, EE o E,E) = {0, {cb}, {ea}, {de,dc}, {cb,de,dc},{ea,de,dc}, X1}
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If we let Y = {cb,de,ea} and ¢y (S) =Y N (EC o EL)(S) then
CIA(Y, ¢y ) = {0, {cb},{ea}, {de},{cb,de}, {ea,de},Y}.
It is easy to see that (X, EE] o EE) and (Y, ¢y ) are equivalent but not isomorphic.

Proposition 5.6. Let (X, ¢) and (Y, ¢) be closure systems and let f: X — Y be a mapping. If
f(A) is closed in Y for all closed sets A C X and f=*(B) is closed in X for all closed sets B CY

then f(Pp(A)) = ¥(f(A)) for all AC X.

Proof. Let f be such that f(A) is closed in Y for all closed sets A C X and f~!(B) is closed
in X for all closed sets B C Y. Notice that for all S C X we have that ¢(S) = ({4 C X |
S C A and A is closed in X}, and similarly for ¢). Let S C X. To show the inclusion f(¢(A4)) C
»(f(A)), let B € Cld(Y,) such that f(S) C B. Then S C f~(B). But f~!(B) is closed in X by
our assumption. Hence ¢(S) C f~1(B) = ¢(f~*(B)). This implies that f(¢(S)) C B. Since B was
arbitrary, this is true for all closed sets containing f(S). Therefore f(¢(S)) C ¥(f(S)) =({A C
X | f(S) € A and A is closed in X}. For the reverse inclusion notice that since A C ¢(A) we get
that f(A4) C f(¢(A)). But f(¢(A)) is closed by our assumption. Thus ¢(f(A)) C f(¢(A)). O

Further, Adaricheva and Nation [4] posed the following problem: given a closure system (X, ¢),
can we find a C-minimal subset Y of X and a closure operator ¢ on Y such that (Y, %) is equivalent

to (X, ¢)? Such a closure system is then said to be minimal for (X, ¢).

Theorem 5.7 ([5, Lemma 4-2.13]). A closure system (X, ¢) with lattice of closed sets L is minimal
if and only if it is isomorphic to (J(L),T).

Proposition 5.8. Let L be a finite lattice and G, = (X, E) its dual digraph. Then the mapping
f: X — JL) defined by f((F, 1)) = \F is surjective and satisfies f(ES o ES(S)) = 7(f(S)) for
all S C X.

Proof. We start by proving the surjectivity of f. Let z € J(L) and let T'(x) denote the set
{a € L |z, <aandz <« a} where z, is the unique lower cover of z. We notice that the set T'(z)
is non-empty since z, € T'(x). Let y € T(x) be a maximal element (which exists since T'(x) is a
finite ordered set). Then we claim that (fx,ly) is an MDFIP. We have that T2 N ]y = & since
z £ y. Now let (ta,lb) be an MDFIP such that 2 C ta and Jy C b and (Ta, [b) # (Tz, ly). We

get two cases from this.
Case 1: If to # Ta then a < z so a < x.. Thus we get that a < z, < y < b, which is a
contradiction.

Case 2: If |y # b then y < b and so z. < y < b. But y is maximal in T(x) so we have that

a < z < b. Again, this is a contradiction.
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Thus (tz,)y) is an MDFIP and f({(1z,ly)) = . Hence f is surjective.

To help us prove that f preserves closure, we define B, = {(F,I) € X |a € F} and J, = {z €
J(L) | # < a} for a € L. Notice that the closed sets from (X, ES o EL) are exactly the sets B, for
all @ € L and the closed sets from (J(L), T) are exactly the sets J, for all a € L (see Proposition 5.3
and Example 5.2). We claim that f(B,) = J, and f~!(J,) = B, for all a € L.

Let a € L. We prove firstly that f(B,) = J,. To show the inclusion f(B,) C J,, let © € f(B,).
Then x = A F for some (F,I) € B,. Since (F,I) € B, we have that a € F. This implies that
x < a. But z € J(L) and thus z € J,. To show the reverse inclusion f(B,) 2 J,, let z € J,. Then
by the surjectivity there is y € L such that (T2, ]y) € X. Then since x € J,, we have that z < a.
This implies that a € T2 and that (tz,ly) € B,. Since (tz,ly) € B,, we get that z € f(B,).
Thus f(B,) = Ja.

Now we prove that f~!(J,) = B, for all a € L. To show f~'(J,) C By, let (F,I) € f~(J,).
Then f((F,I)) = x € J,. Since & € J,, we have that x < a and that a € T = F. Therefore
(F,I) € B,. To show f~1(J,) 2 By, let (F,I) € B,. Then a € F and f((F,I)) = AF < a.
Therefore f((F,I)) € J, and (F,I) € f~1(J,). Thus f~1(J,) = B,.

By Proposition 5.6 we get f(ES o EC(S)) = 7(f(S)) for all S C X. O

The main result of this section is the theorem below. We again refer the reader to Figure 1 for
basic illustrative examples, while Example 5.5 provides a demonstration of what can happen when

L is not meet-semidistributive.

Theorem 5.9. Let L be a finite lattice and Gy = (X, E) its dual digraph. Then (X, ES o EF)

is a minimal closure system for itself if and only if L is meet-semidistributive.

Proof. The necessity will be proved by contraposition. Assume L is not meet-semidistributive. By
Proposition 5.8 we have that [J(L)| < |Xp| since f is surjective. But by Theorem 3.2 there exist
distinct MDFIPs (tz,ly) and (tz,]z) where « € J(L). This implies that f is not injective and
hence |J(L)| < |Xr|. Therefore by [5, Lemma 4-2.13], (X, EC o EL) is not minimal.

For the sufficiency, assume that L is meet-semidistributive. We will show that f defined in Propo-
sition 5.8 is a bijection. We only need to show that f is injective. Let (F,I),(G,J) € X be
such that f((F,I)) = f({(G,J)) = . Then F = G = ta. By Theorem 3.2 we have that I = J.
Therefore (F,I) = (G, J) and hence f is injective. Thus it follows from Propositions 5.6 and 5.8
that f is an isomorphism of closure systems. By [5, Lemma 4-2.13] this implies that (X, EC o EC)

is minimal. O

Before stating the dual of Theorem 5.9, we need to make some observations. As observed earlier in

the section, if L is a finite lattice, with G, = (X, E) its dual digraph, then L = Cld(X, ESoE) =
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Cld(J(L), 7). If we reverse the order of the polar maps EE and EE, we again get a closure operator,
but with L? 2 Cld(X,, EEOEE). For a finite lattice L, it is easy to show that g : X;, — X0, defined
for (ta,b) € X1 by g((Ta, b)) = (1b, la), is a bijection. From this we get that (X, EC o EC) is
isomorphic to (X, ES o ED).

Theorem 5.10. Let L be a finite lattice and G, = (X1, E) its dual digraph. Then (X, EC o ES)

is a minimal closure system for itself if and only if L is join-semidistributive.

Proof. We know that L is join-semidistributive if and only if L? is meet-semidistributive. We can

then apply Theorem 5.9 to the closure system (XLa,EE, o EE> O

Corollary 5.11. Let L be a finite lattice and G, = (X1, E) its dual digraph. Then (X1, ES o EC)

and (X, E,E o EE> are minimal closure systems for themselves if and only if L is semidistributive.

6 Conclusion and future research

In this paper we characterised dual digraphs of finite meet-semidistributive, join-semidistributive
and semidistributive lattices. We combined Urquhart’s and PloSé¢ica’s representations of finite
lattices in the following sense: the vertices of our dual digraphs were maximal disjoint filter-ideal
pairs of the lattice in the Urquhart style, but we mainly viewed the duals as TiRS digraphs using
the Plosc¢ica binary relation E on the vertices. We introduced transitive vertices in our digraphs
and explored their role in the domination theory. In particular, we characterised the finite lattices
with the property that in their dual digraphs the transitive vertices form a dominating set resp. an
in-dominating set. Finally, we characterised finite meet-semidistributive and join-semidistributive

lattices via minimal closure systems on the set of vertices of their dual digraphs.

We wish to take note of two other settings in which dual representations of finite semidistributive
lattices have been developed. The older of these is that of Formal Concept Analysis, where a char-
acterisation of both finite join-semidistributive and meet-semidistributive lattices is available [12,
Section 6.3]. There is also a recent paper by Reading, Speyer and Thomas [19] where they give a
representation of finite semidistributive lattices via two-acyclic factorization systems. They define
a two-acyclic factorization system to be a 4-tuple (W, —, —, <) with a set W and three binary
relations —, <, - on W. The relations - and — are required to be partial orders. The repre-
sentation then comes from defining a factorization system on the set of join-irreducible elements
of a semidistributive lattice. The triple (X, <, —) is isomorphic to Urquhart’s dual of the lattice
L. We note that, in our representation, join- and meet-semidistributive lattices can be considered
separately, but in the setting of factorization systems this separation is not yet possible (see [19,

Remark 5.14]).
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Lastly, we wish to point to some promising directions for future research. These would build on the
representation of finite join- and meet-semidistributive lattices obtained in Section 3. The first of
these would be to attempt to study finite sublattices of free lattices via their dual digraphs. This
would require first finding a dual description of the well-known Whitman’s Condition. The second
direction would be the study of finite convex geometries (see [1, 5]) via their dual digraphs. Finite
convex geometries are closure systems that are often studied via their lattice of closed sets. These
lattices of closed sets are join-semidistributive and lower semimodular. Work is already under way

to find a dual characterisation of upper and lower semimodularity.
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1 Introduction

Global existence for nonlinear wave equations is an important mathematical topic. Mathemati-
cians, including F. John, S. Kleinerman, L. Hormander, etc., have made investigations to this
subject. The first non-trivial long-time existence result was established by F. John and S. Klein-
erman in [19], where it is proved the almost global existence for a class 3D quasilinear scalar wave
equations. Global existence for 3D quasilinear wave equations was established firstly by S. Klein-
erman in [20] and by D. Christodoulou, independently by S. Kleinerman, in [5]. The problem in
2D case is quite delicate. Introducing the ghost weight, in [1] was proved the global well-posedness
for a class 2D nonlinear wave equations. Using a class Hardy-type inequality depending on the
compact support of the initial data, in [21] was proved almost global existence for 2D case. Here
we propose a new approach for investigations for classical solutions of a class 2D nonlinear wave

equations. We investigate for existence of at least two positive solutions for the following IVP

ue — Au = f(t, z,u,up, uyz), t>0, r = (x1,15) € R?,
u(0, z) = up(z), r = (21,29) € R?, (1.1)
ut (0, ) = up (), r = (21,29) € R?,

where Au = Uy, + Uszpzy, Uz = (Uzy, Uy )-

The initial value problem (1.1) has attracted considerable attention in the mathematical community
and the well-posedness theory in the Sobolev spaces for polynomial type nonlinearities has been
extensively studied. The case of exponential nonlinearity was recently investigated (see [18] and
references therein). In particular, if the nonlinearity f and the initial data wug,u; are smooth then
the Cauchy problem (1.1) has a classical local (in time) solution. This follows from Duhamel’s
formula via the usual fixed point argument in the space H} . x H, lsoz,l, s > 2. Such an s guarantee
that u,u;, Vu are in L. Note that v € H; A means that the H° norm over a ball centered at xg
and with radius 1 is uniformly bounded by a constant independent of xy. We refer the reader to
[23] and references therein for more properties and information on nonlinear wave equations. In

[17] is proved existence and uniqueness of generalized solutions of the first initial boundary value

problem for strongly hyperbolic systems in bounded domains. In the case when
ft, o uup,uy) = flu(z)), t>0, xcR?

and

up(z) = ur(x) =0, = €R?

the problem (1.1) is investigated in [14] where the authors prove existence of at least one nontrivial

classical solution of the problem (1.1).
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We make the following assumptions on the non-linearity and initial data trough the paper.

(Hl) Ug, U1 € CQ(RQ),

o
IN

Uo, |u011 |7 |u0$111 |; |U/09:2 |; |u0x2x2| S T,

0 S Uy, |ulzl|7 |u11111|a |u112|7 |u1z2z2| S r on Rza

where r > 0 is a given constant.

(H2) f€C(]0,00) x RY),

0 < f(t7x7w17w27w3’w4)
l
< (a; (t, 2)|wi P + bj(t, ) [wa "7 + ¢ (t, x)|ws[? + d; (¢, x)wa|?) ,

1

<

(t,x) € [0,00) x R?, where aj,bj,c;j,d; € C([0,00) x R?),
OSCLj,bj,Cj,djSCL, pj>O, jE{l,...,l},
where @ > 0 and [ € N are given constants.

Our main result reads as follows.

Theorem 1.1. Suppose (H1) and (H2). Then the IVP (1.1) has at least two nonnegative classical

solutions.

To prove our main result we use a new topological approach. This approach can be used for
investigations for existence of at least one and at least two classical solutions for initial value
problems, boundary value problems and initial boundary value problems for some classes ordinary
differential equations, partial differential equations and fractional differential equations (see [2,
3,4, 7,10, 12, 13, 15, 16] and references therein). So far, for the authors they are not known

investigations for existence of multiple solutions for the IVP (1.1).

The paper is organized as follows. In the next section, we give some auxiliary results. In Section

3, we prove our main result. In Section 4, we give an example.
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2 Auxiliary Results

Let X be a real Banach space.

Definition 2.1. A mapping K : X — X is said to be completely continuous if it is continuous

and maps bounded sets into relatively compact sets.

The concept for k-set contraction is related to that of the Kuratowski measure of noncompactness

which we recall for completeness.

Definition 2.2. Let Qx be the class of all bounded sets of X. The Kuratowski measure of non-

compactness o : Qx — [0,00) is defined by

a(Y) = inf 5>0:Y:UYJ~ and diam(Y;) <6, je{l,...,m} »,

j=1
where diam(Y;) = sup{|lz — y||x : =,y € Y;} is the diameter of Y;, j € {1,...,m}.
For the main properties of measure of noncompactness we refer the reader to [6].

Definition 2.3. For a given number k > 0, a map K : X — X is said to be k-set contraction if
it is continuous, bounded and

a(K(Y)) < ka(Y)

for any bounded set Y C X.

Obviously, if K : X — X is a completely continuous mapping, then K is 0-set contraction.

Definition 2.4. Let X and Y be real Banach spaces. A mapping K : X — Y s said to be

expansive if there exists a constant h > 1 such that
Kz — Kylly > hllz — ylx
for any x,y € X.

Definition 2.5. A closed, convex set P in X is said to be a cone if
(1) ax € P for any a > 0 and for any x € P,

(2) x,—x € P implies x = 0.
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Let P C X be a cone and define

P* =P\{0},
Pr, = {u EP:|u < rl},

Pris = {u eP:ry <|u| < 7‘2}

for positive constants 71,79 such that 0 < r; < ro. The following result will be used to prove

Theorem 1.1 . We refer the reader to [8] and [11] for more details.

Theorem 2.6. Let P be a cone of a Banach space E; Q a subset of P and Uy, Us and Us three
open bounded subsets of P such that U, CcUs CUs and 0 € Uy. Assume that T : Q — P is an
expansive mapping with constant h > 1, S : Uz — E is a k-set contraction with 0 < k < h—1 and
S(Us) C (I =T)(S2). Suppose that (U \U1)NQ # 0, (Us\ U2) NQ # 0, and there exists ug € P*
such that the following conditions hold:

(1) Sx# (T —=T)(x — Aug), for all A\ >0 and x € OU; N (Q + Aug),
(il) there exists € > 0 such that Sx # (I — T)(Ax), for all X>1+¢, x € 0Us and Az € Q,

(iii) Sz # (I = T)(z — Aug), for all X >0 and x € OUs N (2 + Aug).

Then T 4+ S has at least two non-zero fixed points x1,x2 € P such that
z1 € U NQ and 25 € (Ug\UQ)ﬁQ

or

xr € (UQ\Ul)ﬂQ and Ty € (Ug\UQ)ﬂQ

Note that (see [9]) the function

__ 1 H{i-71—|z—¢]) 2
G(t,z,7,§) = o =)= e ¢ t,7>0, z,6€R?

where |z — &| = /(21 — &)% + (22 — &)2, is the Green function for the two-dimensional wave

equation

uge — Au = h(t, x), t>0, x=(x1,1)€R?

u(0,2) = u(0,2) =0, == (21,29) € R?,
where H(-) denotes the Heaviside function. Observe that

Gt,x,7,6) <0, t,7>0, &R
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A key lemma in our proof is the following.

Lemma 2.7. For hy,he,p > 0, we have

/ /Oo(hl + hoT)PG(t, z,7,&)drdE| < (hy + haot)PI(t), (t,x) € (0,00) x R, (2.1)
R2J0

where 1(t) =t + t2(1 + | logt|).

Proof. Let hq,ha,p >0 and ¢t > 0. One has

t—|z—¢| P
/ / (h1 + hat)PG(t, 2, 7, €) def‘ < 7/ / (n+har)? e
R2 e—€|<t V=72 — [z —¢P

(h1 + haot)
< %/ . (loa(t + /& =Tz — &) ~ log | — ¢] ) de
/ log(t + \/t? — |z — &|?)d€ — / log |x — §|d§>
lz—€|<t

t
log(2 d¢ — 27r/ 71 log ridry
\1 EI<t 0

£2
7t? log(2t) <t2 logt — 2))

2
t2log(1 + 2t) + t2|log t| + )

hl + hgt (
(hy + hat)? + hgt (
h1 Jr th

h1 + hgt

il
(ha + hat)? +h2t <
il

2
23 + ?|log t| + )

< (b1 + hot)? (£ + (1 + |logt])) .

This gives (2.1) as desired. O

We make the change v = v + ug + tu;. Then, we get the IVP

vy — Av = f(t,z,v + ug + tu, vy + U1, Vg + Uog + tuiz) + Aug + tAug
= filt,z,v,v6,0,), t>0, xR (2.2)
v(0,2) = v;(0,7) =0, z€R%
Lemma 2.8. Suppose (H2). If w, € R, |wi| < b, k € {1,...,4}, for some positive b, then
1

f(tvx7w17w2,W3,w4) < 4@2[)1’]‘.
j=1
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Proof. We have

0

IN

f(t7x7wlvw27w37w4)

(aj(t, 2)[wr [P+ b;(t, @) [wa P + ¢;(t, @) [ws|P + d; (¢, ) wal™)

<
Il
—_

1

< (abP? + abPi + abP? + abP?)

<.
Il
—

1
= 4a2bpj7 (t, , w1, wa, w3, wy) € [0,00) x RE.
j=1

This completes the proof. O

Let E = C?([0,00) x R?) and for any u € E, denote
foll = o { o oles Buln s Dt llocs € (1,2},
provided that it is finite, where
[ole =" sup Jo(t,z)].
(t,x)€[0,00) xR2

Lemma 2.9. Suppose (H1) and (H2). Let v € E, ||v|| < b, for some positive b. Then

!
flt,z,v 4+ ug + tug, v + w1, vz + Uog + tury) < 4aZ(b+7‘(1 + )P, (t,x) €[0,00) x R%

j=1
Proof. Let
w1 = v+ ug + tuy,
wg = v + ug + tug,
w3 = url + UOxl + tulmla
Wy = Vgy + Uogy + TUI4,-
Then

lwj| <b+r(l+t), je{l,...,4}, t>0.

Hence and Lemma 2.8, we get the desired result. This completes the proof. O
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Lemma 2.10. Suppose (H1) and (H2). Let v € E, ||v|| < b, for some positive b. Then

Ailtsz,v,000)] <4034 r(L+ 0 +2r(1+1), (L) € [0,00) x B2,
j=1

Proof. By (H1), we get
|Aug| < 2r, |Auy| <2r on RZ

Using Lemma 2.9, we obtain

|f1(t,CC,'U,7Jt,’Ux)| S f(t,l',’() + uop + tUl,’Ut + Uy, Uy + Uox +tu1:r) + |Au0‘ + t|Au1|

l
<40 (0 +r(1+8)P +2r(1+1), (t2) € [0,00) x R2,

This completes the proof.

Now, applying Lemma 2.10 and (2.1), we obtain the following result.

Lemma 2.11. Suppose (H1) and (H2). Then

/R 2 /0 G(t, 2,7, €) f1(r, €, 0(r, €),0a(7, €), va (7, €))drde

l

< 4a) (b+r(L+0))P +2r(1+t) | I(t)
l l
< (4a) 20+ +4ad (2r)Pitr 201+ t) | I(t), (t,z) € [0,00) x R

j=1

Take a nonnegative function g € C([0,00) x R?). Suppose that v € E is a solution to the integral

equation.

1 t Xy T
= */ / / (.’El —81)2(1'2 — 82)2(t—t1)2g(t1,81,SQ)U(tl,Sl,SQ)dSstldtl

16%// / ac1—81 2—82) (t—t1 t1,81732/ / / G(t1, 81, 52,t2,61,&2)

X fi(ta, &1, 82, v(t2, &1, &), vi(ta, €1, &2), ve(t2, &1, &2))dladEadS 1 dsads dl

t >0, (z1,22) € R2. We differentiate three times in ¢, three times in z; and three times in x5 the

equation (2.3) and we obtain

0=yg(t,x)v(t,z) — —g (t,x /R2/ Gty x,7,8) f1(1, &, v(T, &), ve(T,§), va (7, &) )dTdE,



Two nonnegative solutions for two-dimensional nonlinear... 401

t >0, x € R?, whereupon

0= v(t,x) - % A2A G(tvx?7—7g)fl(Ta570(7—75)7vt(77£)vvm(7—7 f))d’l’df7

t >0, x € R2. Hence, using the Green function, we conclude that v is a solution of the IVP (2.2).
Thus, any solution v € E of the integral equation (2.3) is a solution to the IVP (2.2).

(H3) Let m > 0 be large enough and A, 1, L1, Ry be positive constants that satisfy the following
conditions

2
T1<L1<R1, ry <r, R1>(+1>L1,
om

l

L4
R1+4az (R1+7) p1+4a22r"7+2r <%.

=1

(H4) There exists a nonnegative function g € C([0, 00) x R?) such that

t x1 T2
a(t 21, 22) = / / / sign(z1)sign(z2)g(t1, 51, 52)
0 0 0

X (1 + |z — s1| + (21 — 51)2) (1 + |22 — s2| + (22 — 52)2)

l
X (T+(t—t)+ (t—t)?) [ 14+ | 1+t + D> | I(ta) | dsadsidty
j=1

S A7 (t,l’l,l'g) € [0,00) X RQ‘

In the last section we will give an example for the constants m, A, r, L1, Ry and R and for a

function g that satisfy (H3) and (H4). For v € E, define the operator

Fu(t,z1, x2) / / / sign(a1)sign(a2) (21 — 51)%(x2 — 52)(t — t1)%g(t1, 51, 52)

X U(tl, S1, 82 dSQdSldtl

sign(a1)sign(2) (21 — 51)%(x2 — 52)(t = 11)?g(t1, 51, 52)
wl L

X[m[m/o G(t1,51,82,12,£1,&2)

X f1(t2, 1,62, v(t2, &1, 82), v (t2, &1, €2), V2 (b2, &1, &2) ) dtadbadE 1 dsads 1 dt

(t,x1,72) € [0,00) x R2.

Lemma 2.12. Suppose (H1)-(H3). Then, for v € E, ||v|| < b, for some positive b, we have

L l
|Fv]| <Al b+4a Z(Q(b—f— )P+ 4a2(2r)pj + 2
Jj=1 j=1
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Proof. Using Lemma 2.11 and (H3), we get

1 t 1 To . .
|Fo(t,z1,22)| < §/ / / sign(z1)sign(@2) (@1 — 51)2 (2 — $2)2(t — t1)2g(t1, 51, 52)

|U(t1a 81,82 |d52d81dt1

167r / / / sign(x)sign(zy) (21 — 51)% (w2 — 89)2(t — t1)%g(t1, 51, 52)

G(t1,51,32,t27£17§2)

—oo JO

X f1(t2, 81,82, v(t2, &1, 82), vi(t2, §1,62), va(ta, &1, &2) ) dladEady |dsads dt

l t x1 T2
<bA+ 4a;(2(b +17))Pi /0 /0 /0 sign(z)sign(zy) (1 — 81)% (22 — 89)2(t — t1)?
X g(tl, S1, SQ)I(tl)dSstldtl

l t €1 xo
+ 4“2(27“)” /0 /o /0 sign(x)sign(za) (1 — 81)% (12 — 89)2(t — t1)?

tl, 81,82 tl (tl)d82d81dt1
+ 27"/ / / sign(zy )sign(zs)(z1 — s1)% (w0 — 52)%(t — t1)?

X g(tl, S1, 82>(1 + tl) (tl)dSstldtl

l l
<A (b +4a) 20+ 7)) +4ay (2r)P + QT) :

Jj=1

(t,x1,22) € [0,00) x R?, and

Fu(t,z1,x2)

<1 t [ [ sentensisntea)ton - 5022 — 520 - t)gltr,51.50)

!at
|’U tl, S1, 82 ‘dSQdSldtl

/ / / sign(z1)sign(z2)(z1 — s1)% (22 — $2)°(t — t1)g(t1, 51, 52)

/ G(t17515823t2a§17§2)
0

X fi(te, &1, 62, v(t2, &1, &2), ve(te, &1, &2), v (ta, &1, &) ) dtadEadéy |dsads dty

< bA

l t T o
+4aZ(2(b+r))pj/0 /O /O sign(z)sign(zs)(z1 — s1) (22 — 52)%(t — 1)

X g(tl, S1, 82)](t1)d$2d81dt1
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l t xry i)
+4a Z(%)pi / / / sign(z)sign(zy) (21 — 51)% (w2 — 82)2(t — t1)
= o Jo Jo
tl, S1, 82 tl)dSstldtl
+ 2r/ / / sign(x)sign(za)(x1 — 51)% (w2 — 89)2(t — t1)

X g(th S1, 82)(1 + tl)I(tl)dSstldtl

l l
SA(b+4ad (20b+r)" +4a Y (2r)P +2r |,
j=1 j=1

(t,x1,m2) € [0,00) x R?, and
2 1 t x1 To

‘((%QFU(t>-'L'1;I2) < Z/ / / sign(zy)sign(z2) (21 — 81)% (22 — 52)%g(t1, 51, 52)
X |v(t1, 81, S2)|dsadsidty

/ / / sign(zq )sign(za)(z1 — 51) (zg — 52) g(t1, 51, 82)

/ G(t1751,82at27§17€2)
0

X fi(te, &1, &2, v(t2, &1, &2), ve(ta, &1, &2), Va(ta, &1, &) )dtadEadEy |dsads1dty

l t T o
<bA+4a Z(Q(b +7))Pi /0 /0 /0 sign(x)sign(xy) (2, — 51)% (22 — 52)2

X g(tl, S1, SQ)I(tl)dSstldtl

a0y @ [ [ st - o2 - o0
j=1

tl, S1, 52 tpjl(tl)dSstldtl

+2T/ / / sign(z1 )sign(zz)(z1 — s1)% (22 — 52)°

X g(tl, S1, 82)(1 + tl)I(tl)dSstldtl

! !
<A[b+4a Z(Z(b—f— r))P + 4a Z(2r)pf +2r|,

Jj=1 Jj=1

(t,x1,72) € [0,00) x R?, and

0
—Fou(t, z1,z2)

1 t Xy xro . .
p < 1/ / / sign(xq)sign(xs) |z — s1](x2 — 52)2(t — tl)zg(tl, S1,82)
1

X |v(ty, 1, 82)|dsads1dts

/ / / sign(z; )sign(wa)|m1 — s1|(w2 — 52)%(t — t1)%g(t1, 51, 52)
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/ G(t17817527t2a§1>£2)
0

x fi(te, &1, &2, v(t2, &1, &), ve(ta, &1, &2), Va(ta, €1, &2) ) dtadEadéy |dsads dty

< bA

l t x1 o
+ 4a Z(Q(b—f— r))Pi /0 /0 /0 sign(z1)sign(zs)|z1 — s1/(z2 — 52)2(t — t1)?2

X g(t17 S1, 52)I<t1)d82d51dt1

l t x1 T2
1032 /O /0 /O sign(z)sign(za)|1 — 51](za — 52)2(t — 11)?
j=1

tl, S1, 82 tl (tl)dSstldtl

/ / / sign(z1)sign(as)|z1 — s1](v2 — s2)%(t — t1)?

X g(th S1, 52)(1 + tl) (tl)dSstldtl

l l
<A (b+4a2(2(b+ )P+ day (2r)P + 2r) :

Jj=1 Jj=1

(t,21,72) € [0,00) x R?, and

2

2
O0xy

Fo(t,zq,x2)

1 t T o ) )
< 1/ / / 81gn(z1)51gn(x2)(1:2—52)2(t—t1)29(t1,51,52)
o Jo Jo
X |U(t1,51,52)|d82d51dt1
1 t xry T2 5 5
—/ / / sign(xq)sign(zs)(ze — s2)“(t — t1)°g(t1, S1, S2)
™ Jo Jo 0
/ G(t1,s1,52,t2,£1,62)
0

X fi(ta, &1, 62, v(t2, &1, &), ve(ta, &1, &2), va(t2, &1, &) )dladEady |dsads  dty

<bA

l t 1 T2
+ 4a Z(Q(b +7))Pi /0 /0 /0 sign(x )sign(zg)(xe — s2)2(t — t1)?

X g(tl, S1, Sz)[(tl)dSstldtl

+ 4azl:(2r)pj /Ot /Ow1 /012 sign(z1)sign(z2)(z2 — s2)2(t — t1)?

t17 S1, 82 th (tl)dSQdSldtl

+ 27“/ / / sign(z; )sign(w2) (w2 — s2)%(t — t1)?

