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Existence results for a class of local and nonlocal
nonlinear elliptic problems

SAID AIT TEMGHART! =

ABSTRACT

CHAKIR ALLALOU!
ADIL ABBASSI! In this paper, we study the p-Laplacian problems in the case

where p depends on the solution itself. We consider two
! Laboratory LMACS, FST of Beni situations, when p is a local and nonlocal quantity. By using
Mellal, Sultan Moulay Slimane a singular perturbation technique, we prove the existence of
Unwversity, Morocco. weak solutions for the problem associated to the following
saidotmghart@gmail.com ™ equation
chakir.allalou@yahoo. fr
abbassi91@yahoo. fr —div(|Vu|"(“)_2Vu) + |u|p(u)_2u =f inQ

uw=0 on 0f),

and also for its nonlocal version. The main goal of this paper
is to extend the results established by M. Chipot and H. B.
de Oliveira (Math. Ann., 2019, 375, 283-306).

RESUMEN

En este articulo, estudiamos los problemas p-Laplacianos en
el caso donde p depende de la solucién misma. Consideramos
dos situaciones, cuando p es una cantidad local y no-local.
Usando una técnica de perturbacién singular, demostramos
la existencia de soluciones débiles para el problema asociado

a la siguiente ecuacién

—div(|Vu|P™2Vu) + [ufW 2y = f enQ
u=0 sobre 012,
y también para su versiéon no-local. El principal objetivo de

este articulo es extender los resultados establecidos por M.
Chipot y H. B. de Oliveira (Math. Ann., 2019, 375, 283-306).
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1 Introduction

The study of partial differential equations involving the p-Laplacian generalised several types of
problems not only in physics, but also in biophysics, plasma physics, and in the study of chemical

reactions. These problems appear, for example, in a general reaction-diffusion system:
up = —div (a|Vu|p(')_2Vu) + |ulPO 2,

where a € R™ is a positive constant, the function u generally describes the concentration, the
term div (a|Vu[P()=2Vu) corresponds to the diffusion with coefficient D(u) = a|Vu[P()~2, and
|u[P()=2y is the reaction term related to source and loss processes. In general, the reaction term

has a polynomial form with respect to the concentration wu.

Because of the importance of this kind of problems, many authors have investigated the existence

and uniqueness of their different types of solutions [1, 4, 10].

Our main interest in this work is to extend these results to the case when p may depend both
on the space variable x and on the unknown solution w. We first consider the case where the

dependency of p on u is a local quantity. Namely, we study the following problem

—div(|Vu[P™=2Vu) + [uPW =2y = f  inQ )
u=20 on 01,

where € is a bounded domain of RY, N > 2, f is a given data and p is the nonlinear exponent

function p : R — [1,4+00) such that
p is continuous and 1 <r <p<s< oo forsome constants r,s. (1.2)

In the second part of this work, we consider also the following nonlocal problem

—div(|Vu[PC)=29y) 4 [u[pC) =2y = f in O 13)
u=0 on 01,

where p : R — [1,400) and b : Wy"(Q) — R are the functions involved in the exponent of

nonlinearity, for some constant exponent r such that 1 < r < oo.

The fact that in reality physical measurements of certain quantities are not made in a punctual
way but through local averages is always the motivation to study non-local problems. This kind
of problems appear in the applications of some numerical techniques for the total variation image

restoration method that have been used in some restoration problems of mathematical image
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processing and computer vision [5, 6, 17]. J. Tiirola in [17] presented several numerical examples
suggesting that the consideration of exponents p = p(u) preserves the edges and reduces the noise
of the restored images u. A numerical example suggesting a reduction of noise in the restored
images v when the exponent of the regularization term is p = p(]Vu|) is presented in [5]. To our
best knowledge, there are only a few important contributions concerning the well-posedness of the
solutions of this p(u)-Laplacian problems. The study of these problems was recently developed by
Andreianov et al. [3]. They established the partial existence and uniqueness result to the weak

solution in the cases of homogeneous Dirichlet boundary condition for the following problem

—div(|Vu[P2Vu) +u = f inQ,
u=0 on 0f).

S. Ouaro and N. Sawadogo in [14] and [15] considered the following nonlinear Fourier boundary
value problem

b(u) — diva(z,u, Vu) = f in Q

a(z,u, Vu) - n+Au=g on 9f.

The existence and uniqueness results of entropy and weak solutions are established by an approx-

imation method and convergent sequences in terms of Young measure.

We were inspired by the work of M. Chipot and H. B. de Oliveira in [7], where the authors have
proved the existence of the p(u)-problem (1.1) without the second term in the left-hand side, the
existence proofs of [2] and [7] are based on the Schauder fixed-point theorem. They considered for

the first time in the literature the nonlocal exponent of nonlinearity p as we consider here.

This paper is organized as follows. In Section 2 we introduce the basic assumptions and we recall
some definitions and basic properties of generalised Sobolev spaces. Section 3 is devoted to show
the existence of a solution to the local problem (1.1) using a singular perturbation technique. In
Section 4, we prove the existence of weak solutions to the nonlocal problem (1.3) by using the
Minty trick together with the technique of Zhikov (see [18]) for passing to the limit in our sequence

of p(u,)-Laplacian problems .

2 Preliminaries

The fact that the function p depends on the solution w and therefore it depends on the space

variable x, allows us to look for the weak solutions in a Sobolev space with variable exponents.

Let © be a bounded domain of RY with 09 Lipschitz-continuous, we say that a real-valued con-
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tinuous function p(-) is log-Hélder continuous in € (for more details, see [9]) if

C 1
IC >0: |p(x)—p(y)|§71 Va,y € £, |x—y|<§. (2.1)
In (—|Z,y|)
For any Lebesgue-measurable function p : @ — [1, c0), we define
p— :=ess inf p(x) , ps := esssup p(x), (2.2)
zeQ zEQ
and we introduce the variable exponent Lebesgue space by:
LPO(Q) = {u Q= R/ ppy(u) = lu(z) [P dx < oo} . (2.3)
Q
Equipped with the Luxembourg norm
. u
lullp() = inf {)\ >0 ¢ pyey (X) < 1} , (2.4)
LP0)(Q) becomes a Banach space. If
1<p- <pg<oo, (2.5)

LP0)(Q) is separable and reflexive. The dual space of LP()(Q) is LP ()(Q), where p/(z) is the

generalised Holder conjugate of p(z),

The next proposition shows that there is a gap between the modular and the norm in LP()(Q).

Proposition 2.1 (See [11]). If (2.5) holds, for u € LP*)(Q), then the following assertions hold

min { lull7), Jull?f) } < ppoy(w) < max {Jlull%e), ull?g) )

1

1 1 1 1
min {Ppc)(u)p* , Py (W) p*} < ullp(y < max {pzp(-)(u)L s Pp(y (u)F }7 (2.6)

lullyoy =1 < ppey(w) < [lullyiy + 1. (2.7)
p() p()
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Proposition 2.2 (Generalised Holder’s inequality. See [13]).

- For any functions u € LPO)(Q) and v € L )(Q), we have:

1 1
[ wvds < (o= Yl ol < 2lulbollol:
Q p-  p_

- For all p satisfying (2.5), we have the following continuous embedding,

LPO(Q) — L")(Q) whenever p(z) > r(x) for a.e. x € Q. (2.8)

In generalised Lebesgue spaces, there holds a version of Young’s inequality,

|u|P(®)

p(x)

|v]p' (@)

)
ol < p(x)

+C(6)

)

for some positive constant C(d) and any ¢ > 0.

We define also the generalised Sobolev space by
WhrO(Q) == {u e LPV(Q) : Vu € LPV(Q)},
which is a Banach space with the norm
ullipey = llullpey + [Vullp). (2.9)
The space W1HP()(Q) is separable and is reflexive when (2.5) is satisfied. We also have
WhPO(Q) — WETO(Q) whenever p(x) > r(x) for a.e. z € Q. (2.10)
Now, we introduce the following function space
Wo Q) = {u e W' () : Vu € PO @)},
endowed with the following norm
lullyaroogqy = llly + [Vl (2.11)

If p € C(Q2), then the norm in Wol’p(') (2) is equivalent to || Vul|,.). When p is log-Hdlder continuous,
then C§°(Q2) is dense in W, 71 (0Q).

If p is a measurable function in € satisfying 1 < p_ < py < N and the log-Hélder continuity
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property (2.1), then
() S ClVullpy Yue Wol’p(')(ﬂ),

[[u

for some positive constant C, where

]\]vaz()g) if p(x) <N

00 if p(x) > N.

p(z) =

On the other hand, if p satisfies (2.1) and p_ > N, then
lulleo < ClIVullyey 7w e Wy (@)

where C' is another positive constant.

Lemma 2.3 ([7]). Assume that

1<r<pplz)<s<oo VnéeN,

for a.e. x€Q, for some constants r and s,
Pn — P a.e. in £, as n — oo,
Vu, — Vu in LNQ)N, as n — oo,

|V, [Py < C, for some positive constant C not depending on n.
Then Vu € LPO(Q)N and
n—00

R R
Q Q

Lemma 2.4 ([8, 12]). For all £, n € RYN, the following assertions hold true:

1
2<p<oo= e -l < (Il = nl"~*n) - (€ —m),

2-p
p .

L<p<2=(p-1IE—n* < (IEP72 — nl""*n) - (€ =) (€I + [nl”)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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3 Existence for the local problem

In this section, we prove the existence of weak solutions for the local problem (1.1). Firstly, we

define the following space:
Wol’p(u)(ﬂ) = {u e W H(Q) : / |VuPWdz < oo} such that 1 < p(u) < oo for all u € R.
Q

20 () defined at (2.11) which is equivalent to ||V,

It is a Banach space for the norm |[[ul| |
0
when p(u) € C(Q). Since p is continuous then from the fact that 1 < r < p, Wy *™ (Q) is separable

and reflexive.
Definition 3.1. Assume that p verifies (1.2) and
few (). (3.1)
A function u € Wol’p(u) (Q) is said to be a weak solution to the problem (1.1), if
/Q |Vu|P =2y - Vo de + /Q JulP=2yp de = (f,v) Yve Wol’p(u) (Q),
where (-,-) denotes the duality pairing between (Wol’p(u) (Q))" and Wol’p(u)(ﬂ).
Theorem 3.2. Assume that (1.2) and (3.1) hold together with
N <r<p(u) <s<+oo (3.2)
and
p: R — [1,+00) is a Lipschitz-continuous function. (3.3)

Then there exists at least one weak solution to problem (1.1) in the sense of Definition 3.1.

The proof of Theorem 3.2 is divided into several steps.

Step 1: Approximate problems

For each £ > 0, we consider the following auxiliary problem (namely, the regularized problem)

—div(|VulPW=2Vu) + [u[P 20 + ¢ (Ju]*~2u — div(|Vu[*"2Vu)) = f  in Q, (3.4)
u=0 on 0,
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where
N<r<pu)<s<oo YuecR.
Proposition 3.3. For each ¢ > 0, the problem (3.4) admits a weak solution u..
Proof. Let w € L*(2), then
N<r<pw)<s<oo forae z€f. (3.5)

Recalling that f € W=1"(Q) ¢ W% (Q). Now, we focus on the operator T. : Wy*() —
W=15'(Q) defined by

(Te(u),v) = / (|Vu|p(w)72Vu - Vodx + |u|p(w)72m}) dax+e [/ (IVul**Vu - Vudz + [u]*uv) dz| |
Q Q

for all u,v € Wy*(€2). We can establish that:

(i) T is continuous, bounded;
(i) T is strictly monotone (the strict monotonicity follows by Lemma 2.4);
(iii) T: is coercive.

According to (i), (ii) and (iii), the operator T, is continuous, strictly monotone (hence, maximal
monotone too), and coercive. It follows that T. is a strictly monotone surjective operator (see

Corollary 2.8.7, p. 135, [16]). Therefore, there exists a unique solution u,, € W, *() such that
/ |Vt [P 2V, - Vvdx—i—/ [t |P) ™ 20 v+
Q Q
€ ( |Vt |* 2V, - Vodz + |uw|52uwvd:v> = (f,v) Yve W Q). (3.6)
Q Q

We take v = uy, in (3.6) to derive that

/|Vuw|p(w)d:c—|—/ |uw|p(“’)da:—|—5</ |uw|sd:c+/ |Vuw|sd:1:> <Nt [Vl < Cl[ Vs,
Q Q Q Q

where C' = C(r, 5,9, f), and ||-|| -1, is the operator norm associated to the norm ||V-||,. Therefore

EHUwHis < C||Vuylls < CHuw”Ls-

Hence

s < C, (3.7)
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where C = C(r,s,Q,¢, f) is a positive constant without w-dependence. From the fact that s >

N > 2, we can deduce that
w20 < C. (3.8)
Next, we introduce the self-map T : B — B defined by T'(w) = uy,, over the set
Bi={ve LAQ) : o]l o) < C} .

The compact embedding W, **(Q) < L?(2) implies that T'(B) is relatively compact in B. Appeal-
ing to the Schauder fixed-point theorem, we know that the continuity of 7" is required in obtaining

a fixed point of T'.

With the assumption that we work on a sequence {w,} in L?(2) satisfying
w, —win L*(Q) as n — oo, (3.9)

we denote by u,, for all n € N, the solution of (3.6) related to w := w,,. Therefore, the inequality
in (3.7) leads to

[lunll; , < C,  for some positive constant (without n-dependence) .
Passing to a subsequence if necessary (namely again {u,}), for a certain u € W, *(Q) we get

U, —u in Wy*(Q), as n— oo, (3.10)

up, —u in L*Q), as n— oo. (3.11)
We return to (3.6), so that considering (uy,,w,) instead of (u,w), we get
/Q (|vun|P<Wn>*2vun + a|vun|5*2vun) -Vudz+ (3.12)
/Q (|un|p(w”)_2un n a|un|s_2un) vdr = (f,v) Vv e Wh¥(Q).
Since the operator on the left-hand side of (3.12) is monotone, then
/Q (|Vun|p(w”)_2Vun + £|Vun|5_2Vun) - V(up —v)da+ (3.13)

[ (P2, 4 el 2un) (= o)z~
Q
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/ (|Vv|p(w")72Vv + E|V’U|572V’U) - V(up —v)dz—
Q

/ (|v|p<wn>—2v + a|v|5_2v) (U —v)dz >0 Yo € Wh*(Q).
Q
Considering (3.12) with v = u,, — v as a test function, we use (3.13) to get

(f,up —v) — / (|VU|P(wn)_2Vv + 6|VU|S_2VU) - V(up — v)dz— (3.14)
Q

/Q (|v|p(w”)_2v + €|v|s_2v) (un —v)dz >0 Yo e W) 5(Q).
The convergence in (3.9) implies
w, > w a.e. in Q, as n — oco.
Since p is a continuous function, we can apply Lebesgue’s theorem (in L ()N), therefore
|Vo|P(0n) =27y — [Vo|P™)~2Vy  strongly in LS/(Q)d, as n — 0o (3.15)

and

[o|P(wn) =2y - [p[P() =2y strongly in  L°(Q), as n — oo, (3.16)

for all v € Wy>*(2). Finally, by the weak convergence in (3.10) and using (3.15) and (3.16) we can
pass to the limit in (3.14) to obtain

(fou—v)y— /Q (|Vv|p(w)_2VU + €|VU|5_2VU) -V(u—v)dz—
/Q (|’U|p(w)_2’l} + E|’U|5_2’U) (u—v)de >0 Yoe W) (3.17)
Next, choosing v = u + ¢, where ¢ € Wol’S(Q) and 6 > 0, we get
+ [(r0) - /Q (19 (u £ 8) P2V (u + 8) + €|V (u + 0)* 2V (u £ 6¢)) - Vep dar—
/Q (Ju 5072 £ 8¢) + elo]*2(u % 5¢) ) gz > 0. (3.18)
We pass to the limit as ¢ goes to zero in (3.18), and deduce that
/Q (|V(u)|p(w)_2Vu + E|Vu|s_2Vu) - Vedz +/Q (|u|p(w)_2u + €|v|5_2u) odr = (f, ) Yo e Wy*(Q).
Consequently u = u,,. In view of (3.11) and by the strong convergence in (3.11), we conclude that

Uy, — Uy strongly in  L?(Q), as n — oo,
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It follows that T is continuous, and this establishes the existence of the fixed point which is the

exact weak solution to (3.4). O

Step 2: Passage to the limit as ¢ — 0
From Proposition 3.3, for each ¢ > 0 there exists u. € Wol"s(Q) such that

/|V(u5)|p(“5)_2Vu5Vde+/ ue [P0 =2y vda+ (3.19)
Q Q

< < |VUE|S?2VU5 - Vudx + |us|52usvd5€> = <f,’U> Yv € WOLS(Q)
Q

Q
and

N <r <pluc(z)) <s<oo VYe>0, forae z€.

Next, we choose v = u. as a test function in (3.19) to obtain

/Q (Ve 4 fue [P0} d + 2 (el 3 + fuel[2) = (F, ). (3.20)

From (2.7), we deduce that

q_

1
lulloey < (P (w) + )T = < V1) d + 1)

Q
By using the Holder inequality, we get

1

plue)
/Q Vue|"dz < Ol V||| puey < C ( /Q Ve [P da + 1) (=5=). (3.21)
<C < |V [P0 da 4 1> ,
Q
where C' = C(r, s,9). Therefore
1
(o < Ufll-a Vel < Ul ([ Fudeao 1) (3.22)
From (3.20), (3.22) and by using Young’s inequality, we obtain
[ (Ve @) ot 2 (9l + ucl2) < € (3.23)
Q

Using (3.21) and (3.22), we can deduce the estimate

||uell1r < C, (3.24)
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where C' is a positive constant without e-dependence.

Now we consider a sequence {e,} of positive real numbers. For every n € N, let u. be the solution
to the problem (3.4) associated to &,. Since W, () < L?(€2) compactly, then after passing to a

subsequence if needed, for some u € W, ™" () we have

ue, —u in W;"(Q), as n— oo (3.25)
Vue, = Vu in L'(Q)Y, as n— oo (3.26)
ue, »u in L*Q), as n— oo

U, = u ae in Q, as n— oo. (3.27)

n

The constraints on the exponent range in (3.2) imply that « is Holder-continuous, then from the

condition (3.3), the same conclusion holds for p(u). From (3.27), we deduce that
p(ue,) = p(u) ae. in Q, as n— oo. (3.28)
Clearly, the following chain of inequalities is satisfied
N<r<p(us,)<s<oo VYneN, forae zell (3.29)

Using (3.23) written for u,,, together with (3.26), (3.28) and (3.29), we conclude that (by Lemma
2.3)

uwe WP (q). (3.30)
From the theory of monotone operators, we have

/ (|vu5n |p(usn)_2vu5n + €n|vu5n |S_2vu5n) : V(U’En - ’U)d‘r—i_
Q

/ (luan |p(uen)_2u5n + Enluan |S_2u) (U’En - ’U)d(E—

Q

(/ (|Vv|p(“5n)_2VU + 5n|VU|S_2VU) - V(ue, —v)dz+
Q

/ (|v|p(“5")72v + 5n|v|572v) (ue, — v)dw) >0 Yoe W, Q). (3.31)
Q

By replacing u. with u., and choosing u., — v as a test function in (3.19), we can reduce (3.31)
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to the form

(f ue, —v) — (/Q (|Vv|p(“5n)_2Vv + €|Vv|s_2Vv) - V(ue, —v)dz+
/Q (|v|p(“5")_2v + €|’U|S_2U) (te, — U)dx) >0, (3.32)
for all v € C§° (). By using (3.28) and the Lebesgue theorem, we have
|VolP(ten) =27y — [Vo|P™ 2Ty in L7(Q)?, as n— oo (3.33)
and
J|P(en) =2y 5 (0[P =2y in L7(Q), as n — . (3.34)

We take the limit as n goes to infinity in (3.32), and use (3.24), (3.25), (3.33) and (3.34), therefore

(fyu—v) — (/ |Vv|p(“)_2Vv~V(u—v)dx—|—/ |v|p(u)_2v(u—v)d:c> >0 YoelrQ).
Q Q

(3.35)

From the assumptions (3.2) and (3.3), the functions p(u) is Holder-continuous which implies that

Ce°(Q) is dense in WP (). Thus, (3.34) holds true also for all v € Wy ™) (Q).

So we can take v = u £ J¢, where ¢ € Wol’p(u) (Q) and 0 > 0, as a test function in (3.34) we get
+ <<f, ) — (/Q |VuP 2Ty - Vo dr + /Q [P~ 20 dx)) > 0. (3.36)
This implies that,
/Q |VulP =2V - Ve da + /Q [P 2upde = (f, @) Vo € WP (Q). (3.37)

Finally, we arrived to a solution for our local problem (1.1) (See Definition 3.1).

4 Nonlocal problems

Along with problem (1.1), we consider in this section its nonlocal version. Firstly, we assume that
the function p satisfies the conditions in (1.2). We denote by b a mapping from W,""(Q) into R
such that

b is continuous, b is bounded. (4.1)
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The next theorem needs the following revised definition of a weak solution.

Definition 4.1. A function u is said to be a weak solution to the problem (1.3) if

= Wol"p(b(u))(ﬂ) ’

(4.2)
/ |Vu PO =27y . Vo da —|—/ luPCD 2y de = (f,0) Yo e Wol"p(b(u))(ﬂ),
Q Q

I
where (-,-) denotes the duality pairing between (Wol’p(b(u))(Q)) and Wol’p(b(u))(Q).

Since p(b(u)) is here a real number and not a function, thus the Sobolev spaces involved are the

classical ones.

Theorem 4.2. Let Q C RY N > 2, be a bounded domain and assume that (1.2) and (4.1) hold
together with
few b Q)  for qg<r.

Then there exists at least one weak solution to the problem (1.3) in the sense of Definition 4.1.

To prove Theorem 4.2, we need the following Lemma.

Lemma 4.3. Forn € N, let u,, be the solution to the problem

u, € Wy (),

(4.3)
|V P =2V, - Vode + [ |un|P»2uvde = (f,v) Yo e WP (Q),
Q Q
!
where (-,-) denotes here the duality pairing between (Wol’p" (Q)) and WyPm (Q).
Assume that
Pn— D, as m— o0, where pée (1, 00), (4.4)
FeWw Q) for some q<p. (4.5)
Then
w, —u in Wyl(Q), as n— oo, (4.6)
where u is the solution to the problem
u e WyP(Q),
(4.7

/|Vu|p_2Vu-Vvdx+/|u|p_2uvdx=<f7v> VUGW&’p(Q)~
Q Q

Proof of Lemma 4.3. The proof of Lemma 4.3 is divided into two steps.
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Step 1: Weak convergence

In view of p, — p, as n — oo, and ¢ < p, we may suppose that
p+1>p,>q VneN. (4.8)
We choose v = u, as a test function in (4.3) to obtain

/Q (V[P de + / fun Pz < ||l -1 V]l (4.9)

From (4.8) and Holder’s inequality, we deduce that

[Vunllg < ClVunllp, < Cllunllip,, (4.10)
where C' = C(p, q, ) is a positive constant. Therefore
||u77f||17pn S C7 (411)

where C' = C(p, q, <, f) is a positive constant. Combining (4.10) with (4.11), we get
Vunllq < C, (4.12)

where C' is a positive constant without n-dependence. Passing to a subsequence if necessary still

denoted by u,, for a certain u € W, %(Q) we get
Vu, = Vu in LYQ), as n— oo. (4.13)

On this basis, the convergences in (4.4), (4.8), (4.11) and (4.13) lead to the conclusion that (Lemma
2.3)
liminf/ |V, |Prde > / |Vul|Pde,
Q Q

n—r oo

and hence
ue WyP(Q). (4.14)

We observe that, the second line in (4.3) is equivalent to

/ |Vt |P» 2V, - V(v — uy)de +/ [P "2 (0 — wp)dx > (f,0 —u,) Yo € WyPr (),
Q Q
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using the Minty lemma, we have

IVolPr=2V0 - V(v — up)dz + [ [v]P""20(v — un)dz > (f,v —u,) Yo € WyPm(Q). (4.15)
Q Q

We choose v € C§°(§2), then we can take the limit as n goes to infinity in (4.15), and use (4.4) and
(4.13), hence we obtain

/ |VoP2Vv - V(v — u)dx —|—/ [P~ 20(v — u)dz > (f,v —u) Yo € C°(Q). (4.16)
Q Q

Since C5°(Q) dense in W, (), we have (4.16) also holds for all v € W,"*(2). Now, choosing
v =u =+ dp, where ¢ € Wol’p(Q) and ¢ > 0, by passing to the limit as § goes to zero, we get

A |VulP~2Vu - Vipdx + /Q |u|P2updz = (f,©) VY€ Wol’p(ﬂ),

Finally, it is sufficient to recall that u € WO1 P(Q2) to conclude that we arrived to a solution for the

problem (4.7).

Step 2: Strong convergence

In this step we will show that the convergence (4.13) is strong. Firstly, we take v = u,, in (4.3)

and using (4.13) to pass to the limit, we get
[Vun[Prde + [ |up|Prde = (f,v) — |Vu|pd:c+/ |ulPde = (f,v) as n—oo. (4.17)
Q Q Q Q

Firstly, we consider the case when

Pn>p VneN.

By using Hélder’s inequality, we have

P
/ |Vup|Pdx < (/ |Vun|p"d:17> ! |} 7
Q Q

Thus by (4.17), we deduce that

limsup/ [V, [Pdx < / |Vu|pdx§hminf/ |Vun|Pdz,

n—00

which implies (from the fact that ||Vu,|, = [|[Vullp, as n — o0)

u, — u strongly in W P(Q), as n— oo. (4.18)
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From the fact that W, "”(€2) € W;9(R2), we conclude that
U, —u in Wyl(Q), as n— oo.
Now, we consider the case when
q<pn<p VneN, (4.19)
we set
Ay, ::/Q (|Vun [Pr=*Vu, — [VulPr=?Vu) - (Vu, — Vu)dz+
/Q (Jun[Pr 2wy — |ulPr =) - (up — u)da. (4.20)
By the theory of monotone operators, we have A,, > 0, (4.3) imply that (4.20) reduces to the form
An = {f, up —u) — /Q |VulPr 2V - V(u, — u)dx — /Q [ulP" 2 u(u, — u)d.
Due to (4.5) and the convergence in (4.13), we have
(fyun —u) =0, as n — oo. (4.21)
From the fact that u € W,"* () we get

| VulPr—2Vu| < max{1, |Vu|P~'} € L (Q), (4.22)

[|u[P"~2u| < max{1, |u|P~'} € LP(Q). (4.23)
On this basis, we can conclude that
A, =0, as n— oo (4.24)
We first consider the case when p,, > 2. By applying the Lemma 2.4 in (4.20), we get

Ay, > % (/ IV (up —u)Prde —|—/ lun — u|p"d:v> . (4.25)
2pn Q Q

Since p,, > ¢, we can apply Holder’s inequality to obtain

q

Vi =l + [ fun = uftde < ( / |V<un—u>|wx) 8 +( / |un—u|p"d:c)
Q Q Q Q

Qe
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Hence, from (4.24) and (4.25) we get
/ |V (u |qda:—|—/Q|un—u|qd:1:—>O, as n — oo.
Therefore,
U, —u in WyU(Q), as n— oo

Now, we assume that p, < 2:

By using the Holder’s inequality we obtain

/|V (un — |p"d:v+/|un—u|p"dx

Pn)Pn
= 19 = )P (] 9 (T [9l)

Pn)Pn

/Q i — P (fun] + ) =7 (fun] + ul) =5 de (4.26)

P 1_17277,

<| |v<un—u>|2<|wn|+|w|>”n‘2dx} [ (Tl + 9
Q Q

N UQ = ul? (] + )P 2 dw] : [/Q (] + ) d”’”}

From Lemma 2.4, one could deduce that

_Pn
1-5

An 2 C (pn) (/ IV (= w)* (V| + |Vu))"* 7 da +/ [ — ul? (Jun| + Juf)" 7 dx) - (4.27)
Q Q
Since ||un|1,p, < C, then from (4.24), (4.26) and (4.27) we get
/ |V(un—u)|p"d:17—|—/ |, — ul’" de — 0, as n — oco.
Q Q
Therefore,
U, —u in Wyd(Q), as n— oo O

Proof of Theorem 4.2. For any s > ¢ we have, f € (Wy*(€))' € (W, '%(2))". Therefore, for each

A € R, the following p(\)-Laplacian problem admits a unique solution wy,

we WiPN(Q)

[VulPMN 2Ty - Vode 4+ | |ufPP 2w de = (f,v) Yo e Wol’p()‘) Q) .
Q Q

(4.28)
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The choice of test function wuy in (4.28) implies that
[ 19 ®da+ [ anp®de < 171,010l (129)
Now using the Holder’s inequality, one obtains
laalvr < flua oo 247705 (4.30)
From (4.29), it follows that
sl < N1 12] 770 (4.31)
Combining (4.30) and (4.31), and using (1.2) to get

p(\) 1
lullie < 7175 [ (Fatm)stir < max [I£]I7 0 (F=%) 75 (4.32)
peE|r,s ’

Therefore

<C. (4.33)

The inequality (4.33) and the fact that b is a bounded mapping, imply that there exists K € R
such that
b(uy) € [-K, K] VYAeR.

Next, we introduce the selfmap H : [-K, K] — [—K, K| defined by H(\) = b(uy). We know
that the continuity of H is required in obtaining a fixed point of H.

Assume that A\, — A as n — oo, because p is continuous, p(\,) — p(A). Next, we apply Lemma

4.3, so that considering p(\,,) instead of p,,, we deduce that
uy, — uy in Wy'(Q), as n— oc.

We use the fact that b is continuous to deduce that b(uy) — b(uy), as n goes to infinity, which
implies that the map H is continuous. This establishes the existence of the fixed point Ay and a

weak solution uy, for the problem (4.2). O
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1 The Problem

Dhage [5, 6, 7] and Dhage et al. [10] introduced the class of what they called pulling functions as
follows. For Jo, = [tg,00) with tg € Ry = [0,00) fixed, a continuous function g : Jo — (0,00)
is a pulling function if tlig)lo g(t) = co. We will denote the class of all pulling functions on
Jso by CRB(Js). We wish to point out that if ¢ is a pulling function, then its reciprocal g =
a(t) = ﬁ is continuous, bounded, and satisfies tlir(x)lo g(t) = 0. Using pulling functions, Dhage
[6, 7, 8] proved some attractivity and stability results for nonlinear Caputo fractional differential
equations. Instead, in this paper we consider fractional differential equations with a Riemann-
Louville fractional derivative and use fixed point techniques, rather than the measure theoretic

approach used in Dhage et al. [9].

Here we will study the nonlinear fractional differential equation
REDE [a(t)z(t)] = f(t,z(t) ae. tE€ Ju, (1.1)
together with the fractional integral initial condition (IC)

lim I [a(t)z(t)] = bo, (1.2)
t—tF ‘o
where a € CRB(Jx) N L'(Jx, R) is a pulling function, #2D? is a Riemann-Liouville fractional
derivative of order ¢ with 0 < ¢ < 1, and f : Joo Xx R — R is a Caratheddory function. Our goal is
to characterize the attractivity and stability properties of the solutions of (1.1)—(1.2).

We begin with the following notions from the fractional calculus that are needed in our discussion;
these can be found, for example, in Agarwal et al. [1], Podlubny [13] or Kilbas et al. [12]. Define
the function space

C(Joo,R) = {2 : Joo = R | z is continuous},

and let L'(J,R) denote the class of Lebesgue integrable functions. In what follows, I is the usual

Euler’s gamma function,

T'(q) :/ et dt,
0

and [q] is the greatest integer less than or equal to g.

Definition 1.1. Let Jo, = [tg,00) for some ty > 0 in R. For any x € L'(J,R), the Riemann-

Liouwille fractional integral of order q > 0 is defined as

1 toa(s
If a(t) = ) /to i —(s))l_q ds, t € Joo,

provided the right hand side is pointwise defined on (tg,00).
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Definition 1.2. If x € L'(J,R), the Riemann-Liowville fractional derivative RLthO:c of © of

order q is defined as

1 a\" [
RL g _ n—q—1 _
Diz(t)= — | — t— a d -1 = 1
to'r( ) F(n_q) (dt) /to( S) CC(S) S, n <g<nmn,n [Q]+ )
provided the right hand side exists.

Note that if a, z € L'(Js,R), then #X D] [a(t)x(t)] exists on Ju.

Definition 1.3. A function x is called a classical solution of IVP (1.1)~(1.2) if

(i) z is continuous on Jo, and

(it) x satisfies (1.1) and (1.2).

The fractional differential equation (1.1) is a scalar multiplicative perturbation of the second type
obtained by multiplying the unknown function under the Riemann-Liouville derivative by a scalar

function. This and other types of perturbations of a differential equation are described in Dhage

[3].

2 Properties of solutions

We set our problem (1.1) in the Banach space BC(Jx,R) of bounded continuous real-valued

functions defined on J,, with the usual supremum norm

e = sup [« (0.

oo

We take T : BC(Jwo,R) = BC(Jx,R) to be a continuous operator and we study the operator
equation

Ta(t) = 2(t), t € Ju. (2.1)

Next, we describe various properties of solutions of the operator equation (2.1) in the space

BC(J,R).

First, we define the concepts of global attractivity and stability of the solutions as given in Banas

and Dhage [2].

Definition 2.1. A solution x = x(t) of (2.1) is called globally attractive if

lim (z(t) —y(t)) =0 (2.2)

t—o0

for each solution y = y(t) of (2.1) in BC(Jx,R).
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That is, solutions of (2.1) are globally attractive if for arbitrary solutions x(t) and y(t) of (2.1) in
BC(Jx,R), we have that condition (2.2) is satisfied. If (2.2) is satisfied uniformly in BC(J,R)
in the sense that for every e > 0 there exists 7' > 0 such that, for ¢t > T,

lz(t) —y(t)| <€ (2.3)

for all solutions z, y € BC(Joo, R) of (2.1), then solutions of (2.1) are said to be uniformly globally

attractive on Jo.

Definition 2.2 (Banas and Dhage [2]). A solution x € BC(Jx,R) of equation (2.1) is called
asymptotic if tli)rgo x(t) = 0. If the limit is uniform with respect to the solution set of the operator
equation (2.1) in BC(Jw,R) (i.e., for each € > 0 there exists T > to > 0 such that |z(t)| < € for
all solutions x of (2.1) in BC(J,R) and for all t > T), we say that solutions of equation (2.1)

are uniformly asymptotic on J.

Definition 2.3. If all the solutions of the operator equation (2.1) are asymptotic and uniformly

globally attractive, we will say that they are uniformly asymptotically attractive or stable on Jo.

In order to state the required fixed point techniques to be used in our proofs, we introduce the

following concepts.

Definition 2.4 (Dhage [4]). A nondecreasing upper semi-continuous function v : Ry — Ry s
called a D-function if 1¥(0) = 0. The class of all D-functions on Ry is denoted by .

Definition 2.5 (Dhage [4]). Let X be a Banach space with norm || -||. An operator T : X — X
is called D-Lipschitz if there exists a D-function 7 € © such that

1Tz — Tyl < 7 (lz — yll) (2.4)

forallz, ye X.

If Yy (r) = kr, k >0, T is called a Lipschitz operator with Lipschitz constant k. Also, if 0 < k < 1,
then 7 is called a contraction on X and k is referred to as the contraction constant. In addition, if
Y7 (r) <rfor r > 0, then T is called a nonlinear D-contraction on X, and the set of all nonlinear

D-contractions will be denoted by DN

We say that an operator 7 : X — X is compact if T(X) is a compact subset of X. The operator
T is called totally bounded if for any bounded subset S of X, T(S) is a totally bounded subset of
X. Moreover, T is called completely continuous if T is continuous and totally bounded on X. We
note that every compact operator is totally bounded, but the converse may not be true; the two
notions are equivalent on bounded subsets of X. Additional details on different types of nonlinear
contractions and compact and completely continuous operators can be found, for example, in

Granas and Dugundji [11].
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In an effort to prove our main existence results, we need the following fixed point theorems.

Theorem 2.6 (Schauder [11]). Let S be a closed, convex, and bounded subset of a Banach space
X, and let T : S — S be a completely continuous operator. Then the operator equation Tz = x

has a solution.

Theorem 2.7 (Dhage [3]). Let X be a Banach space and let T : X — X be a nonlinear D-

contraction. Then the operator equation Tx = x has a unique solution.

3 Existence, attractivity, and stability of solutions

Definition 3.1. A function §: Joo X R — R is called Carathéodory if

(i) the map t — B(t,x) is measurable for each x € R, and

(it) the map = — B(t,x) is continuous for each t € Joo.

The following lemma is often used in the study of nonlinear differential equations.

Lemma 3.2 (Carathéodory). Let 8 : Joo X R = R be a Carathéodory function. Then the function
t — B(t,x(t)) is measurable for each x € C(Jx,R).

We will make use of the following conditions in the remainder of our paper.

(H1) The function f is bounded on J, x R with bound Mj.
(Hz) The function f is Carathédory on Jo x R.

(Hs) There exists a D-function ¢ € © such that

forall z, ye Rand t € J.

The following lemma will play an important role in obtaining our existence results.
Lemma 3.3. For any function h € L'(Jw,R), the function x € BC(Jx,R) is a solution of the
fractional differential equation

RLthO [a()z(t)] = h(t) a.e t€ Jux, (3.1)

satisfying the initial condition

lim I [a(t)z(t)] = bo, (3.2)

T
t—ty 0
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if and only if x satisfies the nonlinear fractional integral equation

bo (t—tg)i! 1 t ) d
Mg a(t)  a®r(@ /to(t ) h(s)d (3.3)

(t) =
forallt € Jy.

Proof. Applying the Riemann-Liouville fractional integral operator I to (3.1), we obtain

Ly Ya®)a()] vt gy = 2 e the) ds
o) = S| (0 = A0 = i [ e o
forall t € Jy, or
by (t—to)*! 1 t )0 1](s) ds
(A A O

That is, if z(t) is a solution of (3.1)—(3.2), then z(t) is a solution of (3.3).

Now let z(t) be a solution of (3.3). Then,

a(t)z(t) = %(f — )+ ﬁ /t (t— )7 1h(s) ds. (3.4)

Applying the Riemann-Liouville fractional derivative operator to this expression gives

RL DY a(t)a(t)] = *EDE [%(t - to>q-l] T h(t)

since #L DY I h(t) = h(t). Also, since #ED] (t —t0)7~! = 0, z(t) satisfies equation (3.1).

From (3.4),
_ _ bo _ _
Itlo q[a(t)x(t)} = Itlo 1 [m(t_to)q 1} +Itlo (I h(t)).
t t
Now Ifofq(lfoh) =ILi,h = / h(s)ds and tlgg h(s)ds = 0. Also, by [1, Proposition 1],
to o Yto
_ bo _ by 1_ _
IO (=)0 | = =19 —t)0 !
to |:F(q)( 0) :| F(q) to ( 0)

o bO F(q) (t_to)qulqul: b() F(Q) _

T T(@T(g+1-q) I(qT(1)

Hence,

lim Itlo_q[a(t):v(t)] = by,

+
t—tg

and so (3.2) is satisfied. This proves the lemma. O
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We need to introduce the following class of functions. Let

_ iy T0) m
A—{fEC([to,oo),(O,oo)).tgrg)w<mand tlggom—()},

and we assume in what follows that the function @ in equation (1.1) belongs to the class A N
CRB(Jx).

Remark 3.4. If a € CRB(Jx), then @ € BC(Joo,Ry) and so the number |[a]| = sup a(t) exists.
t€Joo

Also, the function w : Ry — Ry defined by w(t) = a(t)t? is continuous on J and satisfies the

relation lim w(t) =0, so the number
t—o00

W = sup w(t) (3.5)

t>to

exists.

Our main existence and global attractivity result is contained in the following theorem.

Theorem 3.5. Assume that conditions (Hy)—-(Hz) hold. Then (1.1) has a solution defined on Jx
and the solutions of (1.1) are uniformly globally asymptotically attractive.

(t —to) !

a(t)
X = BC(Jx,R) and define a closed ball B,.(0) in X centered at the origin 0 with radius 7 given

by

Proof. Since a(t) € ANCRB(J), there exists dy > 0 such that ‘ < dp on J. Set

_ boldo , MW
(qg)  T(g+1)

where M/ is from (H;) and W is given in (3.5). By an application of Lemma 3.3, (1.1) is equivalent

to the hybrid fractional integral equation

— )91 K
bo (t—to)™ 1 / (t — 8)71 f(s,2(s)) ds (3.6)

W=y aw T aor@

for all t € J,. Define the operator 7 on B,.(0) by

_ b (E—t0)™! 1 t — )T (s, 2(s)) ds
Tx(t) = T al) +a(t)F(q) /to(t VI f(s,2(s)) ds, t€ Jo. (3.7)

Then (3.6) is transformed into the operator equation
Tx(t) = z(t), t € Joo- (3.8)

We will show that the operator T satisfies all the conditions of Theorem 2.6 with S = B,.(0) C
BC(Jx,R). Now from the continuity of the integral, it follows that the function ¢ — Txz(t) is
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continuous on J., for each x € B,.(0). Furthermore, by condition (Hy),

bdo My [ o My
TeO < 57 * aor / (=) ds < 7oy T g O, )
bodo My bodo My

STl e O S 5y T D

t
|
to

w

for all t € J» and all z € B,(0). Taking the supremum over ¢,

bodo MW
Te| < o~ 4+ 5= =7
7] L(q) T(g+1)

for all € B,.(0). As a result, 7 maps B,(0) into itself.

To show that 7 is a completely continuous operator on B,.(0), we first show that it is continuous

there. To do this, fix € > 0 and let {z,,} be a sequence in B,.(0) converging to z € B,.(0). Then,

t

(t
q

|(Tan)(t) = (T2)(t)] < (
(t

ﬂ‘@l
—~

(t =) f(s,2n(5)) — f(s,2(s))| ds

alt) [* 1
< g = [ o]+ o)) s
=TT /to“ s S w1 (3.9)

el(g+1)

o0, for t > T. Thus, for t > T, from (3.9),

Since a € A, there exists T > 0 such that w(t) <
we see that

[(Tan)(t) — (Tz)(t)] <e as n— .

Let t € [tg, T]. Then, by the Lebesgue dominated convergence theorem, we obtain

- [ 7 [t
_ bo (t - tO)q_l E(t) ' —8) Y lim S, Tn(S S
T e T S, ¢ s
— Ta(t) (3.10)

for all ¢ € [to, T]. Moreover, it can be shown as below that {7x,} is an equicontinuous sequence
of functions in X. Now, using arguments similar to those given in Granas et al. [11], it follows

that 7 is a continuous operator on B,.(0) into itself.

Next, we show that 7 is a compact operator on B,(0). To accomplish this, it suffices to show
that every sequence {7 z,} in 7T(B,(0)) has a convergent subsequence. Similar to what we did
above, we can show that || Tz,| < r for all n € N. This shows that {7, } is a uniformly bounded
sequence in T (B,(0)).
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To show that {7x,} is also an equicontinuous sequence in 7 (B,(0)), let € > 0 be given. Since

lim w(t) = 0, there exists T} > tp > 0 such that
t—oo

el'(g+1)

w(t) oM, (3.11)

for all ¢t > T3.

Let t, T € Jo be arbitrary. If ¢, 7 € [tg, T1], then we have

bo |(t—to)!" (1 —1to)"
Ten =TS 5 e T et
+ %/t (t—s)? 1f(s,x(s))ds—%/t (1 —8)1 1 f(s,2(s)) ds
_ bo (to_ to)q_l B (7_ _ to)q_l 0
“ ()| a(t) a(T)
+ %/t (t—s)q_lf(s,x(s))ds—%/t T—5)17 f(s,3(s)) ds
@ tT—sq_l s, x(s S—M T—Sql (s,2(s))ds
e ~/to( A ) /to Joatond
bo |(t—to)!" (1 —1to)"
TT@ | e aln)
G |0 = a7 ds gk [t - o as
bo [(t—t)?! (T —tg)?}
“ ()| a(t) a(T)
T
1L / o)t - ) = at(r = o)1 ds + A ). (312

Since the function ¢ ~ a(t)(t — s)9~1 is continuous on the compact interval [to, T}], it is uniformly
continuous there. Therefore, for the above € there exist d; > 0 and d2 > 0, depending only on e,

such that

t—7] <6 implies [a(t)(t—s)"" —a(r)(r —s)?| < min{ 9o * OM, T

and
el'(g+1)

[t — 7| < d2 implies |[(t —7)7| < ————=.
9My|fall

Let 5 = min{dy,d2}. Then, if ¢, 7 € [to, T1] with |t — 7| < d3, from (3.12) we have
[T, (t) — Tan(r)] < %

for all n € N.
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Now, if ¢, 7 > T, then there is a 0 < §4 < d3 such that if [t — 7| < d4,

T () = Tan(r)| < -2 ’(f—fo)q‘l (1 — 1)1~

L@ | at)  al®)
+—Z))‘/t: Y f (s, 20 (s)) ds +% /t:(T—S)q_lf(S’xn(s))dS
= F(Oq) ‘(t _at(?t; - _GE?))“ + r(éw_in [w(t) + w(r)]
<S+%:§

for all n € N. Similarly, if ¢, 7 € Ry with t <7} <7 and [t — 7| < § < d4, then

Tan(t) = Tan(r)| < [Tan(t) = Tan ()| + [ Toa(Th) = Tan(] < 5 + 5 = =

for all n € N. As a result, [Tz, (t) — Tx,(7)| < e for all t, 7 € Jo with [t — 7| < § and for all
n € N. This shows that {Tz,} is an equicontinuous sequence in B,.(0). An application of the
Arzela-Ascoli theorem implies that {7, } has a uniformly convergent subsequence on the compact
set B,.(0).

Since T(B.,(0)) is closed, {Tx,} converges to a point in T (B,(0)), so T(B,(0)) is relatively
compact. Therefore, T is a continuous and compact operator on B,(0). An application of Theorem
2.6 shows that the operator equation 7z = z, and hence (1.1), has a solution on J, belonging to

B..(0).

To prove the attractivity of solutions, let =, y € B,.(0) be any two solutions of (1.1) on Js. Then,

o)~ y(O] < f [ (=97 s.2(9) = s.p(5))| s
) [ a1 s (s s uls < 2My
< g L e+ s )] ds < ot L)
for all t € J. Asin (3.11), for any € > 0 there exists 71 > to such that
w(t) < el'(g+1)

2M;
for t > T;. Thus,
(1) —y(t)] <e
for all t > T'. Hence, the solutions of (1.1) are uniformly globally attractive on Ju.

Finally, since a belongs to A, for any € > 0, there exists T5 > T; such that

<

bo (f — to)q_l €
2

L(g) a(t)
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for t > T5. Then for any solution z of (1.1) defined on J,

bo (t—to)q_l
L) alt)

+““/Q—W*memw§§+erw®<e

ng‘ W ), @+ 1)

for all ¢ > T3, that is, solutions are uniformly globally asymptotically attractive and stable on J.

This completes the proof of the theorem. O
In our next theorem, we wish to show that the uniformly globally asymptotically attractive solution
of (1.1) obtained from Theorem 3.5 is unique.

Theorem 3.6. Assume that conditions (Hy )—(Hs) hold with

SUPy, <t a(t) et

T Yr(r)y<r, r>0. (3.13)

Then (1.1) has a unique uniformly stable solution defined on Ju.

Proof. Set X = BC(Jx,R) and define the operator 7 : X — X by (3.7). We want to show that
T is a nonlinear D-contraction on X. Let z, y € X; then by (H3), we obtain

|n@—n@m§%[a—w1mwww¢@wmw
E(t) ! q—1
sﬁgly—@ o (12(s) — y(s)]) ds
a) 1 .
S@AW$WWW%
< %W(lw —y|) < %W(Iw )

for all t € J,,. Taking the supremum over ¢ in the above inequality yields

W
Tx— Tyl < md’fﬂx - yD

w
for all z,y € X, where ——(r) < r for r > 0 in view of condition (3.13). This shows that 7 is

I'(q)
a nonlinear D-contraction on X. By Theorem 2.7, we obtain that the solution of (1.1) obtained in

Theorem 3.5 is unique. ([

Example 1. Consider the initial value problem of fractional Riemann-Liouville type

REDI[(t7 + 1)e'z(t)] = %, t € Joo = [0,00), 14)
tli%1+léjq[(tq + elz(t)] = 1. '
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1 1
Here we have to = 0, a(t) = (t7 + 1)et, and f(t,x) = %_:_2) for (t,z) € [0,00) x R. Clearly,
x
1!
a(t) = 0o as t — oo and (Hy) holds with My = 1. It is easy to see that lim ——— =0 and
t—0 (19 4+ 1)et

4
lim —
t—oo (t7 4+ 1)et
uniformly globally asymptotically attractive and stable on [0,00).

=0, so a € A. Hence, by Theorem 3.5, (3.15) has a solution and the solutions are

Example 2. Consider the problem

FEDI[(t7 + Deta(t)] = f(t,2(t), t€ Joo = [0,00),

(3.15)
S
tglél+]0+ N7+ 1)ez(t)] =1,
where
In(jz| +1), if —5<x<5,
T
In 6, otherwise.
Now, for —5 <z <5,
lz| +1 L+ |yl + |z — |y
[F(62) = f(Ey) = n(le] +1) = In(ly] + 1) = I 2 = In—— 5
|| — [y |z —yl
=1 1 <1 1 <v — .
n( o) < () < wle -
We can then take our D-function to be 1y (r) = In(1 +r) and My =In6. Since
su a(t) e
ptztoi()wj(r) < 1/)f(1") = 111(1 + 7’) <r, r>0, (316)

I'(q)

condition (3.13) is satisfied. Therefore by Theorems 3.5 and 3.6, solutions of (3.15) ewist, are

unique, and are uniformly globally asymptotically attractive on R.
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1 Introduction

A general approach to solving inhomogeneous linear ordinary differential equations in mathematics
is variation of parameters, often known as variation of constants. In this paper we introduce new
variation of parameters formula for systems of linear and nonlinear ordinary differential equations.
Once the inversion is done, we apply known results such as Gronwall’s inequality and the con-
traction mapping principle to obtain boundedness on all solutions and stability results on the zero
solution. It is common practice to linearize around the equilibrium solution for nonlinear systems
before drawing conclusions about the stability of the equilibrium solution for the original system
using the signs of the linear system’s eigenvalues. We demonstrate in our cases how this approach
does not work. Utilizing Liapunov functions and functionals to analyze solutions is an additional
well-liked technique. However, the method by which such Liapunov functions/functionals are cre-
ated remains a mystery, and the type of Liapunov functions/functionals determines whether or not
the conclusions reached are valid. In general, obtaining a variation of parameters formula relies
on heuristics that require guessing and are not applicable to all inhomogeneous linear differential
equations, it is typically possible to find solutions to first-order inhomogeneous linear differential

equations using integrating factors or undetermined coefficients with a great deal less effort.

Hence, in this research our main intention is to be able to write totally nonlinear systems of the

form

= f(t,z(t)),

into an integral system of equations, from which we obtain results concerning the behavior of
solutions using fixed point theory. The absence of a linear term in 2’ = f(¢,z(¢)) is the sole
cause for not being able to invert the system and obtain a variation of parameters formula for the
solutions. For such systems, usually researchers borrow a linear term for the sake of inversion, and

as a result, the resulting integral equation may not satisfy a contraction property.

In [18] the first author used Lyapunov functionals and studied the exponential stability of the zero

solution of finite delay Volterra Integro-differential equation

2/ (t) = Px(t) + /ti C(t, s)g(x(s)) ds. (1.1)

Recently, in [5, 6], Burton used the notion of fixed point theory to alleviate some of the difficulties
that arise from the use of Liapunov functionals and obtained results concerning the stability and
asymptotic stability of the zero solution of (1.1) when it is scalar. We remark that the results of

[5, 6, 18] were made possible due to the existence of the linear term Pzx.

To ease the reader into the main parts of this research, we begin with by considering the scalar
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differential equation

2/ (t) = ax(t), x(0) = zo

with the known solution

z(t) = xpe®.

We notice that if

a<0, then x(t)=mxpe™ =0, as t— oco.

To further introduce our topic, we assume a : R — R is continuous and consider
2 (t) = a(t)z(t), z(0)= zo,

which has the solution

z(t) = zoedo M99 0 as t— o0

provided that

/Ot a(s)ds — —oo.

Condition (1.4) implies that the function a(t) can be positive or oscillates for short time.

assume the existence of a continuous function
v:[0,00) = R.

Multiply both sides of (1.2) by
eff; v(s) ds’

and then integrate from 0 to any ¢ € [0,T). That is

¢ ¢
/ elo () ds o (u) du = / ax(u)edo V)45 gy,

0 0

Perform an integration by parts on the left side and simplify to get

t
.”L'(t) = xpe” J§ v(s)ds +/ x(u)(v(u) + a)e— Siv(s)ds du.
0

(1.3)

(1.4)

Now

(1.5)

Expression (1.5) is a new variation of parameters formula for (1.2) and of Volterra type integral

equation. Note that if
v(t) = —a,

then (1.5) become the regular solution z(t) = zge® of (1.2). In a similar fashion
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has the solution

Again, if we let

a(s)ds

then we get the regular known solution z(t) = zgelo ,and z(t) — 0, ast — oo provided that

/Ot a(s)ds = —oo.