X 9(7517 S1, 52)(1 + tl)I(tl)dSstldtl
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! !
<Al|b+4a Z(Q(b—&—r))pf +4aZ(27‘)pJ +2r |,

i=1 =1
(t,x1,72) € [0,00) x R2. As above, one can obtain

l l

‘%Fv(t’ r1,22)| < A b+4a Z(2(b +7))% + 4a Z(?r)‘” +2r |,

j=1 j=1
(t,ll:l,fl?g) S [0,00) X RQ, and
0? ! !

‘83:%Fv(t’ r1,72)| < A | b+ 4a ;(2(5 )P4 4aj§::1(2r)pj tor |,

(t,x1,2) € [0,00) x R2. Consequently
! l
IFol < A b+4da) (2(b+7))P +4ay (2% +2r
Jj=1 j=1

This completes the proof. O

3 Proof of the Main Result

Let
P={ucE:u>0 on [0,00)xR?}.

With P we will denote the set of all equi-continuous families in P. Note that Fv > 0 for any
v € P. Let € > 0. For v € F, define the operators
To(t,z) = (1 + me)v(t,z) — GTS,

Ly

Sv(t,x) = —eFv(t,x) — mev(t,x) — 10’

(t,z) € [0,00) x R%. Note that any fixed point v € E of the operator T'+ S is a solution to the
IVP (2.2). Define

Uy =P, ={veP:|v|| <r}
Up="Pr, ={veP: || <L},
Us =Pr, ={veP:|v| <R},
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l

A , , L
Ry =Ry + R1+4az (Ry+7)” +4ay (2r)% +2r +?1,

j=1 j=1

Q=Pr, ={veP:|v|] <R}
1. For vy, vy € §2, we have
[Tv1 = Ta|| = (1 + me)[jor — v,

whereupon 7T : 2 — E is an expansive operator with a constant 1+ me > 1.

2. For v € Pg,, we get
Ll
15l < el ol +mellv]l + 75

l
L4
< R1+4a§: (R 1030 r 4| ity + 52,
j=1

Therefore S(Pg,) is uniformly bounded. Since S : Pr, — E is continuous, we have that

S(Pg,) is equi-continuous. Consequently S : Pr, — E is a 0-set contraction.

3. Let v1 € Pg,. Set
1 Ly
vg =01+ —Fvg + —.
m 5m

Note that by the second inequality of (H3) and by Lemma 2.12, it follows that eFv—l—e% >0
on [0,00) x R%. We have v, > 0 on [0,00) x R? and

Ll
[[v2]] < fluall + —||Fv1|| te

A : | L
<R+ oo <R1 +4a Z(Z(Rl + 1)) —|—4aZ(2r)pJ + 2r> +2

- - 5
j=1 j=1

R,.

Therefore v9 € Q and

—emuy = —emuy — €Fv] — e— — e—

or

L
(I —T)vy = —emug + 61—01 = Svy.

Consequently S(Pgr,) C (I — T)(Q).

4. Suppose that there exists an vy € P* such that T'(v—Avg) € P, v € OPy,, v € IPr, [1(Q2+Aug)
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and Sv = v — Ay for some A > 0. Then

r1 = ||[v — Avg||
= [[Sv]|
> —Sv(t, x)

Ly
= eFu(t,x) + emu(t, z) + “To
>eg (t,x) € [0,00) x R?
- 207 ) ) )

because by the second inequality of (H3) and by Lemma 2.12, it follows that eF'v + eL—(l) >0

2
on [0,00) x R

Suppose that for any ¢; > 0 small enough there exist a u € 0Py, and A\; > 1 + €; such that
Au € Pg, and
Su=(I—-T)A\u). (3.1)

In particular, for ¢; > E%m, we have u € 9P, AMiu € Pr,, A1 > 1+ €; and (3.1) holds. Since
u € OPr, and \ju € Pg,, it follows that

2
( + 1) L<M\L= /\1||UH < R;.
om

Moreover,
L
—eF'u — meu — 61—0 = —A\imeu + GE’
or
Fu+—= (A —1)mu
From here,
L L
23 > ||[Fu+ 5= (A = Dmllu|| = (A —1)mL
and
2
— +1 Z )‘17
om

which is a contradiction.

Therefore all conditions of Theorem 2.6 hold. Hence, the IVP (2.2) has at least two solutions vy

and vy so that

and

r1 < |lvi|| < L1 < |lv2|| < R,

u=v1 +up+tu, w=wvz+u+tu
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are two different positive solutions of the IVP (1.1). This completes the proof.

4 An Example

Let
3 1 1
=1 =2, Ri=r= =200, L;=- =
5 P1 53 1 r ) a ) 1 25 ™ 100’
1
_ 50 _ _ _
m =10, ¢=50, = o0 R =100.
Then
2 Ly
Ri>|—+41q| L1, m<Li<Ry, rmn<-—_.
5m 20
Also,
l l 1
A|Ri+4a) (2(Ri+7))" +4a > (2r)P +2r | = 0% (14800 (4) +800-4 +2)
j=1 j=1
1L
40 20°

Consequently (H3) holds. Now, we will construction the function g in (H4). Let

h(z) = log izi\/fiiz’ I(s) = arctan 151717\5/32, seR.
Then
H(s) = 22/2510(1 — 522) ’
(1 — s11/2 + 522)(1 + s114/2 + 522)
V(s) = 11ﬁfj(j4j 320)7 ceR
Therefore
—00 < slirinoo(l + 54 s%)h(s) < oo,
—00 < slirin:)o(l + 5+ 5%)I(s) < .
Hence, there exists a positive constant C; so that
(1+ s+ 5%) <441\/§ log 1 i_ jigijzz + 221\/5 arctan 1511\5/32> <C;, selk



CUBO

o1 5 2023, Two nonnegative solutions for two-dimensional nonlinear... 409
Note that by [22, p. 707, Integral 79], we have
/ dz 1 o 14 2v/2 + 22 L 1 arctan 2v/2
1424 42 g1_z\/§+22 2v2 1_ 22"
Let
510
§) = , seR,
Q) = T T 15+ 220 + (A 15 + 21
and
g1(t,z1,22) = Q(t)Q(21)Q(x2), te€[0,00), x1,72€R.
Then there exists a constant Cy > 0 so that
t x1 x2
Cy > / / / sign(xy)sign(x2)g1 (1, 81, $2)
o Jo Jo
x (14 [z1 — s1] + (21— 51)%) (L4 |22 — 82| + (w2 — 52)?)
x (L4 (t—t)+ (t—t1)?) (L4 (L +t1 + 1)1 (t1)) dsadsidty, (¢, z1,22) € [0,00) x R%
Now, we take
1
g(t,$1,$2) = mgl(taxl7x2>7 (tath?) S [O7OO> X RQ'
Then
1
= 1010
t T o
> / / / sign(xzq )sign(z2)g(ty, s1, s2)
o Jo Jo
X (1 + |$1 — Sl| + (J)l — 81)2) (1 + |JJ2 - 82| + (.132 — 82)2)
X (1 + (t — tl) + (t — t1)2) (1 + (1 +t1 + t%)[(tl)) dsodsidty, (t,.’lﬁl,wg) S [0, OO) x R2.
Now, consider the IVP
Ut — Ugyz;, — Uzpzy = w(t)u%, (t,21,22) € (0,00) x R?,
u(0,2) = us(0,2) =0, (21,22) € R? (4.1)

where
10(9t* — 9t +2) t€[0,1]

20 t>1.
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Here l =1,

al(t7x17x2) = ‘w(t)| <a= 2007

bi(t, @1, 22) = c1(t, 1, 22) = di(t, 21, 22) = 0,
(t,x1,22) € [0,00) x R?, and
up(z) =ui(z) =0<1=r, (x1,22) € R

We have that (H1) and (H2) hold. The IVP (4.1) has two nonnegative solutions u;(t,z) = 0,
(t,z) € [0,00) x R%, and

(t(1—1¢))5 (t,z) €[0,1] x R?

us(t,z) =

0 (tz) € (1,00) x RZ.
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In this paper, we are concerned with the existence of positive
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with mixed boundary conditions

ay(p(c)) — BY(p(c))y™ (p(c))
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both g and h : [p(c), o(d)]r x [0, co) — R are continuous and

0,
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RESUMEN

En este articulo estudiamos la existencia de soluciones posi-
tivas del siguiente problema de valor de frontera semipositén

en escalas de tiempo:

W®Y> ()Y +Mg(t, y(t)+Azh(t, y(t) =0, t € [p(c), o(d)]r,
con condiciones de frontera mixtas

ay(p(e) = By (p(c))y™ (p(c))
1y(0(d) + 69 (d)y>(d)

donde 9 : C[p(c), o(d)]r, ¥ (t) > 0 para todo t € [p(c), o(d)]r;
ambas g y h : [p(c), o(d)]r x [0, ©) — R son continuas y

=0,
=0,

semipositéon. Hemos establecido la existencia de al menos una
solucién positiva o multiples soluciones positivas del problema
de valor en la frontera anterior usando un teorema de punto
fijo en un cono en un espacio de Banach, cuando g y h son
ambas superlineales o sublineales o una es superlineal y la otra

es sublineal para A; > 0; ¢ = 1, 2 suficientemente pequenos.

Keywords and Phrases: Positive solutions, boundary value problems, fixed point theorem, cone, time scales.
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1 Introduction

The study of dynamic equations on time scales goes to the seminal work of Stefan Hilger [11] and
has received a lot of attention in recent years. Time scales were created to unify the study of
continuous and discrete mathematics and particularly used in differential and difference equations.
We are interested to prove the results for a dynamic equation where the domain of the unknown

function is a time scale T, which is a non-empty closed subset of real numbers R.

We consider the second order semipositone boundary value problem on time scales:

W(Hy> ()Y + Mg, y(t) + Ah(t, y(t)) = 0, t € [p(c), o(d)]r, (1.1)
with mixed boundary conditions

ay(p(c)) — B (p(e)y> (p(e) = 0,

(1.2)
vy(o(d)) + 5 (d)y>(d) =0,

where A1 and A\ are positive and

(Hi1) ¥ : Clp(c), o(d)]r, ¥(t) > 0 for all t € [p(c), o(d)]r;
(H2) «, 8,7, 6, > 0and ad + By + ay > 0;

(H3) g and h : [p(c), o(d)]r x [0, c0) — R are continuous satisfying with both ¢ and h are

semipositone.

D. R. Anderson and P. Y. Wong [1], have established the existence result for the SL-BVP (1.1)
and (1.2) where g is superlinear such that g(t, y) > —M for some constant M > 0 and A is in
some interval of R with Ah(t, y) = 0. They did not establish any results concerning the existence
of positive solutions for the boundary value problem (1.1) and (1.2), when g is sublinear. Many
findings have also been obtained for the existence of positive solution of the boundary value problem
(1.1) and (1.2), when h(t, y) = 0, but only a few results have been established for the existence of
positive solutions when h(t, y) # 0. Motivated by the work of [1] and the references cited therein,
we would like to establish the sufficient conditions for the existence of positive solution of the
boundary value problem (1.1) and (1.2), when g and h are both superlinear or sublinear or one is

superlinear and the other is sublinear for A; > 0; ¢ = 1, 2 are sufficiently small.

It is worthy of mention that results of this paper not only apply to the set of real numbers or the set
of integers but also to more general time scales such as T = N2 = {t? : t € No}, T = {/n : n € Np},
etc. For basic notations and concepts on time scale calculus, we refer the readers to monographs [5,
6] and references cited therein. The study of nonlinear, semipositone boundary value problem has

considerable importance even in differential equations. In recent years, several researchers studied
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semipositone boundary value problem on time scales [1, 2, 4, 7, 10, 16, 17]. Semipositone problems
arise in many physical and chemical processes such as in chemical reactor theory, astrophysics, gas
dynamics and fluidmechanics, relativistic mechanics, nuclear physics, design of suspension bridges,
bulking of mechanical systems, combustion and management of natural resources (see [3, 9, 12, 15]).

Let a and b such that 0 < p(a) < a < b < o(b) < oo and (p(a), o(b))r has at least two points.

The plan of the paper is as follows. In Section 2, we provided some preliminary results concerning
the Green’s function for the homogeneous boundary value problem and some important Lemmas.
These results allow us in Section 3 to discuss the existence of at least one or multiple positive
solutions. Finally, in Section 4, we illustrate few examples to justify the results obtained in the

previous section.

2 Preliminaries

In this section, we have obtained some basic results related to Green’s function for the homogeneous

boundary value problem and some important Lemmas.

Now let us consider the homogenoeous dynamic boundary value problem

W(&)y> ()Y =0, t € [p(c), o(d)]r, (2.1)

with boundary conditions (1.2). Green’s function G(¢, s) (see [7]) for the boundary value problem
(2.1) and with the boundary conditions (1.2) is given by

T o(d T
(34t 5) (542150 35 s <t < s < o0

Gt 5) = ~ (2.2)

¥
s T a(d) T
(8 i S5) (3707 55 ). ler < 0 s 0500,

where

o(d) vr
gp:aé-i—ﬁ’y-i-cw/ >0
p(c) 7/}(7—)

Lemma 2.1 ([17]). Assume (H1) and (Hz) hold. Then the Green function G(t, s) satisfies
W)y 0)Y + Q) =0, te (plc), a(d))r, (2.3)
with mized boundary conditions (1.2), where Q € Cr4[p(c), o(d)]r, Q(t) > 0; then

y(t) = a@®llyll, t € [p(c), o(d)]r, s € [a, b]r, (2.4)
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where q(t) is given by

t VTt o(d) vr
Bralwsm I+ 3m

J(d) A ’ U(d) N\
Brali o +7 e o

q(t) = min

Lemma 2.2 ([1]). For allt € [p(c), o(d)]r and s € [c, d|, then
q(t)G(s, s) < G(t, s) <G(s, s),

where G(t, s) is given in (2.2) and q(t) is defined as in Lemma 2.1.

Lemma 2.3 ([1]). Let (Hy) and (Hs) hold and let y; be the solution of

W)y (6)Y +1=0,t € (p(c), o(d))r,

with mized boundary conditions (1.2), then there exists a positive constant C' such that

y1(t) < Cq(t), t € [p(e), o(d)]r,

1 o(d) vr o) v,
C= ;(U(d)_P(C)) (5"‘04/”(0) 7/)(7')> <5+’Y/p(c) 7/’(7')> .

Lemma 2.4 ([8]). Let lim gt y) = o0 and define G : [0, c0) — [0, o) by

y—o0 Y

where

G= g(tv y)

= max
p(c)<t<o(d), 0<y<r

Then

(I) G is non-decreasing;

(1) tim S0 _

r—oo T

J

(III) there exists r* > 0 such that G(r) > 0 for r > r*.

Lemma 2.5 ([8]). Let limy_wcm

function, such that

lim 20 _ g,
r—00 T
Define a function for y € C[p(c), o(d)]r,
9(t, y), y =0,

g(t,y) =
g(t, 0), y <O.

(2.5)

(2.6)

= 0 holds. Then G defined by (2.8) is a nondecreasing
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and

h(t, y) =

— h(t, y), y >0,
h(t, 0), y <O0.

Let us consider the nonlinear boundary value problem:
(w(t)yA)V = _[Alg(t7 Yy—= I) + >\2E(ta Y= l‘) + M]a (29)

with boundary conditions (1.2).

Lemma 2.6. Assume that x(t) = My (t), where y1(t) is a unique solution of the boundary value
problem (2.6) and (1.2). Then y(t) is a solution of the boundary value problem (1.1) and (1.2) if
and only if §(t) = y(t) + z(t) is a positive solution of the boundary value problem (2.9) and (1.2)
with g(t) > x(t) fort € [p(c), o(d)]r.

Proof. Let us assume that 7(¢) is a solution of the boundary value problem (2.9) and (1.2) such
that (t) > x(t) for any ¢ € [p(c), o(d)]r. Let y(t) =7(t) —z(t) > 0 on [p(c), o(d)|r as G(t) > x(t).
Now, for any t € [p(c), o(d)]r, we have

@OF> ()Y + Mgt G(t) — (1) + Ah(t, G(t) — (1)) + M] =0,
that is,
WOy )Y + @) ()Y + gl G(t) — z(t) + Aeh(t, G(t) — x(1))) + M] = 0.
By using the definition of y together with the definition of z, we have
WOy 0)Y + Mgt y(1) + Aeh(t, y(&) + M] + M)y (1) () = 0.

Thus,
WOy (0))Y + Mgt y(1) + Aok, y(t)) = 0.

On the other hand,

= (a@(p(c)) — B(p(c))T™ (p(c))) — (az(p(c)) — B (p(c))z™(p(c)))
= (a7(p(c)) = B(p(c))T>(p(c))) — M(ay1(p(c)) — Bb(p(e))yi (p(c))) =0,

and

vy(o(d)) + 5v(d)y>(d) = 75(o(d)) + s(d)F>(d) — (ya(o(d)) + sy (d)™(d))
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= 5(0(d)) + 5%(d)7" (d) — M (yyr(o(d)) + 5¥(d)yi* () = 0.

Hence, y(t) is a solution of the boundary value problem (1.1) and (1.2). Hence this completes the

proof of the lemma. O

Let us define a Banach space

E={y:Clp(c), o(d)lr — R}

endowed with the norm

lyll = max{ly(t)], ¢ € [p(c), o(d)]r}-

Define a cone K on FE by

K ={y e Clp(c), o(d)lr : y(t) = q(®)llyll, t € [p(c), o(d)]r},

where ¢(t) is defined as in Lemma 2.1. Let us define an operator T on K by
d —
Thy(t) = G(t, s)[Mg(s, y(s) — x(s)) + A2h(s, y(s) — (s)) + M]Vs. (2.10)
p(c)

Lemma 2.7. Assume that (Hy)—(Hs) hold. Then T\(K) C K and Ty : K — K is a completely

continuous operator.

Proof. First we show that T\(K) C K. Let y € K and ¢t € [p(a), o(b)]r. Note that

d
(T/\y)(t) = ( )g(t7 S)P‘l?(sa y(S) - LL’(S)) + /\QE(Sa y(S) - ,’E(S)) + M}V&
p(c
that is,
d —
(Thy)(t) < /( ) G(s, s)[Aig(s, y(s) — z(s)) + A2h(s, y(s) — z(s)) + M]Vs.
Hence,

ITxyll < / G(s, 5)[Mg(s, y(s) — x(s)) + A2h(s, y(s) — (s)) + M]Vs.

(e)
By use of the Lemma (2.2), we obtain
d p—
(Ty)(1) = 4(1) © (s, 8)[Mg(s, y(s) — x(s)) + Aah(s, y(s) — x(s)) + M]Vs,
p(c
which implies

(Txy)(t) = q(@) [ Tayll-

Thus, Th(K) C K. Since f and g are continuous, it shows that T\ is continuous and by the
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Arzela-Ascoli Theorem [14], it is easy to verify that T) is a completely continuous operator. Hence

this completes the proof of the lemma O

Lemma 2.8 ([13]). Let E be a real Banach space, and let K C E be a cone. Let Qq, Qo be two
bounded open subsets of E with 0 € Qy, Q1 C Qp. Assume that T : K N (Qy \ Q1) — K be a

completely continuous operator such that either
1Tyl < ||yl for all y € KNI andand || Tyl > |yl for all y € K NN,

or

[Tyl = |yl for all y€ KN and [Tyl < |yl for all y e KMoy,

then T has at least one fized point in K N (Qa \ Q1).

Let us define the following:

t h(t
(Ly) lim 9t y) = 00; (Ls) lim hit, y) = 00;
y—oo Yy y—oo Yy
(Ly) lim M =0; (Lg) lim M =0;
gt y) o - h(ty)
(L3) Tim, v 0; (L7) Tim, ” =0;
o9ty bt y)
(Lq) lim b (Ls) lim , >

Note that the limits (L;),i € N§, are assumed to be inform with respect .

We would like to establish the existence of solutions for the boundary value problem (1.1) and

(1.2) under the following cases:

(I Ly and Ls; (VII) Ls and Ls;
(II) Ly and Lg; (VIII) L and L7;
(IIT) Ly and Ly; (IX) L3 and Ls;
(IV) Lo and Ls; (X) Ly and Lg;
(V) Lo and Lg; (XI) Ly and Lr;
(VI) Ly and Ls; (XII) Ly and L.

Remark 2.9. We fails to apply the Lemma 2.8 for the pairs such as (XIIT) Ly and Lg, (XIV)
L2 and L7, (XV) L3 and LG & (XVI) L4 and L5.
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3 Main Results

Theorem 3.1. Let (Hy)—(Hs), (L1) and (Ls) hold. Then the boundary value problem (1.1) and
(1.2) has a positive solution for \;, i = 1, 2 are sufficiently small.

Proof. Let A\ and \; satisfy

1
O< A+ A< s (31)
max t,y)+ max h(t,
p(c)<t<o(d) 9t y) p(c)<t<o(d) (&, 9)
0<y<ri 0<y<r

where r1 = max{(M + 1)||ly1||, r*, CM}, C and r* are defined as in Lemma 2.3 and Lemma 2.4,
respectively and y; be the solution of (1.2) and (2.6). Define Q,., = {y € Clp(c), o(d)]r : ||y|| < r1}.
For y € K N 0Q,,, we have

d p—

(Thy)(t) = o G(t, s)[Mg(s, y —x) + Aah(s, y —z) + M]Vs

IN

d d

AL+ A max t,y)+ max h(t, / gt,sV5+/ Gg(t, s)MVs

G | max o)+ s b)) [ G avst [ gt
0<y<r: 0<y<ry

= | (A1 +A2) max g(t,y)+ max h(t,y) [ +M | y(t)

p(g)gﬁ;%gl(d) p(%)gﬁytéfl(d)
< (T4 M)y(t)
<=yl
Thus,
ITayll < llyl fory € K NoQ,,. (3.2)

Let us choose a constant M > 0 such that

1 ta
Z i > .
2M(/\1 + Ao (tlrg%lm ) G(t, s)Vs) >1, (3.3)
where
p=, min q(s). (3.4)

From (L) and (Ls), we have for same M > 0 there exists a constant [ > 0 such that

g(t,y) > My for yell, o),
h(t, y) > My for y € [l, ).

Now set ro = max{er, 20M %} Define 2., = {y € Clp(c), o(d)]t : ||yl < r2}. For y €

T
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K NoQ,,, we have

and

. y(s)
_ > EASY,
tlrﬁnslgtz(y(S) .Z‘(S)) - tlrﬁnslgtz 2

o lyll
>, min = q(s)
Tap
2
> 1.

For y € K N 0K, we have

d
min (Thy)(¢t) = min / G(t, 8)[Mg(s, y — x) + Aah(s, y — ) + M]Vs

tefty, ta] te(t1, ta] (c)
to _

> min G(t, s)[Mg(s, y —x) + Aah(s, y —x) + M]|Vs

T ote[ty, ta] t
ta

> min G(t, 8)(A1 + A2)M (y(s) — x(s))Vs

t€ft1, t2] Jy,
ta

> min G(t, s)(M1 + )\Q)M@Vs

tefty, t2] Jy,
2

1 J—
> 5 (M +A2)Mp min G(t, s)llyllVs

t€ft1, t2] Jy,

> [lyll-

Thus,
[Tyl = [lyll for y € KNoQ,,. (3.5)

By Lemma 2.8, T has a fixed point § with r; < ||g]| < r2. By use of the Lemma 2.3, it follows
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that

Hence, y = § — x is a positive solution of the boundary value problem (1.1) and (1.2). This

completes the proof of the theorem. O

Theorem 3.2. Let (H1)—(H3), (L) and (Lg) hold. Then the boundary value problem (1.1) and

(1.2) has a positive solution for \;, i = 1, 2 are sufficiently small.

Proof. The proof of Theorem 3.2 is similar to that of Theorem 3.1, hence it is omitted. O

Theorem 3.3. Assume that (Hy), (Hs), (L2) and (Lg) hold. Let there exist two constant D > 0
and 1 > 0 such that

g(t,y) >n for te[p(c), o(d)], y € [D, o0),
h(t,y) >n  for tep(c), o(d)], y € [D, c0),

then the boundary value problem (1.1) and (1.2) has a positive solution for \;, i = 1, 2 are suffi-

ciently small.

Proof. Set
ry = max{QD, ZMC}, (3.6)
I
and
ta -1
Ao min, “a 0+ X)) (37)

where 4 = min ¢(s). Our claim is that for A\; € [A, 00), i = 1, 2, the boundary value problem
t1<s<ts

(1.1) and (1.2) has a positive solution. Define Q,, = {y € Clp(c), o(d)]r : |ly|| < r1}. For
y € KN 0oQ,,, we have
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and

. . y(s)
_ > A7
,2in, (y(s) —2(s)) 2, min =5

o lyll
> RLAALLE
>, min = q(s)

_ne
2
> D.

For y € K N 0KY,,, we have

d
min (Thy)(¢t) = min / G(t, s)[Mg(s, y — x) + Xah(s, y — ) + M]Vs

te[t17t2] tE[tl,f,g] ((,)
ts B
> min G(t, s)[Mg(s, y —x) + Aah(s, y —z) + M]Vs
telti, ta] Jy,
ta
> min G(t, s)(M1 + A2)nVs
tefty, ta] Jy,
=71 =yl
Thus,
Tyl > lly|| for ye KNoQ,,. (3.8)

From (Ls) and (Lg), we have

On the other hand, by use of the Lemma 2.4, there exists a R > 0 such that

d
R > max {27"1, max / G(t, s)M + 1]Vs} .
p

p(e)<t<a(d) Jp(c)

and e satisfies

d
max / G(t, s)[eMR+ e\aR+ M|Vs < R.
p(e)<t<o(d) Jp(c)

Let
Qr ={y € Clp(c), o(d)]r : lyll < R}.



Existence of positive solutions for a nonlinear semipositone... 425

For y € K N 0QR, we have

d
Tt) = [ Gt 9N(s,y =) 4 AR5,y =) + M)V

d
< / G(t, s)[\eR+ eXaR + M|Vs
p(c)

< R = |yl

Thus,
ITxyll < llyl| for ye KNOQg. (3.9)

By Lemma 2.8, T has a fixed point § with 7 < ||g|| < R. It follows that

y(t) > riq(t)

Hence, y = § — x is a positive solution of the boundary value problem (1.1) and (1.2). This
completes the proof of the theorem. O

Theorem 3.4. Assume that (Hy)-(Hs), (L3) and (L7) hold. Let there exist two constant D > 0
and 1 > 0 such that

g(t,y) >n for telp(c), o(d)]y € [D, 1],
h(t,y) >n for tep(c),a(d)]y e [D,I],

then the boundary value problem (1.1) and (1.2) has a positive solution for \;, i = 1, 2 are suffi-

ciently small.

Proof. The proof of the Theorem 3.4 is similar to that of Theorem 3.3, hence it is omitted. O

Theorem 3.5. Let (H1)—(Hs), (L1) and (Lg) hold. Then the boundary value problem (1.1) and

(1.2) has at least two positive solutions for \;, 1 =1, 2 are sufficiently small.

Proof. If (Lg) holds, then by the Lemma 2.5, there exists a constant 1 > 0 such that

G(Tl) S N?“l.
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Since A\; and Ay are sufficiently small, we have

ple)<t<o(d) p(e)<t<a(d)
0<y<m 0<y<mr

d
A1 max  g(t,y)+ A2 max  h(t,y)+ M / G(s, s)Vs <ry.
p

Let Q,, = {y € Clp(c), o(d)]r : |ly|| < r1}. For y € 99Q,,, we have

d
@)= [ 60, 5) [ Maglo, =)+ Mo,y — )+ 1] Vs
p(c)
d
A max t,y)+ A max  h(t, G(s, s)Vs
LB 9 T A max Al y) o(c) (5 5)
0<y<ri 0<y<ri

d
—|—/ G(s, sYMVs <r = |yl
p(c)

Thus,
Tyl <yl for all ye KnNoQ,,. (3.10)

From (L;), we have

g(t, y) > Nry forall y <l

Let ro = maX{QCM, %,27“1} and Q,., = {y € Clp(c), o(d)]r : |ly|] < r2}. For y € 0K N Q,.,, we

have
y(s) — x(s) = y(s) — My1(s)
> y(s) — MCq(s)
> y(5) — <2 u(6)
> %y(S),
and
y(s)

. B - .
tlrgnslgtz(y(S) 1’(8)) - t1I§nsH§1t2 2

- lyll
> RLAALLE
> min 2 q(s)
rap
2
> .
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For y € K N 01Y,,, we have

d

min (Thy)(t) = min / G(t, 8)[Mg(s, y — o) + Aah(s, y — z) + M|Vs
te[tl,tg] te[thtz] p(C)
to .
> min G(t, s)[Mg(s, y — ) + Aeh(s, y — x) + M]Vs
t€ft1, ta] Jy,
to
> min G(t, )M N1(y(s) — x(s))Vs
te(ty, ta] th
=72 = [lyll-
Thus,
1Tyl > |yl forall ye KNoQ,,. (3.11)
Let

d

R = max A max t,y)+ A max h(t,y)+ M
LB 9+ A max  hity) (
0<y<R 0<y<R

G(s, 5)Vs> 219 3,

p(c)

then r1 < ro < R. Let Qp = {y € Clp(c), o(d)]r : lyl]| < R}. For y € KN Qpg, t € [p(c), o(d)]r,

we have

d
(Thy)(t) = /( )Q(t, s) [Mg(s, y — ) + A2h(s, y —x) + M| Vs

<l1A max t,y)+ A max h(t,y)+ M / G(s, s)Vs
LB 9By T A max Al y) o(c) (s, 9)
0<y<R 0<y<R
<R =yl
Thus,
Tyl < ly|| forall ye KnNoQg. (3.12)

Thus by the Lemma 2.8, T has at least two fixed points. Hence, the boundary value problem
(1.1) and (1.2) has at least two positive solutions. O

Theorem 3.6. Let (Hy)—(H3), (L2) and (Ls) hold. Then the boundary value problem (1.1) and

(1.2) has at least two positive solutions for \;, i = 1, 2 are sufficiently small.