Again (1.6) is a new variation of parameters formula that can be used to deduce qualitative
properties about the solutions. In the mean time for (1.6), by setting up the proper spaces and

using the contraction mapping principle, we can show that z(t) — 0 as t — oo, provided that
t t
/ () + a(u)le” e ? @ dy <o, 0<a <1,
0

and .
/ v(s)ds — o0.
0

Suppose f: R x R — R is continuous and consider the nonlinear differential equation
2'(t) = f(t,z(t)), x(0) = zo for a given constant . (1.7)

Then, multiplying by a function fot v(s)ds then the solution of (1.7) is given by

z(t) = woe~ Jov(s)ds 4 /0 (z(u)v(u) + f(u, :v(u)))e_ Jav()ds gy, (1.8)

Similarly, by setting up the proper space and assuming the right conditions on the function f one
can obtain results regarding boundedness of solutions and the stability of the zero solution in the
case f(t,0) = 0. In [13] the authors studied obtained a new variation of parameters for the finite

delay nonlinear differential equation

' (t) = f(t, x(t — 7))

and arrived at stability and periodicity results. For more on the use of the regular variation of

parameters we refer to [5, 6, 7.
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2 Homogeneous linear systems

Consider the time-varying homogeneous system
2 (t) = A()a(t), w(to) =zo, t>to (2.1)

where A(t) is an n X n matrix of coefficients a,;(t) that are assumed to be continuous on an
interval I. Recall that a solution x(t) of (2.1) is an n-tuple of C! functions x; : I — R. We adopt

the notation that
z1()
z2(1)
z(t) =

xn(t)

The solution = maybe considered as a C' vector-valued functions = : I — R". Such space of
functions is denoted by C(I,R™). If S is the solution space of (2.1), then S C C*(I,R™). We state

the following definition regarding the fundamental matrix of (2.1).

Definition 2.1. A set of n solutions of the linear differential system (2.1) all defined on the
same open interval I, is called a fundamental set of solutions on I if the solutions are linearly

independent functions on I.

Now we state the following familiar theorem. For its proof we may refer to [9, 10, 11, 12].

Theorem 2.2. If ®(t) is a fundamental matriz of (2.1) on an interval I, then ®(t)c, with ¢ =
&~ 1(tg)zo is a solution of (2.1) with x(to) = xo. That is, the unique solution of (2.1) is given by

z(t) = 71 ()P (ty)xo. (2.2)

The literature is vast concerning the study of systems of differential equations using variation
of parameters or Liapunov functionals. For emphasis, using the regular variation of parameters
requires the presence of linear term in the form of A(t)z. For comprehensive work on such studies
we refer to [1, 2, 3, 4, 5]. For results on comprehensive treatment of Liapunov functions/functionals,
we refer to [6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19]. It is worth noting that, in [16], the
author constructed what we call today, the Resolvent matrix and used it in the form of variation of
parameters to analyze solutions of linear Volterra integro-differential equations. Later on, Burton,
in [5, 6, 7] generalized the notion of resolvent to nonlinear systems by borrowing linear terms and
obtained results concerning boundedness, stability and periodicity. For various results concerning
systems of differential equations, we refer to [13, 14, 15, 16]. As we have previously stated, there is

a substantial body of scholarship on parameter variation in books, but not in refereed publications.



42 Y. N. Raffoul

In [17], the authors considered considered the nonlinear matrix Lyapunov system

7(”) — Z n A"TT(4) BT,

r=0 \7

where A and B are constant n x n matrices. They assumed the existence of the fundamental
matrix of T/ = AT in order to obtain a variation of parameters formula for all solutions. Our work
here does not require the existence of a linear term for the inversion. In addition, the authors in
[8] consider different kinds of scalar linear and nonlinear first order differential equations and use
Liapunov functions and fixed point theory to get results about the boundedness of solutions, the
existence of periodic solutions, and the stability of the zero solution. Although they borrow a linear
component in order to be able to invert nonlinear equations, this complicates the formula for the
resulting variation of parameters and causes it to immediately encounter problems. Our purpose
is to obtain a different variation of parameters that solves (2.1) and hopefully its characteristics

are different from those of (2.2). We begin with the following lemma.

Lemma 2.3. Let p(t) be an n x n differentiable matriz with continuous entries on the interval I.

Assume o~ (t) exists for all t € I. Then x(t) is a solution of (2.1) if and only if
ot) =@ Opto)n + [ o O[O + oA ds, t2te (23
to

Proof. Multiply both sides of (2.1) from the left with the matrix ¢(¢) and then integrate the

resulting equation from ¢ to ty and obtain

/ t @(s)z'(s)ds = / t ©(s)A(s)z(s) ds.

to to

Integrating the left side by parts by letting
u = (s),dv = 2'(s)ds,
we arrive at

p(O)2(t) — plta)an = [ [(5) + p(s)A(s) (o) ds.

to
Multiply from the left by ¢~1(¢) gives the desired result. Since every step is reversible, we have
completed the proof. (I

Remark 2.4. We note that if

O'(t) = —p(t)A(t), forall tel,



Boundedness and stability in nonlinear systems of differential... 43

then equation (2.3) implies that
2(t) = ¢~ (t)p(to)xo (2.4)
is a solution of (2.1). To see this, set @' (t) = —p(t)A(t), in (2.3). Then (2.3) reduces to x(t) =

o ) p(to)mo with x(ty) = xo. Differentiating with respect to t we arrive at

2(t) = (971 (1) elto)zo = ¢ ()¢ ()~ (D (to)zo = —¢ (1) ( — 9(H)A(t)) 0~  (H)(to) o
— Al (1)pto)wo = A(t)a(t).

Note that a quick comparison of (2.2) with (2.4) we see that

a result that is parallel to the scalar equations.

Thus one of the main advantages of using (2.3) with ¢'(¢t) = —p(t)A(t), for all ¢t € I, is that it
enables us to find the desired matrix and hence a solution for a time-varying system. Usually finding
the fundamental matrix solution of time-varying system (2.1) requires additional conditions that
are hard to meet. For the rest of this work we consider system (2.1) over the interval I = [0, c0).

We also assume || - || is a suitable matrix norm. Next we consider (2.1) such that f(¢,0) = 0.

Definition 2.5. The zero solution (x = 0) of (2.1);

(a) is stable (S) if for each € > 0 and ty > 0, there is a § = d(to,€) > 0 such that |x(to)| < 6

implies |z(t,tg, To)| < €,
(b) is uniformly stable (US) if § independent of to,
(c) is unstable if it is not stable,

(d) is asymptotically stable (AS) if it is stable and tlim | (¢, to, z0)| = 0.

We have the following theorem regarding boundedness of solutions and stability of the zero solution.

Theorem 2.6. Assume the existence of a positive constant K such that

le™ (®)e(s)ll < K. (2.5)

In addition, if there is a positive constant E such that

/ Tl O () + o(8)A(s)] | ds < B (2.6)

then all solutions of (2.1) are bounded and its zero solution is uniformly stable.
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Proof. Let x(t) be given by (2.3) for all ¢ > to > 0. Since the constant K is independent of the
initial time ty > 0 we have from (2.3) that

l2(t)] = lle™ (#)(to) 1o +/t le™ (O [ (5) + @(s)Als)] || |(s)] ds

< Ko +/t le™ ()[¢'(s) + () Als)] I ()] ds

< K|£C0|€f;0 e~ O]¢ () +e(0)A)] l1as (by Gronwall’s inequality)

< Klzole? (2.7)

Hence inequality (2.7) implies all solutions are bounded. For the uniform stability of the zero

solution, we let 6 = so that for any € > 0 we have from (2.7) for |zo| < d, that |z(t)| < e.

€
KeFE
This completes the proof. (I

For the next theorems we assume that set ¢'(t) = —@(t)A(¢), for all ¢ € I, so that the solution of
(2.1) is given by z(t) = ¢~ 1(t)p(to)zo as was indicated by Remark 2.4.

Theorem 2.7. Let o(t) be as defined in Lemma 2.8 such that ¢'(t) = —(t)A(t), for allt € I.
Then the zero solution of (2.1) is

(a) stable if and only if there exists a positive constant M such that
le™t Ol <M, t>0,
(b) asymptotically stable if and only if
le~ ' ()| =0, as t— oo
Proof. (a) (<) Let ¢'(t) = —p(t)A(t), forall t € I. Then by the Remark 2.4, we have that

x(t) = o 1 (t)p(to)zo is a solution of (2.1). Let € > 0 and set § =

we have that

€
W such that for |ZCO| < 5

()] = lo ™ (Be(to)aol < lle™  ®)lle(to) 2ol < Mle(to)l|d = .

(=) Set e =1 from the stability proof. Then

|z()] = |g0_1(t)g0(to):vo| <1, for t>ty if |zo| <d(1,tp),

which implies that

1

o™ (t)e(to)ll < S to)



Therefore,

This completes the proof of (a).

if and only if
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_ _ _ _ 1
le®1 = lle™ ®)eto)e™" (to)ll < o™ B¢~ (to)llll(to) ] < 3(1.1) Pl 1= M-
Next we prove (b). We already know the zero solution is stable. Now,
j2(t)] = llo™" (H)e(to)zoll =0, as ¢ — oo
le~t @) =0, as t— oo.
O

This completes the proof.

Before we provide an example, we will have the following discussion. We integrate (2.1) from ¢y to

t and get x(t) = eio A% Now we let
B(t) = eftto A(s)ds

For ®(t) to be fundamental matrix solution, we must have
¢ ¢

A(t)( A(s)ds) - ( A(s) ds)A(t).

to to

Let us see why. Let J = ftz A(s)ds. Then

1 1 1
J* 2 3 DY _k DY

and

A g asyas _ 4 /t 1 /t 2
i == (I+ \ A(s)ds + 51 ( . A(s) ds)

+---+ﬁ(/t:fl(s)ds)k1A(t)+%(/t:A(s)ds)k+---)

_A(t)—l—/ttA(s) ds A(t) + %(/ttA(s)ds) A(l)

+oe ﬁ(/t:A(s)ds)klA(t) + %( . A(s)ds)kA(t)—i----

= [I—l—/t:A(s)ds—i—%(/t:A(s)ds)Q-i----

+ ﬁ(/t:A(s)ds)k_lA(t) + %(/tA(s)ds)k +- A1)

to

(2.8)

(2.9)
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4 A(t)[l—i—/t:A(s)ds—i— %(/t:A(s)ds)z

+-~-+ﬁ(/t:A(s)ds)k_lA(t)—i—%( t A(s)ds)k+-~-}

0

= A(t)P(t).
Thus, if (2.9) holds, then ®'(t) = A(t)®(¢t).
We have the following example.

Example 1. Fort > 0 we consider the linear system

!’

T —t 1 x
o= "1, 2(0) = 2. (2.10)
To 1-— t2 t To
If we let
—t 1
At) =
11—t ¢

then it is clear that (2.9) does not hold. Let

Then one may easily verify that that the matriz ¢ satisfies @' (t) = —p(t)A(t), for allt > 0, and
hence every solution of (2.10) satisfies z(t) = =1 (t)p(to)xo. In addition,

1 t

() = ,
£ttt

Applying Theorem 2.7 we conclude solutions of (2.10) are unbounded and its zero solution is

unstable.

In Example 1, it would have been difficult to find the fundamental matrix using the argument
of eigenvalues and corresponding eigenfunctions since (2.9) does not hold. Moreover, the method
of regular linearization does not work for time-varying systems. We are left with the notion of
finding a suitable Liapunov function to prove the unboundedness of solutions and consequently
the instability of the zero solution. This author could not find one that would do the job. In
conclusion, the above discussion cements the usefulness of our method. A final note: the system

may be solved using the Laplace transform. This can be done by writing the system as

¥ =—try +x2, wH=(1- t2) w1 + s,
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subject to the initial conditions z1(0) = xo1,22(0) = 2. Looking forward, Laplace transforms

can not be used in our next examples.

3 Nonlinear systems

We consider the general nonlinear system of ordinary differential equations

o) = filt,z1,. .., 2n)
zh = fa(t,w1,...,2p)
= fult,z1,. .. 1)
Using the vector notations
T1
Z2
€r =
Tn
and
fl(tv'r)
fg(t,l')
ft,x) =
fn(t, )

the above system can be written in the vector form

' = f(t,x) (3.1)

and assume f € C*([0,00) x R™,R™), is continuous in ¢ and z. Let »(t) be an n x n matrix with
continuous entries on [0, 00). Assume ¢~ 1(t) exists for all ¢ > 0. We multiply both sides of (3.1)

with ¢(t). By similar work as before, we have

w(t) = ¢~ (t)p(to)zo + w_l(t)/ [¢/(s)a(s) + ¢(5)f (s,2(s))] ds, t > to. (3-2)

to

Now the advantage of our method is that (3.2) can be used on proper spaces to analyze the solutions

of (3.1). In this work it is more convenient to use the following norms for a matrix and a vector.
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For = (x1, 22, ...,z,) we consider the norm

n
o[ =) laal.
i=1

Similarly, we define the norm of a matrix B by
1Bl = > |bijl,
i,j=1

for an n x n matrix B = [b;;]. Under these two norms we have
|B(t)z| < |B(8)]]x],
and for any two n x n matrices B and K we have that

|B(t)K ()] < [B()|[K(t)]

We have the following theorem regarding boundedness of solutions and stability of the zero solution

of system (3.1).

Theorem 3.1. Suppose there is a positive constant K and a continuous function A : [0,00) —

[0,00) such that
o™ (t)p(to)| < K, (3.3)

and

[f @t 2)] < A(t)]x]. (3-4)

In addition, if there is a positive constant E such that

| I Oc @)+ 17 Outsne)]) ds < B (35)
then all solutions of (3.1) are bounded and its zero solution is uniformly stable.

Proof. Let x(t) be given by (3.2) for all ¢ > to > 0. Since the constant K is independent of the
initial time ty > 0 we have from (2.3) that

2] < le™ Op(to)llwol + [ o™ O)[¢(s)2(s) + @(s)f (s, 2(s)]| ds

< Klwo| + /OOO (o™ ()& ()] + I~ (D)(s)IA(5)] |2 (s)| ds

< K|x0|efft0[‘“pil(t)“pl(s)Hwil(t)w(s)p‘(s)] ds (by Gronwall’s inequality)

< K|zolef. (3.6)
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Hence inequality (3.6) implies all solutions are bounded. For the uniform stability of the zero
solution, we let 0 = ﬁ so that for any e > 0 we have from (3.6) for |zg| < ¢, that |z(¢)] < e.
e

This completes the proof. ([

We provide the following example.

Example 2. Fort > 0 we consider the nonlinear system

x1 cos(xz) sin(t)
(L+t)(23+1)

/
x1

= . x(0) = . (3.7)
T2 x9 sin(xy) cos(t)
(1+t)(z3+1)
Note that
2 .
x1 sin(t) X9 cos(t) 1 1
ta = 3 ta = S + = T 3 .
7691 = 2109 = | e |+ [ | < T 0ol + el = gl
Hence
/\(t) — L
14t
To verify the rest of the conditions of Theorem 3.3, we let
t) V141t 0
(p =
0 V1I+t
Then 1
1+t 0
=V T
V14t
One can easily compute that
vV1+s 0
- V14t
e Bels) = [ VI |
0
14+t
and
! 0
(p_l(t)gol(s)— 2\/1+§\/1+t 1
21+ sv1 41
Thus,

<2=K, forall t>0.
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Moreover,

¢ 1 |
L)' (s)]ds < / ds = —_— , forall t>0.
[ e oe e < s [ VA -

Similarly,

K 2 | 4
L) (s)|\(s)ds < / ds=4— ——<4, forall t>0.
[ et oeonemas < = [ ——— S < forall 1>

Finally,

[ 1 001+ e 0] ds <6 =

Thus, all conditions of Theorem 3.3 are satisfied which implies that all solutions of (3.7) are

bounded and its zero solutions is uniformly stable.

Next, we use the contraction principle to show the solution is unique. Let C be the set of all

real-valued continuous functions. Define the space
S={P:[0,00) > R" | ®(C,|P(t)| < M},
for positive constant M. Then

(S:1-1)

is complete.

Theorem 3.2. We assume the function f is locally Lipschitz on the set S. That is, for any ®4
and ®5 € S, we have
[f(t, @1) = f(t, ©2)| < A()[D1 — Pof, (3.8)

for continuous A : [0,00) — (0,00). Suppose there is a positive constant o € (0,1) such that

/0 T e 02 ()] + o (Oe(A()] ds < o (3.9)

then (3.1) has a unique solution. In addition if (3.3) holds then the unique solution is bounded

and the zero solution of (3.1) is uniformly stable.

Proof. For ® € S, define the mapping P : S — S, by
(B2)(1) = ¢~ (H)p(to)zo + sfl(t)/ [¢"(5)@(s) + @(s) f (s, (s))] ds, t > to. (3.10)

to

It is clear that (PP)(0) = xp and P is continuous in ®. Let 1 and Py € S. Then

[(BL1)(t) — (PP2)(1)] < /Ooo[leﬁl(t)w’(S)l +1e ()p(s)|A(s)]ds |1 — 2| < afdy — Pal.
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This shows that B is a contraction. By Banach’s contraction mapping principle, 8 has a unique
fixed point z € S which is a continuous function. The boundedness of the solution and the uniform

stability of the zero solution follow from Theorem 3.2. This completes the proof. O

We will need the following clarifications for the next example. Let f : D — R"™ where D is a
subset of [0,00) x R™. To check if a function f : D — R" is Lipschitz continuous on some subset
D of [0,00) x R™, it suffices to check that the component functions f; : D — R" are Lipschitz

continuous. This is due to the fact that

|fl(tvz) - fZ(taw)| < L1|Z - ’LU| fori = 17 R
implies under our norm that
|f(t72) - f(taw)l = Z |f1(t72) - fl(t7w)| < ZLllz - U}|,
i=1 i=1

which shows that N
|f(t,2) — f(t,w)| < L|z — w| with L= ZLi‘

i=1
Example 3. Fort > 0 we consider the nonlinear system
cos(t) x1
N\ |20+ {“’”” x%+1]
o= . 2(0) = 0. (3.11)
X9 :
sin(t) o + Z9
20(1 +1¢) 341
Note that by a similar argument as in Example 2 we arrive at
2 1
t,x)| < 7{ } =—— |z
1621 < gy [l + lo2l] = e
Hence
At) = 7o
C10(1+t)

Next we show f is Lipschitz continuous. Let z = (z1,22),w = (wy,w2) € S with n = 2. Then

1 21 w1
t,2) — filt,w)| < ——— ||20 — S .
1lt,2) = At w)l < 5575 ['Zz wel+ |2 w%+1H
21 wy |z —wi + 2w (wy — 1) 1+ |zpw|

_ - Z1 — wil.
z%—i—l w%—i—l 1+sz%+zf—|—w% _1—|—z%w%—|—z%+w%|1 !
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We note that
14 |zwi| < (14 |zlwl|)2 =1+ |zlwl|2 +2|zwy| <14 |21w1|2 + z% + w%.

Hence
1+ |le1|
1+ 22w + 22 +w? —

and it follows that

z
S = | <l —wil.
27+1  wi+1

This implies that

|f1(t72) - fl(taw)

1
< flzg — —wyl.
| < 20(1+t)[|22 wa| + |21 — wy]

In a symmetrical argument one can easily shows that

1

|f2(t, 2) — falt,w)| < m[

|Zl —U)1| + |ZQ —w2|].

Thus from the above discussion we arrive at

2 2
2
|f(t,2) = f(t,w)| = ; |fi(t, z) = fi(t,w)| < ;Lilz —w| = mlz —wl.
1
Thus, A(t) = m To verify the rest of the conditions of Theorem 3.2 we let
00 0
e t
p(t) = 1
0 e 10(1+1)
Then
0T 0
@71(t) = eiﬁ € 1
0 e+
and
1 em 0

/
O —
PO="Taxz | o e

One can easily compute that

s}
9]
o
g
-~
i
&
4
-
e
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and
1 , 875(1174%) e%(%ﬂJﬁ}rs) 0
(T i —
= (t)¢'(s) 0( 5 5)2 . JERE.
Thus,
o1 ()p(0)] < 2eT0F0 < 210 = K, for all t> 0.
Moreover,

g~
it
1
[
[\}
IN
[\
)
Y
[=]
|
[\

t t
[lem 0ol ds < getomn [ et s = 2eb-
0 5 0 (

for allt > 0. Similarly,

=d4et0 10T+t —4 < 4e10 —4, forall t>0.
Finally,

/000 [|3071(t)<p’(3)| + |<p71(t)g0(s)|/\(s)] ds < 6e10 —6<0.31 =: .

Moreover, one can easily check that

sk~

lo™ (t)p(0)] < e 0.

Thus, all conditions of Theorems 3.2 and 3.1 are satisfied which implies that the unique solution

of (3.7) is bounded and its zero solution is uniformly stable.

In Examples 2 and 3, the considered equations were totally nonlinear and therefore, the arguments
of fundamental matrix solution, linearization or the use of Laplace transform would be impossible.
Then, we are left with the construction of Liapunov function which is almost impossible. This

shows the significance of our novel method.
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ABSTRACT

This paper aims to correct recent results on a general-
ized class of [ —contractions in the context of b—metric
spaces. The significant work consists of repairing some
novel results involving F —contraction within the struc-
ture of b-metric spaces. Our objective is to take advan-
tage of the property (F'1) instead of the four properties
viz. (F1), (F2), (F3) and (F4) applied in the results of
Nazam et al. [“Coincidence and common fixed point theo-
rems for four mappings satisfying (o, F')—contraction",
Nonlinear Anal: Model. Control., vol. 23, no. 5, pp.
664-690, 2018]. Our approach of proving the results uti-
lizing only the condition (F'1) enriches, improves, and
condenses the proofs of a multitude of results in the ex-

isting state-of-art.
RESUMEN

Este articulo tiene por objetivo corregir resultados re-
cientes sobre una clase generalizada de F —contracciones
en el contexto de b—espacios métricos. El trabajo sig-
nificativo consiste en reparar algunos resultados nuevos
que involucran f —contracciones en la estructura de b-
espacios métricos. Nuestro objetivo es aprovechar la
propiedad (F1) en vez de las cuatro propiedades viz.
(F1), (F2), (F3) y (F4) aplicadas en los resultados de
Nazam et al. [“Coincidence and common fixed point the-
orems for four mappings satisfying («s, F')—contraction",
Nonlinear Anal: Model. Control, vol. 23, no. 5, pp. 664—
690, 2018]. Nuestro enfoque para probar los resultados
usando solo la condicién (F1) enriquece, mejora y con-
densa las demostraciones de una multitud de resultados

en el estado del arte existente.
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1 Introduction and preliminaries

Let N be a nonempty set and 7 be a mapping from N to itself, then the point z from R, for which
o = x is called a fixed point of 7. Note that the fixed point of the map 7 is also the fixed point
of each iteration 1" of the mapping 1 where n is any natural number. There are examples where
the opposite is not true. The existence of a fixed point of a mapping 71 : X — X is especially
important to examine if the set N is supplied with some kind of distance A : R x X — [0, +00) or by
some topology 7. Then, depending on that distance ([28], metrics for example [7]) or topology T
[6, 12, 13|, the underlying mapping has one or more fixed points, or does not exist at all. The field
that studies fixed points in metric spaces is called metric fixed point theory. If the study of fixed

points is performed in topological spaces, then that area is called topological fixed point theory.

If 7 is a mapping of the metric space (R, A\) into itself then it is called a contraction if there is a
A € [0,1) such that for every =,y € X it holds A(T(x), T (y)) < A- A(z,y). Almost a hundred year

ago, S. Banach proved the following significant theorem:

Theorem 1.1 ([5]). Fach contraction 71 on (X, \), a complete metric space, has exactly one fized

point. In addition, for each point x € N, the Picard sequence 1"z converges to that fixed point.

Numerous mathematicians have attempted to propose the generalizations of Banach’s theorem
since then. These inferences were in two most important ways: either by changing the axioms
of the metric space or by taking another condition instead of the right side in the definition of

contraction.

In the first mentioned direction, there were generalized metric spaces, for example, b-metric space,
dislocated metric space, rectangular metric space, partial metric space, dislocated b-metric space,
and in the second direction, new contractions such as Kanann, Chatterjea, Reich, Hardy-Rogers,

Ciri¢, Boyd, Wong, etc.

In this paper, we will talk about F —contractions in b-metric spaces, combined with various types of
admissible mappings. We will first note that all types of admissibility in this paper are introduced

in the same way as the corresponding ones introduced in [27]. So, putting in the condition,
vy (r1,m9) > 5% implies v, (S (r1),S(rp)) > s> forall 7,75 €XR,

of [19, Definition 2| % - v, = v, we get that S : X x X — [0, +00) is v-admissible introduced in
the sense of [27]. In the same way we get that the conditions given in [19, Definitions 2, 3, 4, 5, 6,
7, 8,9, 10 and 12] can be reduced to the corresponding v—conditions considered in the setting of

metric spaces. For further details see [21, 27].

It should be noted that A. I. Bakhtin [4] introduced the idea of b-metric spaces and later considered

by S. Czerwik [9]. In fact, the axiom of a triangle in metric spaces is generalized by adding a
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coefficient s > 1 on the right-hand side, i.e., A (z,2) < s[A (z,y) + A (y,2)] for all z,y,z € N,
where A : X x X — [0,400). Otherwise, there are significant differences between b-metric and
ordinary metric. First, it does not have to be a continuous function with two variables such as
metric, an open sphere does not have to be an open set. Note that convergence, Cauchyness and
continuity of the mapping are defined in the same way as for metric spaces. Also, a convergent

sequence can has only one limit value.

Generalizing Banach’s principle of contraction [5], D. Wardowski [33] presented the notion of

F —contraction and manifested a new generalized result as a substitute of Banach’s theorem.

Definition 1.2 ([33]). Let I' : (0,4+00) — (—00,+00) be a mapping persuading the assertions

described below:

(F1) ForallY1,Yo € (0,400) if Yo > Y1 implies I' (Y2) > I' (Y1), thatis, I is strictly increasing
function in (0,+00);

(F2) If {Yn},cn is a positive sequence of real numbers, then the following is contented:

lim Y, =0 ifandonlyif lim I'(Y,)=—oc;

n—-+oo n—-+oo

(F3) lim t I (t) =0, where A € (0,1).

t—0+

Sr is the set of all functions that satisfy (F'1) — (F'3).

The following functions I : (0,4+00) — (—00,+00) are in §p : I1(t) = Int; I5(t) = t + Int;
I3(t)=—t"2; Iy (t) =In (t +t2) . For further details on Fr the reader can see [35, 36].

Definition 1.3 ([33]). A mapping 7: X — X is termed as [ —contraction in the context of metric
space (N, \) if there exist I' € Fr and T > 0 such that for all A, Y € R,

AT, TON) >0 mplies =+ (AT, T00) <7 (AGs). (1)

Theorem 1.4 ([33]). If (X, A\) is a complete metric space and let 71: X — R be an F —contraction
in the sense of Wardowsski. Then 71 possesses one and only one fized point A* € X. On the other
hand, the sequence {‘I"A}neN converges to X* for every A € N,

In [8], the authors introduce the following condition,

(F4) If (Ay,) C (0,400) is a sequence such that 74+ I" (s - Ap) < I'(An—1) for every n € N and for
some 7 > 0, then 7+ I'(s" - k) < T (s"‘l . An_l) , for all n € N.

Fr. stands for the family of all functions I" : (0,4+00) — (—00,+00) that satisfy (F1), (F2), (F3)
and (F4).
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Remark 1.5. It is easy to verify that the condition (F4) implies b— Cauchyness of the sequence
{rn},en - In other words, this condition is quite strong, but fortunately it can be avoided. We will

not use it in our approach. It is therefore superfluous in the whole paper [19].

The authors in [19] introduce and prove the following:

Let a b-metric space (N, A\,s > 1) be equipped with self-mappings £,J,3,7: 8 — R, and vs be

defined as in [19, Definition 2]. Then they define the next two sets of real numbers:

Vhiv, = {(’U, 0) ERXN:v, (I (v), (o) > s* and /\(h(v) ,1(0)) > O} (1.2)

and

My (0,0) =max { A (3 (), (@), A\ (5(2). 3. A (), T(0)),
A 3@+ AGE). 1)} (13)

2s

For more synthesis on the results based on F —contractions, we refer the reader to the informative

and notable articles [10, 11, 16, 17, 18, 19, 20, 21, 22, 24, 26, 29, 30, 31, 32, 33, 34].

Theorem 1.6. Let X be a non-void set and v as described in (1.2). Let the self-maps h, 3,3, 7
be v s—b-continuous on v s—complete b—metric space (X, \,s > 1) such that A(X) C T(X),I(N) C

e

S (N). Assume that for every pair (r1,72) € Yr10,, there exist I' € Fr, and T > 0 with

TJrF(s-/\(h(rl),J(rg))) < T'(My (r,m2)). (1.4)

Assume that the pairs (h, ), (3,77) are v s—compatible and the pairs (h,J) and (1, k) are rectangular
partially weakly v s—admissible with respect to 71 and  respectively. Then the pairs (h,S), (g, 1)
have the coincidence point (say)v in X. Moreover, if vs (S (v), T(v)) > s2, then v is a common

fized point of h, 3,3, .

To begin, we will utilize the following two findings to show that certain Picard sequences in b-metric
spaces (X, A, s > 1) are b-Cauchy. The proof is an exact replica of the equivalent result in [14] (see

also [1]).

Lemma 1.7. Let {r,} be a sequence in b-metric space (N, \,s > 1) such that

neN
/\ (’I"n,’l"n+1) < A /\ (7"”71,7“”) (15)

for some X € [0, 1) and for each n € N. Then {ry}, cy is a b-Cauchy sequence.

Remark 1.8. [t is worth noting that the preceding Lemma holds for each X € [0,1) in the context

of b-metric spaces. See [15] for additional information.
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Lemma 1.9. Let {7}, cn

ping 1: R = XN and let rg € R be an initial point. If N\ (rn,Tn+1) < N\ (rn—1,7n) for alln € N then

be a Picard sequence in b-metric space (N, \,s > 1) induced by a map-

Tn # T'm whenever n # m.

In the succeeding analysis, we make use of the following known lemma [3, 20, 23].

Lemma 1.10. Suppose that {r,} belongs to a metric space (N, \) and satisfies lir_irrl A (o, Prg1) =
n—-+00

neN
0 is not a Cauchy sequence. Then, there exists €1 > 0 and sequences of positive integers {ny},

{mq}, ng > mg > q such that each of the sequences,

/\ (an,qu) 7/\ (T7L,1+17qu) a/\ (an7rmq—1) a/\ (an+1,qu_1) a/\ (an+1yrmq+1) 9

tends to €] when q — +o0.

Remark 1.11. Based on I' (a—) < I'(a) < I'(a+),a € (0,400), we conclude that liril I'(a) =
a—b—
I'(b—) and lirﬁf (a) = I' (b+) . For particular details see [2] and [25].
a—

Likewise, if I' : (0,400) — (—o00,+00) is a strictly increasing function, then either I' (0+) =
lim I'(a) =m, meR or I (04) = 1ir(r)1+F(a) = —o0.
a—

a—0+

Remark 1.12. Before giving the proof of Theorem 1.6, we note that some parts of the formulations
of all theorems and their consequences are incorrect. For example, “for each (r1,72) € Yr3,0, there

exist I' € §r, and 7 > 0 such that ... ". It is evident that it should be “there is I' € Fr, and 7 > 0

such that for all (r1,72) € Yh30,--- "

2 Some improved results

To prove Theorem 1.6, the authors in [19] used all the four properties viz. (F'1), (F2), (F3) and
(F4) of the mapping I'. In sharp contrast to this practice, in present article we prove the Theorem
1.6 by omitting properties (F'2), (F3), (F4) and we make use of (F'1) only, i.e., we only require
the strict growth of the mapping I" : (0, +00) = (—00. + c0). Additionally, we will distinguish two

cases: s > 1 and s = 1.

Proof. First let s > 1.

Since I' : (0, +00) — (—00, +00) is strictly increasing (satisfies (F'1)) then inequality (1.4) implies

A1) 302)) < 5 My (r1,12), (21)

where M (r1,72) is as in 1.3 with v =71, 0 = ro.

Otherwise the contractive condition (2.1) is well known in the setting of b-metric spaces. The
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sequence {j,} defined in [19] on page 671 is obviously b-Cauchy according to Lemma 1.7 and
Remark 1.5.

Now, let s = 1 where I satisfies only (F'1) seems more difficult to prove in Theorem 1.6 than the
case with s > 1. This is because for s = 1 we do not have the condition A (jn, Jn+1) < AA (Gn-1,7n)

for the Picard sequence {j,} defined by

neN
Jont1 = I (ran) = T(rons1) and jopyo = I (ront1) = S (r2nt2), (2.2)

for A € [0,1), where (R, A\) is given metric space. However, if s = 1 (in this case A = d is a metric)

we get that 1.4 implies

T+F</\ (j2n,j2n+1)> SF(/\ (jQ”‘l’jQ"))

and 7+ I (/\ (jzn_1,j2n)> <r (/\ (jzn—z,j2n—1)) ) (2.3)

for all n € N, hence follows A(jn, jn+1) < A(Jn-1,7n) for each n € N. So there exist a limit 6 > 0

of the sequence {/\(jna j7z+1)}neN .

If we suppose that this limit § > 0, then according to the property of the strictly increasing function
I' (see Remark 1.8), we get 7 + I" (6+) < I' (§+), which is a contradiction since ¢ > 0.

Assume to the contrary that {j, }nen is not a Cauchy sequence, according to the Lemma 1.10 and

inequality (1.4) with s = 1, A = d,r1 = 72n,,72 = T2m, 1, We get
T+ I (/\ (jznq+1,j2mq)) < T (My (r2n,,72m,)) » (2.4)

where

Ml (T27Lq7r27qu) = max {/\ (anqva'mq—l) 7/\ (j2nq+17j2nq) 7/\ (jQ’mqan'rnq—l) ’

q——+oo

] ) j + j ) j 1 - + +
(RS O R TTE S
By taking the limit in (2.4) with ¢ — 400, we acquire
T4+ I (Ef—i—) <r (Ef—&—) , (2.6)

which is a contradiction with 7 > 0. Hence, the sequence {j,}, oy is a Cauchy sequence.
Until the end of the proof of Theorem 1.6 the function I" will no longer be used.

The continuation of the proof for both cases (s = 1, s > 1) is exactly the same as in [19]. Of course,
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the application of the function I" on page 674 in [19] as well as the use of its continuity on the
same page is superfluous. Moreover, its continuity is not assumed in the formulation of Theorem
1.6 Also, the uniqueness of the common fixed point for the mappings ki, ], 7, and < follows directly

from (2.1) in both cases (s > 1,s = 1) without any use of the function I". OJ

Remark 2.1. For both cases s > 1 and s = 1 there are different proofs, that the defined sequence
{Jn}tnen is Cauchy. In the second case, the property about the left and right limit of the strictly
increasing function I' is used. Further, one known lemma is used if the sequence in the metric
space is not a Cauchy but \(jn,Jn+1) tends to zero as n — +oo. The authors in [19] gave one
proof for both cases, but applied all four properties of the function I'. Our approach has improved
their method and has shown, as in some already published papers, that (F1) is sufficient to prove
a fized point under many contractive conditions. For the case of two mappings in metric spaces,

but with all three properties of I, the reader can see [34].

Remark 2.2. Theorems 2, 3, 4, 5, 6, 7 and 8 from [19] can be corrected in the same way as
Theorem 1 from [19], that is, as Theorem 1.6 in this paper. Of course, only property (F1) can be
used in their proofs instead of all four properties in [19]. In their proofs, two cases s > 1 and s =1

can be also distinguished.

We now state a simple example that supports our main result.

Example 1. Let X = [0,40), d(z,y) = (x —y)*, Tz = kz, k € [0, 1), because obviously s = 2.
Taking further that T (r) =Inr, 7 = 1, we get that the contractive condition T+T (s -d (Tz, Ty)) <
T (d(z,y)) is fulfilled whenever d (Tx,Ty) > 0.

3 Conclusions

In this article we have showed, in sharp contrast to published articles, that a reduced set of require-
ments suffices for the proof of fixed point results regarding generalized class of F —contractions in
b-metric spaces. By using only the property (F1), instead of the four properties (F'1), (F2), (F3)

and (F4) used in [19], we were able to produce improved and condesed version of the proofs.
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1 Introduction

Let H; and Hs be two Hilbert spaces. Let B; : H; — 281 and B, : Hy — 272 be two maximal
monotone operators and A : H; — Hy be a bounded linear operator. Consider the following split

inclusion problem (SIP) introduced by Moudafi [25] in Hilbert space:
To find z* € H; suchthat 0€ By(z*) and 0€ By (Az™). (1.1)

Let the solution set of (1.1) be denoted by €. In fact, we know that the SIP is a generalization
of the inclusion problem and the split feasibility problem (SFP). Next, we have some special cases
of SIP (1.1). Let f: Hi — RU{oo} and g : Hy — RU {o0} be proper, lower semicontinuous and
convex functions. If we take By = 0f and By = dg, where 0f and Jg are the sub-differential of f
and g, then the SIP (1.1) becomes the following proximal split feasibility problem:

To find a* € argmin f such that Axz™ € argming, (1.2)

where argmin f = {z € H1: f(z) < f(y),Yy € H1} and argming = {z € Hy : g(x) < g(y),Yy €
H,}. In particular, if we take f(z) = 1|[M(z) — b||* and g(z) = ||N(z) — c||?, where M and N
are matrices, and b,c € Hy, then the (1.2) becomes the least square problem. This problem has

been intensively studied, especially, in Hilbert spaces; see for instance [26].

Let C and @ be nonempty, closed, and convex subsets of real Hilbert spaces H; and Hs, respec-
tively. If By = N¢g, Bs = Ng, where N¢ and Ng are the normal cones of C' and (), respectively,
then we have the SFP:

To find z* € C such that Az" € Q. (1.3)

This problem was first introduced, in a finite dimensional Hilbert space, by Censor and Elfving
[13] for modeling inverse problems in radiation therapy treatment, which arise from phase retrieval
and in medical image reconstruction, especially intensity modulated therapy [12]. To solve the STP
(1.1) Byrne et al. [11] proved some weak convergence results in infinite dimensional Hilbert spaces

and proposed the following algorithm for given xy € H;:
Tny1 = J2 (20 — YA (I — JP?)Az,), Vn>1, (1.4)

where A > 0, v € ( ) and Jfﬂ JfQ are metric and resolvent operators of By and B,

2
0, ——
A%
respectively. In order to obtain strong convergence, Kazmi and Rizvi [19] proposed the following

algorithm to solve SIP (1.1):
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Uy = Jfl(mn — A (I — sz)Aa:n)

Tn4+1 = anf(xn) + (1 - Oln)TUn,v n > ].,

2 o0
where v € (0,——— | and {«,} is a sequence in (0,1) such that lim a, =0, Zan = 00.
PAE neso0 P
However, in order to achieve the solution, one has to obtain the operator norm || A||, which is not
easy to calculate in general. To avoid this computation, Lépez et al. [23] find a new way to select

the stepsize as follows:
pnf (@)
fn = 7o me P21
IV f ()2

where Py is the metric projection of Hy onto Q, p, € (0,4), f(z,) = 3[|(I — Pg)Az,|? and
Vf(zn) = A*(I — Pg)Axz,. This method is a modification of the CQ method and is often called
the self-adaptive method, which permits step-size being selected self adaptively, for more details

see [30, 37].

To solve SIP (1.1) in p-uniformly convex and smooth Banach space, Bello Cruz et al. [9] proposed

the following algorithm, for given z; € E; and {«a,} € (0,1):

n = T [T, (@) = tn A" T, (T = TP) Az

(1.5)
Ty = JY [anng (u) + (1 — ay)J8 (J2 (un))} :

Very recently, Cholamjiak et al. [14] proposed algorithm for finding common solution of fixed point
problem of relatively nonexpansive mapping to solve SIP (1.1) in p-uniformly convex and smooth

Banach space. An initial guess u; € Eq, let {x,}52; and {u,}52; be sequences generated by:

2o = I (Th (T, () = M A"TB (1 = JP2) Auy)) o)
Un+1 = quEl*(O‘nJZ“l (€n) + ﬂnng (zn) + 'Yn‘]gl (Tzy)), n>1,

where Jfl 1 Jﬁ 2 are metric and resolvent operators. The sequences {a,}, {#n} and {7,} are
sequences in (0, 1) such that a,, + 8, + v, = 1. For more SIP related articles (see, [3, 6, 16, 28,
34, 36, 38, 42)).

In nonlinear analysis, to work with an algorithm that has a high rate of convergence is more useful,
through adding inertial term in the algorithm. First it was proposed by Polyak [31]. The main
purpose of this method is to make use of previous iterates to update the next iterate. Recently,

many authors have shown interest to study inertial type algorithms, see [2, 4, 17, 37, 40, 41].

Intention of this paper is to propose an algorithm to solve SIP (1.1) and fixed point of relatively
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nonexpansive mapping in p-uniformly convex and uniformly smooth real Banach spaces, without
prior knowledge of operator norm, so that it can be more efficiently implemented. As an applica-
tion, we apply our result to the common fixed point problems of a family of relatively nonexpansive
mappings and split equilibrium problem. A numerical example is given to illustrate the efficiency
of our algorithm, also our results complement and extend many recent and important results in

this direction.

2 Preliminaries

Let E be a real Banach space with dual E* and let A : £y — E5 be a bounded linear operator
and A* is adjoint of A. The modulus of convexity 0g : [0,2] — [0,1] is defined as

=+ yll
2

55(e) = inf{l - Nzl = 1 =yl lle — vl > }

E is called uniformly convex if dg(g) > 0, for e € (0,2] and p-uniformly convex if there exist a

C) > 0 such that dg(g) > CpeP, for any ¢ € (0,2]. The modulus of smoothness pg : [0, 00) — [0, 00)

is defined by
[z + 7yl + llz — 7y
= sup{ _

5 L flzfl = [lyll = 1}-

pE(T)

pE(T)

FE is called uniformly smooth if lim
7—0 T

that pg(7) < C,79, for any 7 > 0. The duality mapping J% : E — 2" is defined by

= 0, g—uniformly smooth if there exist C'; > 0 such

Jp(x) ={z € B* : (z,7) = ||=|]%, ||z]| = [|l=["~"}.

The duality mapping J% is one-to-one and single-valued (see [5, 15]).

The metric projection for a nonempty, closed and convex subset C' of Banach space FE is given by
Pecx = argmin|jz —y||, x€ E.
yel

For a Gateaux differentiable convex function f : F — R, the Bregman distance with respect to f

is defined as
Afay = fly) = fl2) = (f'(2),y —z), z,y€E.

Since the duality mapping J% is the derivative of the function f,(z) = %Hme . Then the Bregman

distance with respect to f,, is,

1 1 1
Ap(e,y) = 2=l = (Jgz,y) + Sl = 2 Clyll” = fl=ll”) = (Jpr = Ty, ). (2.1)
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We define the Bregman projection as the unique minimizer of the Bregman distance,
Moz = argmin A, (z,y), 2z € E.
yel
It can also be characterized by a variational inequality,
(Jo(z) — Jp(Mex), z —ex) <0, VzeC, (2.2)

also,
Ap,(Mlgz, 2) < Ap(z, 2) — Ap(z,Icx), VzeC. (2.3)

In real Hilbert space II¢ = Pg, for more detail, see [1, 18]. The function V, : E* x E — [0, +00)
with f, is defined by

V() = é”i‘”" — (@x) + %Hpr, Ve e E, e B
Then V,, > 0 and also satisfy following property:
Vp(@,2) = Ap(JE(Z),2), VxeE,ze€E" (2.4)
Moreover,

Vp(Z, ) + (9, Jp(2) — ) < V(% + 9, ), (2.5)

Vo € E and Z,7 € E* (see [29]). Also, V, is convex in the first variable. Thus, for all z € E,

N N

N
where {z;}Y, C E and {t;}}¥, C (0,1) with Zti =1, see [33].
i=1

Lemma 2.1 ([27]). Let E be a p-uniformly convex and uniformly smooth real Banach space and let

{zn}, {yn} be bounded sequences in E, then nhﬂngo Ap(xn, yn) = 0 if and only if nhﬁrr;o |zn — ynll = 0.

Lemma 2.2 ([43]). Let z,y € E. If E is q-uniformly smooth, then there is a Cq > 0 so that

[ =yl < |2l = gy, Tg(2)) + Callyll?.

A point z* € C is called an asymptotic fixed point of T if C' contains a sequence {z,} which

converges weakly to #* and lim ||z, — T,|| = 0. Let F(T) is the set of asymptotic fixed points.
n— oo

Similarly a point z* € C' is a strong asymptotic fixed point of T if C contains a sequence {z,}

which converges strongly to * and lim |z, — Tx,|| = 0. Set of strong asymptotic fixed points of
n—oo
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T is denoted by F(T).

Definition 2.3 ([24]). A mapping T from C to C is said to be,
1. Bregman relatively nonexpansive if F(T) # 0, F(T) = F(T) and

Ap(z*, Ty) < Ap(2*,y), VyeC,z" e F(T).

2. Bregman weakly relatively nonexpansive if F(T) # 0, F(T) = F(T) and

A,z Ty) <A, (z*,y), VyeC, z"e F(T).

For more details, see [32].

Definition 2.4 ([8]). Let E be a p-uniformly convex and uniformly smooth Banach space and C
a nonempty subset of E. A mapping S : C — E is said to be firmly nonexpansive-like if

(Jh(x — Sz) — Jo(y — Sy), Sz — Sy) >0, Vx,yeC. (2.7)

If E is a Hilbert space, then S is firmly nonexpansive-like mapping if and only if it is firmly
nonexpansive, i.e. ||Sz — Sy||? < (Sx — Sy,x — y), Yo,y € C. We recall the following results:

Remark 2.5. Let E be a p-uniformly convexr and uniformly smooth Banach space and C a
nonempty closed convexr subset of E. Then the metric projection P is a firmly nonexpansive-

like mapping.

Lemma 2.6 ([8]). Let E be a smooth Banach space, C be a closed and conver nonempty subset

of E and S : C — E a firmly nonexpansive-like mapping then F(S) is closed and conver and
F(8) = F(S).

Let B : E — 2F" be a mapping, the effective domain of B is denoted by D(B), such that
D(B) ={z € E: Bz # 0}. A multi-valued mapping B is said to be monotone if

(u—v,x—y)>0, Ve,ye D(B), uwe€ Bx and v € By.

A monotone operator B on E is said to be maximal if its graph is not properly contained in the

graph of any other monotone operator on FE.

For Ay > 0 and x € F>, consider the metric resolvent Mf; : B3 — D(Bs) of By defined by

MP2(x) = (I + Mo(J5,) "' By) " M(z), Vaz € Es.
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Set of null points of By is defined by Bo~'(0) = {z € E; : 0 € Bz}. Since By~ *(0) is closed and
convex, then we have

0 € Jp, (My?(x) — z) + AaBo My ().

Next, F(M/\B;) = B; (0), for Ay > 0, from [22] we also have,
(M2 (x) = M2 (), Jp, (¢ — My (@) = Jp, (y — M2 (y))) > 0,
for all z,y € Ey and if By '(0) # 0, then
(JB, (= M7 (2)) — (M7 (x) = 2)) 2 0,

forallz € Fy and 2z € Bg_l(O).
The monotonicity of Bs implies that M f; 2 is a firmly nonexpansive-like mapping.

Now, we can define a mapping N fl ' . E; — D(Bj) called the relative resolvent of By [20], for
A1 >0 as
NOV = (Jb +MB1) % (x), Vz € Ey.

Since Nﬁl is relatively nonexpansive mapping and F(Nﬁl) = B;(0) for A, > 0.

Lemma 2.7 ([20]). Let B : E — 25" be a maximal monotone operator with B=' # () and let NP
be a resolvent operator of B for A > 0. Then

Ap(NE(z),2) + Ap(NE(z),2) < Ap(z,2) forall € E and z€ B~Y0).

Lemma 2.8 ([35]). Let Ey, E5 be two p-uniformly convex and uniformly smooth Banach spaces with
duals EY, B3, respectively. Let Nﬁl be the resolvent operator associated with mazximal monotone
operator By for Ay > 0 and Mf;z be a metric resolvent operator of mazimal monotone operator Bs
for Ay > 0. Assume Q # (0, A\ >0 and 2* € Ey. Then z* is a solution of problem (1.1) if and only
if

ot = N (b (T, (%) = AA™ T, (I = M) Az™).

3 Main results

We assume the following assumptions for the rest of the paper, let E7, Fs be two p-uniformly convex
and uniformly smooth Banach spaces with duals Ef, 3, respectively. Let C' = C; be nonempty
closed and convex subset of Ey. Let By : By — 281" and B, : By — 252" be maximal monotone
operators such that By '(0) # 0, By *(0) # 0. Let Nﬁl be the resolvent operator of By for A; >0

and Mf;’ is the metric resolvent operator of By for Ay > 0. Let T : £y — FE; be a Bregman
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relatively nonexpansive mapping. Let A : 4 — E5 be a bounded linear operator with its adjoint

A* 1 Ef — Ef and {a,,} € (0,1) such that 0 < liminf o, < limsupa, < 1, 0,, € (=00, +00) and
n—00 n— o0

assuming QN F(T) # 0.

Algorithm 3.1. Select o, x1 € F1 and assuming that the sequence x,, is generated via the formula

Uy = ']J%T [(JB, Tn 4 On(J5, Tn — T, Tn—1)]

— NBiJa (JP (v.) — fpil(vn) .
Zn = N/\1 [']Ei‘ (JE’l( 'fb) Pn Hg(vn)”pg( ﬂ))]
yn = i lom TG, (zn) + (1= 0) TE, T(z0) (3:1)

Cry1 ={u e Cp: Ap(yn,u) < Ap(vp,u)}

Tny1 = e, 70, V0 > 1,

where f(vn) = LI(I = ME)Ava P, g(va) = A*JB,(I — MP?)Av, and {pu} € (0,00) satisfy
lirginfpn(pq — Cyp™1) > 0. Suppose that the set W = {n € N : (I — Mﬁz)Avn # 0}, otherwise
n o0

Zn = Up.

Theorem 3.1. The sequence {x,} generated by Algorithm 3.1 converges strongly to x* = Igqp(r)To-
Proof. We divide the proof into four steps:

Step 1: To show QNF(T) C Cy, for all n > 1 and Algorithm 3.1 is well defined. Let CY is closed

and convex for k£ > 1. Then

Ck+1 = {U S Ck? : Ap(y?“wu) < Apvn7u)}

ullP
= {u o, p” - ||qu|| — (TG, yw,u) <

ul|P v
ke, ol _
p q

= {u e Cx : lypll” = lloxll” < a(J,ux — T, vk, w) }

ngvbu)}

which implies Cj41 is closed. Let ug,us € Cryq and A1, A2 € (0,1) such that A; + Ay = 1.
Then

Iyl = lloxll” < a(Jg, ye — Jg, v, ur)  and - [lgl” = lJowl]” < a5, yx — T, ve, ua).
Combining these two, we get
lyell? = llvell” < (T3, 96 — Jo, vr Arur + Azuz).

By convexity Ajuy + Agug € Ci. Therefore, Aju; + Agus € Cry1 and Ciyq is convex. Thus
C,, is convex, ¥n > 1. Let z* € QN F(T), then
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Ap(yn; ") = Ap((1 — o) Jp, 20 + anJ T(2n), ")
< (1= an) Ao ) + anBp(T(en),7°) < Aploma®).  (32)

P (vy)

Wg(vn)), for all n > 1. From Lemma 2.2 and (2.1), we
g\Un

Set wy, := JQT(JJ{;1 (vn) — pn

have

Ap(znv ) <A (wnv )
P—1(y, .
fpil(vn)

q

1, . 1 "
=pmnﬂ+qhawm—w”mmmpm%> — (B (0. 2%)
fpil(vn) :17* v
*“wmwup<’“"”
LT Py m Cq ¢ f7(vn)
p—1
71x*p l’U P_ (et JP w fpfl(Un)x*iv v
%pq fp(U")
q " llg(vn)|IP
* fpil(vﬂ) * Cq fp(vn)
= A, (v, n———Ax™ — vy, g(v, —pd = .
R T Ay o T

Since g(vn) = A*Jp, (I — M;\B;)Avn and (Jp, (I — M)I?)Avn,MigAvn — Az*) > 0, then

(g(vn), @™ —vn) = (A*J% (I — M) Avy, a* — vn) = (J5 (I — My?) Av,, Az* — Avy,)
= (J% (I — M) Av,, M2 Av,, — Avy,)
+ (J5 (I — My?) Av,, Az* — M2 Av,)
< —||Av, — M2 Av, [P = —pf (vn). (3.4)

Using (3.3) and (3.4),

* * fp(vn) Cq q fp(’Un>
Bp(zn, @) < Bplon, 27) = pupy e S+ =T S
= Ap(vnax ) - (pnp - qqul> m
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Since liminf p,, (pg — Cyp~') > 0,
n— oo
Ap(zn, ") < Ap(vp,2™), n> 1. (3.6)

Step 2: We prove that {z,} is a Cauchy sequence.

Since, {A,(zn, o)} is nondecreasing and bounded. So, the limit lim Aj,(x,,zo) exists and
n— oo

from (2.3) we have,

Ap(mn+17xn) = Ap(-rn+17HCnxO) S Ap(anrl,xO) - Ap(HC'nwaTO)

= Ap(anrla 1’0) - Ap(l'nv xo)» (37)
which implies that,
nh—>Holo Ap(xn-l-la xn) =0. (38)

So, it follows from Lemma 2.1 that,
nlgrolo |Xnt1 — znl = 0. (3.9

Since x, = I, 29 C Cy, and from Lemma 2.1, for some positive integers m,n with m < n,

we have
Ap(xmvxn) = Ap(xmvHCnxo) < Ap(mnuxO) - AP(HCnanxO)
< Ap(XTm, o) — Ap(zp, 20)- (3.10)
Since li_>m Ap(xn, o) exists, it follows from (3.10) that li_>m |xn — 2m|| = 0. Therefore,

{z,} is a Cauchy sequence.