Proof. The proof of the Theorem 3.6 is similar to that of Theorem 3.5. O

Theorem 3.7. Let (Hy)—(H3), (L) and (L) hold. Then the boundary value problem (1.1) and

(1.2) has at least two positive solutions for \;, i = 1, 2 are sufficiently small.
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Proof. From (L7), we have

h(t
i MEY) g,
y—0 Yy

For € > 0, there exists a r; > 0 such that
h(t,y) <ey for ye[0,r).

Since A\; and \g are sufficiently small, we have

d
AL+ A max t,y)+ max h(t, + M / G(s, s)Vs <.
At do) | B 9 W)+ ma ) h(E ) o(c) (5. 9) !
0<y<mr: 0<y<r:

Let Q,, = {y € Clp(c), o(d)]r : ||| < r1}. For y € 99Q,,, we have

d

(T)\y)(t) = /( )g(tv S) P‘l?(sv Yy — (E) + AQE(Sv Y- x) + M] Vs

d d
< / Gls, 5) (MT(s, ¥ — @) + Aafi(s, y — ) Vs + / G(s, )MV
p(c) p(c)

d
< | (A1+A max t,y)+ max h(t, + M G(s, s)Vs
Cat R | o 90 9 B ) M ) o )
0<y<r; 0<y<r;
<=yl
Thus,
1Tyl < |lyll for all ye K No,,. (3.13)

From (Ly4), we have

g(t, y) > Ny forall y <l

Let ro = max{QCM, %,27"1} and Q,., = {y € Clp(c), o(d)]r : |ly|| < r2}. For y € K N9OQ,.,, we

have
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and

. . y(s)
_ > A7
,2in, (y(s) —2(s)) 2, min =5

> g
t11<nSlI<1t2 Q(S)

_ 2k
2
> 1.

For y € K N 0KY,.,, we have

d
min (Thy)(t) = min / G(t, s) [Mg(s, y — x) + Ah(s, y — x) + M] Vs

tE[tl,tz] te[t17t2] (C)
to _
> min G(t, s) [Mg(s, y — x) + Xoh(s, y — x) + M| Vs
telty, t2] Ji,
ta
> min G(t, s)\iN1(y(s) — x(s))Vs
t€lty, ta] Jy,
=r2 = [yl
Thus,
ITagll > lyll forall y € K 0o, (3.14)
Let

d

R = max A max t,y)+ A max h(t,y)+ M / G(s, s)Vs|,2ry

1P(C)Stga(d)g( Y) 2 e (t, y) ( » (s, s) > 2
0<y<R 0<y<R

then r; < ro < R. Let Qr = {y € Clp(c), o(d)]r : |lyll < R}. For y € K NQg, t € [p(c), o(d)]r,

we have

d —
(Thy)(t) = /( )g(tv s) {/\19(5, y— )+ Xah(s, y —x) + M] Vs

d
< | (A1+A max t,y)+ max h(t, + M / G(s, s)Vs
( ' 2) P(C)Stio(d)g( y) p(c)<t<o(d) ( y) o(c) ( )
0<y<R 0<y<R
<R=|ly|
Thus,
1Tyl < |lyll forall ye KNoQg. (3.15)

Thus by the Lemma 2.8, T has at least two fixed points. Hence, the boundary value problem
(1.1) and (1.2) has at least two positive solutions. O
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Theorem 3.8. Let (H1)—(Hs), (Ls) and (Lg) hold. Then the boundary value problem (1.1) and

(1.2) has at least two positive solutions for \;, i = 1, 2 are sufficiently small.

Proof. The proof of the Theorem 3.8 is similar to that of Theorem 3.5. O

Theorem 3.9. Let (H1)—(Hs), (L1) and (L7) hold. Then the boundary value problem (1.1) and

(1.2) has at least one positive solution for \;, i =1, 2 are sufficiently small.

Proof. From (L;), we have

lim
y—00 Y

For k > 0, there exists a r; > 0 such that
g(t,y) > ky for y>ry.

Let Q,, ={y € Clp(c), o(d)]r : ||yl < r1} and let k satisfy

k 2
—'u)\l min G(t, s)Vs > 1.
2 teft1, ta] Sy,

For y € K N 904Y,,, we have

d
min (Thy)(t) = min / G(t, s) [Mg(s, y —x) + Ah(s, y — ) + M] Vs

te(ty, ta] tE[ty, ta] (¢)
ta
> min G(t, s)\k(y —xz)Vs
telts, t2] Jy,
k t2
> —A i t
> 50 min [ G0 8)lyla(s) Vs
> lyll-

Thus,
Tyl > |yl for ye KNoQ,,. (3.16)
From (L7), we have
im P59 _
y—0 Yy

For € > 0, there exists a 5 > 0 such that

h(t,y) <ey for ye]0, c0).
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Since A; and Ay are sufficiently small, let

d

AL+ A max t,y)+ max h(t,y)+ M / G(s, s)Vs <rs.
Mt da) | B 9 W)+ o ) h(E ) o(0) (5, 5) ?
0<y<ra 0<y<r:

Let ., = {y € Clp(c), o(d)]1 : |ly|l < r2}. Now for any y € K N 9Q,.,, we have
d p—
(Tay)(t) = [ G(t, s) [Mg(t, y — x) + Aoh(s, y — ) + M] Vs
p(c)

d
< / G(s, s) [MT(t, g — ) + AoTi(s, y — ) + M] Vs
p(c)

d

< | (A1+A max t,y)+ max h(t, + M / G(s, s)Vs
R R R TP e T8 9)
0<y<ry 0<y<ry
<rz=|lyl.
Thus,
Iyl <yl for ye KNoQ,,. (3.17)

Hence, by the Lemma 2.8, Ty has a fixed point § with r; < |[g]| < re. By the Lemma 2.6, the

boundary value problem (1.1) and (1.2) has at least one positive solution. O

Theorem 3.10. Let (Hy)—(Hs), (Ls) and (Ls) hold. Then the boundary value problem (1.1) and

(1.2) has at least one positive solution for \;, i =1, 2 are sufficiently small.

Proof. The proof of the Theorem 3.10 is similar to that of Theorem 3.9. O

Theorem 3.11. Let (Hy)—-(Hs), (L2) and (Lg) hold. Then the boundary value problem (1.1) and

(1.2) has at least one positive solution for \;, i =1, 2 are sufficiently small.

Proof. From (L), we have
i 9 9)
im

Y—0o0 y

=0.

By Lemma 2.5, there exist r; > 0 and k; > 0 such that
(Gr(?“l) S klrl.

Let Q,, ={y € Clp(c), o(d)]r : |ly|| < r1}. Since A; and Ag are sufficiently small, we have

d
(A1 4+ X2) max g¢g(t,y)+ max h(t,y) | +M / G(s, s)Vs < ry.
p

p(c)<t<o(d) p(c)<t<o(d) ©
0<y<r; 0<y<r;y
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For any y € K N 0f),,, we obtain
d —
(Tky) (t) = g(tv S) P‘lg(ta y— :L’) + )‘Qh(sv Yy — I’) + M] Vs
p(c)
d —
< / G(s, 5) [Mg(t, y —2) + Aeh(s, y — z) + M| Vs
p(c)

d

< {(A1+A max t,y)+ max h(t, + M / G(s, s)Vs
Autda) | e 9w+ max kb y) o(0) (5 8)
0<y<rs 0<y<ro
<7 =yl
Thus,
IThyl <yl for ye KNoQ,,. (3.18)
From (Lg), we have
i U8 Y)
y—0 Yy

For k > 0, there exists a [ > 0 such that
Wt y) > ky for ye o, 1.

Let ry = {2cm,%l,2r1} and Q,, = {y € Clp(c), o(d)]r : |ly|| < re}. For any y € K NI, we

have

d
min (Thy)(t) = min / G(t, s) [Mg(t, y — x) + Aah(s, y — x) + M] Vs
tE(t1, ta] tefty, ta] o(c)
to
min G(t, s)A2k(y(s) —x(s))Vs
tefts, t2] Jy,
k f2
> =) i t
-2 QMter[Itlll,r}‘a] ty 9t 2lellve

v

>y = [yl

Thus,
Tyl > |yl for ye KNoQ,,. (3.19)

Hence, by the Lemma 2.8, Ty has a fixed point § with r; < |[g]| < re. By the Lemma 2.6, the

boundary value problem (1.1) and (1.2) has at least one positive solution. O

Theorem 3.12. Let (Hy)—(Hs), (L4) and (Lg) hold. Then the boundary value problem (1.1) and

(1.2) has at least one positive solution for X\;, ,i =1, 2 are sufficiently small.

Proof. The proof of the Theorem 3.12 is similar to that of Theorem 3.11. O
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4 Examples

We shall illustrate few examples in different time scales to justify the results obtained in the
preceding section.

Example 4.1. Let us consider the following boundary value problem on time scale T = R,

11492  142sin’y
1 t2 AN - _
(O + 55 T1 35

0, telo, 1], (4.1)

with boundary conditions

(4.2)
y(1) +24/(1) = 0,

where Y(t) =1+t2, M =1, a, B,7,5 >0, g(t, y) = 1;—%’2 and h(t, y) = % Green’s function
for the boundary value problem (4.1) and (4.2) is given by

1+tan1t)<1+2—tanls ,t<s,

1+tan_1s><1+2—tan_1t , s <t.

All the conditions (H1)—(Hs), (L1) and (Ls) are satishfied for (¢, y) € [0, 1] x [0, 100]. By Theorem

3.1, boundary value problem (4.1) and (4.2) has at least one positive solution for \y = % and

Example 4.2. Let us consider the following boundary value problem on time scale T = Z,
V((14+1)"1y?) + Arsin®y + day/yeos y =0, t€ 0, 3], (4.3)

with boundary conditions

y(0) — Ay(0) =0,

y(3) + 5 89(2) =0,

(4.4)

where (t) = (1+t)"', M =1, a, B, 7,6 >0, g(t, y) = sin®y and h(t, y) = Vycos y. Green’s
function for the boundary value problem (4.3) and (4.4) is given by

1 (1 + tzg?’t) (1 + (3_5)2(S+6)> ,t<s,

g(ta 3) =7 5
11 (1 + s ;35) (1 4 (3_t)2(t+6)> , s S t.

All the conditions (H,)—(H3), (L2) and (Lg) are satishfied for (t, y) € [0, 3] x [0, 100]. Let D =1
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fort €0, 3],y € [1, ). By Theorem 3.3,

boundary value problem (4.3) and (4.4) has at least one positive solution for N\;;i = 1,2 are

and 1 = % such that g(t,y) > % and h(t,y) > 1

sufficiently small.

Example 4.3. Consider the boundary value problem on time scale T = ¢% = {2F . k e Z} U {0},
where g =2 > 1,

2

DI ((1+4) " Dyy(t)) + A —2

sin y

+ X In(y) =0, telo,2], (4.5)
with boundary conditions

y(0) — Dgy(0) =0,

. (4.6)
y(2) + 5Dqy(1) =0,

where Y(t) = (1+t)"1, M =1, a, 8,7, 5 >0, g(t, y) = v and h(t, y) = In(y). Green’s function

sin y

for the boundary value problem (4.5) and (4.6) is given by

2t24-3t43 17—3s—2s>
3 ) () () o<
g(t7 S) = 50 ° °

20 (252+335+3> (1773572:&2) s<t.

The conditions (Hy)—(Hs), (L1) and (Lg) are satishfied for (t, y) € [0, 2] x [0, 100]. By Theorem
3.5, boundary value problem (4.5) and (4.6) has at least two positive solutions for \;; i =1, 2 are

sufficiently small.

o0

Example 4.4. Let us consider the time scale T =Py, = |J [k(a +b),k(a+b) +a] =P11 =

k=0
00

U [2k, 2k + 1], where a = b = 1. Consider the following boundary value problem:
k=0

YAV £ MY+ Ay In(l+y), te(0,2),

y(0) =0, y(2)=0,

(4.7)

where Y(t) =1, M =1, o, B,7,0 >0, g(t, y) = \/y and h(t, y) = yIn(y). Green’s function for
the boundary value problem (4.7) is given by

at, ) = = t(l—s),t <s,
1+s)(2-1),s<t

The conditions (Hy)—(Hs), (L4) and (L7) are satishfied for (t, y) € [0, 2] x [0, 100]. By Theorem
3.7, boundary value problem (4.7) has at least two positive solutions for \;; i = 1, 2 are sufficiently

small.
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Example 4.5. Consider the boundary value problem on time scale T = {5 : t € No}:

i 3
VA0 iy (1 )+ 2 g e [07 2] | (48)

with boundary conditions

y(0) —y*(0) =0,
y(i) +y2(1) =0,

where p(t) =1, M =1, «, B, 7,6 >0, g(t, y) = yIn(1+y) and h(t, y) = @. Green’s function

(4.9)

for the boundary value problem (4.8) and (4.9) is given by

(1+s)(2—¢),t<s,

2 é
g(t,S):? °
(1+6)(3—s),s<t

The conditions (Hy)~(Hs), (L1) and (L7) are satisfied for (t,y) € [0, 3] x [0, 100]. By Theorem
3.9, boundary value problem (4.8) and (4.9) has at least one positive solutions for \;; i =1, 2 are

sufficiently small.

Example 4.6. Consider the following boundary value problem in time scale T = hZ = {hk : k €
Z}, where h = % >0,

(14+5792) + Ayasing + X =0 for te 0, 2], (4.10)

with boundary conditions

y(0) — y*(0) =0,

y(2) + gyA (‘Z’) —0, (4.11)

where Y(t) = (1+t)"", M =1,a, 8,7, >0, g(t, y) = Vysiny and h(t, y) = 1. Green’s function
for the boundary value problem (4.10) and (4.11) is given by

G ) (1 T 5(2.1-‘1-5) (1 + (2—t)i2t+9)) s<t,

S) = —

’ 13 t(2t+5 2—5)(2s+9
<1+(4) (1+( X )>,t§s.

4

The conditions (H1)—(Hs), (L2) and (Ls) are satishfied for (¢, y) € [0, 2] x [0, 100]. By Theorem
3.11, boundary value problem (4.10) and (4.11) has at least one positive solutions for A\;; i =1, 2

are sufficiently small.
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1 Introduction

Fractional calculus has attracted the attention of many researchers, due to its wide range of
applications in modeling of various natural phenomena in different fields of sciences and engineering
including: physics, engineering, biology, finance, chemistry [3, 26, 31, 35, 38, 41, 43, 44, 45, 46, 47,
48]. For better understanding these phenomena, several definitions of fractional derivatives have
been introduced such as Riemann-Liouville and Caputo definitions, for more details we refer to
the books [31, 41]. Unfortunately, these definitions are very complicated to handle in real models.
However, in [30] a new definition of fractional derivative named conformable fractional derivative
was initiated. This novel fractional derivative is very easy and satisfies all the properties of the
classical derivative. The advantage of the conformable fractional derivative is very remarkable
compared to other fractional derivatives in many comparisons. Indeed, for example, in the work
[15] the authors gave the solution of conformable-fractional telegraph equations in terms of the
classical exponential function, however for the Caputo-fractional telegraph equations considered
in the very good papers [19, 20, 36], the fundamental solution cannot be given in terms of the
exponential function as in the conformable-fractional case, and therefore the authors have been
introduced the so-called Mittag-Leffler function. Another comparison, we notice that the constants
of increases of the norms of the control bounded operators W and W~ in the application of the
work [27] are given directly in a simple way in terms of the exponential function, contrary, for the
Caputo fractional derivative in the application of the nice work [51] these constants are given in
terms of the so-called Mittag-Lefler function. For more details and conclusions concerning the
uses and applications of conformable fractional calculus, we refer to the works [2, 4, 5, 7, 8, 10, 11,

12, 13, 14, 16, 17, 22, 23, 24, 25, 28, 29, 42, 49].

On the other hand, impulsive differential equations are crucial in description of dynamical processes
with short-time perturbations [6, 32, 50]. Actually, the Cauchy problem of impulsive differential
equations attracts the attention of many authors [1, 9, 33, 34, 37]. For example, Liang et al. [33]

have proved the existence and uniqueness of mild solutions for the Cauchy problem

() = Ax(t) + f(t,z(t), t€[0,7], t#ti,ta,... I,
2(0) = o + g(), (1.1)
o) =z(t;) + hi(z(ts), i=1,2,...,n,

by using the following classical Duhamel formula:
t
x(t) =T (t)[xo + g(x)] + Z T(t—t;)hi(x(t;)) + / Tt —s)f(s,z(s))ds, (1.2)
0<t;<t 0

where (T'(t))¢>0 is the semigroup generated by the linear part A on a Banach space (X, || . ||) [40]
and z9 € X. The expression x(t]) = z(¢; ) + h;(t;) means the impulsive condition, with x(t;"),

x(t; ) are the right and left limits of z(.) at ¢t = t;, respectively. The condition z(0) = z¢ + g(z)
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represents the nonlocal condition, which can be applied in physics with better effects than the
classical initial condition [18, 21, 39]. The functions f : [0,7] x X — X, h; : X — X and
g : C — X satisfied some assumptions, with C is the space of functions z(.) defined from [0, 7]
into X such that z(.) is continuous on each interval Jt;, ;1] and z(t), x(t;) exist.

The analogous of equation (1.1) in the frame of the Caputo fractional derivative have been consid-
ered by Mophou [37], when the author proved the existence and uniqueness of mild solutions for

the following fractional Cauchy problem

°Dx(t) = Az(t) + f(t,z(t)), t€[0,7], tF#t1,ta,....tn, O0<a<l,
2(0) = zo + g(), (1.3)
‘T(t:_):x(tz_)—’—hz(‘r(m))? i:1727"'7n7

by using the following fractional Duhamel formula:

z(t) = T(t)lwo + g(@)] + Y T(t—ti)hi(a(ts)) (1.4)

0<ti<t

1

Z (ty — 8)* 1T (t — ) f(s,2(s))ds
F(a 0<t; <t k-1

1 ! a—1 _
+I‘(a)/ (t—8)*""T(t—s)f(s,x(s))ds,

with T" is the Gamma function and *D*x(t) presents the Caputo fractional derivative.

In the present work, we are interested in studying of equation (1.1) in the frame of the conformable
fractional derivative. Precisely, we will be concerned with the study of the existence, uniqueness,

and stability of mild solutions for the following conformable fractional Cauchy problem

dc;fit) = Ax(t) + f(t,z(t)), t€[0,7], t#t1,ta,...,tn, 0<a<1,
2(0) =0+ g(a), (1.5)
x(t:r) =z(t; )+ hi(z(ts)), i=1,2,...,n,

d*x(t)

where is the conformable fractional derivative.

dte
The main novelty of this paper is to prove the analogous of Duhamel formulas (1.2) and (1.4) for

the Cauchy problem (1.5) as follows:

(t) =T <g) o +g(@)]+ Y T (ﬂ) hi(z(t;)) (1.6)

«
0<t; <t

+f Cgaip (fa ;Sa) £ (s, (s))ds.

Then, based on this conformable fractional Duhamel formula, we discuss some results concerning

the existence, uniqueness, and stability of the mild solution of the conformable fractional Cauchy

problem (1.5).
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This paper is organized as follows. In section 2, we briefly recall some tools related to the con-
formable fractional calculus. In section 3, we prove the main results. Section 4 is devoted to a

concrete application of the main abstract results.

2 Preliminaries

Recalling some preliminary facts on the conformable fractional calculus.

Definition 2.1 ([30]). Let o €]0,1]. The conformable fractional derivative of order a of a function
x(.): [0,400[— R is defined by

dx(t t4etl=) — (¢ d~ d®xz(t
2(t) = lim tte ) = a ), for t >0 and 2(0) = lim ad ),
dte e—0 € dte t—0+ dt®

provided that the limits exist.

The fractional integral I%(.) associated with the conformable fractional derivative is defined by

¢
I%(x)(t) = / s L (s)ds.
0
Theorem 2.2 ([30]). If z(.) is a continuous function in the domain of I¢(.), then we have

d* (1% (x)(t))

Ta = z(t).

Definition 2.3 ([41]). The Laplace transform of a function x(.) is defined by
—+o0
L)) = / e Ma(t)dt, A >0,
0
It is remarkable that the above transform is not adequate to solve conformable fractional differential

equations. For this reason, we consider the following definition, which appeared in [2].

Definition 2.4 ([2]). The fractional Laplace transform of order a of a function x(.) is defined by

o0 o
Lo (z(t))(N) ::/ e Maz(t)dt, X >0.
0
The following proposition gives us the actions of the fractional integral and the fractional Laplace
transform on the conformable fractional derivative, respectively.

Proposition 2.5 ([2]). If z(.) is a differentiable function, then we have the following results

r (52 0 = att) - 500

L. (di;f)) (A) = ALa(2())(N) — 2(0).

We end this preliminaries by the following remark.
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Remark 2.6 ([14]). For two arbitrary functions x(.) and y(.), we have

o (o (5)) 0 = £ttono.

(0%

e (f Loty (55 ) o) ) = L)) La (O

«

3 Main results

We first prove the conformable fractional Duhamel formula (1.6). To do so, for ¢ € [0, ¢1], we apply

the fractional Laplace transform in equation (1.5), we obtain
La(z()(N) = (A= A) " o + g(2)] + (A = A) " La(f(t, 2(1))) (V)

According to the inverse fractional Laplace transform and Remark (2.6), we get

2(t) =T <g> 2o + ()] + /Ot sl (ta - Sa) F(s,2(s))ds,

«

where (T'(t)):>0 is the semigroup generated by the linear part A on the Banach space X, that
is, (T'(t))¢>0 is one parameter family of bounded linear operators on X satisfying the following

properties
(1) T(0) =1,
(2) T(s+1t)=T(s)T(t) for all t,s € RT,
(3) ltiﬁ)l | T(t)x — x ||= 0 for each fixed z € X,

(4) lim e =7

w = Az, for x € X, provided that the limit exists.
t

As in [37], we assume that the solution of equation (1.5) is such that at the point of discontinuity

tr, we have x(t, ) = x(t). Hence, one has

ott) =7 (L) o+ ot + [ 57 (B2 6.6

«

For t € (t1,t2], using the fractional Laplace transform in equation (1.5), we obtain

2(t) =T (ta ;t?) 2(F) + /tt 1T (ta ;Sa> F(s,2(s))ds

_7 (ta ;t?) (7)) + b (2(t2)] + /t 1 <ta - Sa) F(s,(s))ds.

t1 &

Replacing x(t; ) by its expression in the above equation, we get

o) =T <ta - t?) [T <§> (20 + 9()) + /Otl 17 <ﬁ) F(s,(s))ds + b (2(t1)

(0% (0%

+f so-iT (t“ ;Sa) £ (5, 0(s))ds.
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By using a computation, the above equation becomes

o

2(t) =T (%) w0 + g(2)] + T (ta ;t?) [ (2(t1))] + /Ot oI (ta — Sa) F(s,2(s))ds.

«

In particular, for ¢ = t;, one has

(6%

o) = (2 ) o+ g+ 7 (L5 ot + [ ey (2 stsatonas

(0%

As the same, for t € (t2,t3], we obtain

2(t) =T (ta ;t%) 2(t5) + /t 1T (ta ;Sa> F(s,2(s))ds

to

=1 (52 teg) + hatotta] + [ e (55 stsatonas.

o to o

Hence, replacing x(t; ) by its expression, we have

o) =7 (S22 [1(2) ot g+ 7 (2 ) i)

«

- *gomip (tg - ) (s, (s))ds + hz(x(ta))}

a
+ /t s*7iT (ta ; Sa) f(s,z(s))ds.

Using a computation, we get

(63

2(t) =T (%) 2o+ g(z)] + T ( ) h(2(t)] + T (
; / gir <ta - ) F(5,2(s))ds.

«

to — g > — tg

) ata(ea)

Repeating the same process, we obtain the following conformable fractional Duhamel formula

o(t) =T <g> wo+ (@) + 3 T (ta - t?) ha(a(t) + /Ot I (ta - Sa) F(s,2(s))ds.

« «
0<t; <t

Definition 3.1. A function © € C is called a mild solution of conformable fractional Cauchy

problem (1.5) if

st =T (g) wo+g@)+ S T (ta - t?) ha(w(t)) + /Ot oI (ta - Sa) F(s, 2(s))ds.

a «
o<t; <t
In the rest of this paper, we endow the space C with the norm | z |.:= sup || z(¢) ||. It is well
t€[0,7]
known that the space (C,| . |.) becomes a Banach space. We also denote by |.| the norm in the

space L(X) of bounded operators defined form X into itself.
To prove the main results, we need to use the following assumptions:

(H1) The function f(¢,.) : X — X is continuous and for all » > 0 there exists a function

pr € L([0,7],RT) such that sup | f(t,2z) [|< pu,(t), for all t € [0, 7].

lzll<r
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(Hz) The function f(.,z) : [0,7] — X is continuous, for all z € X.
(Hs) There exists a constant Ly > 0 such that || g(y) — g(z) ||[< L1 |y — x|, for all z,y € C.
(H4) There exist constants C; > 0 such that || ;i (y(¢;)) —hi(z(t:)) < Ci |y—z |, for all z,y € C.

Theorem 3.2. If (T'(t))i>0 is compact and (Hy) — (Hy) are satisfied, then the conformable frac-
tional Cauchy problem (1.5) has at least one mild solution, provided that

n ta
(Ll—i-ZCi) sup T(EN < 1.
i=1

telo,7]

Proof. Let B, ={z €C, |z |.< r}, where

sup
te[0,7]

e - T
(2] [n o |+ 1 90) |+ 3 1 ha(0) |+ | s |Lm<[o,ﬂ,R+>]
=1
n ta
1-— <L1 + ;Cl> sup |T (E)‘

tel0,7]
In order to use the Krasnoselskii fixed-point theorem, we consider the following operators I'y and

T’y defined by

to — o

«

Ty(z)(t) =T (g) [zo+g@)+ > T (

o<t; <t

) hi(z(t:)), x € By,

«

Ty(2)(t) = /Ot s <ta - Sa) (s, 2(s))ds, @ € B,.

It is very easy to justify that the operator ' := T'; 4+ I'y is well defined, that is, T'(z) € C for all
x € C. The rest of the proof will be given in four steps:

Step 1: Prove that I'y(x) 4+ I'2(y) € B,., whenever x, y € B,.

Let x, y € B,., we have

D@0 + 1200 =7 (5 )l + g+ ¥ 7

o<t; <t

+f Cgeeip (555 rtsntens

o —

(0%

) ot

Then, we obtain

[ T1(2)(t) + Ta(y)(8) || < sup

g (gﬂ [F@o I+ 11 g(0) | + 1| 9(=) — g(0) I|]

te(0,7]
ta
T swp T(—) S 10 Ra0) |+ [ Rae(t:)) — a(0) ]
t€[0,7] CJ ost<t
ta ¢ a—1
+osup [T ()] [ s s us)) | ds.
t€[0,7] « 0




446 M. Bouaouid, A. Kajouni, K. Hilal & S. Melliani

By using assumptions (Hy), (H3) and (Hy), we get

[ T1(2)(t) + La(y)(t) | < sup

T<§>}[|| 2o |+ 1 9(0) | +Ix | 2 |]

tel0,7]
tOé
+ sup [T (—) Z [l Ri(0) || +C5 | = | ]
t€[0,7] Y o<t
t t
+ sup |T (—) | o |L°°([0,T],R+)/ s lds.
t€[0,7] @ 0

According to the fact that x, y € B,, we conclude that

[ T1(2)(t) + Ta(y)(t) [| < sup

T (S)|taoll+ 1900) 1 +24r)

t€[0,7]
tOt
+ sup |T <—> [l Ri(0) || +Cir]
te(0,7] « 0<tz<t
a t
+ sup |T (—)‘ | tr | Loo (0,7],RH) / s*1ds.
tc[0,7] « 0
Taking the supremum, we get
tOé
ITa(o) + Tl o < s [7 () ] 20 1|+ 1| (0) Il +Lar]
telo,7] «
)\ | —
+ s |7 (S Y00 10§ 0o
t€[0,7] « ;
e T a—1
+ sup T — ||| pr [L=qorre) [ 87 ds
te0,7] « 0
tOt
= s [7(5)| ool + 1 900) | +24r)
te(0,7] @
12\ | —
+ sup T<—) [l Ri(0) || +Cir]
t€(0,7] « ;
ta TOt
+ sup [T — ||| pr |£oo(p0,r) R ) —
t€[0,7] « «
<r

Hence, the above inequality combined with the continuity of the function I'y(z)(.) + T2(y)(.) on
[0, 7] show that I'1(x) + I'2(y) € B, for all z, y € B,.

Step 2: Prove that I'; is a contraction operator on B;.

For z,y € C, we have

)0 -0 =7 (5 ) o)~ ot + 3 7 () atotn) - it

0<t; <t
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Consequently, one has

[ T(y)(#) = T(z)(t) | < sup

te(0,7]

7 (%) 1t - st |

(S| 5 mtote) ~ et 11
Using assumptions (Hs) and (Hy), we get

o<t; <t
I T - D)) 1< <L1+Zci> s [7(5) 1y

tel0,7]

to
T( )"y_:t'c
(0%

+ sup
te(0,7]

Taking the supremum in above equation, we obtain

| D(y) = T'(2) [< <L1 + ch> sup
i=1

tel0,7]

This implies that I'y is a contraction operator on B,..
Step 3: Prove that I's is continuous.

Let (z,) C B, such that z,, — « in B,. We have

Do(xy,)(t) — Tao(x)(t) = /0 s (ta — Sa> [f(s,zn(s)) — f(s,2(s))]ds.