Step 3: We prove that lim ||Tz, — z,| = 0, lim [[(I — M?)Az,|| = 0and lim |NP'w, —v,| = 0.
n—00 n—00 2 n— 00 1

Since v, = ng* [JB, T 4 0n(J5, @n — Jp, 2n—1)]. Then it follows that,
ngvn — ngxn = 97,(J§1zn — ngxn_l).
By the uniform continuity of ng and from (3.9), we have

|5, vn — I, Znll = 100(Jp, 2n — B, Tn1)| = 0 as n — oco. (3.11)

Since z,41 =g, ., 20 € Cpry1 C Cy, from the definition of C), 41, we have

n+1

Ap(xn-i-lv Zn) < A;D(xn-‘rl’ Un)a (3'12)
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and

Ap(Tnt1,Yn) < Ap(Tnt1,Vn)- (3.13)

Hence, it follows from (3.12) and (3.13) that li_>m Ap(xn41, 2n) = 0and ILm Ap(Tnt1,Yn) = 0.
By Lemma (2.1), we conclude that

lm ||zpe1 —20]| =0 and lm ||zp41 —ynl =0, (3.14)
n— 00 n—oo

and so,

Jim g, — 2] = 0. (3.15)

From (3.5), we obtain

_ﬁ q) fp(vn) ) ¥
(o= 108) Tt = ot = Bl

= <J§12n — ngvn,;v* — ) — Ap(zn,vp)
< (Jg, #n — JB, Vn, T° — vp)

< Jla* = a5, 20 — JB,0all (3.16)

Since F4 is a p-uniformly convex and p-uniformly smooth real Banach space, thus ng is
uniformly norm-to-norm continuous. By lim |lv,, — z, || = 0, we obtain ||JE, z,—J5 va| — 0.
n—oo

From (3.16) and the fact that liminf p,,(pg — Cyp% ") > 0, we have
n—oQ

P
”ch(i:;l)lp —0 as n— oo,
implies,
Lim [|(1 - M) Avy, || = 0. (3.17)
Also
|A* T8, (I — M) Avy || < [|A||(T — M) Av, || =0, as n — oo.
Thus

|A*JE, (I — Mf;)AUnH — 0, as n — oo.
Again from (3.1), we get

1
1—a,

1, Tz = T, 2l = 1, Yn = Ji, Zull- (3.18)

It follows from (3.15) that
Jim |J5, T2 — Jp, 2nll = 0, (3.19)
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which also implies that

lim ||Tz, — z,| = 0. (3.20)

n— oo

By Lemma (2.7) and (3.16), we have

Ap(2n, wy) = Ap(Nfllwn,wn) < Ap(wn, x%) — Ap(zn, ")

< Ap(vp,z*) — Ap(zn,z*) — 0 as n— oo.

Thus, we have

: B T _
nh_}n;o [Ny wy, — wy || = nh_}rrolo |z — wy| = 0. (3.21)

Step 4: We show that {z,} converges strongly to an element z* = Ilgnp(r)2o. Since {x,} is
a Cauchy sequence, there exists * € Fj such that {z,} converges strongly to x*. Since
zn, — x* € Eq, we also have v, — z* € E;. From (3.21), we get z* € F(Nﬁl) € BY(0).
From (3.20), nl;n;o |7z, — 2zn]| = 0 and the closeness of T' that «* = Tz* that is, z* € F(T).
Since A is a bounded linear operator, we have that nhHH;O |Az, — Az*|| = 0. By (3.17) we
get li_>m (I — Mf;)AxHH = 0, this implies that Az* € F(Mf;) and by Lemma 2.6 we have
Ax*ne O;’(Mﬁz) This means that z* € QN F(T).

Let p € QN F(T) C C, such that p = o p(r)To and by definition x,, = Il¢, 2o, we have

Ay (Tn, z0) = Ap(p, x0). (3.22)
This implies that
Ap(ﬂf*yxo) < h_>m Ap(xn,$0) < Ap(pa xO)v (323)

hence x* = p. Therefore, {x,} converges strongly to 2* € QN F(T'), where z* = loqp1)To-

This completes the proof. (]

We next present some consequences of our main results. Firstly, if 8, = 0, we obtain the following

non-inertial shrinking projection result.

Corollary 3.2. Let QN F(T) # 0. Select xg,x1 € E1 and the sequence {x,} is generated by

n = Tn - )
o= N3 (78 (B = L))
Yn = Jh: [and g, (z0) + (1 = an) T, T(z0)] (3.24)

Cry1 = {u €Cy: Ap(ymu) < Ap(vnvu)}

Tptl = chﬂxo, Vn > 1.
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where f(vn) = LI(I = ME)Ava P, g(v) = A*J5, (I — MP2)Av, and {pu} € (0,00) satisfy
lirginfpn(pq — Cyp?™1) > 0. Suppose that the set W = {n € N : (I — M/@)Avn # 0}, otherwise

Zp = Un. Then the sequence {x,} converges strongly to x* = Ilonpr)To.

Also, by letting M i 2 be the metric projection mapping onto a closed convex subset @) of Fs in
Algorithm (3.1), i.e. Mﬁz = Pg and Nﬁl = I, we obtain the following result as a solution to split
feasibility and fixed point problems.

Corollary 3.3. With reference to the data in Algorithm (3.1), let Q be a nonempty closed convex
subset of By and M/\'f = Pg. AssumingT :={zx € C: 2z € F(T),Ax € Q} # 0. Then the sequence

xn generated by Algorithm (3.1) converges strongly to u € T', where u = Ilpzy.

4 A countable family of relatively nonexpansive mappings

In this section, we apply our result to the common fixed point problems of a family of relatively

nonexpansive mappings and equilibrium problem.

Definition 4.1 ([7]). Let C be a subset of a real p-uniformly convex and uniformly smooth Banach
space E. Let {T,,}22, be a sequence of mappings of C' in to E such that (\,—, F(T,)) # 0. Then
{T,}52, is said to satisfy the AKTT-condition if, for any bounded subset B of C,

ZSSE{HJf(Tva) — I (Ta2)|} < oo

n=17%

As in [36], we prove the following Proposition:

Proposition 4.2. Let C be a nonempty, closed and convexr subset of a real p-uniformly convex
and uniformly smooth Banach space E. Let {T,}5%, be a sequence of mappings of C' such that
Moy F(T) # 0 and {T,,}52, satisfies the AKTT-condition. Then for any bounded subset B of

C there exists a mapping T : B — E such that

Tz = lim T,z, Vze€ B, (4.1)

n—oo

and
- E E _
nh—>Holo :gg |, (Tz) — J; (Tnz2)|| = 0.
Proof. To complete the proof we show that {T,,z} is Cauchy sequence for each z € C. Let € > 0
be given and by the AK KT-condition 3]y € N such that,

S sup{| Ty — Tyl :y € O} <ce.

lo
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Let k£ > 1 > lp, then

|Twx — Tyx|| < sup{||Thy — Tiy|l : y € C'}

< sup{||Twy — Tk—1y|| : y € C} +sup{||Tk—1y — Tyy|| : y € C}

k—1 oo

< Zsup{HTnHy —Thyll:yeC} < Zsup{HTnHy —Twyll:yeC}<e
1 o

Therefore we have that {T,,z} is Cauchy sequence. Moreover (3.4) implies that,

Tz — Tiz| = lim ||Tpz — Tiz|| < Zsup{HTnHy — Tyl :y € C},
k—o0

lo
for all x € C. So,

sup [Tz — Thi|| <Y sup{[|Tni1y — Toyll -y € C},
lo

therefore, we conclude that lim sup||Tz — T, x| = 0. O
lo—00

In the sequel, we say that ({1}, T) satisfies the AKTT-condition if {7T},}5° ; satisfies the AKTT-
condition and T is defined by (4.1) with (.2, F(T,,) = F(T).

Theorem 4.3. Let {T,} be a countable family of Bregman relatively nonexpansive mapping on
By such that F(T,) = F(T,) and assuming Q1 = (\°°, F(T,,) NQ # 0. Select z9, 21 € Ey and the

n=1

sequence {x,} is generated by

Un = Jg [T, @0 + On(JE, @0 — T, Tn1)]

oo = N5 [ 28 (72, = T 0]

Yn = Jh: [on TG, (2) + (1 = an) JB, T (20)] (4.2)
Cry1 ={u € Ch: Ap(yn,u) < Ap(vy,u)}

Tni1 = e, , 70,V > 1,

where f(vy,) = %H(I - M)i2)Avn||p, glvn) = A*Jp (I - M;\B;)Avn and suppose that the set ¥ =
{neN:(I- Mf;)Aun # 0}, otherwise z, = v,. Suppose that in addition ({T,}52,,T) satisfy
AKTT-Condition and F(T) = F(T), then the sequence generated by {x,} converges strongly to

x* € Qq, where ¥ = Ilg, x9.

Proof. To this end, it suffices to show that lim |z, — T,| = 0. By following the method of
n—roo

proof in Theorem 3.1, we can show that {z,} is bounded and lim ||z, — T,,|| = 0. Since Jfl is
n—oo
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uniformly continuous on bounded subsets of E7, we have

im |7 (2n) — J2 (Thay)|| = 0.

n—oo

By Proposition 4.2, we see that

1757 (20) = T2 (Tan) || < 7 (2n) = T3 (Town) | + 11,7 (Town) = Iy (T |

< | JE (@n) — I (Than) || + sup [[JP(Thx) — JP (Tx)|| — 0 as n — oo.

xe{xn}

Since Jp ' is norm-to-norm uniformly continuous on bounded subsets of Ej,
lim ||z, — Tz,| =0.
n— 00

This completes the proof. ([l

4.1 Equilibrium problem

Let E be a real Banach space and let E* be the dual space of E. Let C be a closed convex subset
of E. Let f be a bifunction from C x C to R, where R is the set of real numbers. The equilibrium
problem is to find:

x* € C such that f(z*,y) >0, Vy € C. (4.3)

The set of solutions of (4.3) is denoted by EP(f). For a given mapping T : C — E*, define
f(z,y) = (Tz,y — x), for all x,y € C. Then, z* € EP(f) if and only if (Ta*,y — 2*) > 0, for all
y € C i.e. is a solution of the variational inequality. Numerous problems in physics, optimization,

and economics reduce to find a solution of (4.3).

For solving the equilibrium problem, let us assume that the bifunction f satisfies the following

conditions:

(A1) f(z,z)=0forall xz € C,
(A2) f is monotone, i.e. f(z,y)+ f(y,z) <0 for all z,y € C,

(A3z) for all z,y,z € C,

limsup f(tz+ (1 —t)z,y) < f(z,v),

t—0

(Ay) for all x € C, f(z,.) is convex and lower semicontinuous.
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Lemma 4.4 ([10]). Let C be a closed conver subset of a smooth, strictly convex, and reflexive
Banach space E, let | be a bifunction from C x C to R satisfying (A1) — (A4), and let r > 0 and
x € E. Then, there exists z € C' such that

1
f(z,y)+;<y—z,J§z—J§x>ZO forall ye C.

Lemma 4.5 ([39]). Let C be a closed convex subset of a smooth, strictly convez, and reflexive
Banach space E, let f be a bifunction from C x C to R satisfying (A1) — (A4), and let v > 0 and
x € E, define a mapping T, : E — C as follows

1
T/ () = {z € C’:f(z,y)—&-;(y—z,ng—ng) >0 forall ye C’},
for all x € E. Then, the following hold:

1. T/ is single-valued,

2. TY is a firmly nonexpansive-type mapping [21], i.e., for all v,y € E,

(Ta —Tly, JE T e — JET]y) < (Tla — Tly, Jia — Jgy)

3. F(TY) = EP(f),

4. EP(f) is closed and convez.

We consider the following split equilibrium problem, find x* € C' such that

filz*,2) >0, VreCl, (4.4)
and y = Az* € @ solves

fQ(y*ay) Z 07 Vy € Qa (45)

with the solution set Qg = {z* € EP(f1) : Az* € EP(f2)}.

Theorem 4.6. Let f1, fo be bifunctions satisfying (A1) —(A4) and assuming Qo NF(T) #£ (). Select

xo, 21 € By and the sequence {x,} is generated by

Up = J%f [ngxn + Gn(ngmn — ngxn,ﬁ]

o =2 [ (78,00 = L) )]

Yn = T [0n TG, (2) + (1 = ) J5, T(2)] (4.6)
Cn+1 = {u € Cy: Ap(ynvu) < Ap(vnvu)}

Tp+1 = ch+1xo, Vn Z 1,
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where f(un) = LI(T — TE)AvalP, g(oa) = A3, (I — Tf)Avy and {pa} € (0,00) satisfy
lirginfpn(pq — Cyp?™1) > 0 and suppose that the set ¥ = {n € N : (I — T2)Av,, # 0}, other-

wise z, = v,. Then the sequence generated by {x,} converges strongly to x* = Ilg,np(T)T0o.

5 Numerical example

In this section, we present an example to show the behaviour of the Algorithm 3.1 presented in
this paper and compare its performance with algorithm (1.6) of Cholamjiak et al. [14] and (1.5)
of Bello Cruz et al. [9] by using MATLAB R2016(a). In numerical experiment, we will show that
the sequence generated by Algorithm 3.1 via the self-adaptive technique converges faster than
algorithms defined in (1.5) and (1.6) for different choices of the {p,} and initial values to see the

convergence behaviour of Algorithm 3.1.

Example 1. Let E; = E3 = L(R), where l3(R) := {r =(ri,ra, ..y Tiy...), 1 ER: Z | ri |2< oo},

=1

=

[[7ill2 = (Z | 74 |2>  Vre By Let C=Cy:={z € Ey: ||y <1}. Let T : Ey — Ey be defined
i=1
x ) 3z 1
by Tx = 5 Ve € Fy. Let A: E1 — E5 be a mapping defined by Ax = Z,Vm € Fy. Let oy, = o
n
1+n

o and

and 6, =

NPz =(1+MBy) o= %% V€ By

and

My = (1+ XB2) ™'y Vy € E,

- _ Y
145X

furthermore, it can be verified that for Ay, Aa > 0.

By choosing different p, and initial values with Ay = Ao = 1 for plotting the graphs of error

= |Zny1 — 2n| against number of iterations with stopping criteria |T,41 — T,| < 1072 for the

following cases.

2
271777 y Pn =
3 P

n+1 ’

y Pn =

5 _
737 7pn*n+1

2
3 n+1

5 5 3n
Cm=ao= (522 p.= .
4$1 Zo (72737 );p n+1

Thus we see that sequences generated by our algorithm 3.1 converges to the solution set QN F(T).

The computational result can be found in Table 1 and Figure.1,2.
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No.of iterations No.of iterations
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Figure 2
Choice Algorithm 3.1 | (1.5) (1.6)
1. No. of Iteration 19 30 41
CPU Time(s) 0.0313 0.0469 | 0.0564
2. No. of Iteration 19 30 41
CPU Time(s) 0.0524 0.0625 | 0.125
3. No. of Iteration 18 27 39
CPU Time(s) 0.1125 0.313 | 0.1250
4. No. of Iteration 19 32 39
CPU Time(s) 0.5938 0.0625 | 0.469
Table 1
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1 Introduction and the main results

In this paper we calculate several remarkable cubic and quartic series involving the term % — n+-1 +

—L_ ... The goal of this paper is to extend, to the case of cubic and quartic series, the results
n+2

recorded in [3], in problems 3.15, 3.29 and 3.45, concerning the calculation of some quadratic
series involving the tail of In 2. Our results are new in the literature and they are obtained based
on a combination of techniques involving Abel’s summation formula and shifting the index of
summation, which allow us to reduce the calculation of a cubic or a quartic series to a linear or a

quadratic series, respectively. We also solve an open problem posed in [5, Open problem, p. 107].

The main results of this paper are Theorems 1.1 and 1.2 below.

Theorem 1.1 (Remarkable cubic series with the tail of In2). The following identities hold:

> /1 1 1 3 5
(@) nz_l(g_n+1+n+2_”') =16
() Z_l(_l) (ﬁ_n+1+n+2_"') :T_§1n22"

< /1 1 1 S ¢@) 3,.,. 3 5
S — ) =2 2?24 224 —((3).
(c)nzln(n ntl  n+o ) P24 524 5500)

We mention that the alternating version of the series in part (¢) of Theorem 1.1

Sapn (Lo L) k2 skt (@)
—~ n n+l n+2 4 4 16

was calculated in [4]. The results in parts (a) and (b) of Theorem 1.1 are due to C. I. Vilean, who

communicated them to the first author, without proof, in an equivalent form in 2015.

Theorem 1.2 (Quartic series with the tail of In2). The following identities hold:

> /1 1 1 4 5 9
(a) 321 (E_n+1+n+2_.”) =2In 2—1—2{(2)1112—1((3),
< /1 1 1 SR 13
(b) ngln(ﬁ—n+1+n+2—---) =In 2—§1n 2+((2)1n2—EC(3).

We collect, in the next lemma, some results we need in proving Theorems 1.1 and 1.2.
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Lemma 1.3 (A mosaic of linear and quadratic series with the tail of In 2). The following identities
hold:

Linear series

— n n n+l n+2 2 2’
=1 /1 1 1 n?2  ¢(2)
b — (== - = >
() ;n<n n+1 n+2 ) 2 + 2’
1/1 1 1 )
== - ... ) =1In%2
() ;n<2n m+1 2n+2 ) e

@ 3= (%_ L —) = 22) - cm);

<1 /1 1 1 > 3 In®2
W S (G-t ) — - c@me-

Since

1n2_[1+%+@+...+%] ot (e ),

we have that all the series in this paper involve the tail of In 2.

Before we prove the lemma, we observe that

1 1 1 ! bant
———+——---:/ (x”’l—:zr"+a:"+1—~--)d:c:/ i dz. (1.1)
n n+l n+2 0 0o 14+=

This implies

1 1 1 1
nzﬂgon(n PR ) > (1-2)
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and it follows that
1 1 1 1

n n—|—1+n—|—2 on’

This shows that the series in Theorems 1.1, 1.2 and Lemma 1.3 are all convergent.

We also need in our analysis Abel’s summation formula, which states that: if (a,)n>1 and (by,)n>1

n
are sequences of real numbers and A, = E ay, then
k=1

> arby = Apbnia + Y Ak(bk — bryr),

k=1 k=1
or, the infinite version
Z apbr = nll_}Ir;O Anbn—H + Z Ay (bk — bk+1). (1.3)
k=1 k=1

Now we are ready to prove Lemma 1.3.

2 Proof of Lemma 1.3

S () S e [ (R

n=1 n=1 n=1
1 1
:_/ ln(l—l—x)d / 1n(1+x)d _/ ln(l—i—:v)dx
o z(l+x) o 14z 0 x
In? 2 (1
_In _/ n( —i—:v)dx
2 0 X
_In®2 (2
2 2
1
We used that/ Mdgc:@.
0 X 2

(b) We have, based on (1.1), that

1 /1 1 1 N A L | > "
2 (Z_ )= il do = - - i
;n<n n+1+n+2 ) ;”/0 1tz 0 /Ox(l—i-x) ;n> o
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1 1 2 2
In(1 — In(1 — In" 2
We used that /0 n(Tx) dz = —((2) and /0 n§ n x:v) dz = n2 - 71T—2 (see [5, p. 203]).

(¢) This nice result, which may be of independent interest, is obtained by adding the series in

parts (a) and (b) of the lemma.

(d) We have, based on (1.1), that

— 1 (1 1 1 1 [lan!
i ... el d
;n?(n n—|—1+n+2 ) ZnQA Ttz "

n=1

_ 1 1 oo ﬁ o 1 LIQ(ZZ?) . .
_/O 71(1”);”2(1 _/0 Tl ()

17 17
:/ Liaz(z) dx—/ Lis(x) e

We calculate the first integral in (2.1) and we have that

1. 1 00 9]
Lig(x) / 1 " 1
/O e ; * da RZZI = =3) (2.2)
We calculate the second integral in (2.1). We integrate by parts, with f(z) = Lis(z), f'(z) =
In(l-2z) , = B
9 (z) = T2 and g(x) = In(1 + z), and we have that

! "In(1 —2)In(l1+2z) , 5
0 +/0 do=((2)n2 - 2¢(3), (23)

T

! ng(l‘) - .
/0 Ttz dz = In(1 + x)Lis(z)

1 —
In(1 —z)In(1 4 2) e

since = —%C(?)). For a proof of this result see [5, p. 328]. Com-
x

0
bining (2.1), (2.2) and (2.3), the desired result holds and part (d) of the lemma is proved.

(e) We have, based on (1.1), that

= (1) (1 1 1 N Y
n;l n2 (ﬁ_n+1+n—|—2_.”>_n¥l n2 Al—i—xdx
R T N GOk .
_/0 :c(l—i-a?)n;l n2 d (2.4)
- 1Lig(—f£)
- || wa e

We calculate the first integral in (2.4) and we have that

"Lig(=a) [P~ (D3
| e | =Y = -2, (2.5)

x
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We calculate the second integral in (2.4). We integrate by parts, with f(x) = Lis(—x),

()= —M, g (z) = H%, g(x) =1n(1 4+ z), and we have that
TLig(=a) o Lo wde) o 2o (B
| e =+ a) 12(_x)0+/07x_—7<(>+T, (2.6)

"In®(1
since/ de = @ (see [1, pp. 291-292]).
0

x
Combining (2.4), (2.5) and (2.6), the desired result holds and part (e) of the lemma is proved.

(f) We calculate the series by shifting the index of summation. We have

n=1

_1r122+§:;(—1)"‘1 (%—nil+ni2—~--)2

e S (ot )

:1132—721(—1)”‘1 {%— (%—%HWL%H—---)}Q

=1n22+§:1(;2m +2§Z¥ (%—%HJF%H—)
0o 2

_WZZI(_Umfl <%_m—+1+m;+2_m)

n=1 n=1 n
@, 2, <2 (2 W2\ (@2
—1“2‘T+2<T‘T)—T-

We mention that this series was calculated by a different method in [3, problem 3.45].

(g) This result is proved, using an integration technique, in [3, problem 3.29]. Here we give

another proof. We apply Abel’s summation formula with a, = 1 and b, = 22, where
1 1 1 1
Ty = — —

n n+1+n+2

— ---. Observe that x,, + T,41 = —.
n
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‘We have

n=1 n=1
=Y n(zn = 2ni1) (@n + Tni1)
n=1
= Z (Tn — Zpt1) =21 =In2
n=1

We used that lim nz?,; = 0, which follows based on (1.2).
n—oo

o0

H, . 1
(h) We need the following power series formula Z — 1™ = Lig(x) + B (1 —z), z € [-1,1).
n
n=1
For a proof of this result see [5, p. 403].
1
We calculate the series by Abel’s summation formula with a, = — and b, = :v?l, where
n
1 1 1 1
Ty = e + s — +-+. Observe that x, + xp11 = o
We have

[e%} 2 [e'e]
1/1 1 1 . 9
E ﬁ(ﬁ_n—i—l—i_n—i—Z—”.) = lim Hpz, |+ E H, (zy, — pt1) (Tn + Tnt1)
H

n—o0
n=1 n=1
> H, 1 S H, (11 L S~ Hn
—;7(%—;)—227(?”“%”—”)—gﬁ
(1.1 .= H, ['a! /1 1 — H,
=) 9N de —2¢(3)=2 | ——— | de—2
nz::l A ¢(3) N iwr nz::l ot | de = 2((3)
_2/1# Li (x)+11n2(1—x) da —2¢(3) (2.7)
~ o alira) TS |
Lr1 1 1.5
1. 1 2 _ 17 1 2 _
:2/ ng(gc)dx+/ In“(1 I)d:c—Q/ ng—(x)dx_/ de_2g(3),
o T 0 T o 1+w o 1+w

We calculate

1 2 1 2 1 o0
(1 — 1
/711( x)d:v=/ nydy=/1n2y > y" | dy
0 x o L—y 0 ne0

o 1 - (2.8)
2
SR = 3 =)

We also have, see [5, p. 110], that

Yn?(1 - 2) 7 In®2
/0 2 e = 103 - @ me+ I (2.9)
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It follows, based on (2.5), (2.6), (2.7), (2.8) and (2.9), that

<1 /1 1 1 2 3 In® 2
ey ) =2 —¢(2)ln2 - —=,
;n<n n+1+n+2 > 2<(3) ¢(2)In 3

We mention that the series in part (g) of Lemma 1.3 was calculated by a different method

by Boyadzhiev in [2].

(¢) This formula was proved by Boyadzhiev in [2, entry (19)]. O

Now we are ready to prove Theorem 1.1.

3 Proof of Theorem 1.1

Proof. (a) We calculate the series by shifting the index of summation. We have

(1t 3°°11+1 °
U 23 n n+l n+2

1= > /1 1 1 3
"2 039 _ ...
. +;<z’+1 it2 its >

i1 1 _
i i+l it2
+3 1 1 L 2 1 1 1 3
i\i i+1 i+2 i i+l i+2
=1 /1 1 1
=®24+¢3) -3y = (- — —
ni2+¢3) ;z2<2 ir1 Tire )
(e 2
1/1 1 1
33 2 (2 - —...) =S

It follows, based on parts (d) and (h) of Lemma 1.3, that

2.1 /1 1 1 > 1/1 1 1 2
29 =1*2+¢(3)-3) = (=-— — ) +3¥y 2 (=— .
w2003 5 () X e )

3
=®2+¢(3) -3 (%g(?,) —¢(2)In 2) +3 (24(3) —¢(2)In2— ln—2) _ 5w

and part (a) of Theorem 1.1 is proved.
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(b) We calculate the series using Abel’s summation formula. We apply formula (1.3) with a, =1
1 1 1
and b, = (—1)"22, where z,, = — — + —---. We have
n n+l n+4+2

lim (—1)""'nad | + Z n(—1)" (23 + 23 1)

n—00

(]
T
—_
N~—
3
7N
S|
|
—
—
|
~_
w
Il

n+l n+2

n=1 n=1
= Z(—l)"n (Tn + Tpt1) (5531 — TpTpy1 + I?H—l)
n=1
Tatri=3 o n (.2 2
i Z(—l) (:zrn—a:n:rnH —|—xn+1)
n=1
Cnting1=1 wfo2 3 1
o N e
=3 —1)"z? -3 ( n
Lemmal3 (). (a) 5 ( C(2)) 4 (W72 (2 <)
4 2 2 2
2 3
)3y,

We used in the preceding calculations that lim nz? ; = 0, which follows from (1.2).
n—oo

1 1 1
(c) Let x,, = —— + —---. We calculate the series by shifting the index of summation.
n n+l n+2
We have

= /1 1 1 S/ 11 P&
S = - S T (e T 3
nz_:l”<n ntl nie2 ) (1 273 ) +2 nan
[e%S) 3
n—1=i, 3 . 1 1 1
PP 1 - .
" +;(l+ )<¢+1 iv2 013 )

00 3
1 /1 1 1
=n%2 1) |- — [ = — — ..
w24 (it )L' (z vl it2 ﬂ
3

=1

1.3 : 2.2 .3
=In 2—}—5 (Z+1)<i3_i2$1+ixi ZCl)

=1

oo

1 1 3 3 3 .

=In%2+ E (i—2+i—3—;xi—i—zxi+3xf—|—2x?—mf—xf)
i=1

=1n32+C(2)+C(3)—3%%—3%%4—3%3@?4—3%?—S—ix?.
1=1 1=1 =1 =1 1=1
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It follows, based on part (a) of Theorem 1.1 and parts (b), (d), (¢) and (h) of Lemma 1.3,

that
2
28 =n*24¢(2) +¢(3) -3 <1n72 + @) -3 (gg(:&) —¢(2)In 2)
3 In®2 5
_¢(@2) 3. 5
and Theorem 1.1 is proved. ([

Now we give the proof of Theorem 1.2.

4 Proof of Theorem 1.2

1
Proof. (a) We apply Abel’s summation formula with a, = 1 and b, = 2%, where z,, = — —
n
1 1
+ — ---. We have
n+l n+42
0o 4
1 1 4
z:: ﬁ_n—i-l n+2_”.) _hm m?n+1+nz:1 _an)
ad TntTny1=2 >
= Z = Tn+1) (Tn + Tng1) (517721 + 517721+1) = Z (Tn — Tn1) (5531 + x%wrl)
n=1 n=1
_ - 3 o 3) _ .3 o Tn
_Z( - n+1+__ﬁxn+2xn>_xl+zln Z +2Z(E
* 13 3 In” 2 5
) In®2 + §C(3) —¢(2)ln2-3 <§C(3) ¢(2)In2 — _n3 ) + §<(3)

=2In*2 4 2¢(2)In2 — %g(?,).

We have applied at step () parts (d) and (h) of Lemma 1.3 and part (a) of Theorem 1.1.

We also used that lim na},, = 0, which follows from (1.2).
n—00

(b) We calculate the series by applying Abel’s summation formula with a,, = n and b, = 7,

1
where z,, = - — —— + —— —
n n+l n+2
‘We have
Z + LI 4zlhmn(n+1 +li (n+1) (23 -z )
— 7’L TL+2 2n—>oo n+1 2 — n n+1

+
1n+$n+17% 1 > 2 2
= 52 TL+1 ( _xn-i—l) ($n+xn+l)

N)I)—l

Z n+ 1) (‘T + Tn n+1 .I'n+1l' n-l—l)
n=1
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_1
Tn+Tnt1=5

> 3
{n:c3 (n+ )23 + 2nad + 323, 3xi——xi+—+—}
n
=1

|~
83

.2

549 Z nad +3Z:v —SZx —3Z%+§:n i n

(+) In® 2 C() 3, 3 3

2
3/3 n*2\ In*2 ¢(2) 13 ¢(2)In?2
-3 (5 -coma- B2+ 24 B By (22

1 13
139 Lq2 1
=In"2 2ln 2+ ¢(2)In2 16((3).

We used at step (x) parts (¢) and (a) of Theorem 1.1 and parts (g), (h), (b) and (d) of Lemma
1.3. We also used that lim n(n+ 1)z}, = 0, which follows from (1.2). O

n—oo

The next corollary answers an open problem posed in [5, Open problem p. 107].

Corollary 4.1. The following identities hold:

(0) ( n _> =4In*2 4+ 6¢(2)In2 — =((3);

; n n+l n+2 4

W) Z 12 +L_... 3—41n32+2§(2)—121n22—3§(2)1n2+§C(3)
n n+l n+2 a ! |

1 + 1 d ob tht1 2 + 2
—_— —-..- and observe that - ———+——+—- - =2, — 2,
n+1l n+2 ° n n+l n+2 +

1
and x, + 41 = —. It follows that
n

1
Proof. (a) Letx, = ——
n

oo
= Z [:ci - :ciﬂ + 32Tt (Tny1 — xn)]

n=1
= 1 1
= Z {xi — Ty + 3T, (5 —xn> (5 - 2xn>}
n=1
> Tz, 9
=2 [wi—wiﬂw G 3}
n=1
S ET) DL ) SE-T) S
n=1 n=1 n=1

and the result follows based on part (a) of Theorem 1.1 and parts (d) and (g) of Lemma 1.3.
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(b) We have, exactly as in the proof of part (a), that

> 1 2 2 3
D=4+ = ...
Z( ) <n n+1+n+2 )

n=1
= Z(_l)n (Tp — Tng1)” = Z(_l)n [In - IiJrl + 3Tn Ty (Tnyr — xn)}
n=1 n=1
oo o0 o0 oo 2 oo
= YD = () el 3 (1) =9 Y (1) 46 ) (<)
n=1 n=1 n=1 n=1 n=1
0o 00 T 00 .1'2
=8 (~D)"z) +af +3) (-1 5~ 9 (-1)"E,
n=1 n=1 n=1

and the result follows based on part (b) of Theorem 1.1 and parts (e) and (i) of Lemma 1.3.

d

o0
1 1 1
Remark 4.2. The calculation of the quintic series Z x5, where x, = —

— n n+l n+2
which we believe it can be expressed in terms of well known constants, can be approached by reducing

© 2 > 3 4
x x x
the series to the calculation of quadratic, cubic and quartic sums E —g, E —g and E —2. These
n n n

n=1 n=1 n=1
series and other higher power sums involving the tail of In2 are the topics of a research project

that will be investigated by the authors.

We mention that other challenging quadratic and cubic series involving the tail of various special

functions, as well as open problems can be found in [5].
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ABSTRACT

This paper presents a number of identities for Dirichlet se-
ries and series with Stirling numbers of the first kind. As
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RESUMEN
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1 Introduction

n
We consider the unsigned Stirling numbers of the first kind N defined by the equation

1 — | n 1
W:Z E | zx+1)---(x+n) (1.1)

n=k

(see [2], [15, p. 29 and p. 171]) or by the well-known exponential generating function [10, p. 351]

(_1)klnk(1—x)=i S I (1.2)
k! k| n! ' '

n=~k

These numbers have a very strong presence in combinatorics and also in classical analysis. For

example, it is known that for k£ > 1

n 1

C+1)=) o (1.3)
n=k

where ((s) is Riemann’s zeta function. This representation appears in Jordan’s book [12] (see
equation [6, p. 166] and equation (3.1) on [12, p. 194]; also the more general formula on p. 343 in

this book). Interesting comments and a new proof can be found in Adamchik’s paper [1].

The corresponding result for the Hurwitz zeta function (s, a) was proved in [2]

o n 1
k+1,a)=T —_ 0,k>1 1.4
et =@} | | gy @20 k21 (14)
together with the representation
o Hp _ — | n | ¥ (n)
S-S e g
p= n==k
1 1 . d .
where H, =1+ 3 + .-+ —, Hp =0, are the harmonic numbers and ¢ (z) = . InT'(x) is the
n x
digamma function. A representation for the polylogarithm Lis(x) = Z :v_s in the spirit of (1.3)
n
n=1

was also proved in [2]. Other results in this line were obtained by Wang and Chen [16].

In this paper we want to develop a method of replacing ((k + 1) by other Dirichlet series in the
spirit of (1.4) and (1.5) and obtaining representations in terms of Stirling numbers. More precisely,

we consider the following problem arising from the above representations: given a Dirichlet series
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of the form -
(1.6)
n=1

we want to find the coefficients b,, so that

In the following section (Section 2) we state our main theorem which gives a solution to this
problem for the case when the numbers ay are the coeflicients of an analytic function. Then in
Section 3 we derive from this theorem a number of corollaries. For illustration, here are some

identities proved in Section 3

k [e%S) [ 1
n 1
k41— i +1) = —  (k>1
+ ;C(H) n; o | e *z
o0 1 o0 _TL_ nl
T = 2 e=> 5| (k=0
o 2LV D e |k el
| | B@2n+2)
> pemm =2 | | k20

n 1 1
———=— (k>0
Zéll’p—l—l’”l—i_Z | nl2n+3) 2 (k20)

where C), are the Catalan numbers and S(x) is Nielsen’s beta function.

2 Main results

Theorem 2.1. Suppose the function

o0
= E akxk
k=0

is analytic on the unit disc |x| < 1. Then we have the representations

IS X n|1 "
;p£+1:,§(1’+f)k+1:; k E/O f(2)(A — )" de 2.1)

oo

ap -1 k 1
Z(J(p+1)k+l = k!) /o f(@)(In z)* dz. (2.2)
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Proof. In the representation (1.1) let x = p > 1 be a positive integer and write

1 1
W:Z E|po+1)--(p+n) 23)

We know that

1 1 /!
=—B 1 Pl —2)"d
S I S IR Tht el n!/o“’” ()" de

where B(p, ¢) is Euler’s beta function defined by

1
B(p,q) = %i?if; = /0 a:p_l(l - a:)q_l dx.

Next, multiplying both sides of (2.3) by ap—1, summing for p = 1,2, ..., and exchanging the order

of summation we have

[e'e) ap 1 [e'e) 0 n 1 /1 N
Lk | e k| ) e
This proves (2.1). The representation (2.2) follows from (2.1) by bringing the summation inside the

integral and using equation (1.2). It can be proved also directly by expanding f(z) and integrating
term by term. The proof is completed. (I

Some remarks. A Dirichlet series of the form (1.6) is called convergent, if it is absolutely
convergent for some sg. In this case it is absolutely and uniformly convergent for Re(s) > sg
[9, 11]. Also, as shown by Charles Jordan in [12, p. 161] the Stirling numbers of the first kind

have asymptotic growth

— = !'(7 + Inn)ktt (2.4)

for k > 1 fixed. Here 7 is Euler’s constant. We will keep this asymptotic in mind for the corollaries

that follow.

Taking the function

1 oo
f(x):m:;xn7 2| <1; an=1 (n=0,1,...)

/01 f@)(1—2)"dx = /01(1 —2)" e = %

and (1.3) follows immediately from (2.1). Our main applications are given in the next section.

we have for n > 1
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3 Corollaries

We first give a new proof to equation (1.5). Applying (2.1) to the function

fla) = ZHanC (lzl < 1)

we find

i%:i : %{_/Olln(l—x)(xl—:v)"ldx}.

p=1 n=~k

With the substitution 1 — 2 = e~* this integral becomes

0 te_"t e ,
| = =3 Gy =Y
m=

and (1.5) follows. It is good to mention that

2

1y — & L1
3.1 Dirichlet series with hyperharmonic numbers

Let hsf) be the hyperharmonic numbers defined by the equation

n+r
hngJrl) = (Hn4r — Hr)
r

for integers n, r > 0 [8]. When r = 0, hY = H, are the harmonic numbers. The generating
r)

function for h% is given by
= In(1 — z)
Rgh = ——— 2 1).
>onpan =~ (el < 1)
) In(1 —z)
Let n > r. We apply our theorem to the function f(x) = —W where the parameter r + 1
-

is used for technical convenience. It is easy to compute

1 z)(1—2)"de = — 1n —z)(1—z)" " lda = L 1n —x —x)" "
| r@a—ayae == [mg -0 -aptie = — [ -aja0 -

S In(l-—z)(1—2)""

n—r

1 1
1 1
1—z)" " de = :
0+n—7’/0( z) . (n—r)?

This gives the following.
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Corollary 3.1. . For every k > r > 0 we have the identity

e h(TJrl) oo n 1
p—1
= . 3.1
2 = 2| | .

In particular, for » = 0 we have (compare to (1.5))

s Hp_l . > n 1
; i _nz:; i (3.2)

3.2 On a result of Victor Adamchik

Adamchik in [1] discussed series of the form

G =S | " |-

=k nlnd
and showed that
G(k,q) = Glq, k) (3.3)

that is,

| n 1 | n 1

1; | nlne 1;1 q nlnk
With ¢ = 2 this property implies equation (3.2) since - (n — 1)!H, 1. In the next result

2

we will connect two different series of Stirling numbers of the first kind.

Corollary 3.2. For any two integers ¢ > 0, k > 0 we have
= S 3.4
Z q n[(n + 1)k+1 Z k n[(n + 1)q+1 ( )

n=q n=k

Proof. We take the function
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we find from the general formula (2.1)

> p—1 1 ° n (_1)q /1
_ = In?(1 —2)(1 —2)"dx
pz::l ¢ |1 nz:; k| nld Jo (1 ==l -2)

t

and with the substitution 1 —z = e¢™" we compute

(] _ oV e — (1)1 g iy, _(=1)7!
/0 In?(1 —z)(1 —2)"dx = (-1) /0 tle dt = (T 1y

which gives the representation

; . e | | e
Replacing p by n + 1 gives the desired result for all ¢ > 0, & > 0. ([l

This shows a symmetry like the one in (3.3) for G(k, q).

For ¢ = 0 we find for every k > 0

(') n 1
n; ) (n+1)!:1. (3.5)

Note that the same result follows from (1.1) for = 1. The value of this remarkable series is
independent of k. For k£ = 0 on the left hand side we have only one term, 1. For £ > 1 fixed from
(2.4) we find the asymptotic behavior for large n

n 1 (v 4+ Inn)k-1
E | (mn+1)! nn+1)(k-1)!

which shows a very slow convergence. For instance,

1000
S L <os
|5 | (n+1) '
For ¢ =1, k > 1, we have P (p — 1)! and (2.1) implies the closed form evaluation
1

> | n 1 o0 1 ko
2 W:ZW:’fH—ZC(HI) (3.6)

n==k k p=1 7j=1
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where the second equality follows from the recurrence relation

3 1 o l+p-p 1
;p(“l)k“_Zp(p+1)’“+1_zp(p+1)’“ Ck+1)+1

p p=1 p=1

:ZW—WH)—«/@)H ete.
p=1

For ¢ = 2 we have L (p — 1)!Hp—1 and therefore,
2

(3.7)

etc.

3.3 Dirichlet series with Cauchy numbers

The Cauchy numbers of the first kind ¢,, and second kind d,, are interesting combinatorial numbers.

They are defined by the generating functions

—x dn
1-2)ln(l—z) Dt

n=0

where |z| < 1 (see [7, p. 294] and [3, 14]). Now consider the function

1—2x

-z = (=),
)= iy = 2 o (el <)

Using again the substitution 1 —z = e~ we compute

1 0 q _ —t oo —(n+1)t _ ,—(n+2)t
1 2
/ f(:c)(l—a:)"dx:/ 766*<"+1>tdt:/ c ¢ dt = n 2F
0 0 0

n
t t n+1

as this is a Frullani integral. After changing the index p — p 4+ 1 we get the following result.
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Corollary 3.3. For every integer k > 0 we have the series identities

(-1 pcp | 1. n+2
= = —1 . 3.8
I e o M T as
S d, | n| 1 ( 1)
= = —In{l1+—-). 3.9
;p!pk pgop!(p—l-l)k“ ; k| n! n (39)

Proof. The first identity has been proved above. For the second one we use the function

in the same way. (I

Both series on the right hand sides of (3.8) and (3.9) are very slowly convergent series with positive

terms. In (3.9), for instance, with k£ > 1 fixed

3.4 Dirichlet series with derangement numbers

The derangement numbers

(=)
<.

are popular in combinatorics [7, p. 180] and [10, pp. 194-200]. We will relate them to Stirling

numbers of the first kind. The generating function for the derangement numbers is given by

e * > z"
D = = D, — 1).
@)= 15 =3 Dy (el <)
In this case

! — ) dx = lefm _xnflx_l 1etn71 = (=1)"(n — efl_n_l(_l)j
/OD(:E)(I )d—/o (1-2) d—e/o = (—1)"(n — 1)! ‘

<
Il
o

and therefore, we come to the series identity below.
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Corollary 3.4. For every integer k > 0

0o 0o 00 n—1 ;
Dy D, no (=D [y (—1)
— — et — - . (3.10)
; (p—1)ip*+t z;)p!(erl)’““ nZ:; k| n = I
From Taylor’s formula we get the estimate
n—1 BERY
I = P
= 7 n!

which assures convergence for the last series in view of (2.4).

The computation of the above integral shows that with f(x) =e* in (2.1) we come to
! —x n n+1 —1 . (_1)j
e " (1—z)"de=(-1)"""nlle —Z—|
0 .

=0 7

and this result implies the identity

PGS VL ol U O (R o Y o
;W_; % (=)t el_jz::O 5 ) (3.11)

In the same way

1
/ e“l—z)"de=nl|e—
0

j=0 J'
and therefore,
e e— = 1. (3.12)
;p!(pﬂ)’““ ; k ;03!

3.5 Identities for Dirichlet series with binomial and central binomial

coefficients

Noticing that

1
1
-2 de=—— (A>-1
[a-orar= g 0>
we take the function
i r
flz)=Q1-2)" = Z (=D)"2", 2| <1, an= (="
n=0 n

and from (2.1) we come to the next result:
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Corollary 3.5. For every integer k >0 and k+r+1>0

> r (_1)p _00 n 1
pz:;) P W‘% T (3.13)

Here we need n+r+1 > 0. This will be true when k+7r+1 > 0 or r > —k — 1. This identity was
obtained in [2, Example 10] by other means.

When r is a nonnegative integer, the sum on the left hand side is finite. For example, when r = 0
equation (3.13) turns into (3.5). For r = 1 and r = 2 we have correspondingly as in [2, Example

10]

1 | n 1
l——= = —_ 3.14
2k+1 7; k n!(n + 2) ( )
1 1 | n 1
l——+ 7 = —_ 3.15
2k + 3k+1 7; k n!(n + 3) ( )
etc.
For r = —1/2 and r = 1/2 the binomial coefficients take a special form
-1/2 2 1 1/2 2 1
Plocor ()L [ ) e [P ) 5
p P 4 p p 4r(2p — 1)

and (3.13) produces the two identities involving central binomial coefficients:

Corollary 3.6. For any k>0

> [ 2p 1 < | n 1
S L (3.16)
102:;) p | 4P(p+ 1)k+t ; k| n!(2n+1)
=\ » 47(2p — 1)(p 4+ 1)k = |k n!(2n +3)° '

In particular, with £ = 0 in (3.16) we have the evaluation

S () ot
=\ »p 4r(p+1)

1
coming from the generating function of the Catalan numbers for z = 1 (see next subsection).

Wang and Xu [17] studied series similar to the one on the left hand side in (3.16) and evaluated
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them in terms of multiple zeta values.

3.6 Dirichlet series with Catalan numbers
We involve now the Catalan numbers

o= %
P p
which are very popular in combinatorics and analysis [4], [7, p. 101], [8, p. 53], [10, p. 203]. Tt is
easy to see that for p > 1

2p 1

p 2p—1

=2C, ;.

Our first identity with Catalan numbers comes from (3.17) written in the form

1 |7 1
= - — _. 3.18
Z 4r( p+1 JEL 2 7; k| n'(2n+3) (3.18)

Correspondingly, for k = 0,1, 2 we have from (3.18)

= Cp 1

Zﬁ = : (3.19)
STeTD
—~  Cp_1 JR 1 2In2 7

el o — 3.20
; rp+1)2 2 z:: 2n+3) 318 (8:20)
= Cpy 1 <~ H, 7 72 2,

B U N Ba 2y, 3.21
;4”@—1—1)3 2 ;n(2n—|—3) st ™3 (8:21)

where in equation (3.20) we used the evaluation (for example, from Wolfram Alpha)

i 1 8 2In2
“— n(2n+3) 9 3

and the second equality in (3.21) was found by Mathematica and was provided by one of the

referees.

The generating function for the Catalan numbers is [4, 13]

1+m ZC“’” (lef <4)
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Replacing x by /4 we consider the function

and apply our theorem to it. Using the substitution 1 — x = t? we find

1 1 n 1 42041
n _ (1_17) _ £t —
/Of(x)(l—:zr) d:z:—2/0 71+md:c—4 ; 1+tdt—4ﬁ(2n—|—2)

where

B 1tm—1 B o (_1)m
B(w)—/o =2 e

m=0

is Nielsen’s beta function. We come to the curious companion to (3.18)

> C | n| B2n+2)
;4”(19:1)’““_42 k nl (322

n=~k

For k = 0 this gives the known identity

[e%e] Cp B B ~
pz:;) PoiT - 46(2) = 4(1 — In2). (3.23)
For k=1 in (3.22) we find
= B(2n + 2)
> —r e + e Z (3.24)
=

and for k = 2 we have a series identity involving Catalan, harmonic numbers, and beta values

= C, H,_ 1[3 (2n + 2)
R (329)
= 4r(p+1)3
At the same time from (2.2)
= 20=1)F (1 (Inz)*
> gt -2 [ (3.26)
p=0 ar(p+1) k! o 1+v1l—=x

and for k£ = 0 this confirms (3.23). For k = 1 by computing the integral we find

> Cp B , m
24177 =8 - 82 +4(In2)° - —

e (3.27)
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which gives also the value of the series on the right hand side in (3.24)

2

= B(2n+2
ZM —2_2mm2+ (n2)? - .
ot n 12

1
1
The integral / % 4z can be computed by the substitution 1 — x = t? followed by the
0

1+v1—=x

expansion of In(1 — #?) in power series. More directly, one can use Maple or Mathematica.

3.7 Dirichlet series with even central binomial coefficients

in
The numbers appear in some interesting applications in mathematics [5, 6]. Their gen-

2n

erating function for 0 < z < 1 is (see [6])

= 4n ) am 1 1 1 (V1= 1+
=21 o W_5(¢1—ﬁ+¢1+ﬁ>_5< Vi-e )

n=0

which is easily derived from the binomial series. The theorem implies the identity below.

Corollary 3.7. For every integer k > 0 we have the identity

>0 4p 1 i n | A,
_ = — 3.28
1;0 op | 167(p+ 1)k+1 ; | n! (3.28)

where

An:%/ol (\/1—\/§+\/1+\/5> (1—z)" 2 da.

This interesting integral supposedly has the form A,, = a,, — b,/2 with a,, b, positive rational

numbers. This hypothesis was suggested by several cases verified by Maple.

A rough estimate gives

3
2n+1

1
Angl/ (1+2) (1—2)" 2dx =
2 0

which in view of (2.4) provides good convergence for the right hand side in (3.28). Also, from (2.2)

we find the integral representation

> N : - (_l)k 1 . ! nz)* dr
pz:;) 9p | 16P(p+1)k+1 2kl /0 (\/1—ﬁ+\/1+ﬁ> (Inz)”d (3.29)

(—1)k2k 1 t t
k! /0<\/1—t+\/1+t

> (Int)" dt
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for every k > 0. For example, when £ =0, 1

— [ 4p 1 8 2
— = - -ZV2 (3.30)

pg() op | 16°(p+1) 3 3

S 4p 1 80 32 16
= — — —(In8 2)+ =1 2+1 3.31
2\ o | Tore 5 9(11 +\/_)+3 n (V2 +1) (3.31)
etc. The inte al/l ( ! + ! > Int dt for (3.31) was co ted here by using both Maple
. I T n r . was mpu T US11,
S \VT—t T Vitt P v e P

and Mathematica.

In conclusion, the author wants to express his deep gratitude to the referees for a number of

valuable comments and suggestions that helped to improve the paper.
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1 Introduction

Fourth order boundary value problems arise from the study of elasticity. They are models for
the deflection or bending of elastic beams (see [15, 16]). Recently, fourth order boundary value
problems for differential equations with parameters have received quite some attention in the

literature. For example, in 2003, Li [5] considered the fourth order boundary value problem

u® 4+ Bu" — au = fltu), 0<t<1,
w(0) = u(1) =" (0) =u"(1) = 0,

where «, 8 are parameters. For a partial list of some recent papers on boundary value problems

with parameters, we refer the reader to the papers [1, 2, 3,4, 6, 7, 8,9, 11, 12].

In 2011, Webb and Zima [10] studied the existence of multiple positive solutions for a class of
fourth order boundary value problems. They also studied in [10] a class of second order boundary
value problems with a parameter, which are closely related to the fourth order ones. One of the

problems that were considered in [10] consists of the equation
u(t) + K2u(t) + f(t,u(t) =0, 0<t<1, (1.1)

and the boundary conditions

w(0) = u(1) = 0, (1.2)

where k € (0, 7) is a positive constant. It is well-known that second order boundary value problems
are important in their own right. Second order problems arise in a wide variety of mathematical

models and have been studied extensively.

When k € (0, ), the Green function G : [0, 1] x [0,1] — [0, 00) for the problem (1.1)-(1.2) is given
by (see [10])
sin(kt) sin(k(1 — s))

: 3 — S’
G(t,s) = ksink
sin(ks) sin(k(1 — t))
- , s<t.
ksink
The problem (1.1)-(1.2) is equivalent to the integral equation
1
u(t) = / G(t,s)f(s,u(s))ds, 0<t<1. (1.3)
0

It is easy to see that G(t,s) > 0 for 0 < ¢,s < 1. Webb and Zima proved a number of results
in [10]. In particular, in the case of k € (w/2, ), they obtained the following upper and lower

estimates for the Green function G(t, s).
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Lemma 1.1 ([10, Lemma 2.1]). If k € (n/2,7), then it holds that

er()®r(s) < G(t,s) < Pr(s), 0<t,s<1, (1.4)
where
sin(ks), s<1—m/(2k),
Or(s) = ook sin(ks)sin(k(1l —s)), 1—n/(2k) <s<n/(2k),
sin(k(1 — 5)), s > m/(2k),
and

cr(t) = min {sin(kt),sin(k(1 — ¢))}, 0<t<1.

There are different approaches to solutions for boundary value problems. One important way of
finding positive solutions for boundary value problems is to apply fixed point index theorems on
a positive cone. To define a positive cone in a function space (for example, the space C|0, 1]), we
need some a priori upper and lower estimates for positive solutions of the boundary value problem.
Through the years, we have learned that sharper estimates can help define a smaller cone, and,
it is easier to search for the positive solution(s) in a smaller cone than in a larger cone. In other
words, finer upper and lower estimates can help us establish sharper existence and nonexistence
conditions. We refer the reader to the recent papers [14, 15] in which the author used a fixed
point theorem on cones to solve fourth order boundary value problems. In both papers, upper and
lower estimates for positive solutions play a crucial role in finding solutions for the boundary value

problems.

The main purpose of this paper is to further improve the upper estimate in (1.4). Throughout this

paper, we assume that

(H) k € (7/2,7) is a real number, f :[0,1] x [0,00) — [0, 00) is a continuous function.

This paper is organized as follows. In Section 2, we establish a new upper estimate for the Green
function G(t, s). In Section 3, we prove an interval estimate for points where a positive solution to
the problem (1.1)-(1.2) can achieve its maximum. In Section 4, we establish a new upper estimate
for positive solutions to the problem (1.1)-(1.2). Here, by a positive solution, we mean a solution
u(t) to the the problem (1.1)-(1.2) such that u(¢) > 0 for 0 < ¢t < 1. In Section 5, we present an
example to illustrate that our new upper estimates can help us solve fourth order boundary value

problems.

We remark that some authors like to base their study on estimates for the Green function (like
the authors of [10]), and some other authors choose to base their study on estimates for positive
solutions (like we will do in Section 5 of this paper). Since both types of estimates have applications,

we in this paper will present both types (one type in Section 2, and a second type in Section 4).
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Though the two types are similar in form, usually they do not imply each other. This is a second

reason we choose to present both types of upper estimates in this paper.

2 New upper estimate for G(t, s)

In this section, we will prove a new upper estimate for the Green function G(t,s). Since the
analysis is on G(t, s) only, we will not mention any positive solution u(t) to the problem (1.1)-(1.2)

in this section.

We define the function b : [0,1] — [0, 1] by

sin(k(1—1t)), 0<t<1-Z
b(t)=14 1,
sin(kt),

—_

|2
IN
-
IA

-~ >
INA
[u—

T
2k —

The function b(t) will be used to give a new upper estimate for the Green function of the problem

(1.1)-(1.2). Also, we define the function 7 : [0, 1] — [0, 1] by

In other words,

-7, 0<t<1—4,
() = { t, 1— g <t < g,
75 g <t<1

With this notation, we can rewrite the function ®r(s) in Lemma 1.1 into a new form.