«

Then, by using a computation, we obtain
to T
T (S| [ s 1 st - sts.0e) s

Using assumption (H;), we get || s 1[f(s, 2,(5)) — f(s,2(5))] ||< 2p-(5)s*~ 1 and

f(s,2n(s)) — f(s,2(s)) as n — +o0.

| Pa(@n) — T2(2) [c< sup
te(0,7]

According to the Lebesgue dominated convergence theorem, we conclude that

lim | Dy(z,) —Ta(z) |= 0.

n—>-—+oo

Thus, the operator I's is continuous.
Step 4: Prove that I's is compact by using the Arzela-Ascoli theorem.

Claim 1: We prove that I'y(B,) is equicontinuous.

Let t1,ts € [0, 7] such that t; < t2. Then, we have

Paaen) ~ ety = [0 [r (B2 - T(
A G YO
) w( )
o [ (BT st

)} F(s,2(s))ds
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By using a computation and assumption (H;), we obtain

ta
T (E)‘ | b | Lo ([0,7], )

«

sup
t€[0,7]

| To(2)(t2) = Ta(2)(t1) [|<

{(tg‘ —t) + ¢

P55
«

ts —tf
According to [40], the compactness of (T'(t))+>o assures that lim |T (g) - I’ = 0. Hence,

to—>t1 «
combining this fact with the above inequality, we conclude that I's(x), = € B, are equicontinuous

on [0, 7].

Claim 2: We prove that the set {T'2(z)(t), € B,} is relatively compact in X.
For some fixed t €]0, 7] let € €]0,¢[, € B, and define the operator I'§ as follows
o (ta—"fa)é 1o g _ g
I5(x)(t) =T (—) / s <7> f(s,z(s))ds.
[ 0 [

Since (T'(t))¢>0 is compact, then the set {I'5(z)(¢), « € B,} is relatively compact in X. By using

ta
(%)

o
Therefore, we deduce that the {I'2(z)(t), € B,} is relatively compact in X. For ¢t = 0 the set
{T2(x)(0), = € B,} is compact. Thus, the set {I's(x)(t), © € B,} is relatively compact in X for

a computation combined with assumption (Hy), we get

EOt

IT3(@)(8) = Da(@)() <] e [ qo.ryzey s

0,7]

all ¢t € [0, 7]. By using the Arzela-Ascoli theorem, we conclude that the operator I'y is compact.

In conclusion, by the above steps combined with the Krasnoselskii fixed-point theorem, we conclude
that I'; 4+ I'; has at least one fixed point in C, which is a mild solution of conformable fractional

Cauchy problem (1.5). O

To obtain the uniqueness of the mild solution, we need the following assumption:

(Hs) There exists a constant Ly > 0 such that || f(t,y) — f(t,z) |[< L2 ||y —x ||, for all z,y € X
and ¢ € [0, 7].

Theorem 3.3. Assume that (Hz) — (Hs) hold, then the conformable fractional Cauchy problem

(1.5) has an unique mild solution, provided that

<L1 + Zci + %I&) sup

i=1 te(0,7]

Proof. Define the operator I : C — C by:

v =1 (5 ot + 3 1 (S nr+ [ eor (B2 sntoas

(6% (6%
o<t; <t
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o —
«

)6 - 10 =7 (5 ) o) - o) + 3 7

0<t; <t

) haly(t:)) — hi(a(t:)

N / ST (ta . ) [F(s,y(s)) = f(s,(s)))ds.

Then, we obtain

w0 -t 1< s |7 (%) 1) =)
# o [1(5)] 2 1mo) - nao
s (1 ()] [ o) = TG00 )

According to assumptions (Hs), (Hs) and (Hs), we conclude that

e
T<_>‘ ly —z .
«
e
T<_>‘ |y_$|c
(0%

tOl
T (—) ’ < 1 then I is a contraction operator on the Banach
@

| D)) - D)) 1< (Ll Iyt ;L> sup

i=1 t€[0,7]

Taking the supremum, we obtain

| D(y) = T'(2) < <L1 + Z Ci+ %Lg) sup

i—1 tel0,7]

i—1 te(0,7]
space (C,| . |.). Hence, by using the Banach contraction principle, we conclude that the operator

Since (Ll + Z C;+ T—Lg) sup
o

I" has an unique fixed point in C, which is the mild solution of the conformable fractional Cauchy

problem (1.5). O

Now, we are in position to prove the continuous dependence of the mild solution to the initial

condition. Precisely, we have the following result.

Theorem 3.4. Assume that the conditions of Theorem (3.3) are satisfied. Let xg, yo € X and

denote by x and y the solutions associated with xo and yo, respectively. Then, we have the following

estimate
asup |T|—
tel0,7] «@
ly—z o< o — | yo — o | -
a— sup |T (—) <aL1 + ZaCi + L27a>
te(0,7] « i—1

Proof. For t € [0, 7], we have

(0%

) =) =7 (5 ) o —an o)~ g0l + 3 7 () Bututto) ~ miGote)

0<t; <t

+f Cgeir (t“ - ) [F(5. () — F(s 2(5))]ds.

«
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Then, by using a computation combined with assumptions (H;), (Hs) and (Hy), we obtain

o Lot &
T(g)H|yo—$o||+<Ll+ : +;ci>|y—x|c].

[ y(t) —2(t) [|< sup
tel0,7]

Taking the supremum, we get

te LQTa .
T(— — L C; - || -
(a)Hm $0||+<1+ Ty >|y x|]

Thus, we deduce the desired estimate
tOé
()
@

|y —x[.< sup
te(0,7]

« sup
tel0,7]
ly—z < - - | yo — o | -
a— sup |T (—) alq + ZaCi + Lot
te[0,7] « i—1

4 Application

We consider the nonlocal impulsive partial differential equation with conformable fractional deriva-

tive of the form

O2u(t,§) _ Q*u(t,&) " |cos(u(t —s,€))] 1
EYEa ¢ -|—/0 1+|Sin(u(t—s,§))|ds’ (t,€) € [0,1]x]0,7[, t+# =,

2
u(t,0) =u(t,m) =0, tel0,1],
u(0,§) = %[U(tu&) + 2ulte, §) + 3ults, §) + -+ + nu(tn,§)l, € €[0,7],

n
A N jud, €|
Elllf%+u (§+E,§>—Ehr%+u<§—€,€)+m, SE[O,W],

where n € N such that 3 <nand 0 <t <te <t3<---<t, <1 are given real constants.

Let X = L?([0,7],R) and define the operator A as follows

9%()

A=

D(A) ={p e X : ¢, ¢ are absolutely continuous, ¢ € X and ¢(0) = p(7) = 0}.

It is well known that the operator A generates a compact semigroup (7T'(t)):>0 on X such that

sup|T'(¢)| < 1.
>0

Next, we consider the change z(t)(§) = u(t, §) and the following notations

B b cos(z(t — s))
F(t,2(t) = /0 1+ |sin(x(t — )| ds,
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Then, equation (4.1) becomes as follows:
dzx(t
0 — ety + (et e 01) 143,
2
4.2
20) = gla), 42)
Jr —
o(3) =2z ) +hl(3)
1+24+3+--- 1 t
In this concrete application, we have L1 = tet :— tn _— + ,C1 =—and sup |T (—) ‘
n 2n n te[0,1] «
sup ‘T(2\/¥)‘
t€(0,1]

Now, returning back to Theorem (3.2), we obtain that

r(5)] - (B 3) s revi = Bt 2 2

Li+Cy) s
(L1 +Ch) sup « 2n n) telo,1 2n n 2n

t€[0,1]

Hence, we conclude that the above equation has at least one mild solution.

Conclusion

<1

In this work, we have proved the Duhamel formula, existence, uniqueness, and stability of mild

solutions of a class of nonlocal impulsive differential equations in the frame of the conformable

fractional derivative. The main results are obtained by using the semigroup theory combined with

some fixed point theorems. The ideas of this paper can be extended to other models in physics,

biology, chemistry, economics and so forth.
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ABSTRACT

We prove some equivalences associated with the case when
the average lower time is minimal. In addition, we charac-
terize the minimal systems by means of the positivity of in-
variant measures on open sets and also the minimum ergodic
averages. Finally, we show that a minimal system admits an
open set whose measure is minimal with respect to a set of

ergodic measures and its value can be chosen in [0, 1].

RESUMEN

Demostramos algunas equivalencias asociadas con el caso
cuando el tiempo inferior promedio es minimo. Ademés, ca-
racterizamos los sistemas minimales a través de la positivi-
dad de medidas invariantes en conjuntos abiertos y también
los promedios ergddicos minimos. Finalmente, mostramos
que un sistema minimal admite un conjunto abierto cuya
medida es minima con respecto a un conjunto de medidas

ergddicas y su valor puede ser elegido en [0, 1].
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1 Introduction

The main motivation of this paper is the result obtained by Jenkinson in [3] which states that given
an invariant measure there exists a continuous function that achieves the maximum ergodic average
using such measure. This result has been used in several recent works [1, 6, 7]. A minimizing
version of this result is possible to obtain in a straightforward way. In this sense, given the
behavior of uniquely ergodic systems, it is natural to ask whether this version admits any relation
to minimal systems and time averages. The present paper addresses both problems in the following
way. Firstly, we prove some equivalences associated with the case when the average lower time is
minimal. We also characterize the minimal systems by means of the positivity of invariant measures
on open sets and also the minimum ergodic averages (this result was inspired by Theorem 6.17 in
[9]). Finally, we show that given a finite set of ergodic measures in a minimal system it is possible
to find an open set whose measure is minimal and its value can be chosen in [0,1]. Let us state

our results in a precise way.

Throughout this paper, the pair (X, d) denotes a compact metric space and C(X) denotes the
space of all continuous real-valued functions on X. We denote by M(X) the set of all Borel
probability measures of X, provided with the weak* topology. Let T': X — X be a continuous
transformation. Given p an element of M(X), we say that p is T-invariant if u(T—1(A)) = p(A)
for every Borel subset A of X. We denote by My (X) the set of T-invariant probability measures.
A probability measure p is called ergodic if u(A4) € {0,1} for each T-invariant set A. Denote by
Er(X) the set of ergodic measures. For x € X, let d,; be denote the Dirac point measure of x
defined by 6,(A) =1 when = € A and 6,(A) = 0 otherwise.

Let f: X — R be a continuous function, we say that an invariant measure g is f-minimizing if

the minimum ergodic average [4] defined by
a(f) = min{/ fdm:m e MT(X)} ,
b's

satisfies a(f) = / fdp. Given z € X recall that the lower time average is
b'e

N—-1

1 .

(e, f) = liminf = > foT'(x).
=0

We consider the number E(z, f) = 7(xz, f) — a(f). This number quantifies the non-minimal time

average. Note that E(z, f) > 0.

Next we state our first result that characterizes the cases where the non-minimal time average is
equal to zero totally and partially uniform. For this purpose, we must recall that (X, T) is said to

be uniquely ergodic if there is a unique invariant probability measure on X.
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Theorem 1.1. Let T : X — X be a continuous transformation of a compact metric space. For

every x € X and f € C(X), we have the following equivalences
(1) E=0 if and only if (X,T) is uniquely ergodic.

(2) E(-,f) =0 if and only if a(f) = / fdu, for all p € Mp(X).
b'e
1 n—1
(3) E(z,-) = 0 if and only if every ergodic measure is a limit point of the sequence {—Z 07 (2) }
n
i=0

Our next result shows a characterization of the minimal systems through the open sets and min-
imum ergodic averages. Recall that a dynamical system (X,T) is called minimal if X does not

contain any non-empty, proper, closed T-invariant subset.

Theorem 1.2. Let T : X — X be a continuous transformation of a compact metric space. The

following statements are equivalents:

(1) (X,T) is a minimal system.

(2) For each non empty open set A C X and each u € Mp(X), we have u(A) > 0.

(3) Every non-zero f € C(X) with f > 0 satisfies a(f) > 0.
Finally, in the case of non-discrete minimal systems, it is satisfied that the minimum ergodic average
reaches all values of [0, 1] for continuous functions of norm one. (see Lemma 2.8). Motivated by

this, we found a condition on the ergodic measures [2] to obtain a version of this result through

open sets.

Theorem 1.3. Let T : X — X be a continuous transformation of a non-discrete compact metric
space. If (X, T) is minimal and F is a finite subset of Ep(X), then for every r € [0,1] there is an
open set A such that r is the minimun value of u(A) whenever p € F.

The paper is organized as follows. In Section 2, we will prove several results necessary for the proof

of the main theorems. Finally, in Section 3, we will prove Theorems 1.1, 1.2 and 1.3.

2 Preliminary lemmas

Let X be a compact metric space and T : X — X be a continuous transformation. We denote the

applications
a:C(X) — R
—

min dys,
/ MEMT(X)/Xf a
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and

E: X xC(X) — [0,+00)
(:Caf) — Z(xvf)_a(f)'

Below are some properties of these applications that are straightforward from the definition. Let
Z be a convex set of a vector space V. A subset F' of Z is called face of Z if whenever z,y € Z

and Az + (1 — M)y € F with 0 < A <1, then {x,y} C F.

Proposition 2.1. We have the following properties

(1) a is continuous and T-invariant.
(2) a(l) =1.

(3) E(z,f)=E(x,foT).

(4) a(f) < alg) whenever f < g.

(5) The set {,u € Mr(X):a(f) = / fdu} is a non-empty closed face of Mr(X).
X

We will prove some additional properties of F

Lemma 2.2. Let T : X — X be a continuous transformation of a compact metric space. It holds
that E(x, f) = 0 for every x € X and f € C(X) if and only if the system (X,T) is uniquely

ergodic.

Proof. Tt is sufficient to prove that if £ = 0 then the system is uniquely ergodic. By Theorem 1 in
[3] for every ergodic measure v there exists an f € C(X) such that v is the unique f-minimizing

measure, that is, v is the unique satisfying

/X fdv = a(f).

Since E(z, f) = 0 for each z € X, we obtain

n—1

1Lxggf%§fozﬂ(x)_/xfdy. (2.1)

If the system is not uniquely ergodic, there exists w € Ep(X) such that w # v. Let p be a generic
point for w. Using (2.1), we have

1n—1 ]
dw=lm =5 foTi(p)= [ fd dw.
| fdw ngrgon;f (p) /XfV</Xfw

It is a contradiction. So (X, T) is uniquely ergodic. |
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Lemma 2.3. Let T : X — X be a continuous transformation of a compact metric space. Given

feC(X). Then, E(x, f) =0 for every x € X if and only if a(f) = / fdu, for all p € Mr(X).
X

Proof. By Proposition 2.1, we know that the set
H= {I/ € Mrp(X) :a(f) :/ fdu},
X

is a non-empty closed face of Mp(X). If H # Mp(X), then there is u € Ep(X)\ H. Let p be a

generic point for u, so
n—1
1 iy
J g i 32 7o T ) = o), (22
the last equality in (2.2) is a consequence of the hypothesis E(p, f) = 0. Thus p € H, which is
absurd.

Conversely, given x € X we can find a sequence { Ny} such that the inferior mean sojourn time is

written as
Nk 1

7(z, f) = lim — Z foTi(x (2.3)

k—o0 Nk part

Ny—1
and also {Nk_l Z 6T¢(x)} is convergent to v € Mp(X). Therefore E(z, f) = 0 since
i=0

oz, f) = /X fdv = alf). 0

A consequence of the above result is the following

Corollary 2.4. The set {f € C(X): E(z, f) =0 for every x € X} is a closed linear subspace of
C(X).

Lemma 2.5. Let T : X — X be a continuous transformation of a compact metric space. Given

x € X. Then, E(z, f) =0 for each f € C(X) if and only if every ergodic measure is a limit point
1
of the sequence {EZO 6Ti(w)}

Proof. Denote by A the set of the limit points of the sequence {—Z 6Ti(m)}. Suppose there is
n .

€ Er(X)\ A. By Theorem 1 in [3], for every ergodic measure there exists an f € C(X) such
that p is the unique with the property

/X fap=a(f)

/ fd = a(f) = 2(z, ).
X

Since E(z, f) = 0, we have
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Moreover, using (2.3), there is a sequence {my} in M(X) such that

We can assume that {my} converges to v € M7 (X). Then / fdp = / fdv with v # p. It is a
X X

contradiction.

Conversely, given f € C(X) there exists an ergodic measure p such that «(f) = / fdp. On the
X
other hand, there is a sequence { N} satisfying

Ni—1
_h —1 ,
w= klggo N, ; O ()
Therefore
Ni—1
< < — Z =
a(f) < z(w, klggo ZfoT /fdu o

so E(z, f) = 0. g

Now, we introduce the following auxiliary application

0:TxC — [0,1]

(A.F) > o(A.F)=minp(A)

where T denotes the topology associated with X and C denotes the space of all closed subsets of
Mrp(X). We write o(A) = o(A, M1 (X)). Note that o(A) can be interpreted as the capacity of an

open set (see Lemma 4.1 in [5]).

Lemma 2.6. Let T : X — X be a continuous transformation of a compact metric space. It holds
that o(A) > 0 for every non-empty open set A if and only if a(f) > 0 for each non-zero f € C(X)
with f > 0.

Proof. Given a non-zero f € C(X) with f > 0. We can find a non-empty open A and a constant
¢ > 0 that verify f(x) > ¢ for all © € A. It follows that

« min du > co(
(f) HeMT(X)/J‘ 1> co(A

Hence a(f) > 0.

Conversely, let A be a non-empty open set in X. By Urysohn’s Lemma choose f € C(X) with
0<f<1, f(p)=1and f =0 on A° for some p € A. If o(4) = 0, there exists some v € Myp(X)
such that v(A4) = 0, therefore

O<oz(f)§/Ade:O.

It is a contradiction. O
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Lemma 2.7. Let T : X — X be a continuous transformation of a compact metric space. If (X, T)

is a minimal system, then o(A) > 0 for every non-empty open set A.

Proof. Since (X,T) is minimal, for every non-empty open set A we have

for some n € N, therefore o(A) > that is, p(A4) > 0. O

1
PERE
Lemma 2.8. Let T : X — X be a continuous transformation of a non-discrete compact metric
space. If (X, T) is minimal, then given r € [0,1], there is an f € C(X) with | f||,, = 1 such that
alf)=r.

Proof. Note that the set B = {f € C(X) : | f|l,, = 1} is connected in (C(X), .||, ). Given
r € (0,1), by Lemma 2.7 and since (X, T) is non-discrete, we obtain a non-empty open set A with
the following property 0 < g(A) < r/2. By Urysohn’s Lemma choose g € C(X) with 0 < g < 1,
g(p) =1 and g = 0 on A€ for some p € A. Therefore

a(g) = min du < o(A) < r/2.
(9) HeMT(X)/Agu_Q() /

By Proposition 2.1, a is continuous on B and «(1) = 1. So, there exists f € C'(X) with [|f|| , =1
such that a(f) = r. Now for the remaining cases it is sufficient to consider the constant functions
f=1and g = —1. Then a(f) = 1 and a(g) = —1, it follows that there is h € B such that
a(h) = 0. O

If we denote

Bz, A) = 7(z,x4) — 04,

this value represents the non-minimal mean sojourn time on A. Also we can obtain that E (x,A) €

[0,1].

Recall that a point z € X is periodic for T': X — X if T™(z) = x for some n € N and the
minimal such n is called the period of T. A point x € X is called pre-periodic if some iterate of x

is periodic. We denote by O(x) the orbit of x.

Lemma 2.9. Let T : X — X be a continuous transformation of a compact metric space. It holds
that E(w, A) =0 for every x € X and A € T if and only if every point in X is pre-periodic and

there is only one periodic orbit.

Proof. Tt is enough to prove the sufficiency. First, we claim that E=0 implies that each measure
in Mrp(X) is atomic. Suppose there is a non-atomic u invariant measure. Given z € X, we

can find open sets {V,?},en such that T7(z) € V2 and u(V,;?) < 1/2"*1. Therefore, the open



464 M. Saavedra & H. Villavicencio

set A, = (J,,V,7 contains the orbit of z, so 7(z,A,) = 1. Thus E(z,A.) > 1/2 since o(A,) <
#(A,) < 1/2. This proves our claim. Let v be an ergodic measure. There is p € X with v(p) > 0.
By the Poincaré’s Recurrence (Theorem 1.2.4 in [8]), the point p is periodic. Given z € X, if
X = O(p), then there is nothing to prove. Otherwise, the open set B = X \ O(p) satisfies pp = 0,
so 7(x, B) = 0. This implies that O(z) ¢ B. Hence, there exists a periodic point p such that for
each x € X there exists k € N satisfying T%(z) € O(p). O

3 Proof of the theorems

Proof of Theorem 1.1. The proof of this result is actually contained in the Lemmas 2.2, 2.3 and
2.5. O

Proof of Theorem 1.2. To prove that Item (1) implies Item (2), we use Lemma 2.7. To prove that
Item (2) implies Item (1), assume that (X,T') is not a minimal system. There exists some point

x € X whose orbit is not dense in X. We consider the non-empty open set A = X \ O(z), so
0(A) > 0. On the other hand, there are a sequence { Ny} and a measure u € My (X) satisfying

Ni—1
. —1
p= lim N > briga),
=0

therefore
o(A) < u(A) < liminf —|{0 < i < Ny —1: T'(z) € A}| = 0.
k—oo TNy

It is a contradiction. Finally, the Lemma 2.6 proves the equivalence between Item (2) and Item
(3). O

Proof of Theorem 1.3. Suppose that there exists r € (0,1) such that o(A4,F) # r for every open
set A . We consider the set

Z={B:Bisopenin X and 0 < o(B, F) <r}.

By Lemma 2.7, we obtain that Z is non-empty since (X,T') is non-discrete. We partially order Z
by inclusion. Assume {B;};cr C Z is a totally ordered subset of Z where I is infinite. An upper
bound for the B;’s in Z is the open set B = |J
N C I. We choose an increasing sequence {A;} such that B = (J,cn4;. If F = {pe}P, then
there exists £ such that the set Ky = {j € N: o(A;, F) = pue(A;)} is infinite. Thus, given v € F

sy Bi- Since [ is infinite, we can suppose that

we have

v(B) = jléI}{lf v(A;) > jléfg(le pe(Aj) = pe(B),
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then o(B, F) = pe(B). On the other hand, since B = (J
we have that there are j € N and a compact K such that K C A; and pe(K) < pe(4;) < r.
So, we(B) < r but for the hypothesis o(A,F) # r. Hence o(B,F) = ue(B) < r, therefore

B € Z. Zorn’s lemma now tells us that Z contains a maximal element 2. Let p € F such that

Aj using the regularity of the measure

w(2) = oA, F) < r. Given x € X, there is an open set U, with pu(U,) < r — p(2). Hence
o(RAUUL, F) < u(RAUU,) < p(A) + p(Uy) <.

Using the maximality of 2l it is concluded that U, C 2 for every x € X, so A = X. It implies
o, F) =1 > r, which is absurd. O
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RESUMEN

En este articulo consideramos el siguiente problema de valor
en la frontera de dos puntos discreto fraccional con coefi-
cientes constantes asociado a condiciones de frontera de tipo
Dirichlet

_(v:(a)u) (t) -+ )‘u(t) = f(t7 u(t))7 te NZ+2a
u(a) = u(b) = 0,

donde 1 < v < 2, a,b € Rconb—a € N3, No_, = {a+
2,a+3,...,b}, [A| <1, V},)u denota la nabla diferencia de
Riemann—Liouville de u de orden v basada en p(a) =a — 1,
y f:N. , xR — RT.

Usamos los teoremas de punto fijo de Guo—Krasnosels’kil
vy Leggett—Williams en conos adecuados y bajo condiciones
apropiadas en la parte nolineal de la ecuacién en diferen-
cias. Establecemos requerimientos suficientes para al menos
una, al menos dos, y al menos tres soluciones positivas del
problema de valor en la frontera considerado. También en-
tregamos un ejemplo para mostrar la aplicabilidad de los

resultados.

Keywords and Phrases: Nabla fractional difference, boundary value problem, Dirichlet boundary conditions,

positive solution, existence, fixed-point.
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1 Introduction

Nabla fractional calculus is a branch of mathematics that deals with arbitrary order differences and
sums in the backward sense. The theory of nabla fractional calculus is still in its early stages, with
the most important contributions appearing in the last two decades. Gray & Zhang [15] and Miller
& Ross in [34] first introduced the concept of nabla fractional difference and sum. Atici & Eloe
[2] developed the Riemann—Liouville type nabla fractional difference operator. They also studied
the nabla fractional initial value problem, and established the exponential law, product rule, and
nabla Laplace transform in this line. Several mathematicians [2, 3, 4, 5, 6, 7, 8, 16, 17, 21, 22] have
contributed to the development of the theory of discrete fractional calculus in line with the theory
of continuous fractional calculus. For historical references on continuous fractional calculus, see
[28, 31, 32]. As a result of their works, today discrete fractional calculus has turned into a fruitful
field of research in science and engineering. We refer here to recent monographs [9, 12, 29] and the

references therein, which are important resources pertaining to this field of work.

The study of boundary value problems (BVPs) has a long past and can be followed back to the
work of Euler and Taylor on vibrating strings. On the discrete fractional side, there is a sudden
growth in interest for the development of nabla fractional BVPs. Many authors have studied nabla
fractional BVPs recently. To name a few, Goar [11] and Tkram [18] worked with self-adjoint Caputo
nabla BVPs. Gholami et al. [10] obtained the Green’s function for a non-homogeneous Riemann—
Liouville nabla BVP with Dirichlet boundary conditions. Jonnalagadda [19, 20, 23] analysed some
qualitative properties of two-point non-linear Riemann—Liouville nabla fractional BVPs associated

with a variety of boundary conditions.

As pointed out earlier, many authors have studied the discrete fractional two-point boundary
value problem like in [4, 19] and recently authors in [23] have worked with general nabla fractional
difference equation with constant coefficients coupled with Dirichlet conditions, which resulted in
for the first time Green’s function in terms of discrete Mittag—Lefller function along with a few
properties of the same. Compared to discrete Taylor monomial, discrete Mittag—Leffler function is
an infinite series because of which it poses a challenge while proving positivity of Green’s function.
In the article, [23] the authors have overcome this challenge of proving positivity of Green’s function.
In the present article, we use the positivity of Green’s function and prove an important lemma
which helps us deal with conical mappings by proving that a ratio of infinite series is increasing or
decreasing with respect to the ratio of its coefficient. To the best of our knowledge, no work has

been done with Leggett—Williams fixed-point theorem in the nabla setting.

We consider the following boundary value problem

_(vv

) () + du(t) = f(tult), te N o,

u(a) = u(b) =0,

(1.1)
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where 1 <v < 2,a,b€ Rwithb—a € N3, Nb_, ={a+2,a+3,...,b}, |\ <1, V7 (@ denotes the

v'-order Riemann-Liouville nabla difference of u based at p(a) =a—1, and f: Nj, , x R — RT.

The present paper is organized as follows: Section 2 contains preliminaries on nabla fractional
calculus. In Section 3, we establish some properties of the Green’s function associated with the
nabla fractional boundary value problem (1.1) and construct the existence of at least one, at least
two and at least three positive solutions with the help of Guo—Krasnosel’skii and Leggett—Williams
fixed-point theorems on suitable cones and under appropriate conditions on the non-linear part
of the difference equation. Finally, we conclude this article with an example to demonstrate the

applicability of our results.

2 Preliminaries

Denote the set of all real numbers and positive integers by R and ZT, respectively. We use the
following notations, definitions and known results of nabla fractional calculus [12]. Assume empty

sums and products are 0 and 1, respectively.

Definition 2.1. For a € R, the sets N, and Ng, where b—a € ZF, are defined by

N, ={a,a+1,a+2,...}, N ={a,a+1,a+2,...,b}.

Let u : N, = R and N € Ny. The first order backward (nabla) difference of u is defined by
(Vu)(t) = u(t) — u(t — 1), for t € Ngyq, and the N -order nabla difference of u is defined
recursively by (VNu)(t) = (V (VN_1U)> (t), for t € Nyyn.

Definition 2.2 ([12]). Fort € R\{...,—2,—1,0} andr € R such that (t+r) € R\{...,—2,—1,0},
the generalized rising function (many authors employ the Pochhammer symbol [33] to denote the

same) is defined by

= L(t+r)
G
Here T'(-) denotes the Euler gamma function. Also, ift € {...,—2,—1,0} and r € R such that

(t+7r)eR\{...,—2,—1,0}, then we use the convention that t" = 0.

Definition 2.3 ([12]). Lett, a € R and p € R\ {...,—2,—1}. The p'*-order nabla fractional

Taylor monomial is given by

(t—a)

H,(t,a) = Tt 1)’

provided the Tight-hand side exists.

We observe the following properties of the nabla fractional Taylor monomials.
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Lemma 2.4 ([18, 19]). Let u > —1 and s € N,. Then the following hold:

(1) Ift € N, then H,(t, p(s)) > 0 and if t € N, then H,(t, p(s)) > 0.

(2) Ift e Ng and —1 < pu <0, then H,(t,p(s)) is an increasing function of s.
(3) Ift € Ngpy and —1 < pu < 0, then H,(t, p(s)) is a decreasing function of t.
(4) Ift € N5y and > 0, then H,(t, p(s)) is a decreasing function of s.

(5) Ift € N5y and >0, then H,(t,p(s)) is a non-decreasing function of t.

(6) Ift € Ny and pn > 0, then H,(t, p(s)) is an increasing function of t.

(7) If 0 < v < p, then Hy(t,a) < H,(t,a), for each fized t € N,.

Definition 2.5 ([12]). Let u:Nyy1 — R and v > 0. The v™-order nabla sum of u is given by
t
(Vau)®) = S Hyi(tpls)uls), € Noyy.
s=a+1
Definition 2.6 ([12]). Let v : Nyy1 — R, v > 0 and choose N € Ny such that N —1 < v < N.
The v*'-order Riemann—Liouville nabla difference of u is given by

(Vi) (t) = (VN(V;(N—”>u))(t), t € Nyyn.