Lemma 2.1. We have

In this case, we have 7(s) > s, therefore,

sin(ks) sin(k(1 — 7(s)))  sin(ks)sin(k - (7/(2k)))  sin(ks)sin(7/2)

G(r(s),5) = ksink - ksink - ksink
sin(ks)
ksink r(s)
T T T
The other two cases — the case where 1 — % <s< o and the case where % <s<1-—can be
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handled in a similar way. The proof of the lemma is now complete. O

As a consequence of Lemma 2.1, we can now rewrite the upper estimate for G(¢, s) in Lemma 1.1

as

G(t,s) < G(1(s),s), 0<t,s<1. (2.1)

We will obtain a new upper estimate for G(t,s), which is better than (2.1), in the next several

lemmas.

Lemma 2.2. If (H) holds and 0 <t < s <1, then G(t,s) < b(t)G(7(s), s).

Proof. We take six cases to prove the inequality.

Case 1: 0 <t < s<1—m/(2k). In this case, we have

0
0<s—t<1l——
=S > 9%’
and, consequently,
0<k(s—t)<k-T<T
s — - =< —.
- - 2 2
Hence, in this case, we then have
sin(k — kt)sin(ks)  sin(kt)sin(k(l —s)) 1 .
— = — = — — > 0.
b(t)G(7(s),s) — G(t,s) [ P 2 sin(k(s —t)) >0

Case 2: 0<t<1—m/(2k) <s<7/(2k). In this case, we have

It follows that

and therefore,

sin(k — kt) > 0, cos(k—kt) <0. (2.2)
Also, since
T ™
_ L < <
k 5 < ks < X
we have
ng—ks§3—w—k<w,
2 2

sin(ks) = sin(r — ks) > sin (3% - k) = —cosk. (2.3)
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By using (2.2) and (2.3), we have

b(t)G(7(s),s) — G(t,s) = %(sin(l@ — kt) sin(ks) — sin(kt))
> %(_ sin(k — kt) cos k — sin(kt))
_ sin(k — ks) .
—7. eyl cos(k — kt)sink
— —M -cos(k — kt) > 0.

Case 3: 0 <t <1—m/(2k) and 7/(2k) < s < 1. In this case, we have

0<kt<k— <g,

vl

from where it follows that

<k—kt<k<wm and g<ﬂ'—kt§ﬂ'.

0l 3

In summary, we have

<k—-kt<m—kt<m,

vl 3

which implies that
sin(k — kt) > sin(mw — kt).

So, in this case, we have

b(t)G(r(s), s) — G(t, ) = L/E];; :S) (sin(k — kt) — sin(kt))
_ sin(k —ks) . .
I — (sin(k — kt) — sin(m — kt)) > 0.

Case 4: 1 —7/(2k) <t < s <7/(2k). In this case, we have

0<kt<ks<

ol

and

sin(k — ks)

b(t)G(7(5), 5) = G(t,5) = G(s,5) = Glt,5) = — ——

Case 5: 1 —7/(2k) <t <m/(2k) and 7/(2k) < s < 1. In this case, we have

sin(k — ks)

b(t)G(7(s),s) — G(t,s) = G(n/(2k),s) — G(t,s) = R

(sin(ks) — sin(kt)) > 0.

(1 —sin(kt)) > 0.
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Case 6: 7/(2k) <t < s <1. In this case,

b(t)G(7(s),s) — G(t,s) = 0.

The proof is now complete. (Il

Lemma 2.3. If (H) holds and 0 < s <t <1, then G(t,s) < b(t)G(7(s), s).

Proof. First, we notice that, for all ¢,s € [0, 1],

G(t,s) = G(1 —t,1—s), (2.4)
b(t) =b(1 —t), (2.5)
7(t) = 7(1 —t), (2.6)
and
G(t(1—3s),1—38) = G(7(s), ). (2.7)

Now,if 0<s<t<1,then0<1—-¢<1-s5<1,and, by Lemma 2.2,
G(1—t,1—-35)<b(l-t)G(T(1—35),1—23s). (2.8)

In this case, if we combine (2.8) together with the symmetry properties (2.4), (2.5), (2.6), and
(2.7), we get
G(t,s) <b(t)G(r(s),s), for 0<s<t<1.

The proof of the lemma is now complete. O

If we combine Lemmas 2.2 and 2.3, we get

Theorem 2.4. If (H) holds, then, for all t,s € [0,1], G(t,s) < b(t)G(7(s),s).

Since b(t) < 1 for 0 < ¢ < 1, it is clear that Theorem 2.4 improves the upper estimate (2.1) for

G(t,s) in Lemma 1.1.

3 Localization of the maximum

In this section, we shall prove some upper and lower estimates for the point where a solution to
the problem (1.1)-(1.2) achieves its maximum on the interval [0,1]. In other words, we shall find

a subinterval of [0, 1] which contains the point where the maximum is achieved by a solution.
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Theorem 3.1. Suppose that k € (7/2,7), and suppose that u € C?[0,1]. If
u”(t) + k2u(t) <0 for 0<t<1, (3.1)

w(0) = u(1) =0, and u(t) Z 0 on [0, 1], then u(t) > 0 on (0,1), and there exists a unique to € (0,1)
such that u(to) = ||u||. Here,

= t)|.
[[ull Jnax, |u(t)]

Proof. For convenience, we define the auxiliary function

h(t) == —u”(t) — K*u(t), 0<t<1.
Then, by (3.1), we have

1

u(t) = / G(t,s)(—u"(s) — k*u(s))ds >0, 0<t<1.
0
Since u(t) # 0, we have ||u]| > 0. Combining (3.1) and the fact that u(t) > 0, we have
u(t) < —k*u(t) <0, 0<t<1.

Since u”’(t) < 0, by Theorem 1.2 of [13], we have

u(t) > min{t, 1 — t}ul|, 0<t<1.

This implies that
u(t) >0 for 0 <t <1. (3.2)

Again, by virtue of (3.1), we have
u”(t) < —k*u(t) <0, 0<t<l1.

This implies there exists a unique to € (0, 1) such that u(to) = ||u|| > 0. The proof of the theorem

is now complete. O

Theorem 3.2. Suppose that k € (7/2,7), and suppose that u € C?[0,1] satisfies (3.1), u(0) =
u(1) =0, and u(t) > 0 on (0,1). Ifty € (0,1) is such that u(ty) = |lul|, then

1- = <ty<—

2k = 0= 9k

Proof. We define the auxiliary function h(t) the same way as in the proof of Theorem 3.1, that is,
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h(t) = —u"(t) — k*u(t), 0 <t < 1. It is clear that h € C[0,1] and h(t) > 0 on [0, 1], and
1
u(t) = / G(t,s)h(s)ds, 0<t<1.
0

Since u(t) # 0, we have h(t) £ 0 on [0, 1]. Therefore, there exists a subinterval [a, 8] C [0, 1] such
that
h(t) >0, a<t<§. (3.3)

It is clear that, for 0 <t <1,

1 t sin(ks)sin(k(1 —1¢ L sin(kt) sin(k(1 — s
u(t) 2/0 G(t, s)h(s) ds 2/0 ( )ksir(lk( ))h(s) ds—i—/t ( )ksiikf ) s)ds.
Taking the derivative, we get
u'(t) = — /Ot sin(ks) ZTZ(:(l _ t))h(s) ds + /tl cos(kt) Ssllrrll(]]:(l _ S))h(s) ds. (3.4)
We note that
sin(ks) >0 for 0<s<1, (3.5)
sin(k(1 —s)) >0 for 0 <s <1, (3.6)
—cos(k(1—1) >0 for 0<t<1-— % (3.7)
cos(kt) >0 for 0<t<1-— % (3.8)
If we apply (3.3), (3.5), (3.6), (3.7), and (3.8) in (3.4), we get
W) >0, 0<t<l——. (3.9)

2k

So, if to € (0,1) is such that u(to) = ||ul|, then u'(tp) = 0 and therefore, in view of (3.9), it must
hold that ¢ty > 1 — 27T_/€ In a similar way, we can show that ¢y < 27T_/€ The proof of the theorem is

now complete. (I

4 Upper estimate for positive solutions

In this section, we shall prove a new upper estimate for positive solutions to the problem (1.1)-
(1.2). Note that this new upper estimate for positive solutions can not be derived directly from
the upper estimate for the Green function G(¢,s) that was obtained in Section 2, though these

upper estimates look similar.
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Theorem 4.1. Suppose that k € (n/2,m). If u € C?(0,1] satisfies (3.1) and u(0) = u(1) =0, then
u(t) <b(t)[ull, 0<t<1. (4.1)

Proof. Again, let h(t) = —u'"(t) — k?u(t). It is clear that h(t) > 0 for 0 <t < 1.

If u(t) = 0, then the theorem is trivially true. So, in the rest of the proof, we assume that u(t) # 0
on [0,1]. In this case, by Theorem 3.1, we have u(t) > 0 on (0,1), and there exists a unique

to € (0,1) such that u(to) = ||u|| > 0. By Theorem 3.2, the point ¢, satisfies

1- 2 <tg< =
2k =0 = 2k
Without loss of generality, we assume that u(tg) = ||ul| = 1.
We will first show that
u(t) < b(t)|lul]l =b(t), 0<t<1-—n/(2k). (4.2)

Assume, to the contrary, that there exists o € (0,1 — 7/(2k)) such that
u(a) > b(a) = sin(k — ka).

For easy reference, denote 0 = 1 —7/(2k). Then, we have 0 < o < 0. Define an auxiliary function

t) —sin(k — kt
2(t :u(? sin — ) o<i<1.
sin(kt 4+ 57)

It is clear that
z(a) >0, z(0)<0, z(1)=0. (4.3)

It follows that there exists ¢1 € [, 1) such that 2/(t1) = 0, z(¢1) < 0, and

z(t1) < z(t) forall a<t<I1.

Direct calculations show that

F0)+ 1)) = (), (4.4)
where s W—_k)
= sin(kt+%13) , 0<t<1
and
q(t) = h(t) beret

- sin(kt + Z5£)’
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It is clear that p(t) and ¢(t) are continuous functions defined on [0,1], and ¢(¢) < 0 for 0 < ¢ < 1.
Define

P(t) = exp (/Otp(s)ds> , 0<t<1.

Multiplying Equation (4.4) by P(t), we get

Since 2'(t1) = 0, we have

That is, z(t) is non-decreasing on [0,%1]. Since z(t1) < 0 and « < t;, we have z(a) < 0, which
contradicts the first inequality in (4.3). Hence, (4.2) must be true.

In a similar way, we can show that
u(t) <b@)[lull, w/(2k) <t <1
And, it is obvious that
u(t) < flull = b@|ull, 1-m/(2k) <t <m/(2k).
The proof of the theorem is now complete. O

Corollary 4.2. Suppose that (H) holds. If uw € C?[0,1] is a positive solution for the problem
(1.1)-(1.2), then u(t) satisfies (4.1).

Proof. If u € C?[0,1] is a positive solution for the problem (1.1)-(1.2), then u(t) satisfies the
boundary conditions (1.2), and, for 0 <¢ <1,

u” (t) + k2u(t) = — f(t,u(t)) <0.

That is, u(t) satisfies the inequality (3.1). By Theorem 4.1, u(t) satisfies (4.1). This completes the
proof of the corollary. O

5 Example
We conclude this paper with a concrete example. Consider the fourth order boundary value

problem

u"'(t) — whu(t) = f(tu(t), 0<t<1, (5.1)
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w(0) = u”(0) =" (1) = u(1) = 0. (5.2)

Here, the function f : [0,1] x [0, +00) — [0, c0) is defined as
f(t,u) = 15 max{(1 4+ 99u)/100,u?}, u > 0. (5.3)

It is clear that this function f(¢,w) is actually independent of ¢ and continuous in u. Throughout

the section, we fix w = 3.

We will adopt the same set of notations as in [10]. In particular, the symbols m, u1, f°, f>°, fOr
are all defined the same way as in [10] (see pages 233, 234 of [10]). Also, the Green’s functions
Go(t,s),Gr(t,s),Gu(t,s) are defined the same way as in [10] (see equations (2.18), (2.19), and
(2.20) of [10]). Note that the function G (¢, s) of [10] is the same as the function G(t, s) that was
given in Section 1 of this paper. We know from [10] that all three functions Gr(t, s), G (¢, s), and

Go(t, s) are non-negative functions.

For this special case (where w = 3), the following computational results are given in [10, page 235]:
m =~ 12.8961, w1 ~ 16.4091. (5.4)

According to [10], these numerical values can be used together with the following existence result
to solve the fourth order boundary value problem (5.1)-(5.2) for two positive solutions in the case

where p; < f0, f*° < 4o0.

Lemma 5.1 ([10, Theorem 2.4, Case (Ds)]). If
p < fO<oo, fOT <m forsome r>0 and pu < f* < oo,
then the problem (5.1)-(5.2) has at least two positive solutions.

For the function f(t,u) defined in (5.3), it is straightforward to verify that fO = f>° = +o0 and,
for each r > 0, f%7 > 15 > m. Therefore, Lemma 5.1 does not apply to the problem (5.1)-(5.2).

On the other hand, by applying the new upper estimate that was obtained in this paper, we are
able to show that the problem (5.1)-(5.2) has two positive solutions. For this purpose, we choose

our function space X = C[0, 1], which is equipped with the supremum norm || - ||. Define a positive

cone P of X by

P={ueX|bt)u(l/2)/cr(1/2) > u(t) > cr(t)|lul for 0 <t < 1}.
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Define the operator T': P — X by
1
(Tu)(t) = / Go(t,s)f(s,u(s))ds, Vte]|0,1],VueP.
0

It is clear that T is completely continuous. It is also clear that, in order to show that the problem
(5.1)-(5.2) has two positive solutions, we need only to show that the operator T" has two distinct
nonzero fixed points in P. Next, we shall prove that, for this particular cone P, it holds that T

maps P into P. We will need the upper estimate given in Theorem 4.1 in the proof of this fact.

Lemma 5.2. For each v € X such that u(t) > 0 for 0 <t <1, it holds that Tu € P. In particular,
T(P) C P.

Proof. Let z(t) = (Tw)(t) and let h(t) = 2" (t) + w?z(t) for 0 < t < 1. Then, we have

2t —whz(t) = f(t,u(t), 0<t<1,

Hence,

1
h(t):/o Gu(t,s)(—f(s,u(s)))ds <0, 0<t<I.

Since 2" () + w?z(t) — h(t) = 0 and 2(0) = z(1) = 0, we have
2t +w?z(t) <0, 0<t<1,

1
z(t) = /0 Gr(t,s)(—h(s))ds >0, 0<t<I.

Note that w = 3 € (7/2, 7). If we apply Theorem 4.1, we get
2(t) <b)||z]l, 0<t<1.
For all t1,ts € [0, 1], by Lemma 1.1, we have

1 1 1
z(tl):/o GT(tl,s)(—h(s))dSZ/o CT(tl)q)T(s)(—h(s))ds:cT(tl)/O Dp(s)(—h(s))ds

2 CT(tl)‘/O GT(tQ, S)(—h(S)) ds = CT(tl)Z(tQ).
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Since t2 € [0,1] is arbitrary, we have
z2(t1) > er(t)|zll, 0<t; <1
In summary, we have, for all 0 <t <1,
z(t) < bzl < b(t)2(1/2)/er(1/2).

The proof of the lemma is now complete. O

Lemma 5.3. For each u € P with ||u|| =1, we have | Tu|| < ||ul.

Proof. For each u € P with ||u|| = 1, we have Tu € P, and

1
(Gr(1/2))|Tull < (Tu)(1/2) = / Go(1/2,5)f (s, u(s)) ds
= /1 Go(1/2,5)(15- (1 + 99u(s))/100) ds
0
< /1 Go(1/2,5)(15 - (1 + 99b(s)/er(1/2))/100) ds.
0

It follows that, for each u € P with |Ju| =1,

1
ITull < (Gr(1/2))7" - (3/20) - / Go(1/2, 5)(1 +99b(s) fer(1/2)) ds.

A direct calculation shows that the right hand side of the last inequality is approximately 0.978566.
Thus, we have shown that, for each u € P with ||u|| = 1, it holds that

|Tul| < 0.979 < 1= |ull.
The proof is complete. O
In a similar way, since f° = f> = 400, we can show that

1. there exists a small positive number « € (0,1/2) such that, for each u € P with |lul| = o, it

holds that || Tu|| > ||ul|; and

2. there exists a positive number /5 € (2, 4+00) such that, for each u € P with ||u| = $, it holds
that ||[Tu|| > ||ul.
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Now, by the norm type of the fixed point theorem of cone expansion and contraction (see Theorem

4 of [14]), the operator T has two fixed points u; and ug such that
O<a<|lull <1< usel <8B.

It follows that the problem (5.1)-(5.2) has two positive solutions. Note that we are able to achieve
this because the new upper estimate (in terms of b(¢)) from Section 4 can help us define a fine cone

P, which makes the search for positive solution(s) easier.
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1 Introduction and Preliminaries

Throughout the paper all Banach spaces are assumed over the field of complex numbers C. For a
given Banach space X, B(X) denotes the Banach algebra of all bounded linear operators on X.
For T € B(X), R(T) and ker(T') denote the range and the null space of T, respectively. The unit
circle in C will be denoted by T.

Mappings between Banach algebras or operator algebras who preserve various spectral properties
have been widely studied. Suppose H is a Hilbert space. Mbekhta [10] characterized surjective
linear maps on B(H) preserving the generalized spectrum, and then deduced the form of all
surjective unital linear maps on B(H) preserving the reduced minimum modulus. See also the
paper by Bourhim [2], the Banach space case is settled. This result was generalized by Skhiri
[13] who, for an arbitrary Banach space X, determined the structure of surjective linear maps ¢
on B(X) preserving the reduced minimum modulus, provided that ¢(I) is invertible. Bourhim
et. al. [3] showed that a surjective linear map between C*-algebras which preserves the reduced
minimum modulus is a Jordan *-isomorphism multiplied by a unitary element. Consequently, the

invertiblity assumption of ¢(I) in [13] is superfluous.

Let X and Y be Banach spaces. Mashreghi and Stepanyan [9], described a bicontinuous bijective
(with no linearity assumption) map ¢ : B(X) — B(Y) which leaves invariant the reduced mini-
mum modulus of sum/difference of operators. Later, Costara [5] showed that a bijective map on
M,,(C) which preserves the reduced minimum modulus of difference of operators is automatically
bicontinuous. Cui and Hou [6] characterized maps on standard operator algebras on a Hilbert space
H preserving functional values of operator products, where by a functional value on a standard

operator algebra A we mean a function F : A — [0, +o0] satisfying the following conditions:

(i) F(T) < oo for each rank one T' € B(H),
(ii) F is unitary (and conjugate unitary) similarity invariant,
(i) F(AT) = |A\|F(T) for all T € B(H) and X € C,

(iv) F(T)=0if and only if T = 0.
The reduced minimum modulus of an operator T' € B(X) is defined by

AT = inf{||Tz|| : dist(x, ker(T)) > 1} ?f T#0, (1)
00 itT =0.

(see e.g. [3, 8, 12]). This quantity measures the closeness of the range of an operator, that is for
T € B(X), v(T) > 0 if and only if R(T), the range of T, is closed (see [12, Part 10, Chapter IIJ).
It is proved that if T is invertible then v(T) = || T~!(| 71, see [3, 12]. Suppose H is a Hilbert space.
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For T € B(H), let o(T') denote the spectrum of T', then
Y(T)? =inf{A: X € o(T*T)\ {0}}, (1.2)

see [8, Theorem 4]. Consequently, v(T) = v(T*T)z = y(TT*)z = ~(T*). So, v(T)? = (T?)
whenever T' = T*. Moreover, if U,V € B(H) are unitary operators, then v(UTV) = ~(T) for all
T € B(H).

We denote by PRy (H) the set of all bounded rank one operators on H. We recall that every rank one
operator T in B(H ) is of the form T = x®y for some nonzero vectors z,y € H, and (2Qy)* = yQuz.
So, (z@y)*(z®y) = (y®2)(z®y) = ||lz]*y @ y. Thus, o((z ® y)*(z ®y)) = {0, [[z]*[|ly[|*}, and
Yz @y) = llzllllyl-

In this paper, we study surjective maps preserving the reduced minimum modulus of products
and Jordan triple products. Obviously, such maps preserve zero product/Jordan triple product in
both directions. So, preserving zero product/Jordan triple product plays an important role in our

arguments.

Recall that, another definition of (-) was given by C. Apostol in [1] which is different at T" = 0.
The advantage of Definition (1.1) is that it separates the zero operator from the others. So we
would be able to use the results for zero product (resp. zero Jordan triple product) preservers.

Therefore, in this article, we shall work with the definition of (-) given by (1.1).

In Section 2, we assume that H is a complex Hilbert space of dimension greater than or equal
3 and study surjective maps (no linearity and continuity are assumed) on B(H) preserving the
reduced minimum modulus of operator products. Note that the reduced minimum modulus is
not a functional value in the sense of [6], as it does not satisfy Condition (iv) in the definition
of a functional value. However, Condition (iv) in [6] is used to show zero product preserving
property for the maps under consideration. So, the characterization given in [6] works here. We
use this characterization to find a finer characterization for surjections on B(H) preserving the
reduced minimum modulus of operator products. We show that a surjective map ¢ on B(H)
preserves the reduced minimum modulus of products if and only if ¢ is a linear or conjugate linear
s-automorphism multiplied by partial isometries. More precisely, ¢(T) = Upyp(T) = (T)V;:

for all T € B(H), where 9 is a linear or conjugate linear *-automorphism and Ur, Vi are partial

isometries on R(¢(T)) and R(¢(T)*), respectively. We recall that by the general characterization of
s-automorphisms (resp. *-anti-automorphisms) on B(H) (see [11, Theorem A.8]), ¥(T') = UTU*
(resp. ¥(T) =UT*U*), where U is a unitary (resp. anti-unitary) operator on H. Finally in Section
3, we consider surjections on B(H) preserving the reduced minimum modulus of Jordan triple
products of operators. If H is infinite dimensional, we prove that a surjective map ¢ : B(H) —
B(H) preserves the reduced minimum modulus of Jordan triple products if and only if there is a

unitary operator U on H and a function p : B(H) — T such that either ¢(T") = u(T)UTU* or
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o(T) = p(T)UT*U™, for all T € B(H). In finite dimensional case, we will show that such a map
on M, (C) (n > 3), has one of the forms ¢(A) = p(A)U f(A)U* or ¢(A) = u(A)U f(A)"U* for all
A € M,(C), where y is a function from M,,(C) to T and for a matrix A = [a;4], f(A) = [fo(ai;)],

where fo : C — C is the identity or the conjugation map.

2 Preserving reduced minimum modulus of operator prod-

ucts

Let H be a complex Hilbert space of dimension > 3 and let U(H) denote the set of unitaries on
H. In this section we describe a surjective (with no linearity and continuity assumption) map

¢ B(H) — B(H) satisfying

Y($(T)B(S)) =y(TS) (T,S € B(H)). (2.1)

Then obviously, for 7,5 € B(H), TS = 0 = ¢(T)¢p(S) = 0. So, ¢ preserves zero product. We
recall that v(.) does not satisfy Condition (iv) in the definition of a functional value. However,
in arguments leading to [6, Theorem 2.3 and Theorem 3.2], the only use of this condition is zero
product preserving property. In addition, y(p) = inf{A: A € O'(p*p)\{()}})% = 1 for all projections
p € B(H). Particularly, v(.) is constant on the set of all rank one projections. So, we have the
same characterization as in [6, Theorem 2.3] on R;(H). Hence by a similar discussion leading
to [6, Theorem 3.2], we see that a surjective map ¢ on B(H) satisfies (2.1) if and only if there
exist a unitary or an anti-unitary Uy in B(H) and functions hq, he : B(H) — U(H) satisfying
hi(T)T = Tho(T) for all T € B(H), such that

&(T) = Uohy (T)TUy* = UgThy(T)Uy ", (2.2)

for all T € B(H).

Here by using properties of v, we are going to find further necessary and sufficient conditions for

¢ to satisfy (2.1).

To prove our main results, we need the following lemma.

Lemma 2.1. Let A,B € B(H). Then the following statements are equivalent.
(i) v(AT) =~(BT) for all T € B(H).
(ii) v(AT) =~(BT) for all T € Ry (H).

(iii) |4 =|B|.
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Stmilarly, the following statements are also equivalent.
(i) v(TA) =~(TB) for all T € B(H).

(i) v(TA) =~(TB) for all T € R1(H).

(iii) |A*| = |B*|.

Proof. The implication (i) = (ii) is obvious. Assume that v(AT) = v(BT) for all T € R, (H). Let
z,y € H and y # 0, then

[Az([[lyll = v(A(z @ y)) = v(B(z @ y)) = || Bz[l[|y].

Thus, ||Az|| = ||Bz| for all x € H. So, (A*Az,z) = (B*Bux,x) for all x € H. Consequently,
|A| = |B| that is (ii) implies (iii). If |A| = |BJ, then A*A = B*B and

Y(AT)? = 4(T*A*AT) = v(T*B*BT) = v(BT)?, (2.3)

for all T' € B(H). Thus, v(AT) = ~v(BT) for all T € B(H).

Since v(T') = v(T*) for all T € B(H), the equivalence of the last three statements is an immediate

consequence of the one of the previous statements. O

Proposition 2.2. Let H be a complex Hilbert space with dim H > 3, and ¢ : B(H) — B(H)
a surjective map. Then ¢ satisfies (2.1) if and only if there exists a linear or conjugate linear
x-aqutomorphism o : B(H) — B(H) such that |¢(T)| = |¢(T)| and |p(T)*| = |¢(T)*| for all
T eB(H).

Proof. Assume that ¢ satisfies (2.1). Using (2.2), it is easy to see that |¢(T)| = [(T)| and
|p(T)*| = [(T)*| for all T € B(H), where ¢(T) = UgTUy* and Uy is a unitary or anti-unitary

operator on H.

Conversely, suppose that there exists a linear or conjugate linear *-automorphism ¢ on 8(H) such
that |¢(T)| = |(T)] and |¢(T)*| = [(T)*| for all T € B(H). Let T € B(H) be an arbitrary but

fixed element, then by the implication (iii) = (i) in Lemma 2.1, we have

YA(T)B(S5)) = v((T)H(S)) (S € B(H)). (2.4)

On the other hand, since |¢(S)*| = |¢(S)*| for all S € B(H), by the implication (iii)’ = (i)’ in

Lemma 2.1, we get

V(W(T)B(S)) = v(W(T)(S)) = v((TS)) =~(TS) (S € B(H)). (2.5)
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Comparing (2.4) and (2.5) implies that v(¢(T)¢(S)) = v(T'S) for all T, S € B(H), and we are
done. 0

Lemma 2.3. Let T € B(H) and U be a partial isometry on R(T). Then, v(UTS) = v(T'S) for
all S € B(H).

Proof. Since U is a partial isometry on W,
[UTz|| = || T (2.6)
for all x € H and kerUT = kerT. Let S € B(H), then
x € ker(UTS) <= UT Sz =0 <= Sz € kerUT <= Sz € ker T <= x € ker T'S.
By (2.6), we get |[UTSz|| = ||T'Sz|| for all z € H. Now, using the above argument we have
~(UTS) = inf{||{UTSz| : dist(z,ker UT'S) > 1} = inf{||T'Sx|| : dist(z,ker T'S) > 1} = ~(TS5).

O

Now we are ready to give a slightly finer characterization for surjections on B(H) preserving the

reduced minimum modulus of operator products.

Theorem 2.4. Let H be a complex Hilbert space with dim H > 3, and ¢ : B(H) — B(H) a
surjective map. Then ¢ satisfies (2.1) if and only if

O(T) = Urp(T) = ¢(T)Vy (T € B(H)),

where ¥ is a linear or conjugate linear x-automorphism on B(H) and for each T € B(H), Ur , Vp

are partial isometries on R(Y(T)), R((T)*), respectively. As a consequence, there is a unitary or

anti-unitary operator U on H such that

O(T) = UpUTU* = UTU*V; (T € B(H)).

Proof. First, we assume that ¢ satisfies (2.1). By Proposition 2.2, there exists a linear or conjugate
linear *-automorphism ¢ : B(H) — B(H) such that |¢(T)| = |(T)| and |¢(T)*| = |¢(T)*| for
all T € B(H). Choose an arbitrary but fixed T' € B(H). Note that ||¢(T)z|| = ||¢¥(T)x| and
|o(T)*x|| = ||v(T)*z| for all z € H. Define

Ur:9(T)(H) = o(T)(H)
P(T)z — ¢(T)z,
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for all z € H. Then, U; is well-defined. Indeed, if y1,y2 € ¥(T)(H), then there exist x1,x2 € H
such that ¢(T)x; = y1 and (T)xa = y2. Also,

[Uryr = Uryz|| = [U1(9(T) 1) — Ur((T)x2)|| = [|¢(T) 21 — $(T) 22|
= [[o(T)(x1 — z2)|| = [[U(T) (21 — 22)|| = [[Y(T)21 — Y(T) 2|

= |lyr — y2l|-

So Uiy = Uyy2, whenever y; = yo which means that Uy is well-defined. It is easy to see that U
is a linear isometry. Hence, it has a linear isometric extension U; to R(¢(T)). Define U : H — H
by Ur(x) = Uy (x) whenever z € R(¥(T)), and Ur(x) = 0 for x € WL. Therefore, Ur is a
partial isometry with ker Up = WL and we have ¢(T') = Upy(T'). By a similar argument,
we find a partial isometry Vr such that ker Vi = Wl and ¢(T)* = Vpy(T)*. So, ¢(T) =

Y(T)V4. Consequently, ¢(T) = Upyp(T) = (T)V; for all T € B(H).

Conversely, suppose that for T' € B(H), ¢(T) = Uryp(T) = (T)Vy, where ¢ : B(H) — B(H)
is a linear or conjugate linear s-automorphism and Ur , Vr are partial isometries on R(1(T)),

R((T)*), respectively. Then by Lemma 2.3, for T, S € B(H),

Y(AT)(S)) = Y (Urp(T)(S)VS) =7 (VT (S)Ve) = v (Vs (S) (T)") = 7(¥(S)"»(T)")
Y(W(T)(S)) =(TS).

The last assertion follows by [11, Theorem A.8]. O

3  Preserving reduced minimum modulus of Jordan triple

product

In [7], authors studied preservers of zero Jordan triple products and found a characterization
through some certain subsets of B(X). We recall that the Jordan triple product of operators T', S
is TST. In the sequel, we consider surjective maps ¢ on B(H) satisfying

Y(@(T)p(S)p(T)) =~(T'ST) (T,S € B(H)). (3.1)
It is easily seen that such a map preserves zero Jordan triple product in both directions, that is
TST =0 <= ¢(T)p(S)p(T) = 0. (3.2)

We apply the characterization of maps satisfying (3.2), in [7], to find a finer characterization for

maps satisfying (3.1).
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Remark 3.1. (1) Applying [7, Theorem 2.2], we conclude that if H is infinite dimensional and
a surjection ¢ on B(H) satisfies (3.2), then there is a function p : B(H) — C\ {0} and a

bounded invertible linear or conjugate linear operator A : H — H such that either
(a) (T) = (T)ATA™" (T € B(H)) or (b) §(T) = u(T)AT*A™" (T € B(H)).

Here T* denotes the Banach space adjoint of T € B(H). If J is the conjugate linear
isomorphism from H onto its dual H*, then it is easily seen that T* = JT*J~, for all
T € B(H). Therefore,

H(T) = wW(TYAJT*J A1 (T € B(H)).

Clearly, AJ is linear or conjugate linear depending on A is conjugate linear or linear, respec-

tively. Renaming AJ by A, we arrive at
(b) ¢(T) = u(T)AT*AL, for all T € B(H),
where A is a linear or conjugate linear invertible operator.

(2) Suppose that H = C", n > 3, and that ¢ : M,(C) — M,(C) is a surjective map satisfying
(3.2). Applying [7, Theorem 2.1] shows that there exist an invertible matriz S € M, (C), a
field automorphism fo : C — C, and a scalar function p: M, (C) — C\ {0} such that one of
the following holds:

(c) 6(A) = p(A)SFA)S™ (A€ Mn(C)),

or

(d) ¢(A) = p(A)SF(A)TS™ (A€ My(C)), where f([ai;]) = [folai;)].

In the two following theorems, we show that if a surjective map ¢ on B(H) satisfies (3.1), then
the invertible operators A and S in Remark 3.1 (1)-(2) can be replaced by unitaries and moreover,

|| = 1. As a consequence, ¢ is norm preserving.

Let H be a complex Hilbert space and let {e;}; be a fixed orthonormal basis for H. If z =
Z(w, e;)e; is an arbitrary element in H, we define Cz = Z (x, e;)e; which is called the conjugation
operator on H. It is evident that C is an anti-unitary operator with C* = C. Hence, C~! = C
and C? = I. Since o(CTC) = o(T), we have o((CTC)*(CTC)) = o(CT*TC) = o(T*T). Thus,
Y(CTC) =~(T) for al T € B(H).

Theorem 3.2. Let H be an infinite dimensional complex Hilbert space. A surjective map ¢ :
SB(H) — B(H) satisfies (3.1) if and only if there exist a function p: B(H) — T and a unitary or
anti-unitary operator U on H such that either ¢(T) = p(TYUTU* or ¢(T) = p(T)YUT*U*, for all
T eB(H).
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Proof. The “if” part holds in an obvious way. Suppose that ¢ satisfies (3.1), then ¢ satisfies (3.2).
Thus by Remark 3.1 (1)-(a), (b)’, there exists an invertible linear or conjugate linear operator
A € B(H) such that either

(1) ¢(T) = wW(TYATA™Y (T € B(H)) or (i) ¢(T) = u(T)AT*A™' (T € B(H)).

It follows that for each T' € B(H), v(¢(T)) = v(T). Indeed, 1 = v(I) = v(¢(I)3) = |u(I)3| and so
|(I)| = 1. Therefore,

NT) = AD(DHT)D(1) = | Py(&(T)) = v(&(T)) (T € B(H)).

Case 1. In either case, assume that A is linear and that A = U|A| is the polar decomposition of

A. Then U is unitary. Set ¢, (T) = U*¢(T)U (T € B(H)) and R = |A|, then
¢y (T) = W(T)RTR™" (T € B(H)) or ¢,(T)=uT)RT*R™ (T € B(H)).
For a unit vector z € H, we have
l=r(@@z)=y(z®z) =70 @)U) =7(d, (¢ ® 7)) = [u(z @ 2)||Rz| | R z]|.
On the other hand,
1=7(@z @)z @) =7(d,(x®2)*) = |u(z @ )] || Rz||[| R 2.

Therefore, |u(x®x)|? = |u(z®@x)|. Since v(¢, (@) = y(x®2z) = 1is nonzero, |u(r@z)| = 1.
It follows that |u| = 1 on the set of rank one projections on H. Consequently, ||Rz|/|R™1z| =
1 for all unit vectors « € H. By [6, Lemma 2.4], there is « > 0 such that R = al. So,

6, (1) = p(T)alTa'1 = u(T)T (T € B(H))

or

6y (T) = p(T)alT*a~' 1 = u(T)T* (T € B(H))

In addition, for T' € B(H)
VT) =v(B(T)) = 7(y (T)) = (T (T)-
Thus, |u(T)| =1 for every T € B(H), and we infer that

O(T) = w(TYUTU* (T € BH)) or &T)=puTUTU* (T € B(H)).
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Case 2. Let A be conjugate linear (in (i) or (ii)), and let C' be the conjugation operator on H.
Define ¢ (T) = CoH(T)C for all T € B(H). Then, ¢ satisfies (3.1). Since ¢ satisfies one
of the conditions (i) or (ii) above, ¢ (T) = w(T)CATA'C, or ¢, (T) = w(T)CAT*A~1C,
where C'A is linear with inverse A~'C. Now, by the first part of the proof, there is a unitary
operator V on H such that either ¢, (T) = p(T)VTV* or ¢.(T) = p(T)VT*V*, for all
T € B(H) and |u(T)| =1 for all T. Putting U = CV, then U is an anti-unitary operator
and either ¢(T") = u(T)UTU* or ¢(T) = p(T)UT*U*, for all T € B(H). O

The proof of the following theorem follows the same line as the proof of [7, Theorem 4.1]. We

recall that A*" denotes the transpose of a matrix A.

Theorem 3.3. Suppose n > 3. Then ¢ : M, (C) — M, (C) satisfies (3.1) if and only if there exists
a unitary matrix U and a function p: M, (C) — T such that either

(1) p(A) = p(AUFA)U" or (i) p(A) = p(A)U(f(A))"U*,

for all A = [a;;] € M,(C). We have f([aij]) = [fo(ai;)] where, fo : C — C is the identity or the

complex conjugate on C.

Remark 3.4. (i) As we mentioned in Section 1, another definition of the reduced minimum
modulus was given by C. Apostol in [1] which differs from (1.1) at T = 0. Let T be a bounded
linear operator on a Banach space X. According to [1], the reduced minimum modulus of T

which we denote by v,(T), is defined by

(D) = inf{||Tx| : dist(z,ker(T)) > 1} z:fT #£0, (33)
0 if T'=0.

It is natural to ask whether our results remain valid when we replace (1.1) by (3.3). The ad-
vantage of Definition (1.1) is that it separates the zero operator from the others. So we would
be able to use the properties of zero product (resp. zero Jordan triple product) preservers.
Since positivity of Y(T') (resp. va(T)) is equivalent to the closeness of the range of T, and
since in finite dimensional case every operator has closed range, so in this case v,(T) = 0
if and only if T = 0. Hence, our results hold true with convention (3.3). However, in the
nifinite dimensional case, we still do not know whether the same characterizations remain

valid with convention (3.3), and the problem remains open.

(i) One of our main assumptions in this article is that dim H > 3. In fact a principal key
in our arguments is the characterization of zero product (resp. zero Jordan triple product)
preservers on certain subalgebras of B(X) when X is a Banach space with dim X > 3, given
in [6, 7]. In general, this assumption on dimension is crucial for characterizing zero product

preservers, see [4, Example 8.1]. It seems that characterizing the maps preserving the reduced
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minimum modulus of products (resp. Jordan triple product) of complex 2 x 2 matrices needs

different arguments.
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1 Introduction

Several authors, among others, Berinde [1], Berinde and Pacurar [3], Cho [4], Hicks and Rhoades
[8], Kasahara [9] and Kirk and Shahzad [10] studied the existence of fixed points of single and set-
valued operators, by stating conditions on the orbits of these operators. In the current work, we are
interested in investigating the existence of fixed points, for set-valued mappings or correspondences,
by a type of the so called Banach orbital condition. This condition is an adaptation of the usual

one, which we introduce motivated by the work of Hicks and Rhoades in [8].

The main result of this note establishes the existence of fixed points for set-valued mappings
satisfying the mentioned condition. Moreover, we show that this result and variants of it apply to

various multi-valued mappings existing in the literature.

The presentation of this work is subdivided into three sections. Apart of this introduction, in
Section 2, some notations and preliminary definitions are presented. The main result and its
consequences are introduced in Section 3. Finally, Section 4 is devoted to some examples existing

in the literature and satisfying the Banach orbital condition for set-valued mappings.

2 Preliminaries

In the sequel, (X,d) stands for a complete metric space and, for a € X and r > 0, we denote
B(a,r) = {z € X : d(z,a) < r}. A subset A is said to be bounded, whenever there exist a € X
and r > 0 such that A C B(a,r). We denote by B(X) the family of all bounded sets of X and by
C(X) the family of all nonempty and closed subsets of X. In what follows, CB(X) = C(X)NB(X)

and B(A,7) = ,c4 B(a,r), for each A € B(X) and r > 0.

Let T : X — CB(X) be a set-valued mapping, z € X and B be a subset of X. We denote
T(B) = U,ecp Ty and for each n € N, T"*'z = T(T"z), with T°z = {x}. The orbit of x under T
is defined as -
O(z,T) = U T x.
n=0

Let xp € X. A function G : X — R is said to be (2, T')-orbitally lower semicontinuous at z* € X,
if for any sequence {x, }nen in O(zo,T) converging to z*, we have G(z*) < liminf G(x,). In the
sequel, Gy : X — R stands for the function defined as Gr(z) = d(x,Tz) and for £ : X — X, we
denote G¢ = Ggy-

Given a set-valued mapping T : X — CB(X), 2o € X, and k € [0,1), we say T satisfies the
multivalued Banach orbital (MBO) condition at xo with constant k, whenever for all z € O(zo, T),
injf d(y,Ty) < kd(z,Tx), and that, T satisfies the strong multivalued Banach orbital (SMBO)
yel'x

condition at x¢ with constant k, whenever for all z € O(zo,T), sup d(y,Ty) < kd(z,Tz).
yeTx



Fixed points of set-valued mappings satisfying... 153

3 Main results

Theorem 3.1. Let T : X — CB(X) be a set-valued mapping satisfying the MBO condition at
xo € X with constant k. Then, there exist z* € X and a sequence {xp tnen converging to x* such

that, for alln € N, x,11 € Tx,, and the following two conditions hold:

(i) d(xn, Txy) < d(@p, Tni1) < k"d(xo, Txo) and

(ii) d(xz*,Txy,) < {k"1/(1 — k)}d(zo, Tx0), for all n € N.
Moreover, the following conditions are equivalent:

(iii) * € Ta*

(iv) Gr is (xg, T)-orbitally lower semicontinuous at x*, and

(v) the function h : X — R, defined by h(x) = d(z,Tx), is lower semicontinuous at z*.

Proof. Let p € (k,1). If d(zg,Txo) = 0, we define z,, = xg, for all n > 1. Otherwise, from
assumption, there exists 1 € T such that d(z1, Tz1) < pd(xo, Txo). If d(z1,T21) = 0, we define
Zn = x1, for all n > 2. Otherwise, there exists xo € T2 such that d(ze, Txs) < pd(x1,Tz1) <
p?d(zo, Txg). Tt follows by induction that there exists a sequence {z, }nen in X such that, for all

neN, d(z,, Tr,) < d(@n, Tni1) < pd(xo, Txo) and zp41 € Ta,. Hence, condition (i) holds.

For all n € N and m > 1, we have

m—1 m—1 m—1
d(fﬂn, :En-i-m) < d(xn-i-ku :En-l-k-i—l Z anrkd ZCo, TxO pn pkd ZUO, TxO
k=0 k=0 k=0
m—1
<p" Y phd(xo, Tao)
k=0

Hence, d(xp, Tntm) < {p"/(1 — p)}d(zo, Txo). In particular, {z, ey is a Cauchy sequence and
consequently there exists * € X such that {x, },en converges to x*. By taking limit, as m — oo,

in the last inequality, we have

d(x*, Tan—1) < d(@*,2,) < {p"/(1 = p)}d(xg, Txp), for all n > 1,

and consequently condition (4¢) holds.

Suppose z* € Tx*. Since Gr(x*) = 0, it is clear that G is (z,T)-orbitally lower semicontinuous
at «*, for all x € X. This proves that condition (4i¢) implies condition (iv). Next, conditions

(iv) and (v) are equivalent, by the first axiom of countability. Finally, by assuming the lower
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semicontinuity of h, we have d(z*,Tz*) = h(z*) < liminf h(x,) = 0, by condition (¢). Since Tx*

is closed, this proves that condition (v) implies condition (7i7) and the proof is complete. (]

Remark 3.2. Any lower semicontinuity set-valued mapping, T': X — CB(X), satisfying assump-
tions of Theorem 3.1, also satisfies the equivalent conditions (#ii) — (v). Indeed, let h be the function
defined in condition (v) and a > 0. Hence, {x € X : h(z) < a} = {x € X : Ta N B(z,a) # 0}.

That is, h is upper semicontinuous.

Given zp € X and a single valued function, f : X — X, we denote O(zo, f) = O(zo, {f}). As
usual, {f"},en denotes the sequence of functions defined recursively as f° the identity function
and f*"*t! = fo f, for all n € N. The following corollary is an equivalent version of the main

result of Hicks and Rhoades in [8].

Corollary 3.3. Let £ : X — X be a function and k € [0,1). Suppose there exists xog € X such
that, for all x € O(xg,&), d(&(x),E2(x)) < kd(x,£(x)). Then, there exists x* € X such that the
following two conditions hold:

(i) lim d(z*,&"(z0)) =0 and

n—r oo

(i1) d(a*,€"(x0)) < {k"/(1 = k)}d(x0,&(20)), for alln € N,

Moreover, x* = £(x*), if and only if, the function x € X — d(z,£(x)) € R is (zo, &)-orbitally lower

semicontinuous at x*.

Proof. By Theorem 3.1, there exist 2} € X and a sequence {z,}nen converging to z; such that
Tnt1 = E(xn) = £ (x0). Since the sequence {zy}nen only depends on zp and not on k, neither
does z} depend on k. Therefore, conditions (i) and (i¢) follow from Theorem 3.1 and the proof is

complete. (I

A set-valued mapping T : X — CB(X) is said to be Hausdorff upper semicontinuous, if for each
z € X and € > 0, there exists a neighborhood U of = such that Ty C B(Tx,¢), for all y € U. This
concept is weaker that the upper semicontinuity ot 7. However, as we see below, it contributes to

obtaining orbital lower semicontinuity for 7.

Theorem 3.4. Let T : X — CB(X) be a Hausdor{f upper semicontinuous set-valued mapping and
suppose T satisfies the MBO condition at xg € X with constant k. Then, there exists x* € X such
that x* € Tx*.

Proof. By Theorem 3.1, there exist 2* € X and a sequence {x,, }nen in O(zg,T), converging to x*

such that, for alln € N, z,11 € Tx,. Let € > 0. From assumption, there exists a neighborhood U
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of * such that Tx C B(Tx*,¢), for all z € U. Let N € N such that z,, € U, for all n > N. Hence
Tz, C B(Tx*, €), which implies that sup d(y,Tz*) <e, for all n > N. We have
yeTxy,

d(z*, Tx*) < d(x*, xny1) + d(@ng1, T2") < d(z*, 2p41) + €, for all n > N.

By taking inf-limit in n and considering that € > 0 is arbitrary, we obtain d(z*,Tz*) = 0. Since

Tx* is closed, we have x* € T'xz*, which completes the proof. (]

We denote by H the Pompeiu-Hausdorff metric (see [3]) associate to d, i.e., H : CB(X) xCB(X) —
R is defined as
HU,V)=inf{e>0:U C B(V,e) and V C B(U,¢)}.

Corollary 3.5. Let T : X — CB(X) be a continuous set-valued mapping with respect to the
Pompeiu-Hausdor[f metric, i.e. le H(Txn, Tx) =0, for all sequence, {x,}nen, in X converging
tox € X. Suppose T satisfies t?ze O]TéfBO condition at xg € X with constant k. Then, there exist
z* € X such that x* € Tz*.

Proof. Tt is a consequence of Theorem 3.4, and the Pompeiu-Hausdorff continuity of T" implies its

Hausdorff upper semicontinuity. ([

Remark 3.6. Let T : X — CB(X) be a set-valued mapping, o € X and k € [0,1). Notice that,
a sufficient condition to T satisfies the MBO condition is d(y, Ty) < kd(z,y), for all z € O(zo,T)
and y € Tz, and a sufficient condition to T satisfies the SMBO condition is d(y, Ty) < kd(z, Tz),
for all y € Tz.

4 Some examples

In this section, we introduce some special types of set-valued mappings, which satisfy the MBO

condition.

1. (Nadler contraction [6, 11]) A set-valued mapping T : X — CB(X) is a Nadler contraction,
if for all x,y € X, H(Tz,Ty) < kd(x,y), for some k € [0,1). Let z € X and y € Tz. Hence,

d(y,Ty) < sup d(z,Ty) < H(Tx,Ty) < kd(x,y),
z€Tx

and consequently T satisfies the MBO condition. In this case, there exists z* € X such that
x* € Tx*, by Corollary 3.5.

2. (Kannan contraction [12]) A set-valued mapping T : X — CB(X) satisfies the Kannan
contraction, if and only if, there exists k € [0,1/2) such that H(Tx,Ty) < k(d(z,Tz) +
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d(y,Ty)), for all z,y € X. Let k € [0,1/2) such that H(Tx,Ty) < k(d(z,Tx) + d(y, Ty)),
for all x,y € X. We have
d(y, Ty) < H(Tz,Ty) < k(d(z, Tx) + d(y, Ty)),
and hence, (1 — k)d(y, Ty) < kd(x,Tz). Accordingly,
d(y, Ty) <{k/(1 — k)}d(z,Tx), for all z € X and y € Tz.
Since k/(1 — k) € [0,1), we have T satisfies the SMBO condition with constant /(1 — k).

3. (Kannan generalized contraction [7, 12]) A set-valued mapping 7' : X — CB(X) satisfies the
generalized Kannan contraction, if and only if, there exists k € [0,1) such that H(Tx, Ty) <
kmax{d(z,Tx),d(y, Ty)}, for all z,y € X. In this case, if for some y € Tz, d(z,Tx) <
d(y,Ty), then d(y, Ty) = 0, otherwise d(y, Ty) < kd(x,Tz), for all y € Txz. Consequently, T
satisfies the SMBO condition with constant k.

4. (Chatterjea contraction [13]) A set-valued mapping T : X — CB(X) satisfies the Chatterjea
contraction, if there exists k € [0,1/2) such that for all x,y € X, H(Tz,Ty) < k(d(z,Ty) +
d(y,Tz)). Let x € X and y € Tx. Hence,

d(y, Ty) < H(Tx,Ty) < k(d(x, Ty) + d(y, Tx)) = kd(z, Ty).
This fact along with the inequality d(x, Ty) < d(z,y) + d(y, Ty) implies that
d(y, Ty) < {k/(1 —k)}d(z,y), for all z € X and y € Tz.
Consequently, T satisfies the multivalued Banach orbital condition with constant k/(1—k) €
[0,1).

5. (Chatterjea generalized contraction) A set-valued mapping T : X — CB(X) satisfies the
generalized Chatterjea contraction, if there exists k € [0,1/2) such that, for all z,y € X,
H(Tz,Ty) < kmax{d(z,Ty),d(y,Tz)}. Let z € X and y € Tz. Hence,

d(y, Ty) < H(Tz,Ty) < kd(z, Ty),
and accordingly, T satisfies the SMBO condition with constant k/(1 — k) € [0, 1).
6. (Berinde contraction [2]) A set-valued mapping T : X — CB(X) satisfies the Berinde con-

traction if there exist k € [0,1) and L > 0 such that, for all z,y € X, H(Tz,Ty) <
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kd(z,y) + Ld(y,Tz). Let x € X and y € Tz. We have
H(Tx,Ty) < kd(z,y) + L(y, Tx) = kd(z,y), for all x € X and y € Tx,

and since y € Tz, we obtain d(y,Ty) < kd(z,y) and hence T satisfy the MBO condition

with constant k.

. (Ciric-Reich-Rus contraction [2]) A set-valued mapping T : X — CB(X) is said to verify the
Ciric-Reich-Rus contraction if and only if, there exists «, 8,7 € [0,1] such that a + 8+ v €
[0,1) and, forall z,y € X, H(Tz,Ty) < ad(z,y)+Bd(z, Tx)+vd(y,Ty). Letx € X,y € Tx.
We will prove that any Ciric-Reich-Rus contraction is a Berinde contraction. Let z,y € X.

As we observed previously, we have the inequality
d(y, Ty) < d(y,z) + (2, Ty),
for all z € Tz. Replacing this, and by the fact d(z, Tx) < d(z, z), we have

H(Tz, Ty)

IN

ad(z,y) + Bd(x, 2) +~vd(y, Ty))
)+ B(d(z,y) + d(y, 2)) +v(d(y, z) + d(z,Ty))

IN

ad(z,y
(a+B)
(a+5)

T

(z,y) + (B+7)d(y, 2) +~vd(2, Ty)
(z,y) + (B +7)d(y, z) +yH(Tz, Ty).

d(z, d(
d d(

IN

Hence,

H(Tz,Ty) < ({a+8)/(1=7)}d(z,y) +{(B+7)/(1=7)}d(y, Tx), for all z € X and y € T,

and since a+ S+ < 1, it follows that (a+38)/(1—7) < 1 and (8+7)/(1—~) > 0. Therefore,

T is a Berinde contraction, and accordingly T satisfies the MBO condition.

. (Ciric contraction [5]) A set-valued mapping T : X — CB(X) satisfies the Ciric contraction,
if there exist a € [0,1/2) such that for all z,y € X,

H(Tz, Ty) < a max{d(z,y),d(z, Tx),d(y, Ty),d(z, Ty),d(y, Tx)}.

We have T satisfies the multivalued Banach orbital condition. Indeed, let x € X and y € T'x.

Hence, for some « € [0,1/2), we have

H(Tz,Ty) < a max{d(z,y),d(z, Tx),d(y, Ty), d(z,Ty),d(y, Tz)},
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but, since y € Tx and d(z, Tx) < d(z,y), we obtain
H(Tz, Ty) < o max{d(z,y),d(y, Ty),d(z, Ty)} < k(d(z,y) + d(y, Ty))-
Consequently,
d(y, Ty) <{k/(1 —k)}d(x,y), for all z € X and y € Tz,

and therefore, T' satisfies the MBO condition.

9. We introduce a new type of contraction, which satisfies the SMBO condition. Indeed, let
T : X — CB(X) be given as follows:

H(Tx,Ty) < a(d(z, Ty) + d(y, Ty)), for all z,y € X,

where o € [0,1). Observe that, for all y € Tw and = € X, we have d(y,Ty) < ad(z,Tx).
Consequently, T satisfies the SMBO condition with constant a.

It is worth noting that the existence of a fixed point for contractions (1)-(6) was proved in [2].

Remark 4.1. Although the nine contraction set-valued mappings in this section satisfy the MBO
condition, only the Nadler contraction has a fixed point without additional assumptions. The

MBO condition for the other contractions is insufficient to have a fixed point.
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