Lemma 2.7 ([13]). Let a,b be two real numbers such that 0 < a < b and 1 < a < 2. Then

a—1
% is a decreasing function of s for s € Ng_l'

Lemma 2.8 ([12]). Assume the successive fractional nabla Taylor monomials are well defined.
(1) Let v >0 and o € R. Then, V;YH,(t,a) = Hoyy(t,a), fort € N,.

(2) Let v, a € R and n € Ny such that n — 1 < v < n. Then, VXH,(t,a) = Ho_,(t,a), for
t € Ngqp-

Finally, we present the definition of the nabla Mittag—Leffler function which is the nabla analogue
of classical Mittag-Leffler function [14, 30].

Definition 2.9 ([12]). Let o, 5, A € R such that a > 0 and |A\| < 1. The nabla Mittag—Leffler
function is defined by

Eyop(ta) = Z AN'Hon1p(t,a), for t eN,.

n=0
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Theorem 2.10 ([23]). Assume 1 <v <2, =1 <A <1 and h: Nyro — R. The unique solution

of the nabla fractional boundary value problem

—(Z@@@H%Mﬂ:hw,teNL%

u(a) = u(b) = 0,
is given by
b
u(t)= Y G(t,s)h(s), teN,
s=a+2
where
Exvu-1(t,a
Gr(t,s) = DoremtED b o(s),
G(t S) — E)\,y,uflg? a;
’ o Av,v—1\0, @ _
Gs(t,s) = E,\)W,_l(b,a)EA’V’V_l(b’p(S)) Ekyy’y_l(t,p(s)),

Now, we state some positive properties of the Green’s function (2.3).

b
s €Ny, q,

seN .

Lemma 2.11 ([23]). Assume 1 <v <2 andt € Ngya. For each 0 < A < 1, denote by

g(A) = Z /\nHun—i-V—S(ta IO(CL))

n=0

_ikn Pt—a+vn+v—2)
— Tlt—a+1)I'(vn+v-2)

Then there exists a unique A = \(t) € (0,1) such that
g(\) = 0.

Take \* = min A(¢). Then, 0 < A\* < 1.
teNt
We observe the following properties of the nabla Mittag-Leffler function

Lemma 2.12 ([23]). Assume 1 <v <2 and 0 <\ < 1. Then,

(1) 0 < Hy—1(t,p(a)) < Expo—1(t,p(a)) fort € Ny;

(2) Expu—1(t,p(a)) is an increasing function with respect to t fort € Ng;

(3) 0 < Hy_o(t,p(a)) < VE\,—1(t,p(a)) fort € Nojq;

(2.1)

(2.2)

(4) VEx ,—1(t,p(a)) is a decreasing function with respect to t for t € Ngp1 and X € (0, \*];

(5) Expp—1(t,p(s)) < Expu—1(t,a) fort € Ny and s € Nyyq;

(6) VExv—1(t,p(8)) > VEy ,—1(t,a) fort € Ny, s € Nop1 and X € (0, \*].
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Lemma 2.13 ([27]). Let (ay) and (by) (n =0,1,2,...) be real numbers and let the power series
A(z) = Zanaz” and B(zx) = anx” be convergent for |x| < r. If b, >0, n =0,1,2,... and

n=0 n=0

the sequence (‘g—“) is (strictly) increasing (decreasing), then the function 28; is also (strictly)
n ) n>0

increasing (decreasing) on [0,7).

Theorem 2.14 ([23]). Assume 1 < v < 2 and 0 < X\ < 1 such that A € (0, \*]. The Green’s
function G(t,s) defined in (2.3) satisfies G(t,s) > 0 for each (t,s) € Nb x Nb_,. In particular,
G(a,s) = G(b,s) =0 and G(t,s) > 0 for each (t,s) € Ngj_ll x NP ,.

3 Multiple Positive Solutions

In this section, we establish sufficient conditions on existence of at least one, at least two and at
least three positive solutions of (1.1) using Guo—Krasnosel’skil and Leggett—Williams fixed-point

theorems on conical shells.

Definition 3.1. Let B be a Banach space over R. A closed nonempty convex set K C B is called

a cone provided,

(i) Mu€ K, for allu e K and A\ > 0.
(i) u e K and —u € K implies u = 0.

Definition 3.2. A functional oo is said to be a non-negative continuous concave functional on a

cone K of a real Banach space B, if as : K — [0,00) is continuous and
az(te + (1 —t)y) > tas(z) + (1 — t)az(y),
forallz,y € K and t € [0,1].

Definition 3.3. An operator is called completely continuous, if it is continuous and maps bounded

sets into precompact sets.

Theorem 3.4 (Guo—Krasnosel’skil fixed-point theorem, [24]). Let B be a Banach space and K C B
be a cone. Assume that Q1 and Qo are open sets contained in B such that 0 € Q1 and Q1 C Qs.

Assume further that T : KN (Qa \ Q1) — K is a completely continuous operator. If, either

(1) ITu| < ||u|l for u e KN O and [|[Tu|| > ||u|| for u € KN OQs; or

2) |ITu|| > ||u|| for w e KN O and [|[Tu|| < ||u|| for w e KN oQsy;
holds, then T has at least one fized-point in KN (g \ Q).

The following results are useful for the main results of this section.
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Expv-1 (a, P(S))

Lemma 3.5. Let a,b be two real numbers such that0 < a <bandl <v < 2. Then
E)\,V,V—l(b7 p(S))

is a decreasing function of s for s € Ngfl.

Proof. For each s € Ng_l, denote by
an = Hynyv—1(a,p(s)) and b, = Hyptp—1(b,p(s)), n € Np.
Clearly, a,, and b, for n € Ny are real numbers. Further, denote by
AN) = Expu-1(a,p(s)) and  B(A) = Exyp-1(b, p(s)).
We know that the power series A(\) and B(\) are convergent for [A| < 1. Also, b, > 0, n € Ny
(Clvz) _ (Hun-i-l/—l(aap(s)))

bn n>0 Hypniv—1(b, p(s)) n>0

is strictly decreasing, by Lemma 2.7. Then, by Lemma 2.13, the function

A()\) _ E)\,u,ufl(aap(s))
B()\) E>\,U7V—1(ba ,O(S))

and the sequence

is also strictly decreasing on [0, 1) for each s € Ng_l. The proof is complete. O

Theorem 3.6. There exists a number v € (0,1), such that

min G(t,s) > ymaxG(t,s) =vG(s — 1, ), (3.1)
teNd teNd

a

b— 1 b— 1
or A € (0,\*] and c¢,d € N7 such that c = a + bratl andd=a+ 3 L.
for A€ (0,)\*] and c,d € N5} such th 1 1

Proof. Tt follows from the proof of Theorem 2.14 in [23] that for each A € (0,\*], G(¢t,s) is an

increasing function of ¢ for € N5~! and is a decreasing function of ¢ for € N®. Thus, we have

max G(t,s) = G(s — 1,s) for s € NI .

tenNd
Consider
EA v,v—1 (t7 Cl) b
= N
G(ta S) — E)\,u,u—l(s — 1, a) ’ 5¢€ t+1»
G(s—1,s) EA,V7V71(t,a) EA,,,7,,,1(t7p(s))EA_,V’,,,l(b, a) sc NZ+2-

Expw—1(s—1La)  BExpu1(b,p(s) Expw—1(s — La)’

Now, for s >t and ¢ <t < d, G1(t, s) is an increasing function with respect to t. Then, we have

. E)\ v,v—1 (C, a) b
Gi(t,s) =G =" "F _1(b , e Ny .
tngll\frfl 1( 9 S) 1(07 S) E)\,y7u—1(b7 Cl) A\ v, v 1( 7p(8)) S t+1
For t > s and ¢ <t < d, Ga(t, s) is a decreasing function with respect to ¢. Then, we have

) v, v— 5
min Ga(t, 5) = Ga(d, 5) = Drww=1(d:@)

E v, v— b7 -F v,v— da ’ Nt .
teNd E)\,V,V*l(baa) A 1( p(S)) Ay, 1( ,O(S)) 5€ a+2
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Thus,

Gi(c, s), for s € Nb,

?6111\1% G(t S) = miD{GQ(d, S)v Gl (C7 5)}7 for s € Ng—;%7

c

Ga(d, s), for s € Ng o,

Ga(d,s), forse Ny ,,
Gi(c,s), forseNb,

where ¢ < r < d. Consider

E)\,y,l/—l (Ca a)

b
mingene G(t,s) Exvy-1(s—1,a) s € Ny,
(S —1 S) o E)\,V,Vfl(da a) . E)\,l/,ufl(da P(S))EA,u,ufl(l%a) s e N
E)\,V,V—I(S - 1a a) Ek,u,l/—l(ba p(s))E)\,V,V—l(S - 1a a) ’ a2
Hence,
G(t,s) > G(t 3.2
trrelggl (t,s) v()grelgg (t,s), (32)
where
E v,V— ) E v,v— b E v,V— b E v,V— b
+(s) = min Avw—1(c a) Avw—1(d,a) Avw—1(d p(8)) Exvv—1(b, a)

E)\,V,y—l(s - ]-7 (l), E)\,l/,y—l(s - ]-7 (l) a E)\,u,l/—l(bap(s))E)\,u,y—l(s - ]-7 (1)
For s € N%, denote by

E)\,y,u—l(ca (l) > E)\,u,u—l(ca a)
E}\ﬂ/,l/fl(s - 1a a) - E)\ﬂ/,l/fl(b - 1; a) .

71(s) =

Similarly, for s € Nj,_ 5, we take

E)\,u,l/fl(dv a) _ E)x,u,ufl(dvp(s))E)\,u,ufl(bv a)
EA,Z/,V—I(S - 17 a) E)\,V,l/—l(b7 p(s))E/\,V,u—l(S - 1, (l) ’

Ya(s) =

E)\,u,lzfl (d7 p(S))

By Lemma 3.5, we see that ————=
Y E)\,V,y—l(bv p(S))

is a decreasing function for s € N, ,. Then,

Ey,, 1(d,a+1)Ey\,,_1(ba
s )]

E v,V— da -

{ Aww-1(d; @) Expw1(b,a+1)

E)\,l/ﬂ/fl(da a+ 1)E>\7V,l/71<ba CL):|
E)\,y,u—l(ba a—+ 1) -

EA,V,V—l(S - 13 a)

1
— |E v,v— da -
~ Ek,u,v—l(dv (I) |: A 1( a)

Thus,

min G(t, s) > 7 max G(t, s), (3.3)
tENd eNg

where
E/\,l/,llfl(c7 a) 1 E)\}V,llfl(da a—+ 1)E/\,l/,l/71(b7 a)

= min , 1 —
7 E)\,l/,l/—l(b - 1a Cl) E)\,V,u—l(ba a+ I)E)\,V,u—l(da Cl)
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Since Gi(c,s) > 0 and Ga(d,s) > 0, we have v(s) > 0 for all s € N®_,, implying that v > 0. It
EA,U,U—I(Ca a) N E)\,l/,u—l(da a+ I)E)\,l/,u—l(ba CL)

would be suffice to prove that one of the terms ,
P E/\,V,V*l(b_ 170/) E)\ﬂ/,l/fl(b?a/—i_ 1)E)\7V,V*1(d7 a)
is less than 1. It follows from Lemma 2.12 that

E}\,Uﬂ/fl (Ca a)

1.
E)\,u,u—l(b - 17 CL) =

Therefore, we conclude that v € (0,1). The proof is complete. [

By Theorem 2.10, we observe that w is a solution of (1.1) if and only if u is a solution of the

summation equation
b

u(t) = Z G(t,s)f(s,u(s)), teN (3.4)

s=a+2
Note that any solution u : N2 — R of (1.1) can be viewed as a real (b — a + 1)-tuple vector.
Consequently, v € R®~**1, Define the operator T : Rb=a+1 — Rb—at1 by

b

(Tw)(t) = Z G(t,s)f(s,u(s)), te&N°. (3.5)

s=a+2
Clearly, u is a fixed-point of T if and only if u is a solution of (1.1). We use the fact that Rb—o+1
is a Banach space equipped with the maximum norm |ul| = max;eny |u(t)|, for any u € RO—a+1,

Denote by
B={u:N =R |u(a)=u(d) =0} C R (3.6)

Clearly B is a Banach space equipped with the maximum norm i.e.
u|| = max |u(t)|.
Jull = max (o)
Since T is defined on a discrete finite domain, it is trivially completely continuous. Define the cone
K={uecB:u(t)>0forteNt and min u(t) > vy|lull}- (3.7)
tENd
Lemma 3.7. For A € (0, \*] the operator T maps K into itself.

Proof. Let u € K. Clearly, (Tu) (t) > 0, whenever u € K. Consider

b

b
min (Tu) () = {16111@ Z G(t,8)f(s,u(s)) > Z min [G(t, s)] f(s,u(s))

teNd ¢S soay o tEN?
b b
> 3 ymax[G(t, )] f(s,uls) > ymax S Gt 5)f(s,uls))
teNd teNd
s=a-+2 a e s=a+2

b
= ymax Z G(t,s8)f(s,u(s))
s=a+2

tenNd
=l Tu]-

Thus, we have T : K — K and it is completely continuous. The proof is complete. O



Positive solutions of nabla fractional boundary value problem 477

Take
1
n=— .
Z G(s—1,s)
s=a—+2

Theorem 3.8. Assume f(t,u(t)) satisfies the following conditions for 0 < ry < ry

(i) There exists a number 11 > 0 such that f(t,u(t)) < nri, whenever 0 < u <ry.

(ii) There exists a number rz >0 such that f(t,u(t)) = T2, whenever yra < u < rs.
Then, for A € (0, \*] the BVP (1.1) has at least one positive solution.
Proof. We know that T': K — K is completely continuous. Define the set
O ={ueK:|ul|<r}

Clearly, Q1 C 3 is an open set with 0 € Q. Since ||u|| = 1 for u € 94, condition (¢) holds for all
u € 9Q4. So, it follows that

b b b
Tul| = G(t < G(t < G(s—1
[Tu] max 82;2 (t,5)f(s,ul(s)) < 2 max (t,5)f(s,u(s)) < nr1 s§+2 (s—1)

=71 = [u].
implying that ||Tu| < ||u|| whenever w € K N 0€y. On the other hand, define the set
Dy ={ue K :|u| <re}.

Clearly, Q2 C 3 is an open set and Q; C Q. Since ||u|| = ro for u € 9Qs, condition (i) holds for
all u € 09Qs.

Thus, we have

b b
| Tu| > min Z G(t,s)f(s,u(s)) > Z min G(t,s)f(s,u(s))
bENG s=a+2 s=a+2 tENG
b b
>y Z G(s—1,5)f(s,u(s)) > nra Z G(s—1,s)
s=a+2 s=a+2

=72 = ||ull

implying that ||Tu|| > |Ju|| whenever u € K N9Qs. Hence by part 1 of Theorem 3.4, T has at least
one fixed-point in K N (Q1\Q1), say ug satisfying r1 < ||ug| < 72 O
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Theorem 3.9. Assume f(t,u(t)) satisfies the following conditions

(i) There exists a number ro > 0 such that f(t,u(t)) < nra, whenever 0 < u < ry.

t,u(t t,u(t
(1) lim min L ult)) =00, lim min 7f( ult)) =00
u—0+t teN? u u—00 teNb u

Then, for X € (0,\*] the BVP (1.1) has at least two positive solution.

Proof. Let us choose a number N > 0 such that

N
J>]_’
n

by condition (i) there exists a number 7* > 0 such that r* < r1 < r9 and f(t,u(t)) > Nu for
u € [0,7*] and t € Nb. Define the set Q.+ = {u € K : |jul| < 7*}. It can easily be shown that
I Tu|| > |Ju||, for u € 0Q,« N K.

Next for the same N, we can find a number Ry > 0 such that f(¢,u) > Nu for u > Ry and t € Nb.
Choose R such that R = max {7‘2, %} Define the set Qg = {u € K : ||u]| < R}. We can show
that | Tul| > ||lul|, for u € 0Qr N K.
Finally define the set

Qo ={uek:u| <ra}.

Since ||u|| = 72 condition (¢) holds for all u € 9Qs. Then, we have

b b
ITul =max > G(t,5)f(s,u(s)) < Y max[G(t,s)] f(s,u(s)

b s=a+2 s=a-+2

b
<rom Z G(s—1,8) =rs.
s=a-+2

Implying [|Tu| < |lul|, for u € 99Q,, N K. Hence, we conclude that T has at least two fixed-points
say uy € QQ\QT* and uy € QR\QQ, where € denoted the interior of the set . In particular (1.1)
has at least two positive solutions, say u; and us satisfying 0 < ||u1|| < ro < |lua||. The proof is

complete. O

We state here the Leggett—Williams fixed-point theorem as follows. The proof can be found in [26]

and also, we would like to refer here a paper by Kwong [25] on the same.

Denote

K.={ue K : |u|| <c},
Keaala,h) ={u € K : a < ag(u), Jull < b},

where o5 is defined as in Definition 3.2.
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Theorem 3.10 ([1]). Let T : K. — K. be completely continuous and oo be a non-negative
continuous concave functional on K, such that as(u) < ||ul|, for all u € K.. Suppose there exists

0<d<a<b<c, such that

(1) {u € Ka,(a,b) : az(u) > a} #0 and az(Tu) > a, for u € Kau,(a,b);
(2) 1Tl < d, for [lu]| < d;
(3) az(Tu) > a, for v e K, (a,c) with ||Tul > b.
Then, T has at least three fized-points uy,us,us satisfying
[utll < d,  a < az(uz),
and
lus|| > d and az(us) < a
We introduce here growth conditions on the non-linear function f in line with [1].

Theorem 3.11. Suppose there exists numbers a’,b’,d’ € RT, where 0 < d' < a’ <~V <V, such
that [ satisfies the following

/

(1) f(t,u(t) > 7” fueldv);
(2) f(t,u(t)) <d'n, ifue[0,d];

(3) There exists ¢’ such that ¢ > b and if u € [0,c] then f(t,u(t)) < n;
Then, the boundary value problem (1.1) for A € (0, \*] has at least three positive solutions.

Proof. Define a non-negative continuous concave functional ag : K — [0,00) with as(u) < [ull,
for all u € K, by

as(u) = 5211\113 u(t).

Claim 1: If there exists a positive number r such that u € [0, r] implies f(u) < rn, then T : K, —
K,.
Suppose that v € K,. Then,

b b
Tul| = G, <
ITull = max > Glts) max [G(t, )] f(s, u(s))
@ | s=a+2 s=a-+2

b

= Z G(s—1,s)f(s,u(s))
< Z (s—1,8)=r.

s=a-+2



480 N. S. Gopal & J. M. Jonnalagadda CUBO

24, 3 (2022)

Thus, T : K, — K,. Hence, we have that if condition (3) holds, then there exists a number
¢ such that ¢ > ¥ and T : K, — K. . Note that with 7 = d’ and using condition (2), we
get that T : Ky — K.

Claim 2: {u € K,,(a’,V) : aa(u) > a'} # 0 and aa(Tu) > a’ for u € K,,(a', V).

Since u = “lgb/ €{u€ Kau,(a',b) : aa(u) >a’'} #0. Let u € Ky, (a’,b'). By using condition

(1), we have

b
as(Tu) = min Z G(t,s)f(s,u(s))| > Z min [G(t, s)] f(s,u(s))

- teNd
s=a+2 s=a+2 &he

Thus, if u € K,,(a’,V’), then as(Tu) > d'.

Claim 3: If u € K,,(d/,c) and ||[Tu|| > b then ao(Tu) > a'.

Suppose u € K,,(a’,¢') and ||Tu|| > b'. Then,

b b
as(Tu) = min Z G(ts)f(s,u(s))} > Z min [G(t, s)] f(s,u(s))

tGNg s=a+2

b b
>y 3 max[G(ts)]f(s,u(snzvmax[ S Glts) (s uls)

teNd teNd
s=a+2 e €

= || Tul| >~ > d'.

Thus, as(Tz) > d'.

Hence all the hypothesis of the Theorem 3.10 are satisfied. Therefore, the boundary value problem

(1.1) has at least three positive solutions u,us and ug satisfying
lui|| < d', o < as(us),

and

|lus]] > d' and aa(usz) < a'.

The proof is complete. O
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Example

In this section, we have constructed a suitable example to illustrate the applicability of the estab-

lished results.

Example 3.12. Tuke v =15, a=0,b=5, and f(t,u(t)) = 55 (vu+u?). Then, (1.1) becomes

1
- (v},(%)u) () + Ault) = o5 (Va+u?), teng, .
u(0) = 0 = u(5).
Choose \* = 0.007. Then, we get
1 E
= = 215.05(5.0) — 0.2473,
Z G(s—1,s) ZE)\,L&,O‘S(S —1,0)Ex1.5,05(5,s—1)

s=2 s=2

By taking ro = 2, we have
1 2 1 2
Jtw) = 5 (\/a+ u ) < 5 (,@ n 7’2> — 0.270 < 1ry = 0.4946,

implying that f(t,u) satisfies conditions (i) and (ii) of Theorem 3.9. Thus, all conditions of
Theorem 3.9 are satisfied. Hence, (3.8) has at least two positive solutions uy and ug such that

0 < JJurll <2 < JJuz|.
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1 Introduction

R. L. Bishop and B. O’Neill [3], introduced the notion of warped product space to study the
examples of complete Riemannian manifolds of negative sectional curvature. Authors proved that
the completeness of warped space is followed by the completeness of base and fiber spaces. Further,
the results for isometrically immersed warped product manifold into some Riemannian manifold
were considered in [5, 6, 7]. In [9, 19], authors studied the conditions for the warping function to
become a constant by using the relation between the scalar curvatures of a warped manifold with

its base and fiber spaces.

The concept of the warped product has been generalized to the twisted warped product [11, 28],
the doubly warped product and the multiply warped product [25, 32, 33]. A multiply warped
product is a product manifold M = B x M7 X My X - -+ X My, equipped with the metric

g=1"(g98) + (f1om)*m3(g1) + (f1 o m)?m5(g2) + - + (f1 0 m1)*75(gk),

where (B, gp) and (M;, g;), i € {1,...,k}, are pseudo-Riemannian manifolds, f; are smooth func-
tions on (M;,g;) and 7; are projections from M to M;. In particular, if B = (a,b), k = 1 and
gp = —dt?, then M is known as a generalized Robertson-Walker spacetime [1, 10, 31]. A general-
ized Robertson-Walker spacetime with a fiber of constant scalar curvature is known as a Robertson-
Walker spacetime. The simplest example for Robertson-Walker spacetime is an Einstein static uni-
verse. The product manifold M = M; x My with metric g = (f2 o m2)?7 (g1) + (f1 0 m1)%75(g2) is

known as a doubly warped product space.

A pseudo-Riemannian manifold M with metric g is an Einstein manifold provided Ric = c¢g, where
Ric is a Ricci curvature and c is some real constant. The Einstein metric g is of much interest,
both in geometry and physics. A warped product with a constant warping function is considered
as simply Riemannian product. In [2, p. 265], A. L. Besse proposed the question, “Does there
exist a compact Einstein warped product with non-constant warping function?”. Some answers
to the question were given in [16, 30]. If M is an Einstein warped product space of nonpositive
scalar curvature with a compact base manifold, then the warped product space is reduced to a
simply Riemannian product [16]. In [24, 26], authors studied Einstein warped product space by
using quarter and semi symmetric connections. The triviality results for Einstein warped product

space with non-compact base manifold were studied in [30].

In 1976, Milnor investigated the curvature properties of left-invariant metrics in Lie groups [20].
Most of the Lie groups carry the more than one left-invariant metric, because in [18], authors
showed that for a non-Abelian Lie group with a unique left-invariant metric up to homothety,
the group is either the hyperbolic space H", or R" ™3 x Hs, where Hs is a Heisenberg group.

The Heisenberg group Hj3 has a unique Riemannian metric up to homothety, whereas it has three
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metrics in the Lorentzian case [29]. Classifications for four-dimensional nilpotent Lie groups were
considered in [4, 17]. The class of Lie groups obtaining a bi-invariant metric is smaller than that
of Lie groups with a left-invariant metric. In [14, 15], authors study the warped product Einstein
metrics on spaces of constant scalar curvature and homogeneous spaces. The classifications of
warped product Einstein metric were studied in [13]. In [8; 22], the authors study the general

helices and slant helices in three dimensional Lie group equipped with a bi-invariant metric.

In our paper, we discuss the few possible answers to the question “Does there exist a compact
Einstein warped product with non-constant warping function?” for a compact Einstein warped
product of Lie groups. We know that every compact Lie group has a bi-invariant metric and
bi-invariant metric is much easier to handle than the left invariant metric. That is why, we use
the bi-invariant metric in our paper. Now the results of the left invariant metric are still open
to study. Section 2, of this paper includes some of the basic results. The central part of our
paper is section 3, where we prove our main results for a warped product having either base
manifold or fiber manifold is a compact Lie group with bi-invariant metric, coming from the
Killing form. We show that an Einstein warped product space of nonnegative scalar curvature
with a one-dimensional base manifold (Riemannian manifold) and fiber being a compact Lie group
with bi-invariant metric, coming from the Killing form does not exist. Also, the characteristic of
warping function in generalized Robertson-Walker spacetime is studied in Theorem 3.9. Finally,
we give examples of warped products, obtained using a semi-simple compact Lie group taking

bi-invariant metric from the Killing form.

2 Preliminaries

A Lie group G; is a smooth manifold with a group structure such that the multiplicative and
inverse maps are smooth. To study the geometry of GGy, it becomes necessary to associate a left
invariant metric with it. A metric in which left multiplication behaves as an isometry is known
as a left invariant metric, and for a metric in which right multiplication behaves as an isometry is
known as a right invariant metric. Left multiplication and right multiplication on G1, are defined
as Lq, : G1 — G1, Lg,x1 = a121 and R, : G1 — G, Ry, x1 = 2101, for all a;,x1 € G1. Let g, be
the Lie algebra of G1, then an adjoint representation, Ad : G1 — g,, of a Lie group G; is a map
such that Ad,, : g, — ¢, is linear isomorphism given by Ad,, = d(Ral—l 0 Lo, )e, for all a, € Gj.

An inner product g; on g, is said to be Ad-invariant if
gl(Ada1X17 Adalyl) = gl(Xla Yl)a

for all a; € Gy and X1,Y] € g,.

A metric gy, which is both left invariant and right invariant is said to be a bi-invariant metric.
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The metric g; is bi-invariant if and only if
g1([S1, K1), Tv) = g1(K1, [Ty, S1]) = 91(Sh, [K1, Th)),
for all S1, K1,T; € g,. Also, using the Koszul formula and above equation, we obtain
1
Vs, K1 = 5[51,K1], vV S1,K1 € g1

Corresponding to bi-invariant metric g; on m1- dimensional Lie group G1, the Riemann curvature

tensor R, and the Ricci tensor Ric, are given by

R(X1,Y1)Z, = - [[X1, Y1), Z4],

A~ =

. 1
Ric(X1,Y1) = 191([X17Ei]’ Y1, Ei]),

where {E1, ..., Epn, }, is an orthonormal frame for g,. From [12, p. 622], we get the existence of

bi-invariant metric on Lie group.

Proposition 2.1. Let Gy be a Lie group with Lie algebra g, and metric g1, then g induces a
bi-invariant metric if and only if Ad(G1) is compact. In other words, every compact Lie group has

a bi-invariant metric.

Also, for a connected Lie group Gj, the metric g; induce a bi-invariant metric if and only if

Adg, : g1 > 91, is skew adjoint for all a; € Gy, which means
91(Adg, X1,Y1) = —91(X1, Ady, Y1), vV X1,Y1 €9,

Definition 2.2 (]2, 23]). The Killing form B : g x g — R is a symmetric B(X1,Y1) = B(Y1, X1),
Ad(Gh)-invariant B([X1,Y1], Z1) = B(X1, [Y1, Z1]) and bilinear form, defined by

B(X1,Y1) = tr(ad(X1) o ad(Y1)),
where ad(X1) : g1 — g1 s a map, sending each Z; to [X1, Z1], for all X1,Y1,7Z1 € g,.

A Killing form on a Lie group G; is nondegenerate if and only if G; is semisimple. In case of
compact semisimple Lie group, the Killing form is always negative definite. From [23, p. 304-306],

we have
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Corollary 2.3. Let Gy be a semisimple compact Lie group with bi-invariant metric g1, then

(a.1) For nondegenerate plane spanned by S and K in gy, the sectional curvature is given by

/Cil( g1([S, K1, [S, K]) )
4 gl(S>S)gl(KvK) _91(57[()91(5’[() '

(a.2) If the metric g1 is induced from the Killing form, then G is an Einstein (Ric; = —igl) and

the scalar curvature (1), is given by

T= idim(G).

It is clear from (a.1), that if g; is a Riemannian metric then K > 0 and K = 0, if G is an Abelian
group.

Let (M1,g1) and (Ma,g2) be two pseudo-Riemannian manifolds of dimensions mj, mo and f;
be a positive smooth function on M;. Then for natural projections w1 : My x My — M; and
7o My x My — My, the warped product (M = M; xj, Ms,g) is a product manifold My x M,

with the metric

g=mi(g1) + (f1 o m)’m5(g2),

where * representing the pull-back operator and f; is a warping function on M. Whereas M; and
M, are known as the base, and the fiber of (M, g), respectively. Let Ric, Ric; and Rice are Ricci
tensors on M, My and My, respectively. Then from [23, p. 211], we have

Proposition 2.4. Let M = M, Xz, My be a warped product space, then Ricci tensors on M, M,
and My, satisfies
Ric = Ricy — %Hfl 4 Ricy — fugg, (2.1)
1

where f* = —fLAf1+(ma—1)g1(grad fi, grad fi). Here grad fi, H" and Af, denote the gradient
of f1, the Hessian of fi and the Laplacian of fi, defined as Af, = —trH1,

Corollary 2.5. The warped product M = My x ¢, My is an Einstein with Ric = \g if and only if
(a.3) Rici = Ag1 + %Hfl,
1

(a.4) (Msy,go) is an Einstein, such that Ricy = vgy, where v = f* + \f2.

3 Main results

Proposition 3.1. Let (Ma, g2) be a pseudo-Riemannian manifold and (G1,¢1) be a semi-simple

compact Lie group whose bi-invariant metric coming from the Killing form. Then warped product
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manifold (M = Gy Xy, Ma,g), is an Einstein manifold (Ric = \g) if and only if

144X
(a'5) Hfl — 7Mgla
4m2

(a.6) (Maz,g2) is an Einstein with Rica = vgs, where

v=—fiAfi + (m2 — L)gi(grad fi,grad fi)+ Af3.

Proof. Let (M = Gy Xy, M, g) be an Einstein manifold (Ric = A\g), where (M>, g2) is a pseudo-
Riemannian manifold and (G4, ¢1) is a semi-simple compact Lie group taking bi-invariant metric

from the Killing form. Then from (2.1), we have
Ag1 + f2Ags = Ricy — LJ’? H7' + Rics — figs, (3.1)
1

where ) is some constant and f* = —fiAf; + (mo — 1)g1(grad fi,grad fi1). Now, by restricting

the argument (horizontal and vertical vectors) on Gy, M, and taking Ric; = —+g; in (3.1), we
get
1
Ag1 = g - Z2HS,
4 h (3.2)

f12)\gg = RiCQ — fﬂgg.

Conversely, assume that (M = Gy X, Ma, g) be a warped product with conditions (a.5) and (a.6).
Then from (2.1), we get

Rz’c:)\gl—k%Hfl —%Hfl +vgs — fPgo. (3.3)
1 1

Since v = — f1Af1 + (ma — 1)g1(grad f1,grad fi1) + \f?, so from (3.3), we have

Ric = \Ng1 + fig2) = Ag. (3.4)
0

Proposition 3.2. Let (M1, ¢1) be a pseudo-Riemannian manifold and (Gs, g2) be a semi-simple
compact Lie group whose bi-invariant metric coming from the Killing form. Then warped product
manifold (M = M,y Xy, Ga,9), is an Einstein manifold (Ric = \g) if and only if

m

(a.7) Ricy =Ag1 + f—2Hf1,
1

(a.8) (Ma,g2) is an Einstein with Rico = vgs, where

1
v=—7< —fiAfi + (ma — Dgi(grad fi,grad fi) + AT
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Proof. Since (G2, g2) is a semi-simple compact Lie group taking bi-invariant metric from the Killing

form, so using Ricy = —1g2 in (a.6), we have
Ricy = — gy = vgs = (f* + A2 O
icz = =192 = vg2 = (f* + Afi)g2.

Lemma 3.3 ([16]). Let f1 be a smooth function on semi-Riemannian manifold My, then the

divergence of Hessian tensor satisfies
div(H')(X1) = Rici(grad fi,X1) — d(Af1)(X1), (3.5)

for all X1 € TT M.

Theorem 3.4. Let (G1,g1) be a semi-simple compact Lie group of dimension my > 2 and whose
bi-invariant metric coming from the Killing form. If 4moH't + (1 4+ 4\)f1g1 = 0, where X € R,

mo € N and f1 is a non constant smooth function on Gi, then fi satisfy the condition

v=—fAf1+ (my—Dgi(grad fi,grad fi)+ Af7,
where v € R.

Proof. The trace of (a.5), provide us

%Afl + % =0. (3.6)
On differentiating (3.6), we get
7 (Ahdf = fd(AR) =0 (3.7)

By the definition of divergence and Hessian for any vector field X; and g;-orthonormal frame

{E1,...,En, } on Gy, we have

1

div (;m) (X)) = ;q (DEi(%Hfl))(Ei,Xl)

1 1
= —— H' (grad f1,X1) + div(H")(X)), (3.8)
fi f1
where ¢, = g1(E;, F;). Using the fact that Ric; = f%gl, in equation (3.5), the divergence of

Hessian becomes
div(H")(X,) = —igl(grad f1, X1) — d(Af)(X1). (3.9)



492 B. Pal, S. Kumar & P. Kumar CUBO

24, 3 (2022)

Also, from (a.5) and H''(grad f1,X1) = (Dx,df1)(grad fi) = 1d(gi(grad fi,grad fi)), we have

—igl(grad f1,X1) = Qm—gd(gl(grad fi,grad f1))(X1) + Adf1(Xq). (3.10)

In view of equations (3.9) and (3.10), the equation (3.8) becomes

div <1Hfl> = i2((7712 — 1)d(g1(grad fi,grad f1)) + 21 fidfi(X1) — 2f1d(Af1))- (3.11)
f1 211

But the divergence of (a.5), implies that div (%Hfl) = 0. Hence from (3.11), we get

(ma — 1)d(g1(grad fi,grad f1)) + 2\ fidfi — 2f1d(Af1) = 0. (3.12)

Therefore from equations (3.7) and (3.12), we obtain

d((ma = V(a1 (grad fr.grad £1)) + XS} = fu(AR)) = d(v) = 0. (3.13)

Hence from equation (3.13), we can conclude that for a compact Einstein manifold (Ms, g2) with
dimension my and Ricy = vgs, the construction of an Einstein warped manifold M = G x ¢ M>

is possible. O

Corollary 3.5. Let M = G x ¢, My be an Einstein warped product space with semi-simple compact
Lie group G1 of dimension m; > 2 and whose bi-invariant metric coming from the Killing form.

Then M reduces to a simply Riemannian product.

Proof. Rearranging the equation (3.6), we have

(1 + 4/\)m1

A =
h e

fi- (3.14)

1

As X is a constant, so for A < —7,

equation (3.14) implies that Af; < 0, hence f; is constant.
Similarly if A > —i, then Af; > 0. Since according to the weak maximum principle, if f; is
subharmonic or superharmonic i.e. (Af; >0 or Af; < 0), then f; is constant [27, p. 75]. Hence

M is a simply Riemannian product. O

In our next result, we prove that if fiber space of warped space is also a semi-simple compact Lie
group of dimension msy > 2 and inherits the bi-invariant metric from the Killing form, then the

only possible values for f; are £1.

Corollary 3.6. Let G1 and Ga be semi-simple compact Lie groups of dimensions mi,ma > 2 and
bi-invariant metric tensors coming from their respective Killing forms. Then M = Gy xy, Ga is

an Finstein if and only if f1 = £1.
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Proof. Let M = Gy %y, G2 be an Einstein, then from Proposition 3.1, Corollary 3.5 and using the

fact that Rico = —igg, we obtain, v = \ = —%. Therefore f2 = 1.

Now conversely assume that f; = +1, then Ric = Rici + Rics = —1(g1 + g2) = —1g, hence
M = G1 x G5 is an Einstein. O

Next, we consider those warped product spaces whose base is any pseudo-Riemannian manifold
and fiber space is a semi-simple compact Lie group of dimension msg > 2, taking bi-invariant metric

from the Killing form.

Theorem 3.7. Let M = M; xy, Ga be an Einstein warped product space with fiber G as a
semi-simple compact Lie group of dimension ms > 2 and having bi-invariant metric coming from
the Killing form. If M has negative scalar curvature, then the warped product becomes a simply

Riemannian product.

Proof. Let M = My xy, G2 be an Einstein warped product space with fiber G as a semi-simple
compact Lie group of dimension my > 2, having bi-invariant metric is coming from the Killing

form. Then from (a.4), we can say that

~FAS+ (ms — Vi (grad figrad £i) 4 A7 =~ (315)

Since M is an Einstein, therefore the trace of Ric = Ag, implies that
7= Amy + ma), (3.16)

where 7 is a scalar curvature of M. Now assume that p; and ps are maximum and minimum points
of f1 on Mj. Therefore grad f1(p1) = grad fi(p2) =0, Afi(p1) > 0 and Afi(p2) < 0. From (3.16)
it is clear that 7 < 0, implies A < 0, therefore

fip1)? = filp2)? = AMi(p1)? < AMi(p2)® = Mi(p1)® + % < Mi(p2)® + i, (3.17)

where v is some constant. Since Afy(p2)f(p2) < 0 and Afi(p1)f(p1) > 0, therefore from (3.15),
Afi(p2)? + % <0 and Afi(p1)? + i > 0, gives us

Af1(p2)® + i <Afi(p)® + i (3.18)

Comparing equations (3.17) and (3.18), we have f1(p1) = f1(p2) for A < 0. O

Theorem 3.8. Let M = I xy, Gy be an Einstein warped product space with the metric g =
dt? + fi(t)g2, where I is an open interval in R and Go is a semi-simple compact Lie group of

dimension mo > 2 and having bi-invariant metric coming from the Killing form. If M has non
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negative scalar curvature, then there does not exist any such fi, so that M = I xy, G is an

Einstein warped product space.

Proof. Let M = I x ;, G2 have positive scalar curvature (A > 0). Then taking f; = €2, the Hessian
of f1,

I{f1 = 765 + 4 6%
Using the above equation in (a.7), we have
u” (ul)Q A
— =——. 3.19
Also, from (a.8), we get
u (u/)2 (u/)Q 1
L Sl A= e 2
<2+ 4)+(m2 )4 + 1€ (3.20)
Thus from (3.19) and (3.20), we obtain
1 4
) =- T —A). 21
=g+ ) o2

The possible solutions for (3.21) (with the help of Maple), are

w— —In ( _ 4)\(m271))’

ma2
u:_ln(_zl(%tl))\(l—l—taﬁ(—\/mzj‘*‘c\/mzz)))’

where c¢ is some constant. It is clear from (3.22) that the function w is not well defined. Furthermore,

(3.22)

as u is a real valued function, therefore (u/)? > 0 and — (e‘“ﬁ + %ZA) < 0, for any point on
I. Therefore from equation (3.21), we can conclude that there does not exist any real solution for

the equation.
For A =0, (a.7) and (a.8), imply that f{ = 0 and f1f{' + (mz —1)(f{)? = —%, respectively. Hence

fi—at+b — (ms—1)(a)? = —i, (3.23)

where a and b are some real constants. Thus from (3.22) and (3.23), we can say that there does
not exist any such f; such that M = I Xy, G2 be an Einstein warped product space of non negative

scalar curvature. O

Next, we find the characteristic of warping function in generalized Robertson-Walker spacetime,

whose fiber is semi-simple and compact Lie group of dimension mgy > 2.
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Theorem 3.9. Let M = I xy, Gy be an Einstein warped product space with the metric g =
—dt? + f2(t)ga, where I is an open interval in R and Gy is a semi-simple compact Lie group of

dimension ms > 2 and having bi-invariant metric coming from the Killing form. Then

(1) If M is Ricci flat, then there exists a non-constant function fi on I such that f; =

1
2\/m2—1t+
b, where b is some constant.

(#3) If M has positive scalar curvature (1 > 0) or negative scalar curvature (7 < 0), then there

does not exist any such fi, so that M = I x ¢ Gg be an Einstein warped product space.

Proof. Let M = I x, G5 be an Einstein warped product space with the metric g = —dt? + f2(t)go,

then from Proposition 3.2, we get

=2 and g (ma - DU A= -, (321)

From these two differential equations, we obtain

)\(1 —|—m2) 2 1

(f1)" = malms — 1)t~ 4(ms — 1) (3.25)

As X is constant, therefore to obtain the solutions for differential equation (3.25), we have to

consider all possible values of .

(¢) If A =0, then from (3.25), we obtain

1
2\/m2 —1

where b is some constant. Since f; is also satisfying (3.24), hence in the Ricci flat manifold

= t+0b, (3.26)

case, it is possible to find a non-constant function on I.

(#4) (a) Let M be an Einstein manifold with positive scalar curvature A > 0, then from (3.25),

the possible solutions are

h =%/ s

4)\(1+m2)’
A(1+mg) A(1+mg)
£ = ma(me— 1 mz(mz’fl)(cl—t) + e,/ 7n,2(7nZL—21)(t_cl) (3 27)
1 2\/)\(1+m2) 4(mz 1) ) .
A(1+ma) A(d+mg)
fl _ mo(mo—1) ( 771]’2(7"’;”_21)(157@) + 6,/ m2(m2_21>(c17t))
2¢/A(1+m2) 4(ma—1) ’

where ¢; is some constant. As ms > 2, s0 f; = £ ¢ R, hence constant

4)\(1+MQ)
solution of f; is not possible. From second and third part of (3.27), we have

"_ )‘(1 + m2)
mg(mg — 1)

fi. (3.28)
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Equation (3.28), showing that second and third part of (3.27), is not satisfying (3.24).
Hence there does not exist such type of fi; which satisfies the equation (3.24) for A > 0.

(b) Let M be an Einstein manifold with negative scalar curvature A < 0, then (3.25),

reduced to
72 a(l+ma2) . 1
4+ —f = 3.29
(fl) mz(m2 7 1)f1 4(77’2,2 o 1) ( )
where A = —a and «a is some positive real number. The solutions for differential equation
(3.29), are

fl = :l:‘ /‘4a(zn_~_2m2)a (3 30)

flzj: ﬁsin( %(—t—&—cl))

Since solutions obtained in (3.30), are not satisfying the equation (3.24), hence there is

no solution for (3.24). O

Examples for warped product of Lie groups

The Lie groups SU(n), n > 2, and SO(n), n > 3 are examples of semi-simple compact Lie groups.
The Lie algebra su(n) of SU(n), set of n x n skew hermitian matrices with zero trace. For n = 2,

the elements of su(2),

ait az + ast
X1

) ai,az,a3 € R.
—ag + ast —ail

Similarly, If Y7 € su(2), then

b1t by + b3t

Yl = y b1,b2,b3 € R.
—by + b3t —bye
The basis E;, Es and Ej3, for su(2), can be chosen as
0 1 0 ¢ ¢t 0
El = ) E2 = ) E3 -
-1 0 ¢ 0 0 —¢

Hence Adx, and Adx,, are obtained as
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0 —2@1 2(13 0 —2b1 2b3
AXm = 2a1 0 —2as | AdX2 = 201 0 —2by
—2(13 2(12 0 —2b3 2b2 0

Thus, the Killing form B(X7,Y7) on su(2), will be
B(Xl, Yl) = t’l‘(AXm o Adyl) = —8&1()1 - 8&2[)2 — 8&3()3 = 4tT(X1Y1).
So, we can made the following examples from all the above discussions.

1. The warped product manifold M = SU(2) x 4, M, with metric g = B+ fZgo, where (Ma, g2) is

any pseudo-Riemannian manifold and non constant function f; on SU(2), is not an Einstein.

2. The product manifold M = SU(2) x SO(2), with metric g = By + B, is an Einstein manifold,

where B; and Bs are Killing forms on su(2) and s0(2), respectively.

Conclusion 3.10. In [21], Mustafa proved that for every compact manifold Gy there exist a metric
on it such that non trivial Einstein warped products with base Gy cannot be constructed. In our
paper, from Corollary 3.5, we can say that bi-invariant metric generated by the Killing form on
semi-simple compact Lie group G1 is one in which we cannot construct non trivial Einstein warped

product with base Gy.
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RESUMEN

En este articulo establecemos algunos resultados sobre la ex-
istencia de infinitas soluciones para una ecuacion eliptica que
involucra los operadores p-biarménico y p-Laplaciano acopla-
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1 Introduction

In this paper we investigate the existence of infinitely many solutions to the following p-biharmonic

elliptic equation with Navier conditions,

A2u— Apu+ V(x)|uP~2u = Af(z,u) + pg(e,u) inQ

P
u=Au=0 on 2 Fan)

where Q@ C R™ (n > 1) is a bounded domain with smooth boundary 92, p > max {17 %}, Af,u =
A(|AuP72Au) is the p-biharmonic operator, Ayu = V(|Vu[P~2Vu) is the p-Laplacian operator,
V € C(Q) satisfying infgV > 0, f,g: 2 x R — R are two Carathéodory functions with suitable
behaviors, A € R and p > 0.

In the last years several authors have showed their interest in fourth-order differential problems
involving biharmonic and p-biharmonic operators, motivated by the fact that this type of equations
finds applications in fields such as the elasticity theory, or more in general, in continuous mechanics.
In particular, the fourth-order elliptic equations can describe the static form change of beam or
the motion of rigid body, so they are widely applied in physics and engineering. In 1990 Lazer and
Mckenna, in a large paper in which they investigated the oscillatory phenomena that led to the
collapse of the Tacoma Narrows bridge, considered fourth-order problems with the nonlinearity
(u+ 1)" — 1; this nonlinearity is useful to study traveling waves in suspension bridges. Anyway
the same authors observed that this kind of problems are interesting also when this particular

nonlinearity is replaced by a somewhat more general function F(-,u) (see [24, 31, 32]).

As regards fourth-order differential problems involving biharmonic and p-biharmonic operators,
a non-negligible part of the literature is devoted to the study of the existence of infinitely many
solutions to problems involving only the biharmonic or p-biharmonic operator (see, for instance,
[2,4,5,6,9,10,17, 18, 19, 29, 30, 40]) or considering also the presence of Laplacian or p-Laplacian
operator ([22, 26, 38, 42, 43]) and/or a term with a potential function ([11, 12, 13, 25, 28]); some

authors have also recently considered the case in which a nonlocal term is present ([16, 41]).

Unlike some papers concerning problems set in an unbounded domain (see [2, 4, 11, 12, 13, 18,
19, 30] and above all [25] which inspired us in the choice of this type of problem), most of the
literature is devoted to the bounded case. In this case, different approaches have been adopted for
obtaining infinitely many solutions. In a lot of papers symmetry conditions on the nonlinearities are
assumed together with the use of the symmetric mountain pass theorem of Ambrosetti Rabinowitz

(see [26, 40]) or with the use of the fountain theorem ([38, 42, 43]).

In our investigation the approach is variational. More precisely we will apply the following critical
point theorem that Ricceri established in 2000 ([34, Theorem 2.5]), recalled below for the reader’s

convenience.
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Theorem 1.1. Let X be a reflexive real Banach space, and let ®,¥ : X — R be two sequen-
tially weakly lower semicontinuous and Gateauz differentiable functionals. Assume also that ¥ is

(strongly) continuous and coercive. For each r > infx U, we put

r) = inf e
2(r) z€W—1(]—o00,r[) r— ()

where —1(] — oo, (), is the closure of W~1(] — oo, r[) in the weak topology. Fized X\ € R, then

a) if {rr} is a real sequence such that klim T =400 and @(ry) < A, for each k € N, the
— 00
following alternative holds: either ® + AV has a global minimum or there exists a sequence

{z} of critical points of ® + AV such that klim U(zy) = 4005
— 00

b) if {sk} is a real sequence such that klim sk = (inf ©)T and p(sg) < X for each k € N,
— 00 xr

the following alternative holds: either there exists a global minimum of W which is a local

minimum of ® + AU or there exists a sequence {x} of pairwise distinct critical points of

D + AU with klim U(zy) = igl(f W, which weakly converges to a global minimum of V.
—00

Since its appearance in 2000 until our days, it has been a powerful tool to get multiplicity results
for different kinds of problems. In particular, it has been widely applied to obtain theorems
of existence of infinitely many solutions to problems associated with a vast range of differential
equations. In each of these applications, in order to guarantee that p(ry) < A (or ¢(si) < A),
for each k € N, and that the functional ® + AV has no global minimum, it is necessary to use
some sequences of functions defined ad hoc. Generally, in these functions the norm of the variable
is raised to a suitable power which depends on the nature of the problem and that gives them
the requested regularity properties: in some applications the norm is used without power (see, for
instance, [3, 7, 14, 15, 23, 27, 39]), in some others it is raised to the second ([9, 10, 29, 33, 35, 36])
or to the third ([22, 28]) or to the fourth power ([1]); in [20, 21] the authors combined the norm

with trigonometric functions.

The choice of a particular sequence of functions inside the proof reflects heavily on the assumptions
and while there are some cases in which probably the choice is optimal, in some other cases it could
happen that a different choice of the sequence would make the result applicable in a greater number
of cases. This is the reason we have introduced an abstract class of test functions serving our
purpose. We will clarify this fact in Section 3, showing some examples. A similar line of reasoning
can be found in [8] and above all in [37] where the author does not choose the test functions
arbitrarily during the proof but he uses two generic functions whose properties are described in

the statement of his result.
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2 Preliminaries

In this section we describe the variational framework in which we will work in our investigations.

To begin with, we denote by w := 73 /T (% + 1) the measure of the unit ball in R™. If X is a
Banach space, the symbol B(z,7) stands for the open ball centered at z € X and of radius r > 0.

Let © be a bounded smooth domain of R”, n > 1, p > max {1, %} and let V € C(Q) satisfy
info V > 0. Put E = W?P(Q) N Wy P(Q); it is a reflexive Banach space when endowed with the

lul| = (/ |Au|pda:> "
Q

Moreover, the assumptions on V assure that the position

standard norm

l|lullv = (/Q (|Au? + [VulP + V(z)[ul?) dx)é

for any u € E, defines a norm equivalent to the standard one. Being p > %, the Rellich-Kondrachov

theorem assures that F is compactly embedded in C°(€2); in particular, there exists a constant
Coo > 0 such that
[ull oo < oo lJull < oo [lully, (2.1)

for every uw € E. Now, motivated by the reasons that we have illustrated in the Introduction, let
us introduce the following class of functions. If {ax}, {br}, {0k} are three real sequences with
0 < ar < by and o > 0, for each k € N, let us denote by H({ar},{br},{or}) the space of all
sequences {xx} C WP (Jay, by[) satisfying

i) 0 < xx(z) < oy for a.e. x €|ag, b[;

i) lim yp(z) =op, lim xx(z) =0;

+ _
T—ra, b,

iii) lim xj(z) = lim xj(z) = 0;

T—ay, z—by

iv) for all j € {1,2} there exists ¢; > 0, independent of &, such that

@ () < gk 2.2
‘Xk (33)‘ —cj (bk—ak)j ( . )

for a.e. © €]ay, bi[ and for all k € N.

Now, we show how the space H({ar},{br},{or}) help us to build some sequences in E that play

a crucial role in the proof of the main result.

If 2o € Q, {bx} C]0,4o00] such that B(zo,by) C 2, foreach k € N, and {xx} € H({ar},{bx},{or}),
consider the function uy : 2 — R defined by setting
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0 inQ\B(l‘o,bk),
Uk(x) Ok in B(xo,ak),
Xk(|r —xo|) in B(wo,bx) \ B(wo, ax)
for each k € N.
Simple computations show that, fixed k € N, for each ¢ € {1,...,n}, we have
0 in Q\B(xo,bk),
Ous (x)=4¢0 in B(zg, ar),
o 7 -
Xp(Jz = o) T——  in B(wo, bk) \ B(zo, a)
|z — x0]
and
0 in Q\B(x()vbk)a
a2uk .
ﬁ(x) =<0 in B(zo,ar),
(2 = 2)? [z — 0l? — (i —)?

X (|2 — zol) + Xk (|7 — 20|) in B(xo,br) \ B(wo, ax)

|z — 202 | — xol?

Using these computations together with (2.2), we get the following inequalities

Ok

< / o < _r
[Vuk ()] < [xi(Jz = zol)| < a1 (b — ax)’

and

(n—1) Ok o (n-1)

Aug ()] < Iz — 2D+ I (lx — x <c +ec
|Aug ()] < X% (] ol + x5 (] 0\)||x7x0| e —an)? T or—an)

These inequalities allow us to estimate the norm of the functions uy as follows
urlt, = / ([Aug|? + |Vurl? + V() up () ") dz
Q

_ / | Ay, () [Pdz + / Vg () [Pdz + / V(@) |ug (z)|Pda
B(Io,bk)\B(Ig,ak) B(mo,bk)\B(Io,ak) B(Io,bk)

-1 7" c P
< p Co Cl(n n__.n _a n_ on B vl
= { {(bk —a)? * ak(bx — ax) (b = aid) + (b, — ag) (b — ai;) + by Brobw)

Let us denote by C the class of all Carathéodory functions i : QxR — R satisfying sup, ¢ [n(-,t)] €
LY(Q) for all £ >0 and let f,g € C.
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We say that a function u € E is a weak solution to (P ) if
/ (JAu[P2Aulv + [VulP?VuVe + V(z)[uP~?w) doz = )\/ flz,u(x))v(z)de
Q Q
+ u/ g(z,u(z))v(z)dz
Q

for each v € E. Obviously the weak solutions to (P ,) are exactly the critical points in E of the

energy functional defined, for each u € E, by
1
E(u) == ];\I'(u) + A0p(u) + pPq(u),
where

W(u) = ull?, @p(u) = /Q Fla,u(@))de, @a(u) = /Q Gz, u(z))d,

where, for each (z,t) € Q x R,

F(x,t) := f(z,8)ds, G(z,t):= [ g(x,s)ds.
0 0

3 Results

The first multiplicity result deals with the case in which f has a global (m — 1)-sublinear growth,

with m < p, while different cases are considered for the behaviour of function g.

Theorem 3.1. Let V € C(Q) satisfy infq V > 0 and let f,g € C such that:

(i1) there exist 1 < m < p and h € L*(Q) such that |f(z,t)] < h(z) (1 + [t|™71) for a.e. z € Q
and for all t € R,

(i2) G(z,t) >0 for a.e. © € Q and for allt >0,
(i3) there exists zo € Q and p > 0, p1,p2 > 1 such that B(xzo,p) C Q and

G(z,€)d oo G2, t)dT
lim inf Jo maxig< Gz, §)de :=a < +oo, limsup IB( 0:r) =b>0.

t——+oo tP1 t— 400 tp2

Then the following facts hold:

(r) if pr < p < pa, for all X € R and for all p > 0, the problem (P ,) admits a sequence of

non-zero weak solutions;

(r2) if p1 < p = pa, there exists py > 0 such that for all X € R and for all p > py, the problem

(Py,.) admits a sequence of non-zero weak solutions;
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(rs) if p1 = p < pa, there exists ps > 0 such that for all A € R and for all p €]0, us[, the problem

(Py,.) admits a sequence of non-zero weak solutions;
(ra) if p1 = p2 = p, there exists v > 1 and Cv,,, > 0 such that, if

b

Cynrp < —5—
S LB g

(3.1)

(the previous inequality always being satisfied whether a = 0 or b = +00) then py < pe and
for all A € R and for all p €)1, paf, the problem (Px,,) admits a sequence of non-zero weak

solutions.

Proof. To prove (r1), let us apply part a) of Theorem 1.1 choosing X = E, U defined as in
the Preliminaries and ® = A®p + u®g. As we have already observed the critical points of the
functional ® + %\I/ are precisely the weak solution of problem (P ;). The functionals ® and ¥ are
sequentially weak lower semicontinuous and moreover ¥ is strongly continuous and coercive. In

our case the function ¢ is defined by setting

(r)= inf @(u) +supjyyp <r (= @)

lull%, <r r— |lull},

for each r > 0. Now, we wish to find a sequence {ry},y such that klim T = 400 and () < %
c—» 00
for each k € N. To this aim it suffices to prove that for each k € N there exists a function uy € X,

with [Jug ||}, < &, such that

sup {)\/S)F(m,w(x))dx—&—M/S)G(x,w(a:))dx} —/\/QF(x,uk(x))da:+

llwll§, <7

i [ Glavunla))ds < 3 (0= il

Thanks to (i3), fixed @ > a, for each k € N there exists o > k such that

max G(z,§)dx < aol’.
Q €ISk

Now we choose uy, = 0 and
1

T &

Obviously we have klim 1, = 4+00. Before proving (3), observe that, for each w € X with |Jwl}, <
—00

Tk o

Tk, one has

1
[wllee < oo lwlly < coorfy =

for each k € N. Therefore, we obtain
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A Pl u [ Gtanis < [ b (jue)+ L0 a

m

+u max G’( &)dx < M|k (ozk + ak) + paod
Q lél< m
T n

1 A 1
< |>\|||h\|1coor,§ + %Hhﬂlcgrk” + packir,” < I;Tk

for k large enough, being 1 < m < p and p; < p. So, thanks to part a) of Theorem 1.1, the
functional ® + %\II has a global minimum, or there exists a sequence of weak solutions {uy} C F
such that kli_>nolo ||ug]] = +o0. This part of the proof will end if we show that the functional ® + %\IJ
has no global minimum. To this aim, using (i3), fixed 0 < b < b, we get Sy €]0, +oo[ with Sy > k,
such that

/ G(z, Br)dz > Bﬁzz
B(xo,p)

for each k € N. After choosing v > 1 such that B(zg,vp) C Q and a sequence {xx} €
H(p,vp, {car}), we consider

0, n Q\B(an’VpL
U)k(l') = ﬁka in B(anp)’

Xk(|x —20]) in B(xo,vp) \ B(o, p)-

Using the estimation of the norm made in the previous section, we get

w=1(yn — 1) 2P Hn—1)" +pP)(y" — 1)
H kHV Bk p2p*n(7,1)2p 2 p2p ”(fy l)p LTTp B(zo,vp)
If we put
20=1(yn — 1) 2P M n =12+ pP)(v" = 1)
Cynp = &+ A +4"p" max V
Viysp p2P=n(y —1)2P 2 pPn(y —1)P e B(zo,vp)
we have

B(wy) + l\I/(wk :—/\/ 2, wp(2))dz — 1 /Gx wi(z ))dx+f||wk\|p

C
< IAl/ |h(z <|wk )|+ |wk()|> dx —u/ G(z, By)dz + wﬁz
m B(alo,p) p

m

- wC
< [AIAN B + MBI =5 — ubBE? + %ﬁg

and, since 1 < m < p < dy and klim Br = +oo, the functional ® + %\II has no global minimum,
— 00

1
being klim ®(wy) + —V(wy) = —oo. This concludes the proof of (r1).
—00 p
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The proof of (rs) is similar. If p; < p and py = p, we choose pu; = % (obviously if b = 400 we
choose ji; = 0). Therefore, if A € R and u > py, choosing b such that % < b < b, in a similar
way we have
1 B - wC )

B(we) + ~W(wr) < MRS + 1A =E = (pb— =222 ) g
p m p
and, thanks to the choice of b, also in this case the functional ® + ]%\I/ has no global minimum.
This concludes (r2).
(obviously if a = 0 we choose

1
pciopt”

As for the proof of (r3), if p1 = p and ps > p, we choose ps =

_1
pchoa

ta = +00). Then, fixing A € R and 0 < p < pg, we can choose @ such that a < @ < Similar

computations give

Al

1 m 1
)\/ F(x,w(m))dx—l—,u/ G(z,w(z))dr < N[ icocrf + EHhchZ;rkp + pack ry, < ;rk
Q Q

for k large enough, being 1 < m < p and uack, < %.

Finally, the proof of (r4) relies on the considerations made in the previous two cases. We have

only to prove that 1 < pe, but this is guaranteed by the assumption (3.1). O

Now, we are interested in the existence of infinitely many weak solutions in the case that the

nonlinearities f and g have a particular form.

Theorem 3.2. Let V € C(Q) satisfy infqV >0, m < p, h € LY(Q), and r € L*(Q) \ {0} with

r>0a.e inQ. Lets:R — R be a continuous function with fg s(€)d¢ > 0, for allt > 0. Moreover

assume that there exists p1,p2 > 1, a, 8 > 0 and {ag}, {Br} satisfying lim o = lim B = +o0,
k—o0 k—o0

such that c 5
k
max / s(t)dt < aaf?, / s(t)dt > ppr?
0 0

[€]<ak

for each k € N. Then, for the problem

A2u— Apu+ V(@) uP~2u = Mh(2)|u|™?u+ pr(z)s(u) in Q _
PML)
u=Au=0 on 2

—~

the following facts hold:

(T1) if p1 < p < p2, for all X € R and for all > 0, the problem (P ,) admits a sequence of

non-zero weak solutions;

(F2) if pr < p = pa, there exists p1 > 0 such that for all A € R and for all p > uy, the problem

(Px,u) admits a sequence of non-zero weak solutions;
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(Ts) if p1 = p < pa, there exists py > 0 such that for all X € R and for all u €]0, po|, the problem

(Px,) admits a sequence of non-zero weak solutions;

(Ta) if pr = p2 = p, there exist xo € Q, p >0, v>1 and Cy,,, > 0, such that, if

Blirllr (B(o.p)

) 3.2
awcgoHrHLl(Q) ( )

CVmp
then 1 < pg and for all X € R and for all p €|pq, pa|, the problem (ﬁ)\’#) admits a sequence

of non-zero weak solutions.

Proof. We want to apply Theorem 3.1 choosing f(z,t) = h(x)|t|™ 2t and g(x,t) = r(z)s(t) for all
(z,t) € Q x R. The hypotheses (i1), (i2) are obviously verified. Since r #Z 0 we can choose z €
and p > 0 such that B(xg,p) C Q and r > 0 in B(zg, p). Then we have:

£ 3
max G(z,&)dx :/ max (/ r(x)s(t)dt) dx = ||7||L1 () max / s(t)dt < ||| proyoay}
Q 0 0

Q €<k [€]<ak gl <ap

and
ﬁk ﬁk
/ G(z, Br)dx :/ / r(x)s(t)dt | du = ||7”||L1(B(:co-,p))/ s()dt = |7l L1 (B(wa.0) BB
B(xo.p) B(zo.p) \/0 0
Therefore f (2, €)
.. o maxpe <y G(x,§)d
ltlgl-&}g i < rllr@ya < oo
and f Gz, t)d
. B(zo. x,t)dx
lim sup L p)tm 2 |I7llLr (B @o.0) B > 0
t—-+o00

So, (i3) is also verified with a = a|r||11(q) and b = B||7||L1(B(z,p))- Therefore we can apply the

Theorem 3.1 and obtain the conclusions (71)—(T4). O

Now, we want to exhibit two examples. In the first one we present a function s verifying the

hypotheses of Theorem 3.2.

Example 3.3. Letp> 1, > 1 and let s : R — R be the function such that

0, in] — 00,0],
t —26t3 + 362, in ]0,1],
S(t) = / 8(§)d§ = k-1 k
0 op(k=1) gk in }2’“—157,2’6—155} k>,
Apt® + Bpt? + Cyt + Dy in }2’“15%,2’“5%} k> 1
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where

(p=3)k (p=2)k

Ay = 2RSSR (5 —27P) | By =9 207 DRI (5 27P)

(p—D)k

Cp = —3- 207 DFE86757 (5 —277) | Dy 1= 2Pk 6 (55 — 2277) .

Using MATLAB by MathWorks, we have plotted the graph of the function S (for 6 =2 andp = 2),

showed in the following image.
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The function s satisfies all the assumption of Theorem 3.2 with o =1, =6, ap = 2k=15% and
Br = 2’“5%, for each k € N. In particular

5 2k—15
max / s(t)dt = / s(t)dt = op(k—1) gk _ ai
0 0

[€l<ak
and
Br
/ s(t)dt = 2PFsF T = 57
0

for all k € N.

In Theorems 3.1 and 3.2, inequalities (3.1) and (3.2) serve to assure that pu; < p2; moreover the
value of Cvy,, , depends heavily also on constants ¢; and then on the choice of the sequence {x4}.
Obviously, fixed the nonlinearity, the smaller the constant Cy,,, the easier the inequalities (3.1)

and (3.2) will be verified. The next example is in this direction.

Example 3.4. Letp > 1, Q= B(0,1) inR", 2o =0, r € L'(Q)\ 0, withr >0, V(z) = |z[3. + 1,
for all x € B(0,1), p = %, v =2 and {o}} C|0,+oo[ with limy_,o o) = +00. Let {x}c} , {Xi} €
’H(%, 1,{or}) the sequences defined by

xi(2) = 4oy (42® — 92% 4 62 — 1)
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and

xi(z) = % cos(m(2z — 1)+ 1)

for all x €]3,1] and for each k € N. We observe that, for each z €]3,1],

@] <30, (@) < 240
and then the constants c;({x}.}), defined in (2.2), are respectively ci({xt}) = 2 and c2({x}}) = 6.

In a similar way, for each x E}%, 1[, we have
NG ()] < 7o, 2" (z)| < 27%0y,

. . . 2
and, in this case, the constants c;({x3}) are respectively c1({x31}) = & and c2({x3}) = 5.
Now let us consider a sequence of functions that, in combination with the norm, raises it to the
second power; namely
o (—82% + 8z —1) in]i, 3

Al

Xi(2) = (3-3)

N[O ST

ap(8z% — 162 +8)  in ]

’07 each k S N In this case
! X O'k7 X " x Ok

and then 01({)(%}) =2 and cz({xz}) = 4. With respect to these three sequences of test functions
the smallest Cy ., (among the three) depends on the values of n and p. For instance, for n =3
and p = 2 the smallest Cv,,, is the one in correspondence with the sequence {Xi}; in fact, using

MATLAB again to compute these constants, one has

Cvmp (L)) ~ 1270, Cyn o({02}) ~ 969, Cyn o({3}) = 912.

But, for instance, for n = 4 and p = 3, the smallest Cy, , is the one in correspondence with the

sequence {x3} being

v p([Xh)) = 7737, Cuyo(X3)) ~ 53988, Oy (X)) = 67262,

Obuviously if we consider the function s of Example 3.3, taking a posteriori § > %
the corresponding problem admits a sequence of non-zero weak solutions; but if § is ﬁ:réd(?;;i)ori,
Theorems 3.1 and 3.2 could be always applied as long as one manages to find an appropriate
sequence {xx} while it is not sure that a generic application of Theorem 1.1 can be applied because

the assumptions depends heavily by the particular sequence of test functions fized during the proof.
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The last theorem concerns the case in which the growth exponent of nonlinearity f(x,t) is exactly
p — 1. In this situation the existence of infinite weak solutions will be obtained not for each A € R

but in an appropriate interval.

Theorem 3.5. Let V € C(Q) satisfy infqV > 0 and let f,g € C such that (i3) and (i3) are

verified. Moreover, suppose that:

(i1) there ezist h € L*(Q) such that |f(z,t)| = h(z) (1 + [t|P1) for a.e. z € Q and for all t € R.

Then the following facts hold:

(F1) if p1 < p < pa, for all X such that |A| < m (for all X if h = 0) and for all u > 0, the

problem (P,,,) admits a sequence of non-zero weak solutions;

(o) if pr < p = p2, there exists pu1 > 0 such that, for all p > pi, there exists A\, > 0 such that,

for all |\| < A, the problem (Py,,) admits a sequence of non-zero weak solutions;

(T3) if p1 = p < p2, there exists ps > 0 such that, for all p €]0, o[, there exists A\, > 0 such that,

for all || < A, the problem (P ) admits a sequence of non-zero weak solutions;

(T4) if pr = p2 = p, there exists v > 1 and Cy,,, > 0 such that, if

b
Cvmp < —— (3.4)

wckoa
then w1 < po and for all p €|pa, pof, there exists A\, > 0 such that, for all |A| < X, the

problem (P,,,) admits a sequence of non-zero weak solutions.

Proof. The proof is similar to that of Theorem 3.1. In fact, computing the two main evaluations

for m = p, we get:

FEDY P1
)\/ F(z,w(x))dz + ,u/ G(z,w(z))dr < N[k icocrf + |p|h||1cgor;c + packirr? (3.5)
Q Q

and
p

1 - wC'
B+ () < N[5+ NI % g + 202 5. (3.

To prove (71), fix A such that |A| < W and g > 0. Thanks to the choice of A and to the fact
that p; < p then, from (3.5) we get

A Fz,w(z))de +p | Gz, w(x))dx < lrk (3.7)
Q Q p

for k large enough (remember that klim rg = +00); moreover, from (3.6) we obtain
— o0

1
lim ®(wg) + =¥ (wg) = —o0 (3.8)
k—o00 p

because p < po.
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“Dre  Pixed p > pp and b in a similar way as

ppb—wCv.y,p } Fixed X such that |\ < A,

To prove (73), it is sufficient to choose p; =

1
Allcts Al
obviously, from (3.5), we get (3.7) (for k large enough) because p; < p and thanks to the choice of

done in Theorem 3.1, we define A, = min{

A. Moreover, using (3.6), the choice of A and p guarantees that (3.8) holds.

1
pcBoa”

To prove (73), it is sufficient to choose ps = Fixed p €]0, uo[ and @ in a similar way as done

in Theorem 3.1, we choose A, = T}f“%ﬁ%ﬁ. Fixed A such that |[A| < \,, obviously, from (3.6), we
get (3.8) because p < py. Moreover, using (3.5), the choice of A and p guarantees that (3.7) holds.
In the last case, to prove (74), we observe that, thanks to (3.4), we have u; < ps. So, fixed

i €)1, paf, and choosing @ and b in a similar way as done in Theorem 3.1, we define Ay =

min { 1]’2‘%’6, b= Cviyp } Fixed A such that |[A] < \,, obviously, from (3.5), we get (3.7) (for

2[R
k large enough) because of the choice of A and p. Moreover, using (3.6), the choice of A and p
guarantees that (3.8) holds. O

We conclude with an example related to case (74) of Theorem 3.5. In this case we consider the

one-dimensional setting, providing an explicit estimate of the constant ¢, in (3.4).

Example 3.6. Letn =1, Q =] - 1,1[, pr =po =p =2, V(z) = 22 + 1 for all x €] — 1,1],
heL'(]-1,1]), r € L*(—1,1)\{0} withr > 0 in]—1,1[ and jj{izr(a;)dx > 0. It is well-known
that, for all u € W*2(] — 1,1[) "Wy *(] — 1,1[), one has

V2

max |u(z)| < - 10/l p2-1.1p)

z€]—-1,1]

and
/ < 2 "

[|u ||L2(]71,1[) = [|u ||L2(]71,1[)’

" V2 V2
2., 2
x§§f1[|u($)| s — "l L2 g—1,1p < - [[ully

and then coo = ? Now choosing vg = 0, p = %, v =2, %, and g(t,x) =

7 W]y
r(x)s(t) (where the function s is that of Example 3.3), assumptions (iz) and (i3) are satisfied with

a=|rllg1qg-1,1p and b = 5||7’||L1(]7%’%D. Using the sequence {xi} of Example 3.4 as test function,

we compute Cy. , = 266 (lower than those associated with the other two sequences). It is easy to

see that 522l
b T ()=21, L
- (R 51V
WCxo 8”7“”[/1(]71’1[)
then (3.4) is satisfied and then the fact (74) holds. In particular, for all p € %, WZD [,
1(-11

there exists A, > 0 (defined inside the proof of Theorem 3.5) such that, for all |\| < A\, the problem

(Py,u) admits a sequence of non-zero weak solutions.
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1 Motivation

Derivatives of non-integer order have been studied since the celebrated question of L.’Hospital to
gt

Leibniz about the meaning of £

when n = 1/2. There are several definitions of derivatives of frac-
tional order, e.g., derivative of Riemann-Louville, Caputo, Hadamard, Erdélyi-Kober, Grinwald-
Letnikov and Riesz, among others. Typically, these derivatives are defined using an integral form
of the classical derivative, as a consequence of it, some basic properties of the usual derivative,
as the product rule and chain rule are lost. For a more comprehensible information about these

notions we recommend [17, 20, 30].

Despite of the lack of some properties, derivatives of fractional order appear in many real world
applications as, for instance, in memory effects and future dependence, control theory of dynamical
systems, nanotechnology, viscoelasticity and financial modeling see, e.g., [8, 12, 18, 19, 21, 24, 25,
31, 32]. Thus, due to this development, in the last decades a lot of research has been devoted to
the study of the existence of solutions for several kinds of boundary value problems of fractional

type, see, for instance, [2, 3, 4, 5, 9, 11, 26, 28, 29] and references therein.

In order to overcome the limitations of the classical derivative, in [16] it is introduced a new limit-
based definition of derivative, the so-called conformable fractional derivative, which can be seen as
a natural extension of the fractional derivative, although as it is stated in [7], it is best to consider
the conformable derivative in its own right, independent of fractional derivative theory. Some of
the basic properties, physical interpretation and some boundary value problems for conformable

differential equations can be found in [1, 6, 10, 14, 15, 33, 34] and its references.

In this article, based on the idea of conformable fractional derivative and in ideas from [13], we
consider an extension of the conformable fractional derivative of order o and develop some of
its properties. Additionally, we study the existence and uniqueness of solutions for a nonlinear

three-point boundary value problem in this new setting.

2 Derivative of variable order
We now introduce the notion of (¢, w)-derivative.

Definition 2.1. Let f : [a,b] — R. The (¢, w)-derivative at the point x € (a,b) (¢(x) # 0) is
defined as

D f(x) = DE(f)(x) = DSV f(a) = lim ﬂi& % ’ ;é;x) '

(2.1)

Where w is a strictly increasing function and ¢ is a function. At the point x € (a,b) such that
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w(x) =0 we define the (p,w)-derivative as
DZf(x) = lim DZf(E),
E—x
when the limit exists.

11—«

Taking ¢(z) =z and w(z) = x we obtain the conformable fractional derivative of order «, cf.

[16].

Theorem 2.2. Let f,g be (p,w)-differentiable. Then:
(a) The function f is continuous.

(b) Df(a) =0, a is a constant.

(¢) D&(af +g) = aDg(f) + DE(9)-

(d) DE(fg) = fDE(g) + fDE(g).

() D? (;) _ IDElg) — 1D5(9).

g2

(f) If f and w are differentiable, we have

r'e) (2.2)

(9) If f,g and w are differentiable, we have
DE(fog)(t) = f'(9(t) - DE(9)(E).
Proof. Tt is a matter of direct calculations. O

Formula (2.2) enables us to calculate in a straightforward way some (p,w)-derivatives. For example,

letting p(x) = sin(z), f(z) = cos(z), and w(z) = x, we have
D¥p(x) = sin(z) cos(z), DEf(x) = —sin*(x),

whereas taking ¢ and f as above with w(z) = e* — 1 we get

DEp(a) = D) o py -

eiE

— sin*(x)
er

We now introduce the n-iterated (¢, w)-derivative.
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Definition 2.3. By Do(f’")f(x) we define the n-iterated (p,w)-derivative of the function f, i.e.
D™ f(x) = Dg (DE™ - £) (@),

with the convention D'V f(z) = f(x).

Theorem 2.4 (Generalized Leibniz’s formula). We have

D (DS (f) - D (1)
’ iplig! i)

D™ (fifa- - fm) = >

i14ig+ - Fim=n
i;=0,n

; (2.3)

where we suppose that all is well-defined.

Proof. For m = 2, equation (2.3) is obtained by induction on n and using the formula for the

(¢, w)-derivative of the product, in this case we obtain

n

D) = () P D s @4

J=0

By the well-known method to prove the multinomial theorem from the binomial theorem we can,

in the same way, obtain (2.3) from (2.4). O

Theorem 2.5 (Fermat’s Theorem). Let f : [a,b] — R have a local mazimum or minimum at

x=c € (a,b) and DE(f)(c) exists. Then DE(f)(c) = 0.

Proof. Let us suppose, without loss of generality, that x = ¢ is a minimum of f. We have, for

sufficiently small h # 0, that

fle+he(e)) — f(¢)
w(c+h) —w(e)

sgn(hp(c)) > 0. (2.5)

From (2.5) and the hypothesis of the existence of D#(f)(c) the result follows. O

Theorem 2.6 (Rolle’s theorem). Let f : [a,b] — R be a continuous function in [a,b] and
(p,w)-differentiable in (a,b) such that f(a) = f(b) = 0. Then there exists ¢ € (a,b) such that
DE(f)(e) = 0.

Proof. Supposing, without loss of generality, that there exists £ € (a,b) such that f(£) > 0. Then
by Weierstrafl theorem, there exists ¢ € (a,b) which is a maximum. Invoking Fermat’s theorem

2.5 we end the proof. O
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Theorem 2.7 (Cauchy mean-value theorem). Let f,g : [a,b] — R be both continuous on the
closed interval [a,b] and (p,w)-differentiable in the open interval (a,b). Then there exists a number
¢ € (a,b) such that

[£(b) = f(a)]DZ(9)(€) = [9(b) — g(a)lDE(f)(E)- (2.6)

Proof. The proof follows, as in the classical case, from Rolle’s theorem 2.6 applied to the function

F(z) = f(2)[g(b) — g(a)] = g(=)[f(b) — f(a)]- &

3 Integration of variable order

Definition 3.1. Let f : [a,b] — R. We define the (p,w)-integral of the function f as

where the integral is understood in the Lebesque-Stieltjes sense.

Notice that for f € L*([a,b]) and % € L'([a,b], dw) the integral (3.1) is finite.

When f, ¢ and w’ are continuous functions, it is straightforward the relation DZ(I2f)(t) = f(t),

since

e rre - 20 o (O o
DI N (1) w,(t)D</a Lo <5>> (1) = ()
using (2.2).

In the case ¢ and w’ are continuous functions, the following Lagrange mean-value theorem

f() = f(a)

is valid, when f : [a,b] — R is continuous on the closed interval [a, b] and (p,w)-differentiable in
the open interval (a,b). The equation (3.2) follows from (2.6) taking g(z) = I£(1)(x) (note that
I£2(1)(a) = 0, but we leave it in (3.2) just for keeping with the parallel in the classical case).

By Iff’")ga(x) we define the n-iterated (p,w)-integral of the function f, i.e.
I f(a) = 15D (@),

with the convention I.9"") f(z) := f(z).
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4 Taylor formula

In this section we will obtain a Taylor type formula using the (p,w)-derivative with a remainder
which generalizes well-know remainders, i.e. Cauchy, Lagrange, Peano, Schlomilch, among others,

cf. [22, 23, 27] for similar remainders for the classical derivative.

Theorem 4.1. Let f : I — R be a continuous function in the open interval I and n-times
(p,w)-differentiable function in I. We also require that ¢,w’ and Iog“o’j)(l)(x) are continuous
functions, for j = 1,n. Moreover, let g : I — R be a n-times (p,w)-differentiable function such
that Dgp’j)g(a) =0 forj=1n-1 and D(Efa’k)g(y) % 0 for all y different from a and z and
j=1,n—1. Then, for all x € I we have

f@) =32 DEI(f) @) 1D (1)(x) + Ra(2), (4.1)
7=0

R, (z _ 9\~ 9@ DSJ@,”) )€ _Do(f’n) a)), 4.9

@) = D) (D™ (e (@) (4.2)

where x # a and £ is between a and x.

Proof. We first note that, since

DU (@) = 41, n=J
0, n>j
we have
Ry(a) = D¥V(Ry)(a) = -+ = DF"(Ry)(a) = 0. (4.3)

By the Cauchy type finite increment formula (2.6), relations (4.3) and the hypothesis on g we have

Ru(x) — Ru(a) DYV(R)(6) - DPV(R)(@) D" V(R (0a1) — DE" V(R,)(a)
g@)—gla) DY (g)0) - DEV(g)a) T DE"V(9)(0u-1) - DE"V(9)(a)
D™ (R,)(€)
= 4.4
D™ (g)(¢) 4

where £ := 6,. On the other hand, (¢,w)-differentiating the equality (4.1) n-times we obtain
DE}"’”)(f)(x) - D‘(f’n)(f)(a) = D‘E,n)(Rn)(x) which, together with (4.4), entails (4.2). O
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5 Three-point boundary value problems of variable order

Inspired in [10], we are interested in the use of the (¢,w)-derivative to study the solutions of the

following nonlinear boundary value problem

DE(D + Nz(t) = f(t, z(t)), t €1[0,1] (5.1)
z(0) =0, 2'(0)=«, =z(1)=pBz(n), (5.2)

where D? is the derivative of variable order, D is the ordinary derivative, f : [0,1] x R — R
is a known function, 8, A\ and « are real numbers, A # 0 and n € (0,1). Notice that in virtue
of Theorem 2.2, a sufficient condition for the well posedness of equation (5.1) is, by considering
w € CY0,1], and = € C?[0,1]. Thus, in the sequel we consider these conditions on the functions w
and z. In addition, in order to use the (¢, w)-integral, we are going to assume that ¢ is continuous

and bounded away from zero.

From the conditions on the functions w and ¢ we conclude that the following non negative numbers
are finite

Q:= sup W'(t) <oo, M:= sup
te[0,1] te[0,1]

1
| <=

We will use these numbers in the sequel to establish the existence results.

First, as usual, we will consider the linear boundary value problem:

D2(D + N)z(t) = g(¢), telo,1, g¢ge€C0,1] (5.3)
2(0) =0, 2/(0)=ca, z(1)=pzM0), oB,AXER, X#0, ne(0,1). (5.4)

To obtain a solution for the boundary value problem, we apply the (i, w)-integral to equation (5.3):
(D + Nz (t) + (D + )z (0) = I2(g) (1), (5.5)
where, using the boundary condition (5.4), (D + A)x(0) = a. Then, equation (5.5) simplifies as
(D+ XNz(t) +a=I5(g)(t). (5.6)
Let y(t) = eMx(t), Then we rewrite (5.6) as
Dy(t) = M2 (g) 1) — ae™.
Integrating from 0 to ¢ we obtain

) =9(0) = [ M I20)(s) ds = F (e 1)
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As T _g )\t_ . 0
/ /Ogor r)drds /\( 1), (y(0) (0) =0)

Now, notice that

/ /o G r)drds _GTM /ot w((i))w/(s) ds — i/ot e/:(gs(;)w/(s) ds, 0<s<t<1.

(p’l"

<

From here we have that

— Mot g(s)w/ s S—l te)\sg(s)w/ s 8—8 eAt_ s
w0 =5 [ G @@ 3 [T 5@, oss<ist
Thus,
(1) = l ! 9(s) W (s)ds — e Mot )\sg(s)w/ s)ds @ e
DY A= N A R

Finally, from the condition Sz(n) = z(1) we get

ﬁ " g(s) _ M=) s af e _ _l 19(8) _ M=) s_ge—x_ _
L] 4o (s ds+ S =1 -5 [ 280 yds - S 1) =0,

Therefore, introducing this equality into the formula of function x above, we obtain the following

expression for x satisfying boundary value problem (5.3)—(5.4)

T _ 1 ‘ g(S) )\(5 t) B (8) _ e)\(s—’r]) OJ/ s)ds
=5 | St )Udnoﬂﬂl )w'(s)d
(5)

LSO (1 o) a8 (0o 5).

Notice that actually we just proved the following result.

Theorem 5.1. The linear boundary value problem (5.3)—(5.4) has a unique solution given by

L9 e nds s BT IS) rismds - LIS L e ds
o) = 5 [ L @rends+ 5 [ L8 @k as— 5 [ L8k a0
—&-%(e‘”—e”‘—!—ﬁe”‘”—ﬁ).

where, k(s,t) =1 — e =1,

Now, we are going to analyze the existence of solutions for the nonlinear boundary value problem:

DE(D + Nz(t) = f(t,z(t), tel0,1], e (-1,00))\ {0} (5.7)
z(0) =0, 2(0)=a, =z(1)=pBz(n). (5.8)

As in Theorem 5.1, we can transform boundary value problem (5.7)—(5.8) into the nonlinear
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Hammerstein-Volterra integral equation

f S,x(s s)ds + B/ fs,2(5)) (s,m)w'(s)ds
5 [ HR s sy as 4 (e—“ — e 4 BT - ).

where, k(s,t) =1 — e =1,
In order to investigate the existence of a solution for this integral equation, we analyze it as a fixed

point problem; that is, letting

T:(C?01], - lle) — (C?[0,1], ] [loo)
xz(t) +— Tx(t)

_ 1" f(sx(s)) / L[ f(s a(s)) )
Txz(t) == X, Wk(s,t)w (s)ds + ek (X(Om)(s),ﬁ’k(s,n) — k(s, 1)) w'(s)ds
+ % (e"\t —e M Be M — ﬂ) ; (5.9)

(with x(0,n) (s) the characteristic function of the interval (0,7)), we have that the existence of the
solution of the integral equation is equivalent to the existence of a fixed point of the operator T'.
To assure that the operator T applies C2[0,1] into itself, we assume that f(¢,z(t)) is continuous

and differentiable in the first variable.

We are going to use metric fixed point theory (Banach’s contraction principle) to provide conditions

to guarantee that the boundary value problem (5.7)—(5.8) has a unique solution.
Theorem 5.2. Let f : [0,1] x R — R be a continuous and differentiable in the first variable
function satisfying that

|f(t,a:)—f(t,y)|§K|x—y|, K>Oa fO?” alltE[O,l], xayeR-

Then, the nonlinear boundary value problem (5.7)—(5.8) has a unique solution provide that

(18] + 1))MKQ
N s

N

1
where M := sup;¢(g 1) 0] and 0 1= sup;co 1) w' (1)

Proof. As we saw, it is sufficient to show that the operator T defined by the formula (5.9) has a
unique fixed point. Let x and y be two functions in C?[0,1]. Then,
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ra(t) - 7y(o)] = | [ LTI s s as
11 (f(s,0(s)) = £(5,y(s)) ,
+X/O o05) (X(om)(s)ﬂk(s,n) — k(s, 1)) W'(s)ds
— QLCD) s,z(s)) — f(s,y(s))|w'(s)ds
<7 ) e a) - fy)l (5)d
o) 5ksm k(s 1) /
v | — (5.2(5) — Fs. (o))l (5) ds.

On the other hand,
lk(s,t)| = |1 — erC7D| <14 70,

Notice that for —1 < A < 0, the inequality |e” — 1| < 7/4|z|, for 0 < |z| < 1, gives us the estimate

7 7
_ ) Dy = L
[1—e \<4)\(s t)<4<2.

Then,

sup (1+er7) <2 —1<A<o.
s€[0,t]

Now, for A > 0,

sup (1+ A7) =14 M <2 for any ¢ € [0, 1].
s€[0,t]

Therefore, we obtain the following bound
|k(s,t)| < 2. (5.10)
Moreover,

X0 (8)Bh(5,m) = ks, 1] = [=x(0. ()X + XD x0 ()8 — 1

< | = X (8)BX |+ 107D 4 | + 1,
where, for —1 < A < 0, we have that

sup 26 =1, sup D =1.
s€[0,n] s€[0,1]

In the case A > 0, we get

sup e)\(S*W) — e*An < 1’ sup e)\(sfl) — 67)\ <1.
se[0,n] s€[0,1]
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With these bounds we obtain the following estimation

X0 (5)Bk(s,m) = (s, 1)| < 28]+ 1). (5.11)

We introduce the bounds (5.10) and (5.11) into the difference |Tx(t) — Ty(t)|:

To0) = Tl < 7 [ E(6) - F w5

2(|8] +1) 1 ,
Al /0 P ()|\f(s ,x(s)) = f(s,9(s))|w'(s) ds. (5.12)

Since f(s,z(s)) is Lipschitz in the second variable, then

|Tx<t)_Ty<t>|g|% / WK|x<s>_y<s>|wf<s)ds+W"; [ o) - el (5)ds

¢ (s)
< 2D [ 2ats) — ylo) (5 s

208 +1) 1 _K —y(s)|w'(s) ds
+ 2 /mn‘x” ) (5)ds.

Taking the maximum over ¢ € [0, 1] we obtain

2(161 +1)

[Tz = Tylloo <2
A

KMz = ylloo-

Therefore, T is a contraction operator, since pu = 2WKMQ < 1. Thus from the Banach

contraction principle, T has a unique fixed point as desired. O

Now, we are going to use topological fixed point theory, more precisely Schaefer’s fixed point
theorem, to establish the existence of at least one solution of boundary value problem (5.7)—(5.8),

dropping the Lipschitzianity of the function f.

First, we prove that the operator T' is compact.

Theorem 5.3. The operator T : (C?[0,1], || - ||loo) — (C?[0,1],] - |loc) is compact.

Proof. We start by proving the continuity of T. Let (x,) C C?[0,1], 2 € C?[0,1] be such that
|z — z||loc = 0. We have to show that || Tz, — Tx||cc — 0. Fixed € > 0, there exists K > 0 such
that

lznlloo < K, VneN
[zl < K.

Since f : [0,1] x [-K, K] — R is continuous, then it is uniformly continuous on [0, 1] x [ K, K].
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Thus there exists d(¢) > 0 such that

|f(s1,2(51)) — f(s2,9(s2))| < e,

for every (s1,x(s1)), (s2,y(s2)) € [0,1] x [- K, K| such that [|(s1 — s2,2(s1) — y(s2))|l2 < §(¢).

From the fact that ||z, — x| — 0, it follow that there exists N(e) € N such that

sup |z, (t) — z(t)] < 0,
te[0,1]

for every n > N(e). Consequently, from (5.12),

IT2zn — Txlloo = sup |Ta,(t) — Tx(t)]

te(0,1]
|f(s,2n(s)) = f(s,2(s))]
o { il o5 v
2(8[+1) [ 1f(s,2n(s)) = f(s,2(s))]
AR ) ‘”(S’ds}
21B| +4 ‘= sup b = sup '
Ry M, M= t601] lp()]’ . te[oI,)u ®).

Therefore, the operator T' is continuous. To prove the compactness we consider a bounded set
X C C?[0,1] and we will show that T'(X) is relatively compact in (C2[0,1], | - ||o) by using the
Arzela-Ascoli theorem. Let K > 0 be such that

[2]loe < K,
for every z € X.
From the bounds (5.10) and (5.11) we have
|Tx(t)| <— / £ (s, ‘|k(s t)|w' (s ds—|—f/ £, ||X o,mBk(s,m) — k(s,1)|w'(s)ds
Al Al |<P
X e —e A + Be N — B
t
< [ ptsatoptas+ D [ atspas
Al Jo R
QN =At _ =2 Y
+ " e —e™ + Be™ M —
2 4 !
<0 [ aolas +[§ [l - e g .
0
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We obtain a upper bound for [e=* — e~ + Be~M — 3|, namely
leM —e A Be”M B <A, telo,1],

where

(18] + e ™, —1<A<0
2(|8] + 1), A > 0.

A =

On the other hand, since the function f is uniformly continuous on the compact set [0, 1] x [- K, K],

then there exists, and it is finite, the positive number

R = |[flloo = sup sup |f(s,z(s))] < oo, (s,2(s)) € [0,1] x [-K, K].
rzeX s€[0,1]

Thus, we have
a

A

T < AP+

< MQRg + ‘
Al

’A, (5.13)

for every x € X. That means, the set T(X) is bounded in C?[0,1]. Now, if 1,ts € [0,1], are such
that ¢; < to and satisfy |t; — ta] < 4, then

L[ f(s,2(s)) L[ f(s,2(5))

Tx(t)) — Tx(ty)| = |~ W (s)ds — = DS TE)) sy ds — S 4 LAt
[Ta(t) (t2)] AJo ©(s) (s) A Jo o(s) (=) A A
1" f(s,2(s)) , Qo _at —\t
=|< W' (s)ds+ —(e7 "2 —e” "
N T o) (s) 3 )

— 0, as |t1—t2|—>0

for every x € X, so the set T(X) C C?[0, 1] satisfies the hypotheses of Arzela-Ascoli’s theorem, so
T(X) is relatively compact in C?[0,1]. Therefore, the operator T' is compact. O
Now, we establish the following existence result.

Theorem 5.4. Let f : [0,1] x R — R be a continuous and differentiable in the first variable
function, and let us assume that there exist C, D > 0 and g € (0,1) such that

|f(s,m)| < Clr|* + D.

For every (s,r) € [0,1] x R. Then, the nonlinear boundary value problem (5.7)—(5.8) has at least

one solution.

Proof. The theorem is proved once we assure the existence of at least a fixed point of the operator
T. Let
S ={x e C?0,1] : 3o € [0,1] such that x = oTz}.
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To apply Schaefer’s fixed point theorem we should show that S is bounded. Let z € S,

[2]loo =0T oo

Now, from (5.13) we have

2|B] +4
ol

«

Ta(t)] < 5

A<

W'(s)ds +

28] +4 [*1£(s,2(5))
vl /0 o (s)l

MQ(C|z||%, + D) + ’g‘ A < oo.

Then

2/8] + 4
e N

This inequality and the fact ¢ € (0,1) shows that S is bounded. Thus, from Schaefer’s fixed point

MQ(C|lz|%, + D) + ‘g’ Ao < .

theorem, the operator 7" has a fixed point, which implies that boundary value problem (5.7)—(5.8)

has a solution. O

Notice from the proof of the theorem above, that we can use the functions ¢ and w given in the

definition of the (¢, w)-derivative to rewrite Theorem 5.4 as:

Theorem 5.5. Let f : [0,1] x R — R be a continuous and differentiable in the first variable
function, and let us assume that there exist C; D >0 and g € (0,1) such that

(s, 7)

(s @ (&) < €Il + D

For every (s,r) € [0,1] x R. Then, the nonlinear boundary value problem (5.7)—(5.8) has at least

one solution.

Schaefer’s theorem is a consequence of the Schauder fixed point theorem, which is a localization
fixed point result. We will use Schauder’s theorem to give a localization result for the solutions of

boundary value problem (5.7)—(5.8).

Theorem 5.6. Let f : [0,1] x R — R be a continuous and differentiable in the first variable
function and, in addition, let us assume that f € L'([0,1] x R). Let B(r) be the closed ball with
radius . Then, the nonlinear boundary value problem (5.7)—(5.8) has at least one solution for

every closed ball B(r) such that

2 4
rs BB s+ |2 A, (5.14)
Al A
with,
(18| +2)e ™, —1<A<0
A= , M:= sup |—|, Q= sup '(¢).
o(t) te[0,1]

2(18+1), A>0 tef0,1]
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Proof. Since the operator T is continuous and compact, we can apply Schauder’s fixed point

theorem, once we prove that T'(B(r)) C B(r).

From (5.13) and the hypotheses, we have

208/ +4 [1f(s,2()] ‘a‘
(o) < 25 / Lo (s) s + |5 (5.15)
< 2|6|L|+4Mﬂllf||1+ gla

<.

Thus, |Tx||e < 7. Consequently T(B(r)) C B(r). Finally, from Schauder’s theorem, 7" has a
fixed point, as so boundary value problem (5.7)—(5.8) has at least one solution, for every closed

ball B(r) with radius 7 as in (5.14). O

We can control the growth behavior of the nonlinear function f and still guarantee the existence of
solutions for BVP (5.7)—(5.8). Some of these behaviors, as we will see, can be controlled in terms
of the functions ¢ and w given in the definition of the (p,w)-derivative, which can be interpreted

as behaviors scaled for the (¢, w)-derivative.

The main idea is to replace the integral term (5.15) with some condition which allows found a
bound for it. For instance if we assume that f is uniformly bounded by A > 0 on [0, 1] x R, then

use the estimate |f(s,x(s))| < A in (5.15) and obtain the radius r > %MQAK + ‘%’ A.

If we assume that |f(s,y)| < ALEGL o1 some A > 0, for all (s,z) € [0,1] x R, the integral term

w’(s)?

is less or equal to A and the radius is r > 21Bl+4 4 + ’%| A.

(Al
Finally, if | f(s,z(s))] < 2(|5|_|3|2)M25|x(s)|, and we assume that
¢ A< f, for each r > 0 given.
A 2
Then, estimate (5.15) is rewrite as
| Tx(t)] < ng” + % A< g+g =

This proves that T applies any ball of radius r into itself. Therefore, we conclude that BVP

(5.7)—(5.8) as at leat one solution on each ball of radius r.

In similar fashion it can be proved that for

Iy

(18] + 2)MQ(L2] 4. 4 |ao))

fls )l < 7 |ans™ + -+ aol)|z(s)];
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and
«

3 A < -, foreachr >0,

N3

the same conclusion holds.
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ABSTRACT

This work is a part of a recent wave of studies on inequali-
ties which relate the uniform-norm of a univariate complex
coefficient polynomial to its derivative on the unit disk in
the plane. When there is a limit on the zeros of a polyno-
mial, we develop some additional inequalities that relate the
uniform-norm of the polynomial to its polar derivative. The
obtained results support some recently established Erdés-
Lax and Turdn-type inequalities for constrained polynomials,
as well as produce a number of inequalities that are sharper
than those previously known in a very large literature on this
subject.

RESUMEN

Este trabajo es parte de una reciente ola de estudios sobre
desigualdades que relacionan la norma uniforme de un poli-
nomio univariado con coeficientes complejos con su derivada
en el disco unitario en el plano. Cuando existe un limite sobre
los ceros de un polinomio, desarrollamos algunas desigual-
dades adicionales que relacionan la norma uniforme del poli-
nomio con su derivada polar. Los resultados obtenidos satis-
facen desigualdades de tipo Erdés-Lax y Turdn para poli-
nomios restringidos recientemente establecidas, y también
producen desigualdades que son mas estrictas que aquellas
conocidas previamente en la larga literatura dedicada a este

tema.
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1 Introduction

Experimental data is converted into mathematical notation and mathematical models in scientific
inquiries. In order to solve these, it may be necessary to know how large or small the maximum
modulus of the derivative of an algebraic equation can be in terms of maximum modulus of the
polynomial. In practise, setting boundaries for these circumstances is crucial. The only informa-
tion available in the literature is in the form of approximations, and there are no closed formulae
for calculating these limitations precisely. These approximate boundaries are quite accurate when
computed effectively adequate for the demands of investigators and scientists. As a result, there
is a constant desire to find boundaries that are superior to those described in the literature. We
were inspired to write this note because there is a need for updated and more precise bounds. The
inequalities for polynomials and their derivatives, which generalise the classical inequalities for
different norms and with different constraints on utilising various methods of geometric function
theory, are a fertile topic in analysis. In the literature, for proving the inverse theorems in approx-
imation theory, many inequalities in both directions relating the norm of the derivative and the
polynomial itself play a significant role and, of course, have their own intrinsic appeal. As shown
by various recent studies, numerous research papers have been published on these inequalities for
constrained polynomials (for example, see [11, 13, 17, 19, 20, 21]). We begin with the well-known
Bernstein inequality [4] for the uniform norm on the unit disk in the plane: namely, if P(z) is a

polynomial of degree n, then

max |P'(2)] < nmax |P(2)]. (1.1)
z|=1 z|=1

If we only consider polynomials without zeros in |z| < 1, the above inequality (1.1) can then be
emphasised. In fact, Erdés conjectured and later Lax [14] proved that, if P(z) # 0 in |z| < 1, then

max |P'(2)] < gmag |P(2)]. (1.2)

The inequality (1.2) is sharp and equality holds if P(z) has all of its zeros on |z| = 1.

When there is a restriction on the polynomial’s zeros, Turdn’s classical inequality [25] offers a lower
bound estimate for the size of the derivative of the polynomial on the unit circle in relation to the
size of the polynomial. It states that if P(z) is a polynomial of degree n having all its zeros in

|z| <1, then

max | P'(2)] = gmax |P(2)]. (1.3)
z|= z|=1
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Aziz and Dawood [2] improved inequality (1.3) to take the form

o [P/(2)] > 5{ max P)] + uin [P(2)] . (1.4)

zl=1

Any polynomial that has all of its zeros on |z| = 1 holds true for (1.3) and (1.4).

The inequalities (1.3) and (1.4) have been generalised and expanded in a number of ways over
time. For a polynomial P(z) of degree n having all its zeros in |z| < k, k > 1, Govil [8], proved
that

n
1+

max |P'(2)] >
1

ma e [P(2)]. (L5)

As is easy to see that (1.5) becomes an equality if P(z) = z™ + k™, one would expect that if we
exclude the class of polynomials having all zeros on |z| = k, then it may be possible to improve
the bound in (1.5). In this direction, it was shown by Govil [10] that if P(z) is a polynomial of

degree n having all its zeros in |z| < k, k > 1, then

wax [P/(9)] = 7 {max P2+ i PG . 16

|z 1

As an extension of (1.2), Malik [15] proved that, if P(z) #0 in |z| < k, k > 1, then

n
P'(2)| < —— max |P(z)|. 1.7
max | P(2)] < g7 max [P(2)] (1.7)

The result is sharp and equality in (1.7) holds for P(z) = (z + k)".

On the other hand, if P(z) # 0 in |z| < k, k < 1, the precise estimate of maximum of |P’(z)]
on |z| = 1 does not seem to be known in general, and this problem is still open. However, some
special cases in this direction have been considered by many people where some partial extensions
of (1.2) are established. In 1980, it was shown by Govil [9] that if P(z) is a polynomial of degree
nand P(z) # 01in |z| <k, k <1, then

n
1+

max | P'(2)] <

|z|=

o ax |P(2)], (1.8)

provided |P’(z)| and |@Q’(2)| attain their maximum at the same point on |z| = 1, where Q(z) =

z"P (1/Z). Under the same hypothesis as in (1.8), Aziz and Ahmad [1] established an improved

inequality in the form

max|P'(2)] < —

1P < i 1791} 19

{lrglfﬁP(Z)l— |

In the literature, more generalised variations of Bernstein and Turdn inequalities have emerged,
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in which the underlying polynomial is replaced with more general classes of functions. One such
generalisation is moving from the domain of ordinary derivatives of polynomials to the domain of
their polar derivatives. Before drawing any more conclusions, let us first discuss the idea of the

polar derivative. For a polynomial P(z) of degree n, we define
DgP(z) :==nP(z) + (8 — 2)P'(2),

the polar derivative of P(z) with respect to the point 5. The polynomial DgP(%) is of degree at
most n — 1 and it generalizes the ordinary derivative in the sense that

Jim {DBP(Z)} _ Pl(2),

B—o0 6
uniformly with respect to z for |z2| < R, R > 0.

The comprehensive books by Marden [16], Milovanovié¢ et al. [18], Rahman and Schmeisser [23],
and the most recent one by Gardner et al. [7] all provide access to the extensive literature on the

polar derivative of polynomials.

In 1998, Aziz and Rather [3] established the polar derivative analogue of (1.5) by proving that if
P(z) is a polynomial of degree n having all its zeros in |z| < k, k > 1, then for every 8 € C with
18] > k,

x| DaP(2)| = n ('fgk,’f ) max | P(2)|. (1.10)

In the same publication, Aziz and Rather extended the inequality (1.4) to the polar derivative of
a polynomial. In fact, they proved that if P(z) is a polynomial of degree n having all its zeros in

|z] <1, then for any complex number 8 with |3] > 1,

n .
s [D3P()] = 5] (18] = 1 s [P(E)] + 18]+ 1) i P2 (111)
The corresponding polar derivative analogue of (1.6) and a refinement of (1.10) was given by
Dewan et al. [5]. They proved that if P(z) is a polynomial of degree n having all its zeros in
|z| <k, k > 1, then for any complex number 5 with |3] > k,

1
max D3P > 7 { 091 - By max P+ (1914 o)

|rzr|11_nk|P(z)|} (1.12)

Singh and Chanam [24] most recently developed the following generalisation and strengthening of

(1.10).
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Theorem A. Let P(z) = zgz a,z”, 0 < s <n, be a polynomial of degree n having all its zeros

in|z| <k, k>1, then for every complex number 8 with || > k,

n+s k"2 /lan_] — /laol
> — .
mx D3P 2 (51 - B {50+ s Pl ()

The improvement of inequality (1.8) as a result of Govil [9] was demonstrated by Singh and Chanam

in the same paper in the form of the subsequent outcome.

Theorem B. Let P(z Zal,z be a polynomial of degree n having no zeros in |z| < k, k <1,
v=0
and let Q(z) = 2"P(1/z). If |P'(2)| and |Q'(2)| attain their mazimum at the same point on

ol =1,
o (Vi -k al)

max |P'(z)| < — max |P(z)]. 1.14
may PO < 8 e (B Pe) (114)

The result is sharp and equality holds in (1.14) for P(z) = 2™ + k™.

The study of these inequalities for a certain class of polynomials having a zero of order s > 0 at the
origin is continued in this paper, and we set some new upper and lower bounds for the derivative
and polar derivative of a polynomial on the unit disk while taking into account the location of the

zeros and extremal coefficients of the underlying polynomial.

2 Main results

We begin this section by proving the following Turdn-type inequality giving generalisations and

refinements of (1.10)—(1.13) and related inequalities.

Theorem 2.1. Let P(z) = z* Z a2z, 0 < s <mn, be a polynomial of degree n having all its zeros

inl|z| <k, k>1, then for every complex number B with |B| > k,

)

N (Iﬂ - k){s+ VE = lan—s[ —my — M}(max|P(z) - m’“) (2.1)

14 kn \/k;"—s|an_s| — my |z|=1 kn

DyP(2)| >
max|DaP(2)| 2 177

{081~ by maxipl + (

where my, = min|;|— | P(2)].

Setting s = 0 in (2.1), we get the following refinement of (1.12) and hence of (1.10) and (1.11) as

well.
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n
Corollary 2.2. Let P(z Zayz be a polynomial of degree n having all its zeros in |z| < k,

v=0
k > 1, then for every complex number 5 with |B| > k,

s [DsP(2)] 2 1] (191 - D max P + (1814 s ) e}

(B -, e

where my, is as defined in Theorem 2.1.

By taking k = 1 in (2.2), we easily get a refinement of (1.11). If we divide both sides of (2.1) and
(2.2) by |B] and let | 3] — oo, we get the following results:

Corollary 2.3. Let P(z) = z Z ayz’, 0 < s <mn, be a polynomial of degree n having all its zeros

in|z| <k, k>1, then

o [P/ > (e )+

+{ s VElan S|_m’“_m}( max | P(2)| - mk) (2.3)

L+k™ (14 k) k" 5ay—s| —mi | \IzI=1 kn

where my, is as defined in Theorem 2.1. Equality in (2.3) holds for P(z) = 2" + k™.

Corollary 2.4. Let P(z Zal,z be a polynomial of degree n having all its zeros in |z| < k,

v=0
k> 1, then

n
max |P'(z)] > max |P(z)| +m
max | P (9)] 2 ( max )]+ s

_k"|an|—mk—m max z _ T
N (14 k) /K™ |an| — my, <|z|—1P( ) > (24)

where my, 1s as defined in Theorem 2.1. Equality in (2.4) holds for P(z) = 2™ + k™.

Remark 2.5. It is clear that, in general for any polynomial of degree n of the form P(z) =
2%(ap+arz+- - +an—s2""*%), 0 < s <mn, having all its zeros in |z| < k, k > 1, the inequality (2.1)
improves the inequality (1.13) considerably, excepting the case when P(z) has a zero on |z| = k.
For the class of polynomials having a zero on |z| = k, the inequality (2.2) will give bounds that

are sharper than the bound obtained from the inequality (1.12). One can also observe that the

inequality (2.4) improves inequality (1.6) considerably when \/k™|a,| — mg — /|ao| # 0.

As an application of Corollary 2.4, we prove the following result for the class of polynomials having

no zeros in |z| < k, k <1, which in turn provides a generalization and refinement to Theorem B.
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n
Theorem 2.6. Let P(z) = Z a,z” be a polynomial of degree n having no zeros in |z| < k, k <1,
v=0

and let Q(z) = 2"P(1/z). If |P'(2)| and |Q'(2)| attain their mazimum at the same point on

|z| = 1, then for every complex number B with |G| > 1,

n(|B+ k") nmy(|8] — 1)

gﬁ}ﬂDﬁP(z)\ SW gllfg\P(Z” T
(18] = 1) (\/W—k”/%/w) K , .
) (L4 k") Taol — mr {lml <Z>'mk}v (25)

where my, is as defined in Theorem 2.1. Equality in (2.5) holds for P(z) = z™+k™, with real 8 > 1.

If we divide both sides of inequality (2.5) by |G| and let |5] — oo, we get the following result.
Corollary 2.7. Let P(z) = Z a,z” be a polynomial of degree n having no zeros in |z| < k, k <1,
v=0

and let Q(z) = z"P (1/Z). If |P'(2)| and |Q'(z)| attain their mazimum at the same point on |z| = 1,
then

n nmi
P _
T 2IPE -

(Voo s — k2 )
T e lao - {r?ﬁ)i'P(Z)'_mk}’ (20

where my, is as defined in Theorem 2.1. Equality in (2.6) holds for P(z) = 2" + k™.

max |P'(2)] <

|z|=

Remark 2.8. It may be remarked here that, in general for any polynomial of degree n of the
form P(z) = ag + a1z + a2z + -+ - + a, 2", having no zeros in |z| < k, k < 1, the inequality (2.6)
improves the inequality (1.14), excepting the case when P(z) has a zero on |z| = k. For the class
of polynomials having a zero on |z| = k, the inequality (2.5) sharpens a result of Mir and Breaz

[20, Corollary 2] considerably.

3 Lemmas

In order to prove our results, we need the following lemmas. The first lemma is a simple deduction

from the Maximum Modulus Principle (see [22]).

Lemma 3.1. If P(z) is a polynomial of degree at most n, then for R > 1,

max |P(z)] < R™ max |P(2)].

|z|=R |z=1

The following lemma is due to Dewan and Upadhye [6].
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Lemma 3.2. If P(z) is a polynomial of degree n having all zeros in |z| < k, k > 1, then

2k™ k" —1
max |P(z)| > max |P(z)| + —— min |P(2)]|.
max [P(2)| > 1 max [P(:) + 15y min |P(:)
Lemma 3.3. If P(z) = 2 Z ayz”, 0 < s < n, is a polynomial of degree n having all zeros in

|z| <1, then for any wmplex number B with |B] > 1 and |z| =1,

DBP<>><|6|—1>{”“ L “"T‘)}w ().

|an 8‘
The above lemma is due to Singh and Chanam [24].

Lemma 3.4. If P(z) = 2 ZGV 0 < s < n, is a polynomial of degree n having all zeros in

|z| <1, then for any complex number B with |B] > 1 and |z| =1,

IDsP() 25 (151 - DIPE)] + (151 + D)
() o S

Z)| _m1)7

2 V |an—s| —my

where my = minj,—; |P(z)].

Proof. By hypothesis P(z) = zsz a,z”, 0 < s < n, has all its zeros in |z| < 1. If the polynomial

h(z) = Za,,z” has a zero on |z| = 1, then m; = min|,—; |P(z)| = 0 and the result follows by
v=0
Lemma 3.3 in this case. Henceforth, we assume that all the zeros of P(z) = z°h(z) lie in 2| < 1,

so that my > 0. Therefore, we have m; < |P(z)]| for |z| = 1. This implies for any complex number
w with |p| < 1, that
mq|pz"| < |P(z)| for |z|=1.

Since all the zeros of P(z) lie in |z| < 1, it follows by Rouché’s theorem that all the zeros of
P(z) — pmqz™ = 2° (ao +arz+ -+ (ap—s — uml)z"5>

also lie in |z| < 1. Hence, by Lemma 3.3, we get for |5] > 1 and |z| = 1,

IDﬂ(P(z)—umlz")l2(|ﬁ|—1){”+3 V‘“” pm | \/VO}P — izt (3.1)

2 |an s ,U/ITL1|
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For every p € C, we have

|an75 - ,um1| 2 |anfs| - |M|m17

_ (va-ywl)

and since the function ¢ (x) = > 0, is a non-decreasing function of z, it follows from

(3.1) that for every p with |u| <1 and |z| =1,

|DQ(P(Z) _ umlzn” > (|ﬂ| _ 1){71—2#5 n Y |a271—s|| - |/L|m1|u| V |(10‘ }|P(Z) N ’ulmlzn|. (32)
Qn—s| — mi

It is a simple deduction of Laguerre theorem (see [16, p. 52]) on the polar derivative of a polynomial

that for any £ with || > 1, the polynomial
Dg(P(2) — pmy2™) = DgP(z) — uBnmyz""!
has all its zeros in |z| < 1. This implies that
|DgP(2)| > min|B||z|"~! for |z| > 1. (3.3)
Now choosing the argument of u suitably on the left hand side of (3.2) such that
|DgP(2) — iz = |DP(2)| — |pl|Blnmy for 2] = 1,

which is possible by (3.3), we get for |z| =1

D3P = il > (91 1y 4 o I IOy ). o

If in (3.4), we make |u| — 1, we easily get for |z| =1,

DsP()] 2 5 (181 - DIPG)| + (81 + s

+ <6|2 1> {s + |a"%l;:7rl_:n\l/m} (|P(2)| —ma).

This completes the proof of Lemma 3.4. O

Lemma 3.5. If P(z) is a polynomial of degree n and, Q(z) = z"P (1/Z), then on |z| =1,

[P'(2)| +1Q'(2)] < mn‘glp(?«')k

|z

The above lemma is due to Govil and Rahman [12].
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4 Proofs of the main results

Proof of Theorem 2.1. Recall that P(z) has all its zeros in |z| < k, k > 1, therefore, all the zeros
of the polynomial F(z) = P(kz) lie in |z| < 1. Applying Lemma 3.4 to the polynomial E(z) and
noting that |5]/k > 1, we get

x| Dop()] 2 {<5| ) <W+1>m*}

(IBI ){u%m Jan o —m* —M}(mw( )_m*)7 @)

z 2 2 /k | - j2l=1

where m* = min|;— |E(2)| = min),|—; |P(kz)| = min|,— |P(2)| = mg.

{<ﬁ| )Ifi sz|+<m )mk}

k
>{s k” 8|an— S|—mk—\/a0}
2

2\/1@‘” Slan—s| — my

max | P(kz) |mk)

The above inequality (4.1) is equivalent to

nP(kz) + (i - z)

max
|zl=1

o
(o

The last inequality yields

wax D52 = 5{ () o+ (1) mi

+ <6|k> {;+ VE an ] —mk—\/CTﬂ} <| IaX|P( )Imk>. (42)

k 2/ k"5 ap—s| — my,

Since DgP(z) is a polynomial of degree at most n — 1, we have by Lemma 3.1 for R=%k > 1,

max |DgP(2)| < k™! max |DgP(2)].
z|=1

On using this and Lemma 3.2, the above inequality (4.2) clearly gives

- _nf(18l-kY [ 2" 1 8,
et 056 = 5 (P20 ) (B maxipe+ (g ) me) + (1)

n (IB —k‘) {; n VA an—s| — mi — M}

k 2\/k”—5|an_s| —my
2k" k™ —1
o P T - — )
X{1+k”glli}§ (Z)|+<kn+1)mk m’“}
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After rearranging the terms, we get

1
wax 1DaP()] = {181 - D max P+ 181+ s ) e}
() s+ V’C “lan—| - mk_v|a0|}(maX|P( - ).
VE"™5|an—s| |z|=1 kn
which is exactly (2.1). This completes the proof of Theorem 2. 1 O
Proof of Theorem 2.6. Let Q(z) = 2" P (1/Z). Since P(z Za,,z #01in |2| < k, k <1, the

polynomial Q(z) of degree n has all its zeros in |z| < 1/k, 1/k: 2 1. On applying inequality (2.4)
of Corollary 2.4 to Q(z), we get

max |Q(2)] > { " T (m_>§IQ( )+mk>

|z|=1 2|

,/k” ag| —mj, — +/|an| {
max |Q(z)] — k:"m;} (4.3)
(1 + )/ 2 laol — my, (FIET

Now,

and

glgl@( z)| = |I§1|1>§\P(Z)I~

Using these observations in (4.3), we get

o <m ax |P(z >+7,Zf)
1+kn)\/m {

Since |P’(z)| and |Q'(z)| attain maximum at the same point on |z| = 1, we have

max |Q'(z)] >

|z=1

max | P(2)] - mk}. (4.4)

max(|P'(2)] + |Q'(2)) = max |P'(2)] + masx | (=) (4.5)

On combining (4.4), (4.5) and Lemma 3.5, we get

nk™ my
nmax |P(z)| > max |P'(z +<maxPz + >
mox | P(:)| 2 mox P/ + 70 (s [P+ 7

N (\/|a0| —my — k”/2\/|an|)k”{
(1—|—k")\/|a0| — My

max |P(2)| — mk},

|z]=1
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which gives

k'ﬂ
s P/(9)] < e PG~ {0 (s [P + )

||
(Vlaol = — K"/ /Tau]) k"

— max |P(z)| —my ¢. 4.6
(1 + k™)+/|ag] — my {Z—1| @)l k} (4.6)

Also, it is easy to verify that for |z| =1,
Q"(2)] = InP(2) — 2P'(2)|. (4.7)

Note that for any complex number S8, and |z| = 1, we have
|DgP(2)| = [nP(2) + (B — 2)P'(2)| < [nP(z) — 2P'(2)| + B||P' ()],
which gives by (4.7) and || > 1, that

|DsP(2)] < Q' (2)| + 1BIIP(2)] = |Q" ()| + [P (2) = [P'(2)] + |BI| P'(2)]

<nmax |P)|+ (8~ DIP()] (b Lemma 3.5)
< nmax[P(2)] + (8] - 1) max | P/(2)|. (48)

Inequality (4.8), in conjunction with (4.6), gives for |z| =1,

k™ —1
1052 < il - L ZE (ol + )

0l 1>(Wk”/gm)kn{mi§|p<z> ~m

(14 &) /|ao| — my E

which is equivalent to (2.5). This completes the proof of Theorem 2.6. O
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